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ISOMETRIES OF SPACES OF LOG-INTEGRABLE FUNCTIONS

R. ABDULLAEV, V. CHILIN, B. MADAMINOV

ABSTRACT. We consider the F-space (Liog (2, 11), |||l10g) of log-integrable
functions defined on measure space (2, u) with finite measure. We prove
that (Liog(Q1, p1), || - |og) and (Liog(Q2, u2), ] - [llog) are isometric if
and only if there exists a measure preserving isomorphism from (Q1, 1)
onto (Qa, p2).
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1. INTRODUCTION

The study of linear isometries of Banach function spaces was begun by S. Banach
[2, Ch. XI], who gave a description of all linear isometries on the space L, [0, 1] with
p # 2. J. Lamperti obtained a description of all isometries from L, (€4, y1) into
L,(Q2,p2), 1 <p<oo, p#2, where (€;, ;) is an arbitrary measure space with
the finite measure, i = 1,2 [9] (see also [7, Ch. 3, §3.2, Theorem 3.2.5]). One of
the corollaries of such a description is the following

Theorem 1. Let (Q;, ;) be a measure space with a finite measure, let V; be a
complete Boolean algebra of all classes of equal p;-almost everywhere sets, 1 = 1,2,
1 <p< oo, p# 2. Then a Banach spaces L,(Q,p1) and Ly(Qo,p2) are
isometric if and only if there exists a Boolean isomorphism ¢ : Vi — Vs.
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An important metrizable analogue of Banach spaces L, (€2, ) is the F-space
Liog (9, 1) of all log-integrable functions introduced in [4]. The F-space Liog (2, 1)
is defined by the equality

Liog (2, 1) = {f € Lo(, 1) : || flhog = /log(l +1fDdp < oo},
Q

where Lo(€2, 1) is the algebra of equivalence classes of almost everywhere (a.e.) finite
real (complex) valued measurable functions on (€2, ). It is known that L;,, (€2, p)
is a subalgebra of the algebra Lo(£, ). In addition, the F-norm || - ||joz defines
a metric pog(f,9) = ||f — gllog such that (Ljog(€2, 1), prog) is a complete metric
topological vector space [4].

A natural problem is to find necessary and sufficient conditions ensuring that
the F-spaces Liog(£21, 1) and Liog (22, p12) are isometric. In Section 3 we give the
following criterion for the existence of a surjective isometry for F-spaces of log-
integrable functions.

Theorem 2. F-spaces Liog(1,p1) and Liog(Qo, p2) are isometric if and only
there exists a preserves measures a Boolean isomorphism ¢ : (V1, p1) — (Va, p2).

2. PRELIMINARIES

Let (€2, 1) be a measure space with finite measure u, and let Lo (€2, ) (respectively,
Lo (9, 1)) be the algebra of equivalence classes of real (complex) valued measurable
(respectively, essentially bounded measurable) functions on (2, u). Let V be the
complete Boolean algebra of all classes [A] of equal p-a.e. sets. It is known that
i([A]) = u(A) is a strictly positive finite measure on V. Below, we denote the
measure fi by u, the algebra Lo (2, 1) (respectively, Lo (€2, 1)) by Lo(V) (respectively,
Loo(V)) and the integral [ fdu by [ fdu.

Q v

Following [4], we consider in Ly(V) the subalgebra

Luo(V.) = (£ € Lo(¥): [ log(1-+ /Dy < +o0}
v

of log-integrable measurable functions, and for each f € Liog(V, 1), we set

1 lhog = / log(1 + | fl)dp.

v

A non-negative function || - [Jiog : Liog(V, ) —= [0,00) is a F-norm on the linear
space Liog(V, 1), that is ,

(0)- [|fllog > 0 for all 0 £ f € Ligg(V, 1);

(13). ||aflliog < I flog for all f € Ligg(V, 1) and number a with || < 1;

(44d). lima—y0 [|of|liog = O for all f € Liog(V, 1);

(i0)- 1+ glhog < [ F1og + lglhog for all .9 € Liog(V, 0,

(see, for example, [8, Ch. 1, § 2])

