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C OTPUIIATEJIbHBIM COBCTBEHHBIM YMCJIOM MATPUIIHI

B.B. EBcradneBa

ABsTRACT. We consider a multidimensional system of ordinary first-
order differential equations with a nonlinearity of a non-ideal relay and a
continuous periodic function of perturbation in the right-hand side. The
system matrix has simple, real, nonzero eigenvalues and at least one is
negative. We study continuous oscillatory solutions with two switching
points in phase space and with the same time of return to each of these
points on the discontinuity surface. The theorem of both the existence
of the solution and its parameters is established. An example illustrating
the obtained theoretical results is given.
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BBEAEHUE. [IOCTAHOBKA 3AJIAYN

CucreMbl OOBLIKHOBEHHBIX JTU(MDHEPEHITNATBHBIX YPABHEHUH U CHCTEMBI ypaBHE-
HUIl B YaCTHBIX IPOU3BOJHBIX C PeJIEMHBIMU HEJIMHEHHOCTAMHU, B TOM YHUCJIE C TUCTe-
PE3MCOM, aKTHBHO UCCJIEIYIOTCs Ha TIPOTSI?KEHUN MHOTHX JieT (CM., Hanpumep, [1]-
[4]), Mo cuX 1Op He YyTPaTHIM aKTYaabHOCTH M HAXOIAT IIPUJIOKEHHE B MeUIHHE,
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2 B.B. Escradnpena

rugpoauHaMuke, pusrke, IKOHOMUKe u Jp. OTMETHM HEKOTOPbIE U3 MOCJIEIHUX Ha-
yuHbIX pabor [5]-[8], pasBuBamOIUX JAHHOE HANDPABJIEHUE U C IIPAKTUIECKON, U C
TEOPETUYIECKON TOYEK 3peHusl. SIBJIEHNE TUCTEPE3NCA OTHOCAT K HECOBEPIIEHCTBY
pese [9], KOTOpOEe 3HAUUTENHHO BJIUSET HA NOBEJEHHME CHUCTEMBI, TIOITOMY B IIPH-
KJIQJIHBIX 33/]a9aX B KAYECTBE HEJMHEHHOCTH 9acTO UCIOJIL3YIOT I'MCTEPE3UCHYIO
MOJIE/Ib. ABTOPOM, B TOM 9HCJI€ B COABTOPCTBE, UCCJIEIOBAINCH CUCTEMBI OOLIKHO-
BEHHBIX uhhepeHmaIbHbIX YPABHEHUH ¢ PA3PBIBHON HEJUHEHHOCTHIO, COIEepPrKa-
mieit rucrepesuc, Hapumep, [10]-[12] ¢ aByxnosurmonusiv u [13]-[15] ¢ Tpexnosu-
[IMOHHBIM T'UCTEPE3NUCHBIM PeJIe.

B mamHoii cTaThe PACCMATPUBACTCS JBYXIIO3UIMOHHOE PeJIe ¢ IUCTEPE3UCOM, KO-
TOpOE, BO-TIEPBBIX, ABJISIETCA HANOOJIEE CUTIBHON CKAJISIPHON MOJEJIBIO PA3PBIBHOTO
[HCTEPEe3Uca U3 TexX, 9TO u3BecTHbI [16], a BO-BTOPBIX, MCIIOJIb3YETCs Il HOCTPOe-
Hust hyHIaMeHTATBHBIX Mogeseit [Ipeiicaxa (cM., Hanpumep, [7] u [17]).

B cuty paspbIBHOI HEJMHEHHOCTH MPEJIENBHBIE IUKJIBI, CKOJIB3SIIIUE PEXKUMbBI 1
OudypKanum sBJISETCs OCHOBHBIMU TUIIAMU TOBeJIeHUsT peseiinbix cucrem [9]. Tu-
HAMMKA, HEJTMHEHHBIX CUCTEM HAMHOI'O CJIOXKHEE, €CJIM OHA MOJABEPTaeTCs BHEITHEMY
BozecTBuio (cM., Harpumep, [18] u [19]). B crarbe [19] o6cyxKnaercst BiusiHue pe-
JIEHHOTO BOSMYIIEHUS U JOKA34HO CYIMECTBOBAHWE W €IUHCTBEHHOCTH OJHOTO THUIIA
OTPAaHWYEHHBIX DEINeHnii MHOroMepHOl cuerembl. V3BectHo [20], 9T0 B peseitHbIx
cUCTeMaxX NP BHEIIHUX MEPUOJUIECKUX BO3MYIIEHUIX HAPSIY C OCHOBHBIM IEPHU-
OJIMYECKUM DEIIEHUEM, IEPUOJ] KOTOPOrO COBIAJAET ¢ MEePUOAOM (DYHKIUHA BO3MY-
niernst (PEXKUM 3aXBATHIBAHUS HA OCHOBHOIN 4aCcTOTE), MOI'YT CYIIECTBOBATD COILYT-
CTBYIONAE UM TIEPUOJNIECKUE PENIEHUsI ¢ MEPUOJAMY, KPATHBIMA MEpruoy (pyHK-
UK BO3MYINeHUs: (PeXKUMbI 3aXBAThIBAHUS Ha 9acTOTe CyOrapMOHUK) U HElepHO-
JIUecKue permeHnst (pexkuM OUeHHi Mexkily aBTOKONEOAHUSIMY U BBIHY K I€HHBIMU
KOJIEOAHWSIMA ).

B pa6orax asropa [10]-[12] nccemyercs: cucrema 0ObIKHOBEHHBIX JuddepeHIy-
AJIbHBIX YPaBHEHUI IIepPBOTO IOPAJKa C HEHJeaJIbHOU peslefHOI XapaKTEepPUCTUKON
U HelpepbIBHOIT nepuoauyueckoii dbyukimeii Bosmymenus. B [10] u [11] obeyxuaer-
Cs1 BOIIPOC CYIIECTBOBAHUSI IEPUOINIECKUX PEIIEHNUH ¢ IEPUOIOM, PABHBIM TIEPUOJLY
GYHKIMT BO3MYIIEHUS, W JABYMs TOYKAME IEPEKJIOYEHUS 3 IE€PHOJ B (Hha30BOM
npocrpascTse. PaccMOTpeHBI Clydan, KOTa MATPUIIA CUCTEMbI UMEET IIPOCTHIE UK
KpaTHbIE BEIIECTBEHHbIE COOCTBEHHBIE YHMCJIA, CPEIU KOTOPHIX OJHO HOJIOKUTEIb-
Hoe. B wuccienosanuu [12] paccMOTpeHBI BOIPOCHI YCTORYIMBOCTH, JAOCTUKUMOCTH
MTOBEPXHOCTEN pa3pbiBa 60e3 KacaHus 1 pa3paboTaH aJrOpUTM BLIOOpA MapamMeTpoB
HEJIMHEHHOCTH JIJIsl CyIIECTBOBAHMS aCUMITOTUIECKH OPOUTATIBHO YCTONIMBOTO TIe-
PHOJIMYECKOTO PEIICHUS ¢ 3aJaHHBIMU KOJIE0ATEIbHBIMU CBOMCTBAME, B TOM YHUCJIE
€ EePUOJIOM, KPATHBIM TIE€PUOAY (DYHKIMU BOZMYIIEHUS.