It is known that the set Liog(V, i) is a complete metric topological vector space
with respect to the metric p(f,9) = ||f — gllioe [4]. In addition, the inclusion
L,(V,u) C Ligg(V, ) 1is true for all 0 < p < oo.
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If fr € Liog(V, 1), |fn]l < g € Ligg(V, 1), n=1,2,..., and f, — f € Lo(V)
p-a.e. then log(1 + |f]) < log(1+g) € Li(V,u), log(l+|fn — f]) = 0, p-ae.
and log(1 + |fn — f]) < log(1 4+ 2g) € L1(V,u). Consequently, f € Liog(V, u),
and by Lebesgue’s Theorem (see, for example, [5, Ch. V, Sec. 26, Theorem DJ),
| fr = flhog — 0 as n — oo.

Let (V1, 1), (Va, p2) be complete Boolean algebras with a strictly positive finite
measures, and let ¢ : V; — V3 be a Boolean isomorphism. By [3, Theorem 2.3]
there exists a unique isomorphism ® from algebra Ly(V1) onto algebra Lo(Vs)
such that ®(e) = p(e) for all e € V. It is clear that the function A(¢(e)), e € Vi,
is a strictly positive finite measure on Boolean algebra Vs, and by [1, Proposition

3] we get ®(Liog(Vi, 1)) = Liog(Va, A).
Denote by % the Radon-Nikodym derivative of measure A with respect to the

measure fo. It is well known that 0 < 22 € Lo(V2), and f € L1(Va, ) if and

only if (f- & ) € L1(V,p2), in addltlon [ fdx= f f- dm) dps.
Va
Using [1, Proposition 3] we get the following

Proposition 1. ®(Liog(V1, 1)) = Liog(Va, p2) <= 4, Uz ¢ [o(Vs).

If an isomorphism ¢ : Vi1 — V3 preserves the measure, that is, u2(p(e)) = p1(e)
for all e € V1, then using the equality ®(log(1+|f])) = log(1+®(|f])), f € 0( 1)
[1, Proposition 3] we get

201 hos = [ Tog(1-+ [Pz = [ B(log(1+ |1))ds

Va Va

= /log(l +|fdps = || flhog for all f € Ligg(V1,p1).

Vi
Therefore, using Proposition 1, we get the following

Theorem 3. If ¢ : Vi — Vs is a measure-preserving isomorphism then the
restriction ®|r, (v, .u,) 5 a surjective positive linear isometry from Liog(V1, p1)
onto Liog(Va, 12).

3. ISOMETRIES OF F-SPACES OF log-INTEGRABLE FUNCTIONS

Below we give a description of all linear isometries from Lo (V1, 1) into

Liog(Va, p2).
We need the following disjointness property of linear isometries from Liog(V1, 1)

into Llog(v27 Mg).

Proposition 2. If U : Liog(V1, 1) = Liog(Va, p2) is a linear isometry, then
U(f)-Ul(g) =0 for any f, g € Liog(V1,1) with f-g=0.

Zloxaszameavcmeo. Let 1 be the unity in the Boolean algebra Vi and let e =
s(f) =1—sup{p € Vi :p- f =0} be the support of function f € Liog(V1,u1).
Since f - g = 0 it follows that e - ¢ = 0, where ¢ = s(g). Consequently,

/10g(1 +U) +U(9)]) duz = [[U(f) + U(9)lhog = IU(f + 9)lhog = Ilf + glhog =
Va
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- /1og<1 C1f +gl) dn = /1og<1 1]+ lgl) dp =

V1 v1

= / log(1 +[f]) dpa + / log(1 +1g]) dpa = [| flhog + llglhog =

eV q-Vi

= U(Hlhog + 1U(9)lhog = /10g(1 +UNI) dpz + /log(l +1U(9)l) dpe =
Va Va

= (1ot + T+ U@+ WA (o)) dia
Va
which is impossible in the case p2({|U(f)|-|U(g)| # 0}) > 0.