B pa6orax [13]-[15] ays obpikHOBeHHOTO AU dePEeHINAIBHOIO YPABHEHNS BTO-
POro MOPSIJIKA, COIEPKAIIETO CHMMETPHIHYIO XAPAKTEPUCTUKY C THCTEPESUCOM, MEPT-
BOIi 30HOH M 30HAMU HACHIIIEHN, U3YIEeHbI KOJIeHATEbHBIE, B YACTHOCTH TIEPUOJIH-
YEeCKHe, PEIICHUs], N300PaKaIoNas TOYKA KOTOPBIX IPOXOAUT Y€Pe3 YeThIPE TOUKH
HEePEKJIIOUEHUs 38 TIOJIHBIA 00X0/] XaPAKTEPUCTUKU U 338 BPEMsl, IPOU3BOJIBHOE UJIN
KpaTHOe MeproLy (PyHKIUU BO3MYINEHUs, IT0 PA3JINIHBIM 3aMKHYTBIM TPACKTOPH-
sIM, B TOM 9HUCJIE CHMMETPAYHBIM, ¢ BBIXOJIOM HMJIU 0€3 BBIXO/JA B 30HBI HACHIIIECHUS.

st pesteliHoil HeaBTOHOMHOI cucteMbl B [21] u [22] aBTOpoM paceMOTpeHBI pere-
HHUA OJHOI'O TUIIa — ):LByXTOqeqHO—KOﬂe6aTeﬂbeIe penieHunsa, KOTopble COOTBETCTBY-
IOT HEIPEPHIBHBIM BBIHY 2K JICHHBIM KOJEOAHUSAM CUCTEMBI ¢ OIPEJICICHHON 9acTOTOM
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MeXKY JBYMsl 3abUKCUPOBaHHBIME B (ha30BOM HpocTpancTse Toukamu. B [21] moka-
3aHBI TEOPEMbI CYIIECTBOBAHUS U HECYIECTBOBAHUS TAKUX PEINEHU /I CHCTEMBI
C BEITECTBEHHONW CUMMETPUYIHON MaTpHIeil, UMeIoIeil KpaTHble COOCTBEHHBIE UNC-
na. B [22] nano onpenesenne Kose6aTeIbHOMY PEIIEHUIO IPOCTEHIIEro OBeIeHNUs,
YCTaHOBJIEH KPUTEPUii CYIIECTBOBAHUSI U €JIMHCTBEHHOCTH PEINeHUs] C IIPOU3BOJIb-
HBIM ITEPUOJIOM BO3BPATa B KAXK/IyI0 TOUYKY IIEPEKJIIOYeHUs (Pa30BOr0 IPOCTPAHCTBA
CHCTEMBI C HEIIPEPBIBHOM U OrpaHUYeHHON (byHKIME! BO3MYIeHns 0b1ero suga. B
cIIydae IepuondecKoil GyHKINI BO3MYIIEHUS JOKA3aH KPUTEPUN JJIsd TIEPUOIITIe-
CKOT'O PeIleHNusI C 33J[aHHBIM IEPUOIOM, KPATHBIM I1epro/ly OYHKIIME BO3MYIIEHUS.
ITosryyenHble pe3yIbTATHI JIETVIM B OCHOBY HACTOSAIIEN CTaThU, B KOTOPOIl ITPOJI0JIZKe-
HO M3yYEHUE JIBYyXTOUETHO-KOJIE0ATEbHBIX PEIIeHN ¢ TPUMEHEHNEM METO/Ia IIPH-
[TACOBBIBAHUS B CJIy4ae, KOTJA CHCTEMa MMEeT MOCTOSHHYI0 MATPHILY C IIPOCTHIMU
BEIECTBEHHBIMI HEHYJIEBBIMHU COOCTBEHHBIMHU YHCJIAMU U 10 KPaiHeil Mepe OIHUM
OTPUIATEIbHBIM. PaccyKienns u 10Ka3aTeIbCTBA YaCTUYHO IEPEKINKAIOTCS C 10~
CJIEJTHUMU YIIOMSIHY TBIME PabOTaMu, TeM He MeHee aHaJIu3 CyIIeCTBEHHO JIOTOJIHEH,
[IPUBEJIEHBI HOBBbIE (DOPMYJIMPOBKY OIPEJEJIeHNs JIJIsi PACCMATPUBAEMOT'0 THUIIA Pe-
IIEHUST W JABUXKEHUS ero M300parKaroIeil TOYKA ¢ IMPOU3BOJBHOIO HAYAILHOTO MO-
MEHTa BPEMEHH, 8 YCTAHOBJIEHHBIE TEOPEMBI SBJISIOTCS HOBBIMU JJI PACCMATPUBA-
€MOfl MATPHUIIBI CHCTEMBI, B JIEMEHTAX KOTOPOIl 3aKJIaIBIBAIOTCH XapPaKTEPUCTUKU
peaslbHOro 00BbEKTa HCCJIe0BaHudA. B JaipHeilllleM H3ydeHne CUCTEMBI IIPU pas3-
JINYHBIX YCJIOBHUSX HA CIIEKTP MATPUIIBI MO3BOJUT paspaboTarh OOIIUN aJIrOpUTM
[TOVICKA PEIeHul ¢ 3aJaHHbIMU TapaMerpaMu. Kpome TOro, B HACTOSIIEH CTAThe
B orsmune oT [21] chopmymupoBanbl OOIIMEe TEOPEMbI JJisl PENIeHuii B cilydae, KO-
I7a IePUoJ], BO3BPATa COU3MEPUM C I1€PUoI0M MDYHKIMKM BO3MYIINEHU, & B OTJIAINE
oT [22] paccMOTpPEH BOIIPOC PA3PENINMOCTH CHCTEMBI TPAHCIIEHEHTHBIX YPaBHEHUI
OTHOCHTEJILHO TOYEK M MOMEHTOB BPEMEHU IIEPEKJIIOUEHNS], & TAKXKe JI0Ka3aHA TEO-
peMa CyIeCTBOBAHUSI PEIIeHNs JIJIsi CUCTEMBI C (DyHKIel BO3MYIIeHnsT 3aJaHHOTIO
BHJIA.

PaccmarpuBaercsa n-meprast cucrema OOBIKHOBEHHBIX MM PEPEHITUATBHBIX YPaB-
HeHui

(1) Y = AY + BF(0) + Kf(t), o = (C,Y).
Bnech cobereennass martpuna cucrembl A mo Bekropsl B = (by,...,b,)",
K = (k1,...,k,)" ABIAIOTCS BEIECTBEHHBIMH U He 3aBUCAT OT BPEMEHH, CHM-

BOJI * O3HAYAET TPAHCIIOHUPOBaHHUE, Y — BEKTOP COCTOAHWN cucTeMbl. PyHKIHU-
eit F(o) onncana XapaKTepUCTHKA HEUJIEATHLHOTO PEJIE C TIOJIOXKATEIHHBIM THCTEpe-
3WCOM, JBYMsl TIOPOTOBLIMY 3HaMeHUAMU {1, {5 W JAByMsl 3HAYEHWSIMA BBIXOJIA M1,
ma, e ¢y, f3, My, My ABIAIOTCS BEMECTBEHHBIMU. JIJIsl ONPEIESEHHOCTH IIyCTh
by < by, my < ma. @yaxkuusa F(o(t)) onpenenena npu HempepbiBHOM Bxoje o (t)
mag ¢ > 0 B KJIacce KyCOYHO-HEIPEPBIBHBIX (DYHKIMA U IPUHUMAET IOCTOSHHOE
3HAYEHNE Ha 3aMKHYTOM HPOMEKYTKE [t1, ta], ecam smbo F(o(ty)) = my n o(t) < ly
upu t € [ty1, ta], mibo F(o(t1)) = mo uo(t) > €1 upn t € [ty1,ta]. [Teras rucrepesuca
Ha 1wiockoctu (o, F(0)) 06XomuTcst IPOTUB YAaCOBON CTPEJIKU, YTO COOTBETCTBYET
nosioxkuTeabHOMY ructepesucy. CorsacHo (3|, ecam B HagasbHBIT MOMEHT t = t
umeeM o(tg) € (€1,402), To cnenyer ykaszarb F(o(tg)) = my nwm F(o(tg)) = ma
U Jajiee CJIeI0BaTh MOJIOKUTEILHOMY 00xoiy meriu Ha iockoctu (o, F/(o)): 3na-
vyenue F'(o(t)) coxpaHsiercsd NMOCTOSHHBIM i BeeX t > tg J10 Tex 1op, noka o(t)
He JIOCTUTHET MOPOTOBOE 3HavueHwue {5 CHU3Y Wiam {1 CBEPXY COOTBETCTBEHHO; KAK
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TOJLKO 0 = {1 wm o = {9, ToTuac 3uadenue F(o(t)) mensgercsa Ha mp wim me
COOTBETCTBEHHO.