Therefore, |U(f)| - |U(g)| = 0. In particular, U(f) - U(g) = 0. O

Using Proposition 2 we obtain the following description of linear isometries from
Llog(vh Ml) into Llog(VQa ,U/Q)

Theorem 4. Let U : Ljog(V1, 1) = Liog(Va, 12) be a linear isometry. Then there
exists an injective o-additive homomorphism ® from algebra Lo(V1) into algebra
Lo(V3a) such that U(f)=U(1)-®(f) for each f € Liog(V1,p1). In addition,

()] = —1+2°0%), &
where v is a measure on V1 defined by the equality v(e) = us(®(e)), e € Vj.

Jokasamesvemeo. We set p(e) = s(U(e)), e € Vi, p1 = ¢(1v,). Using the proof
of Theorem 3.2.5 [7] we obtain that the map ¢ is an injective o-additive Boolean
homomorphism from V; into p;-Vs. Consequently, there exists a unique injective
o-additive homomorphism ® from algebra Lo(V;) into algebra Lo(Vz) such
that ®(e) = p(e) for all e € V; (see proof of Theorem 2.3 in [3]). In addition,
the restriction J = ®|;_(v,) is a || - ||o-continuous injective homomorphism from
Lo (V1) into Loo(V2). Using the equalities

Ule) =U(1 - (1 —e))-s(U(e)) =
=UM)-¢le) —U@ —e)-p(l—e)-ple) =U() - J(e).
and || - ||co-continuous of homomorphism J we obtain that
U(f)=UQ)-J(f) =U@)-&(f) forall f& Loo(V1). (2)

We show now that the equality (2) is true for all f € Ljog(V1, 11). It suffices to
verify equality (2) for any 0 < f € Liog(V1, p1).
Choose a sequence 0 < f,, € L (V1) such that f, T f. Then

[UA) - @(fn) = U(f)lhog = [U(fn) = U(f)lhog =

NU(fr = F)lhog = I fn = fllog = 0 as n — oo. (3)
Since ®(fn) T ®(f), P(fn) € Loo(V2), it follows that U(1)-®(fn) € Liog(Va, p2)
for all n = 1,2,..., and U(1)- ®(f,) — U(1) - ®(f) pe-a.e. In addition, the
sequence {U(1) - ©(f,)}52, is a Cauchy sequence in a complete metric

space (Liog(Va, 1t2), || - |liog). Consequently, ||U(1) - ®(fn) — glliog — 0 for some
g € Liog(Va, pt2). By (3) we have that

U(f) =g = (2 —ae) lim U(1)-(f,) = U(1)- (f).
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We show now that |U(1)| = —1+27\"av /It is clear that v(e) = p2(®(e)), e € Vi,
is a strictly positive finite measure on the Boolean algebra V;. Since

/q)(f)d,ug = /fdl/ for all f e Li(Vy,v),
V2 v1
it follows for each e € V; that

/ log2 djur = [lellog = [T(€)llog = / log (1+[U(1)] - ®(e)) dus =

eV Va
= /Cb(log(l + 7 (JU@)) - e) dus = /log(l + o7 (|UQ@)]) -e) dv =
Vs Vi
dv
= [ og(t+ e qU) - T din.
eV
Consequently,

/(log2 —log ((1+ <I>_1(|U(1|))ddTU1) e duy
Vi
for all e € V4. Thus

log2 — log ((1+ (U (1)) #7) =0,
that is,
2= (140~ (JU(1)]) ™.
This means that
(ua) = -1+20#) = 10
and
U@ = a(-1) + 3(2F)) = 14 a(2(%)),

It remains to show that (I)(2<d:v1)) =2 (dul )

Since the restriction J = ®|,__(v,) is a ||| c-continuous injective homomorphism
from C*-algebra Lo (V1) into Lo (Va), it follows that for any g € Lo (V1) and
every continuous real function w: [0,+00) — R the equality

J(uolgl) =uoJ(gl)
holds. Consequently,
(I)(ngl)) — J(Q\g\)) — 9J(gl) — 92(lgl)

for all g € Loo(V1). If 0 < f € Lo(V1), then setting g, = f -
obtain that 0 < g, € Loo(V1), n=1,2,..., g T f, P(gn) T ),
O(297) 1 ®(27).

Since 2%(n) = ®(297), it follows that ®(2/) = 2®(/). Consequently,

< f < n} we
29~ 1 2f and

{0
o(f

p2(#)y =22 () and  jU)) = —1+2°(F),
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Remark that in [6] the version of Theorem 4 without (1) is obtained for any
F-spaces and for positive isometries with disjointness property.

The following Corollary refines Theorem 4 for surjective linear isometries.

Corollary 1. Let U : Liog(V1, 1) = Liog(Va, 2) be a surjective linear isometry.
Then there exists an isomorphism ® from algebra Lo(V1) onto algebra Lo(Va)
such that U(f) =U(ly,) - ®(f) for each f € Liog(V1,p11).

Jloxazamesvcmso. Since U1 : Liog(Va, 2) — Llog(Vl, w1) is a linear isometry it
follows from Theorem 4 that there exists an injective o-additive homomorphism ¥
from algebra Lo(V3) into algebra Lg(Vy) such that U~l(g) = U~}(1y,)  ¥(h)
for each h € Liog(Va, pt2). Therefore

f=U"1U) =U(U(ly,) @(f) =U (1v,) - ¥(U(1v,)) - ¥(2(f))

for all f € Liog(V1,p1). In particular, 1y, = U™ (1y,) - ¥(U(ly,)). Thus f =
U(®(f)) for each f € Loo(V1). This means that ¥ = ®~1 and & is an isomorphism
from algebra Lo(V1) onto algebra Lo(V3). O

We also need the following useful corollary from Theorem 4

Corollary 2. . Let U(f) = U(1) - ®(f) be a linear isometry from Liog(V1, tt1)
into Liog(Va, u2) (see Theorem 4), let 0 # e € Vi, ¢ = ®(e) € Va. Then U.(f) =
U(f), f € Lioge - Vi,p1), is a linear isometry from Liog(e- Vi,pu1) into
Liog(q - Va, pi2).

Zloxaszameavcmeo. It is clear that
Ue(f) =@(e) - UM)-0(f) =q-UQ)-(f), [ € Liog(e- V1, ),

is a linear map from Lj,g(e - Vi, p1) into Liog(Va, p2).
If f=e-f€Ligle-Vi,p1) C Liog(V1, 1) then

U(f)-(®(1) —q) =U(1) - @(e- f) - ((1) — @(e)) =
—U(1) - B(f) - (Be- (1 - €)= 0.
Consequently, Ue(f) € Liog(q - Va, o) for all f € Liog(e - V1, p1). In addition,
[Ue(flhog = U(f) - 2(e)llog = IU(1) - D(f) - alliog =

:/ma+¢mmmm:/muﬂwmwm:
Va Va
= ||U(f>||log - ||fH10g for all f S Llog<e : thl)-
O

Let V=V, =Vo, p=p, v=ype, h= g—Z. The following Theorem gives a
sufficient condition for to be non-isometric the F-spaces Liog(V, ) and Liog(V, V).

Theorem 5. Let V be a complete Boolean algebra, let p and v be a strictly positive
finite measures on V, and let (1) # v(1). Then F-spaces Liog(V, 1) and Liog(V, V)
are not isometric.
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Jlokasameavemeo. Setting h = %7 t= %, we have that [ hdp =v(1) =t p(1),
v

and

/log(l + M) dp = log(1 + \) /hd,u = /log(l +\)tdu. (4)
v v \%
for all A > 0.

Suppose that ¢ > 1, and let U be a surjective linear isometry U from L. (V,v)

onto Liog(V, pt). Since lim (11':)? = 400, it follows that there exists A > 1 such
A—+oo
that
(1+N) / (1+ M)
log ———d 1 d 1)|l10g-
Jrog > 105 S > U
v v
Then
/log(l + A)fdu — /log)\ dpe > |U(1)]1og
v v
and

/log(l + N)fdp > /IOgA dp+[|U(1)|hog =
\v4 \Y

= /1og/\ dy + /log(l +|U(1))|dp >

v v
> /log)\ du+/1og(§ U)])d (5)
v v

Using (4) and (5), we get

||)\-1||10g:/log(l+)\-1)dV:/h-log(l-l—)vl)d,u:
v

v
1
:/log(l—i—)\-l)hdu: /log(1+)\)tdu > [ log A du+/log(x—|—|U(1)|)d,u:
v v v v

=/muﬂwxnwWwwxnmg
v

Consequently, ||A - 1]jiog 7# |[U(A-1)|j10g, that is, the map U is not an isometry.