Bektop C = (cy,...,c¢,)" onpenenser o6paTHYIO CBA3L B CHCTEMe, ABJIAETCS Be-
[IECTBEHHBIM U He 3aBUCUT OT BpeMeHu. OyHKIwst BosMyteHus f(t) mpuHaaiexuT
KJIaCCy HelpepbIBHBIX MePUOIUIeCKX (DyHKITHIA.

[omaraem xoopamuaTer BekTOpoB C u K, a Takxke 3HadeHus {1, f3, mi 1 mo
mapaMeTpaMy CUCTEMBbI, KOTOPBIE TIOJJIEXKAT BBIOOPY. B CrTy TOTO, 9TO mapaMeTpshl,
OT KOTOPBIX 3aBUCUT JUHAMUYIECKOE TTOBEIEHNE THCTEPESUCHON CUCTEMBI, 3aa10TCsl
€ HEKOTOPOI TOYHOCTBIO U MOTYT MEHSIThCsl B IIPOIECCE SKCIUIyATAI[MNA CHCTEMBI,
BO3HHUKAIOT BOIIPOCHI CyNIECTBOBAHHUA OIPAHMYEHHBLIX PesKUMOB. TaKOMy pPerKHuMy
COOTBETCTBYET U JIBYXTOUETHO-KOIEOATETHHOE PEIlIeHNe CUCTEMBI.

I1st onmcanust OOJIBIIOrO Pa3HO00pa3nst (PUNIECKUX SBICHUN IaCTO PACCMATPHU-
BaeTCsT B KAMECTBE MATEMATHIECKON MOJETN CUCTEMa KYCOTHO-TIOCTOSTHHBIX OOBIK-
HOBEHHBIX I depeHITnaabHbIX ypaBHeHNH, (Ha30BOe MPOCTPAHCTBO KOTOPBIX €~
JIATCsT TIOBEPXHOCTSIMU TEPEeKJI0UeHnsl Ha pasindHble obaactu [23]. Kpome Toro,
3HAYUTEIbHAS YACTh TEOPUU AUHAMMYECKUX CUCTEM, KOTOPasl CBA3AHA C IIPUJIOKE-
HUSIMHU, KACAeTCs MEePHOanTHOCTH: AudDepeHInaIbHbIE YPABHEHUS, CONEPIKAIINAEC
NeproMIecKne (PYHKIMHA BO3MYINEHUAsST W (PYyHKIUH C MEPUOIUICCKAMEA KOIh-
dbunmenTamu, a TakKe nepuoguaeckue pemenns (cMm., Haupumep, [4], [18] u [23]).
B ciiygae 1ByxXTo4YedHO-KOJIEOATETHHOTO PEIIEHUsI UMEET MECTO MEPUOIUIHOCTD 110
BpPEMEHH BO3BpAaTa ee N306payKarleil TOUKN Ha KaxK/IyI0 MOBEPXHOCTh TEPEKITF0Ye-
nust. Ilpu 3TOM pemenne MOXKeT IPHHAIJIeKATh KaK KJIacCy IIePUOJNIECKIX, TaK U
KJIACCY HEMEePHOINIECKUX BEKTOP-(DYHKIMIA.

Byzmem paccMaTrpuBaTh HENPEPBIBHOE JIBYXTOYETHO-KOJIEOATENHLHOE PEIeHue C
JIBYMsI TOUYKAMU MEPEKIOUEHNsT B (ha30BOM IIPOCTPAHCTBE CUCTEMBI, B KaXKIYIO U3
KOTOPBIX M306pazkarolas TOUKa PellleHns BO3BPAIAeTCs Yepe3 OJNHAKOBOEe BpeMsi
(Bpemst Bo3BpaTa).

CraBuTcs 33/a4a [0 UCCIEJOBAHUIO IIPOCTPAHCTBA HapaMeTpoB cucreMbl (1) u
YCTAHOBJIEHUIO YCJIOBHIH HA €€ TTapaMeTphl, TPH KOTOPBIX CYMIECTBYET PACCMATPUBA-
€MOe peIlleHre C OIHUM THUIIOM [OBEJIeHUsI. KpoMe Toro, BasKHO IOy IUTh (DOPMYILY
BLIUUC/ICHUS HAYAIBHON TOYKH JIsl IOCTPOEHUS TPACKTOPUU U300paKalomieil To4-
KU pemenust B pa30BOM IPOCTPAHCTBE WM MHTErPAJbHON KPUBON B IPOCTPAHCTBE
COCTOAHUI CUCTEMBI.

1151 pertiennsi MOCTABJIEHHOM 33129 K CHUCTeMe IPUMEHSIeTCsT Heocoboe mpeodbpa-
soBanue Jlypbe, KOTOpOE MPUBOIUT MATPUILY CHCTEMBI K JMArOHAJbLHOMY BHiy. K
TAKOMY MOJXOJLY, 8 UMEHHO, UCIIOJIb30BaTh JUArOHAJIbHBIE MATPUIIBI, YTOOBI YIIPO-
CTUTh aHAJU3 U TIOJIyYATh PE3YJIbTATHI B AHAJUTUICCKOM BHJIE, YACTO IPUOEraioT
uccaenosaresu (cM., HanpuMmep, [4], [24] u [25]). Crpourcst BciomMoraresbHast CH-
CTeMa TPAHCIEH/ICHTHBIX YPABHEHMWI OTHOCUTENIHHO MOMEHTOB BPEMEHHM M TOTEK
nepekoueHnsi. V1ei0 mocTpoeHns: TaKO#i CHCTEMBI JJIST NU3YYEHNUU TTEPHOINIECKIX
perennii npesgoxun B.W. 3y6os B [26] mis aBTOHOMHOTO Cirydast.

CraThsl COCTOMT U3 TPEX Pa3JesioB, 3aKJIIOUEHNs] U OPraHM30BaHa CJIELYIONIUM
obpazoM. B mepBom pasjesie ommcaH IOJXOJ K PEIIEeHUIO 33JIa4M, BBEJIEHBI Ope-
JIEJIEHUST ¥ OCHOBHBIE ODO3HAMEHWSs, MPUBEJICHA MATPHUIA MPeoOPa3OBaAHUA, & TaK-
K€ BBIIACAHA CHCTEMA TPAHCIEHIEHTHBIX yPABHEHNUH, KOTOPasi ABJISAETCS O0HEKTOM
JIAHHOT'O UCCJIeIOBaHUsI. Pe3ybTaThl CTATHU MPEJICTABIEHBI BO BTOPOM pasJese u
BKJIIOYAIOT B ce0sl HEOOXO/IMMOE YCJIOBUE CYIECTBOBAHUS PEIIEHUsT MPeoOpa3oBaH-
HOMi cucTeMbl (Teopema 1), yCIOBHsI Pa3pelmIMMOCTH CHUCTEMbl TPAHCIEHIEHTHBIX
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ypaBHeHuii (Teopema 2 Jid ciiydasi, KOrJa BpeMsl BO3BPATa HE KPATHO, HO COU3Me-
PHUMO € nepuogoM (hYHKIUY BO3MYIIEHHsI, U TeOpeMa 3 JJIsl CJIydas, KOTaa KPaTHO ),
a TaKKe TeopeMy CyIecTBOBaHUs peleHus: cucreMsbl (1) (Teopema 4) u coencrBue
K Heil. B TperbeMm pasesie mpuBeieH WIIIOCTPATUBHBIN IpUMEDP JJjIs TPeXMEPHOit
CHCTEMBI.