If 0 < t < 1 then changing the measures ;1 and v, we obtain that % > 1,
and by above proof there is no a surjective linear isometry V' from Lios(V, 1) onto

Llog(V, V). O

Now we can refine Theorem 4.

Theorem 6. Let U : Ljpg(V1, 1) = Liog(Va, 12) be a linear isometry. Then there
exists an injective o-additive homomorphism ® from algebra Lo(V1) into algebra
Lo(V2) such that U(f) = U(1) - &(f) for each f € Liog(V1, 1), in addition,
p2(®(e)) = ui(e) for alle € Vi.



ISOMETRIES OF SPACES OF LOG-INTEGRABLE FUNCTIONS 225

Hoxasamesvemeo. Assume by contradiction that there exists 0 # e € V; such that
p2(®(e)) # pa(e), that is,

p1(Lev,) # p2(1a(e).v,)-

By Corollary 2, the map U, is a linear surjective isometry from Lju,(e-V1,p1)
onto Liog(®(e) - ®(V2), 2), which is impossible by Theorem 5. O

Using Theorems 3, 6 and Corollary 1, we have the following criterion for the
existence of isometries between of the F-spaces Liog(V1, 1) and Liog(Va, ti2).

Theorem 7. The F-spaces Liog(V1, p1) and Liog(Va, 2) are isometric if and only
if there exists a measure-preserving Boolean isomorphism ¢ : (Vi,p1) —

(Va, p2).

Now, we provide a criterion for two F-spaces Ljog(V1, 1) and Ligg(Va, t2) to
be isometric using the passports of the Boolean algebras V; and V.

Let V be a non-atomic complete Boolean algebra and let 1 be a strictly positive
finite measure on V. By 7(e- V) denote the minimal cardinality of a set that is dense
in the Boolean algebra e-V with respect to the order topology ((o)-topology). A non-
atomic complete Boolean algebra V is said to be homogeneous if 7(e- V) = 7(g- V)
for any nonzero e, g € V. The cardinality 7(V) is called the weight of a homogeneous
Boolean algebra V (see, for example [10, Ch. VII]).

Since pu(1) < oo it follows that V is a direct product of homogeneous Boolean
algebras e, -V, where e, €, =0, n#m, 7, =7(e,, V) < Tpg1, nm =1,2,...
[10, Ch. VII, § 2]).

. T1

Set a, = p(en). The matrix ( a1 s
algebra (V, ). The following theorem gives a classification of Boolean algebras with
finite measures [10, Ch. VII, § 2].

2 is called the passport of Boolean

Theorem 8. Let p; be a strictly positive finite measure on the non-atomic complete
@ ()

Boolean algebra V;, and let ;1(2-) ;2(2-) ) be the passport of (Vi 1), i =
i 5 ...

1,2. Then the following conditions are equivalent:
(7). There exists a measure-preserving isomorphism ¢ : (Vi,u1) — (Va, u2);
(13). M =7 and o = P foralln=1,2...

Using Theorems 7 and 8 we obtain the following criterion for existence of isometries
between of the F-spaces Ljog(V1, p1) and Ligg(Va, p2).

Corollary 3. Let (V;, p;) be the same as in Theorem 8. Then the F-spaces Liog(V1, 1)
and Liog(Va, p2) are isometric if and only if 7'7(11) = T,(LQ) and aSP = ag) for all

7_1(2) 7_2(2)
a(li) a(Qi)

n=12..., where ( ) is the passport of Boolean algebra (V;, ;).

Corollary 4. (c¢f. Theorem 5). Let V be a homogeneous Boolean algebra, let u, v
be a strictly positive finite measures on V. Then the F-spaces Lioq(V,p) and
Lo (V,v) are isometric if and only if p(1) = v(1).
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