1. OnPEAEAEHUS. OBIIUAN TTOAXO

O6oznaunM 4epe3 L, 4 = 1,2, IOBEPXHOCTD HEPEKJIIOTEHNUs ([IOBEPXHOCTD Pa3-
peiBa [9]) 0 = £,,. Hanum

Onpegnenenne 1. Toukol nepekaouenus Ha3osem maxoe cocmosanue cucmemos (1),
npu Komopom 6xodnas Pynryus o(t) docmueaem 001020 U3 NOPO2OGVLT 3HAUE-
nut £, (p = 1,2), a ewxodnaa dymnwyua F(o(t)) npu smom mensem snavenue
6uLL00a M1 HA Mo UAU HAOOOPOM.

Onpenenenne 2. Ilapamempamu pewerus cucmemsve (1) nazosem mouru nepe-
KAIOMCHUA U COOMBEMCMBYIOULUE UM MOMEHMBL BPEMEHU NEPEKAIOYEHUL NPU Nep-
60M 0bxode nemau 2ucmepe3uca.

Omnpegesnienne 3. Pewenue Y (+) cucmemos (1) nagosem deyrmouenno-xoarcbamens-
oM ¢ epemenem 6o3epama Ty na noseprrnocmdv Ly, = 1,2, ecau 6 daszosom
NPOCMPANCIMEE CUCTNEMDL CYULELCTNEYIOM MoKU nepermovenus Y € Ly u Y2 € Ly
maxue, wmo ecau Y =Yy uu Y2 =Yy, mo Yy = Y (to+rTy), ede ty — Hauarvrbil
momenm epemenu, Ty >0, r € N.

3ameuanmne. IlepBomy o0xoy mersim rucrepesduca coorsercrsyer r = 1. Ilo
OIIPEJICJIEHUIO 3 JIBYXTOUETHO-KOJIe0aTeIbHOE DPeIlleHre, BOODIE TIOBODs, MOXKET
uMeTh B (a30BOM IIPOCTPAHCTBE DOJIee JIBYX TOYEK MEPEKJIOYEHUs 38 BpeMsl BO3-
BpaTa 1's, HO TOJIBKO JIBE U3 HUX y/IOBJIETBOPAIOT PABEHCTBAM, KOTOPBIE OLPEIEIIIOT
YCJIOBHE TIEPUOJINIHOCTH PEIIeHNUs] 110 BpEMEHH BO3BPaTa.

B coorBercTBUI ¢ MOCTAHOBKOI 337141, Mbl PACCMATPUBAEM DEIIEHHE B KJIacce
HEIPEPBIBHBIX BEKTOP-(PYHKIMA U ¢ JABYMs TOYKAMU NEPEKJIOYeHUs] B (DA30BOM
[IPOCTPAHCTBE, B KOTOPBIE BO3BPAIIAETCS M300pazkaronias Touka pertenus. [loaromy
JTst ODeCIIedeH s HePEPBIBHOCTU PEIIeHUs TPUMEHSIeM MeTOJ, IPUIACOBLIBAHUSI,
a JUIsl 3aJ[aHUST HAYAJBHBIX YCJIOBUHI W YHCIA TOYEK MEPEKJIIOYEHUsT OIPEeeIIsieM
noBejieHre (TPAEKTOPHIO) N306PasKAIONIeN TOIKN PEIeHus.

CorylacHO MeTOJ/Iy NPUIACOBBIBAHMS, [TOJIATAEM COBMEIIEHHE TOYEK IIePEKJIIove-
HUsI C TOYKAMH “CIIUBAHUsT TPAEKTOPUil, KOTOPBIE CTPOSITCS B CUJTY PA3HBIX ITPABBIX
qacreit cucremsl (1) mpu F(o) = my u F(o) = mg. C 11060it CTOPOHBI TOBEPXHO-
creil nepekJrodenust cucrema (1) siBisieTcst JIMHENRHON CHUCTEMOIi 10 BO3ueiicTBI-
em BHemHero Bosmymienus: ecan (C,Y) < o, TO JUHAMHUKA CHCTEMBI 3aJa€TCs
Y = AY + Bmy + Kf(t), ecn (C,Y) > {1, 10 Y = AY + Bmgy + K f(t).

HaJjiee omumieM TOBe/eHAE M300parKarolieil TOUKNA PEIIeHnsi C JIBYMs TOYKAMHU
epeKkIovUeHns B pa30BoM npoctpancTse. [lycrs, Hanpumep, n300pazKaromas TOIKa
permenns cucrembl (1) HauMmHAET CBOE JBUYKeHHE Ha MOBepxHOCTH L B Touke Y B
MOMEHT BpeMeHHU t = ty 1 B MOMEHT BpeMeHH t = t; MOIaiaeT Ha MOBEPXHOCTL Lo
B Touky Y2, B cuiy cucrembt (1) npu F(o) = mj. 3areM oHA BO3BpaIaeTcs B
MoMeHT BpeMenn t = to + Ty Ha nosepxuoctb L1 B Touky Y, B cuiy cucremsr (1)
upu F(o) = ma. ajee ABuzKeHHe OBTOPSAETCS T Pas3, T. €. N300ParkKAIOIIAsT TOIKA
DEIIEeHNsT IBUTAETCST OT OJTHON TOYKH MEPEKJIIOUEHUS K JPYTOi, MOTaast OOIePETHO
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B KayKJIyIo U3 HUX depe3 BpeMd 1. Beesmem obosnadenne 71 = t1 —ty ¥ paCCMOTPHM
m, Tf, Y1, Y? B KauecTBe HAPAMETPOB PEIIEHNS. B COOTBETCTBHU C OIIHCAHHEM
MTOBEIEHNUST N300PAYKAIONIEH TOYKU PEIeHUsT JIa M

Ounpenenenue 4. Bexmop-gynxuyus Y () asasemca pewenuem cucmemol
Y = AY + Bmy + K f(t) na unmepsane [to + (r — )Ty, ty + (r — )Ty), r € N, u
pewenuem cucmemv Y = AY +Bma+ K f(t) na unmepsane [t1+(r—1)Ty, to+rTy)
¢ mouxamu nepexmouenus Y1 uY? 6 dasosom npocmparcmee, xomopuie ydocae-
meopsom

(i) yeaosurw nepuoduwnocmu pewerus no epemenu eozspama T — pasencmeam
YI=Y(to) =Y(to+rTy), Y2 =Y (1) =Y(t1 +rTy);

(17) Ycaosuw NPUHAOAEHCHOCTIY TOBEPTHOCTY MEPERAIOYEHUA — PABENCNEY
(C,Y") =4, pn=12.

B cooTsercTBuu ¢ omnpejesenueM 4, IPUMeHss MeTOJ, IPUIACOBBIBAHUSL U POP-
Myay Komm jyist mpescTaB/ieHnsi pemennsi, BBITANIEM BCIOMOTATEbHYIO CHCTEMY
Ha oTpe3ke [to,to + Tf]. Imeem

(2) b = (val)’ by = (Ca Y2)7

rie
t1

Y2 = Any? 4 / AG) (B, + K f(7))dr,

to
Tj+to
V= ATy 4 / M t0=7)(Bmy + K f(7))dr.
t1
CucreMa TPAHCIEHIEHTHBIX YPABHEHUH (2) sIBJIsIeTCs] CIIOXKHOM M JJIsl JaJIbHeli-
[IEr0 AHAJIMTUIECKOTO UCCIEJI0BAHUS TPEOYET YIPOIIEHUS.
IIycTh BBIOJIHEHBI CJIETyTONTAE YCIOBHS:
1) det(BAB A?B ... A""'B) #0,
2) martpuna A MMeeT BEIeCTBEHHBIE TPOCTHIE HEHYJIEBble COOCTBEHHBIE UHMCIA N;
(i = 1,n), cpein KOTOPBIX 110 KpaiiHeii Mepe OJIHO SBJISeTCst OTPHIATEbHBIM (IyCTh
As < 0, TlIe § — HEKOTOPDIN HHJEKC, IPUHUMAIONIMH 3HadeHue oT 1 10 n).
B srom ciaygae k cucreme (1) npumenum Heocoboe npeobpazosanue ¥ = SX|
npuBojsAIIee Marpully A K jgmaronansHoMy Buiy. IlycTh, Hampumep, mMarpuna S
nmeer Bug (em. [24])

Ni(A) 0 M)
D/(Al) D/(/\n)
(3) §=- : : ;
N (A1) Nn(An)
D'(A) 0 D)
e D'(\;) = %z()p) N D(p) = |A—pE|, E — eauanunas marpuna, Np(p) —
p=Xi

OIIpeJIeJINTEN b MATPHUILI A, B KOTOPOI KOOPAMHATHI A-ro cTo/I611a 3aMEeHEeHbI KOOP-
JIMHATAMHU BeKTOpa B, p — HEKOTOPbI BEIECTBEHHBIN IIapaMeTp.
IIpeobpasopanHasi cucreMa IIPUHUMAET BT

(4) X = AoX + BoF(0) + Kof(t), o= (T,X),
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e
A 0 1
AOZ s B0:S71B: e ]y
0 An
kY "
Ko=S"'K=|...], IT=5C=
k’(r)L Tn
Koopumunatrst v; (i = 1,n) Beraucssiores 1o opmyiie
-1 n
5 = Niu().
(5) y D,()\i);ch (i)

Crenys [24], monaraem 75 OTIIMYHBIM OT HyJIsI, OCTAJLHBIE KOODJAUHATHI MIPE0s-
Pa30BaHHOTO BEKTOPa 00paTHON cBA3M HyJseBbiMu. COTrJIacHO METOJy CEeueHUil Tpo-
CTPAHCTBa TTAPAMETPOB, TAKOE yCJIOBAE Ha BEKTOP | MO3BOJAET BMECTO M-MEpHOM
CHCTEMBI TOJIYINTh YPABHEHHE MEPBOTO MOPSAIKA OTHOCUTENBHO 0 (t) W ypaBHEHWs!
IIEPBOI'O MOPs/IKA OTHOCUTEJILHO KOOpAuHAT z; (j = 1,1, j # $) BeKTOpa COCTOsHUIA
npeobpazoBanuoil cucrembl. Pynkims o(t) = v,24(t) onpesenserca u3 ypasHeHUs
a(t) = Asa(t) +vs(F(o(t)) + k2f(t)) ¢ yueroM HauaIbLHBIX U IDAHUYHBIX YCJIOBHUIA.
OOt BU peleHnst UMeeT BH

t ¢

o(t) = er’\s(t_to) + vsekst mu/e_)‘”dT + kg / e_)‘sTf(T)dT , oo =o0(to).
t() t[J

Boimmenm yciosust Ha orpeske [0,7]. Ha orpeske [0,t1] numeem m,, = mq, Ha-
qasbHOE yoiosue tg = 0, o9 = {1 u rpanudanoe ycaosue o(t;) = f3. Ha orpes-
ke [t1,Ty] mmeeM m,, = mg, HadagbHOE ycioBHE g = ¢, 09 = {9 U IpaHHIHOE
ycaosue o(Ty) = £1. Ilepementble x; ONPENEIISIOTCS U3 JIMHEHHBIX HEOAHOPOJHBIX
YPaBHEHU

. - 0

£j(t) = Aj;(t) + F(o(t)) + kj f (1)

Cucrema (2) mocsie mpeobpa3oBaHns TAKKe YIPOIIAETCS, PACTIAIAACH Ha CHCTEMY
TPaHCIEHEHTHLIX yPaBHEeHUIT OTHOCHTEIHLHO MOMEHTOB BpeMeHH IIePeKJII0IeHns {1
n Tf

ty
m m
by = (0 + TsT ) Aata T +75k? [ XM f(7)dr,
As As
0
©) .

0= (e2 ¥ V;ﬂ) (Tt = 202 g [ AT i

S S
ty
1 GOpMyTBl I HAXOMKICHHS TOYeK mepekmoderma X' = (xf,... 2b)*

i
X2 = (22,...,22)* uzobparkaiomeil TOYKI PeIeHs TPeobpa3oBaHHOl cucTeMbI (4)

IIJ; 261/757 x§:€2/757

ty Ty Ty

ggjl =TT ml/ef)‘deTerg/e*)‘deT+k?/6*)‘j7f(7)d7 ,
0 0

ty
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Tf 31
)\J‘tl
a3 = lfew /eiAj(Tf*T) (ma + k) f(7)) dr + /e”‘-” (my+ k) f(r))dr |,
11 0
(7) J=L1n,J 7é S.

2. PE3VJIbTATHI

IMycrs dyukius Bosmymenus f(t) 3amaercsa T-nepuonudeckoii dpyHKuueir Buia
f(@t) = fo+f1sin(wt+1)+ fo sin(2wt+s), tae fo, f1, f2, ©1, P2, W — BEIECTBEHHbIE
U He 3aBUCST OT BpeMeHu, npuieM fy, f1 u fo — Henysessre, w > 0. [lepuo dyukimn
pasen T = 27 /w.

Bsenem obosnauenue. Ilycrs

mﬂ+klof0 n k?fl

Qmy, b, Ai) = i A2 + w?

(N sin(wt + ¢1) + wcos(wt + 1)) +

ki fo

8 _NiJ2
(8) A? + dw?

(A sin(2wt + @2) + 2w cos(2wt + p2)) .

Cucrema (6) npunuIMaer B

by = (£1 + %Q(ml, 0, )\S)) erstt %Q(ml, t1, )\s),
(9)
b = (52 + 'YSQ(mQ» tq, As)) EAS(Tfitl) - 'YsQ(m% Tf, As)

Hmeer mecto

Teopema 1. ITycms 6 cucmeme (4) sexmop I' umeem xoopdurame: v, # 0, v; =0,
j#s,j=1,n, ucywecmeyem 06yTmoueuHo-K0oae0amesvHoe PeueHue ¢ Napame-
pamuty, Tp, X1, X2, 2de X' u X? naxodsmes no dopmyaam (7). Tozda Ty = wp/w,
P — HemHOe HAMYPAALLHOE YUCAO0, U pewierue asasemca Ty -nepuoduveckol eexmop-
Pyrryuets, Uil UMEOM MECTNO CACOYIOUUE YCAOBUA:

1) t1 = mm/w, Ty = p/w, p — newemnoe namypasvroe wucao, m € N u m < p;
2) 1 = —arctg(w/As) + h, h € Z;

)R #0uk)=0,j#s, j=1n.

Jokasameavemeo. IlycTh CyIIecTBYeT JBYXTOYEIHO-KOJIE6ATEIBHOE DEIIeHNe CH-
crembl (4) ¢ napamerpamu t1, T¢, X' u X2 B cury meocoboro npeobpazoBaHust
yenosus (i) u (it) u3 onpe/ienaeHueM 4 ¢ ydeToM onpeiesieHus 3 jis pernenns X (t)
upunnmaior Bug X1 = X(0) = X(rTy) € Ly, X? = X(t1) = X(t1 +rTy) € Lo,
r € N, nnu B 9KBuBajIeHTHO# dhopme
(a) b1 =0(0) =0(rTy), lo =0(t1) =o(ti +7T¢), r €N, ak =1, /vs, p = 1,2;
(b) @} = x;(0) = 2 (rTy), 27 = x;(t1) = x;(ts +7Tf), j # 5.

Paccmorpum yesosre (a). Ha orpeske [0, Ty] umeer mecto cucrema (9): mepsoe
ypasHeHne — Ha orpeske [0, 1], BTopoe ypaBHeHue — Ha oTpe3ke [t1,Ty]. Anagornd-
Ho, Ha orpeske [Ty, (r+ 1)Ty], r € N, BblmoIHsIETCSA CHCTEMa DABEHCTB

ly = (61 + 'YsQ(mh T’Tf, )\s)) ettt — "YSQ(mla 7ﬂTf + 11, As)a

(10)
gl = (62 + VSQ(m2> T‘Tf + tla )‘S)) eAS(Tf_tl) - ’YSQ(m2> (T + 1)Tfa As)
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CornacHo ycsosuio (a), mpasble dacTu paseHcTB (9) u (10) mpu paBHBIX JIEBBIX
JACTAX COBHAJAIOT, TOTAA UMEET MECTO CHCTEMA DABEHCTB

Q(m27 2Tf7 )‘S) = Q(m27 Tfa )‘5)7 Q(mla Tf7 )‘S) = Q(mla 0) )‘S>7
(11)
Q(m/u tl; AG) = Q(m,uv Tf + tl) >\€)
IIpeobpasyem (8) B KOMIIAKTHBII BU/I, yA0OHDI /i1t aHajm3a cucreMsl (11) ¢ yuerom
Toro, 4to As < 0. Imeem

my, + k2 fo B KO f1 sin(wt + @1 + 61) B kO fo sin(2wt + @o + d2)
As VA2 + w? VA2 + 4w?

rie 01 = arctg(w/\g), 02 = arctg(2w/As). Torma Bemonsenne cucremsr (11) pasHo-
cubHO 1ipH kY # () BBIOJHEHUIO CHCTEMbl PABEHCTB

sin(p1 + 61) = sin(wTy + @1 + 01) = sin(2wT’s + 1 + 01),

Q(m;u t7 )\s) =

sin(pg + d2) = sin(2wTy + 2 + d2) = sin(4wTy + 2 + d2),
sin(wti + 1 + 1) = sin(w(Ty + t1) + @1 + 61),

sin(2wt1 + @2 + 52) = sin(Qw(Tf + tl) + @2 + (52)

W3 nepsoro pasencrsa cienyert, uto wly = (27 /1)1 u gajee BO3SMOXKHBI Ba BapH-
anTa. Bo-tepsbix, Ty = pT'/2, ri1e p — 4eTHOE HATYPAJIBHOE YUCII0. DTOT CIIydail ObLI
nonpobuo paceMoTpeH B paborax [10], [11] u coorBercTByer T'-IEPHOANIECKOMY De-
IIIEHUIO B TOM CMBICJIe, YTO PEIEeHUE sIBJISIeTCsl MEPUOINIECKON BeKTOP-(PYHKIIHEI ¢
nepuonoMm Ty = kT, k € N. Bo-sropsix, Ty = pT'/2, e p — HeIeTHOe HATYPATILHOE
YUCII0, TIPA YCJIOBUU, 9TO 1 +01 = wh, h € Z. Torma u3 npeamocieJHero paBeHcTBa
cucrembl BhITeKaeT, uro t1 = mT/2, tme m € Num < p. YuursBast, aro T = 27 /w,
umeeM ¢ = mm/w u Ty = 7p/w. Ycnosust 1) u 2) TeopeMbl 1 BBIIOTHEHBL.

U3 ycnosus (b) cienyror pasencrsa Buga (11), B KOTOPBIX BMECTO Ay paccMar-
pusatorcs A;. IIockombKy COOCTBEHHbIE UnCIa Pa3HbIE, TO 1 # — arctg(w/A;). Ot-
CIOJIa BBITEKAET, UTO k;-) = 0. Ycuosue 3) Teopembl 1 Boinosineno. Takum obpaszom,
HeOOXOIMMOe yCJIOBUE CYIIECTBOBAHUS B CHCTeMe (4) IBYXTOUETHO-KOIe0ATEIHLHOTO
pellleHns ¢ YKa3aHHBIME [TapaMeTpaMy yCTaHOBJIeHO. Teopema 1 joka3aHa. O

YesoBust pa3peInMoCTy CUCTEMbI TPAHCIIEHIeHTHBIX ypaBHeHuii (6) oTHOCHTe b
HO t1 u Ty momytenst B TeopeMe 2 u3 [21] B ciydae, korna Ty # kT, k € N. Ilpusenem
3Ty TeOpeMy B IPUHATHIX B HACTOSAMIEH cTaThe 0003HAYCHHUAX JJIs CHCTEMBI B BH-
ze (9). Urak, s pemennst cuctems! (9) ¢ Ty = pT'/2, p — HeueTHOe HATYpPAIbHOE
4qucio, p > 1, ciipaBesuBa

Teopewma 2. [Tycmwb umerom mecmo ycaosus 1)=3) meopemos 1 u caedyrouwsue ycao-
8UA:

1) dan mexomopozo m € N ewnosnaromes nepasercmeo Lo + vsQ(mq,0,As) < 0 u
pasencmeo

la(m) = (1 +75Q(ma,0,A5)) T/ —4,Q(ma,0,A);
2) dasty =mT/2, v < 0 u newemnozo p € N, p > m, 6vinoansiemcs paseHcmso

s erPT/2 1
ma(p) = 1= eI/ (6 +75Q(m1, 0, As)) + ma.
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Tozda cucmema mparcuyendenmumr ypasrwenuts (9) umeem pewenue (t1,Ty),
ede Ty = pT'/2.
Joxazamenvcmeo npuseseno B [21] npu b0 = 1, Q = Q(m1,0,)s), 71 = t1 = mT/2
u 7o ZTf —tl = (p—m)T/Q.

Ianee BocmombayeMcst (pOPMYJIMPOBKOIl TeopeMbl, KoTopasd mpubenena B [10],
Teopema, 1, na caydad, korma Ty = KT, k € N, m Ay > 0. Urax, nnsa pemenns
cucrems! (6) ¢ Ty = pT/2 = kT B 0603HaMEHUSIX HACTOSIIIEH CTATHH MMEET MECTO

Teopema 3. [lycmv 66imosHANOMCA CACOYOULUE YCAOBUA:
1) npu nexomopom k € N umerom mecmo nepasercmea

my — mye™ T + (1- e’\skT)L >0, mi <L <mg,

20e \.J
L[ =_25 ! +mM*)\sQ(m#’0’>\S)’
U PaBEHCMEO )
1 —
(12) tp =kT+ —1In T

As (1 —eMFTYL + mg — mleAs’“T;

2) onpedeasemasn pasencmeom (12) seauuuna t; ydosaemeopsaem nepeomy ypasHe-
nuto cucmemss (9).
Tozda npu Ty = kT cucmema ypasrenuti (9) umeem pewenue t1, 2de t1 € (0,kT).

Jlokasamesvcmeo IPOBOUTCS AHAJIOTHIHO JIOKA3aTeIbCTBY TeopeMbl 1 u3 [10], ec-
s BMeCTo \g > 0 pacemorpers Ag < 0, a T'/k 3amenuts na k7.
Jajiee JloKaxKeM TeopeMy CyIecTBOBaHUs pernenus Y (t) cucremst (1).

Teopema 4. ITycmb umeom Mmecmo Ycrous meopemvt 2 uil meopemvt 3 u 0o-
NOAHUMEALHO T] ABAAEMCA HOUMEHODWUM (UAU COUHCTNEEHHDIM) DEWEHUEM Nep-
6020 ypasnenua cucmemvi (9), Ty — emopozo ypasnenua cucmemwve (9). Tozda cy-
wecmsyem dsyrmoueno-Kosebamensvroe pewenue cucmemvs (1) ¢ moukamu nepe-
xarouenus Y = SX' uY? = SX? 6 ¢pasosom npocmpancmee, 20e S onpedeaena
dpopmy.aoti (3), X' u X2 — dopmyaamu (7).

Hoxaszameavcmeo. Ecam BBIOJHEHBI yCJIOBUS TEOPEMBI 2 W ONPEIEJIEHBI TAPAMET-
pet m, p, {1, €a(m), my, ma(p), kO mw s, To cucrema (9) mMeeT pemenue
tv = mT/2, Ty = pT'/2. Ecau BBINOJHEHDI YCIOBHS TEOPEMbBI 3 M OIpEJeIeHbI
napamerpsl k, {1, £a, m1, ma, kO u 74, To cucrema (9) umeer permenue t;, KOTopoe
Boraucigercs mo gopmyie (12), u Ty = kT

YesioBug TE€OpEMbl 2 MM TEOPEMbL 3 HE SABJIAIOTCS JIOCTATOYHBIMU JIJIS CYIIe-
crBoBanus perrenns X () cucremsl (4), mockonbKy cucreMa (9) Ipu BBIOPAHHBIX
HapaMeTpax MOXKeT HMeThb ApyTue pelteHust ¢t u T, KOTOPbIe OTBEUAIOT MOMEHTAM
BPEMEHH JIOCTUKEHUS NN [lepecedennsi IoBepxHocTeil epekiodenus Ly u Ly. I1o-
KayKeM, YTO JIOJIKHO BBIIOJHATHCS JIONOJHATEILHOE YCIOBUE TEOPEMBI 4.

Kak cuenyer u3 onpenenenust 4, npu v = 1 Ha nnrepsasue [0,t1) uMme0T Me-
CTO paBeHCTBO M, = mi u HepaseHcTBO (C,Y) < fy. Hus pemenus X (f) cucre-
MbI (4) nocrenuee HepasercTso npuanMaer Bun (I, X) < fo. Ha unrepsase [t1, )
BBIIIOJIHAIOTCS PABEHCTBO M, = My u Hepasercrso (C,Y) > ¢ mua Y (t) wuam
(T, X) > ¢ must X(t). DTo 03HAUAeT, 9YTO B MOMEHT BPEMEHH t; NPOUCXOIUT Iep-
Bas BCTpeYa M300parKaloleil Touku pemenus ¢ Lo u nepsoe uamenenue F(o) co
3HAYEHWA M1 Ha Meo. Takoe MoBeJeHne M300Parkalomeil TOUKM PENIEHUsT OIMCAHO
nepBbIM ypasHenueM cucreMbl (9). Ilosromy B ycioBum Teopembl Tpebyem, 4To tq
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SIBJISIETCS. HAUMEHDBIIIUM ero pelieHreM (B CJlydae HeCKOJIbKUX PEIleHuil) uiu euH-
CTBEHHBIM. AHAJIOIWTHO, B MOMEHT BpeMeHH 1y IPOHCXOAUT IEePBOe BO3BPAIIEHIE
n300pazkaoleil Touku perenus Ha L1 u nepBoe usamenenue F'(o) co 3HadeHus mo
ua my. IloBesenne Ha orpeske [t1,T] onmcano BTOpbIM ypaBHeHHEM cHCTeMbI (9),
osTOMy 1 TpebyeM, 4ro Ty SIBJISETCS €ro ¢AUHCTBEHHBIM MM HAMMCHBIINM pellle-
HHUEM.

Takum 06pa30M, IPH BBITIOJTHEHUH yCIAOBUA TEOPEMBI 4 MOy IeHHBIE 3HAMEHUS T
n T OTBEYaIOT TOYKaM IIepeKIodeHnsa X e Ly, X? € Ly, KoTopble HaXOIATCH 110
dbopmymam (7).

B cuity meocoGoro npeobpasosanust cucremsl (1) u (4) B3anmozaMeHsEMbIe, [0
9TOMY MOJIYYEHHBIE JJIsl IPE0OPA3OBAHHON CUCTEMbI PE3YJILTATEL JIEMKO IEPEHOCATCS
Ha ucxoanyio cucremy. Ucexons u3z (5), napamerpsl ¢, cucrembl (1) Haxomgarcs u3
HEOIHOPOHON CHCTEMBI N JIMTHEWHBIX aareOpandecKux ypaBHEHUIT

ZchNh (A\j) =0, ZChNh (As) = _D/()‘S)’Vs-
h=1 h=1

ITapamerpnt k; HAXOAATCS KaK KOOPJAUHATHI BeKTOpa K ¢ MOMOIIBIO Mpeobpa3oBa-
nnst K = SKy nin o dopmyne

N;(Xs)

ki = — =0
D'(As)

K, i=T,n.

Takum 06pa3oM, OLpPeeJeHbl YCIOBUA U Ha IIapaMeTpbl cucreMbl (1), upu Ko-
TOPBIX CyIecTByeT 1 'f-IByXTOYEeIHO-KOo/IeOaTeIbHOE PEeleHne ¢ TOYKAMHE MePeKJIo-
yerns Y'! € Ly, Y2 € Lo B $a30BOM HpOCTPaHCTBE. JTH TOYKH HAXOAATCA U3
pasercts Y1 = SX1, Y2 = SX? rne S sanaerca dopmyioit (3). Teopema 4 joxa-
3aHA. O

13 Teopembl 4 BbITEKAET

CaencrBue. Ilycmov cyuecmsyem 06YTrmoueuHo-KosedamesvHoe PeuLleHue cucme-
mot (1) ¢ napamempamu t1, Ty, Y u Y?. Toeda cnpasedausv caedyrowue ymeep-
orclenus:

1) pewenue aenasemca Ty-nepuoduveckol 6exmop-PyrKyuetd, ecat 6binOAHAIOMCA
YCAOBUSA Meopembvl 3;

2) pewenue ne asasemca Typ-nepuoduueckod, no asasemes 2Ty -nepuoduveckol
sekmMop-PyrKyUet, ECAU UMENTM MECTO YCAOBUS MEOPEMDL 2.

Jokasameavemeo. B cuiny sxsusanentHoctn cucreM (1) u (4) cymecrsosanue pe-
menus Y () cucremst (1) ¢ napamerpamu t1, Ty, Y u Y2 pasnocuiibHO cymecTBoBa-
nuio permenust X (-) cucremsl (4) ¢ napamerpamu t1, Tp, X' u X2, u yrsepxaenus
CJICJICTBHSI CHIPABE/JIABBL JJTs1 O6EUX CHCTEM.

JokazkeM yTBepzKieHust Jjis cucreMsl (4). Boiumem obuuit Bug perenus X () =
(21(t), 22(t), ..., 2, (t))* B KOOpAMHATHONI hOpMe

t
(El(t) _ xi(to)eki(t—to) + e)w't/e—/\ﬂ' (m# 4 klof(T)) dr, i = ]_7777‘
to

IIycTs BRIMOMHSIOTCS yCaoBus TeopeMbl 3. B arom cirydae perenue
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ma unrepsaie [(r — 1)Ty,t1 + (r — 1)Ty), 7 € N, mna 7 € [0,¢1) u to = (r — 1)T}
nMeeT BU

zi(r—0DTf+71)= (le + Q(m,0, /\Z)) eMT —Q(my, T, N;), i =1,n,

ua unrepsaye [t; + (r — 1)Ty,rTy) pua 1 € [0, Ty —t1) u to = t1 + (r — 1)1y nmeer
BHT

zi((r=DTp+t1+7)= (xf + Q(mg,O,)\i)) eNT — Q(ma,ty +7,N), i =1,n.

Hanomuum, gro no yesosuio f(t) ssisiercsa T-nepuogudeckoit dbyukipeii. [Tockosb-
Ky Ty = KT, k € N, . e. Ty pasuo umu xkpatno 1', To pyHKImNI

Q(mla(r_ 1)Tf+T7 )‘Z) = Q(mlaTa )‘1)7 TE [07t1)7

Q(mz, (T‘ — 1)Tf +1t + T, )\1) = Q(mg,tl + T, )\1)7 T € [O,Tf — tl),
KOTOpbIE Olpe/iesistioTest 1o dhopmyite (8), ne zapucar or r. OTcrona,
xi(t) = a;(rTy +t) Vt >0,

T. e. pemenne X (t) sBasgercs Ty-IepHoantTecKoil BeKTOp-pyHKIUel. Y TBepKie-
Hue 1) JOKa3aHo.

[Iycts BBIMOIHSAIOTCS yeaoBus TeopeMbl 2. Torga penienne
ma unrepsaie [(r — 1)Ty,t1 + (r — 1)Ty), r € N, gt 7 € [0,81) u to = (r — 1)T}
UMeeT BUJ

st((r - 1)Tf + T) = ('ri + Q(mhoa )‘s)) e)\s‘l' - Q(ml, (7‘ - 1)Tf + 7, )‘5)7
zi(r—1D)Ty+71) = (:vjl + ml/)\j)) eMT — mi/N;, J#s,

Ha unrepsade [t1 + (r — 1)Ty,rTy) paa 1 € [0, Ty —t1) u to = t1 + (r — 1)Ty nmeer
BU/L

zs((r = DTy +t1+7) = (22 + Q(m2,0, X)) e¥7 — Q(ma, (r — )Ty + 11 + 7, A),
2j((r = DTy +t1+7) = (2} +ma/XNy)) eNT —ma/N;, j#s.

Bpewmst Bosspara Ty me xparHo mepuony 1, Tak kak Iy = pT'/2 ¢ HederHbiM p > 1.
Oyukmun Q(mq, (r — 1)Tf + 7,As) aus 7 € [0,t1), Q(ma, (r — 1)Ty +t1 + 7, Ay)
qis 7 € [0,Tf — t1) 3aBHCAT OT YeTHOCTH T (T. €. OTJIMYAIOTCA JAJIA UETHBIX H
ueueTHeix 7). CremoBarensuo, z4((r — )Ty + 1) # xs(rTy +7) gna 7 € [0,t1), u
zs((r =0Ty +t1+7) # as(rTy +t1+7) a7 € [0, — t1), T. e. Hapymaer-
ca T'p-11epHOJITYHOCTD PeIIeHns 110 KOOPIUHATE Lg. DTO O3HAYAET, YTO B (Pa30BOM
IIPOCTPAHCTBE TPACKTOPUU PEIIeHHs] HA COOTBETCTBYIOIIIX NHTEPBAJIAX 110 KOOP/IU-
HATe Ts HE COBIAJAIOT IIPU Y€THOM M HEYETHOM O00XO/aX IIeTJIM 'UCTepe3uca, a B
UHTErPAJILHOM [IPOCTPAHCTBE PEIIEHUIO CUCTEMBI (4) COOTBETCTBYET KPUBasi, COCTO-
AMIAs U3 HETEPUOIMIECKH TOBTOPSIIOINXCS KYCKOB HHTEIPAJIbHBIX KPUBBIX, T. €. Pe-
menne X (t) He sBsiercs T 'p-neproanteckoii Bekrop-dyukimeit. Onnaxo, 27y Kpat-
Ho T', 1 cileioBaTeNbHO, penenne apageTcs 21t -IeprordecKoi BeKTop-byHKITHEH.
YrBepxKIeHne 2) J0Ka3aHO. O
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3. IIPUMEP

[MosyuerHnbIe TEOPETHYECKIE PE3YIBTATHI TPOJAEMOHCTPUPYEM HA IIPUMEPE CUCTE-
MBI, KO3(DDUIMEHTHI KOTOPO# MOI00paHbI TAKUMHU, ITOOBI BBITIOJHSIUCH YCJIOBHSI
3aJa91 ¥ TeopeM. lIpuMmep MOATBEpXKIaeT KOHCTPYKTUBHOCTH YCJIOBHUI TEOpeM 1
HOCUT TEOPETUYECKUN XapaKkTep.

Paccmorpum tpexmepnyio cucremy (1) ¢ marpuiieit

—16 —-13.5 —22.5
A= 27 22.5 36.5
-3 =25 —45

u BekTopoMm B = (2.5,—-3.5,0.5)". Cpeam cobersennnix umcen \; (i = 1,3) marpu-
upl A ecrb orpunaresbaoe A\; = —1 (ogoxkuM A = A1), A2 = 1 u A3 = 2. Bekrops!
B, AB, A’ B snstiorcst mHeiHO HezaBucHMbIMY, T. K. det(B AB A2B) = 3 # 0.

IIycrs MaTpuna S Heocoboro npeobpazoBaHus, IPUBOJAIICIO MATPUILY CHCTEMBI
K IMaroHAJLHON Marpuie Ag, IMeeT BUL

15 45 -35
S=[-25 —65 55 |,
05 05 —05

rae det S = 0.5 # 0. Torma By = (1,1,1)". Homoxum I' = (—0.5,0,0)", rie v, # 0.
IIycTh BHeIIHee BO3MYIIEHHE OMUCHIBACT (DYHKIHS

f(t) = 0.3+ 1.2sin(t + ¢1) + 0.5sin(2t + 1)

c nepuogiom T = 27. 3zech ¢ = 0.785398 (B coorBercTBUE ¢ Teopemoit 1). CorsracHo
teopeme 1 momoxxum Ko = (—2,0,0)".

ObparuMcs K ycjoBusM TeopeMbl 2. YcsioBusi 2) u 3) TeopeMbl 1 BbIOJIHE-
uel. IIycts pemenve umeer Bun t1 = m1/2, Ty = pT'/2, p — ueuernoe. Omperne-
JIIM OCTAJIbHBIE TIADAMETPHI U PEIeHNe CUCTEMbBI TPAHCIIEHIEHTHBIX ypaBHeHwuit (9).
BeiGop vs = 71 yaosiersopsier ycaosuioo 2) teopembl 2. Ilycrs 3 = —16.1589,
my = —3. Torna Q(my1,0, As) ~ 3.3828 u BepHO HepapeHcTBO —17.8503 < 0 B ycIio-
Buu 1) reopembr 2. Ilycrs m = 1. Mimeem £o(1) ~ 0.9200. Urak, nepsoe ypasHenue
cucrembl (9) umeer pemenue t; = T/2 = m. Ilycts p = 3 > m. C nomorpio pa-
BEHCTBa U3 yCJIOBHd 2) TeopeMbl 2 Haxo M ma(3) &~ 32.764501. Bropoe ypasuenue
cucremsl (9) obpamaercs B Toxkaectso 0.031953 & 0.031953. Orcrona ciesyer, ato
YCJIOBUSI T€OPEMbl 2 BBIIOJHEHBI, W IIPH yKa3aHHLIX mapamerpax f1, fa, my, mo,
kY m y; cucrema TpaHCIeHJEHTHBIX ypaBHeHuit (9) mMeeT oJHO pemenne t; = T,
Tf = 3.

JlonoTHATETFHOE YCIOBUE TEOPEMBI 4 BBINIOIHSAETCS: t] = T ABJISAIOTCS HANMEHb-
UM cpefu Tpex perennii Ha unrepsase (0,7), a Ty = 3T — eJMHCTBEHHBIM HA
unrepsate (t1,27) = (w,4n). Ilo dopmynam (7) paccuuThbIBaEM TOUKU HEPEKIIIOUE-
Hus npeobpaszoBannoil cucrembl (4). Vimeem

32.3178 —1.840031
Xt~ 1457237, X%~ | —32.7005942
1.466606 —16.382188

U3 cucrembl ypaBHEHUit, TOCTPOECHHON B COOTBETCTBUY € (5), HAXOIUM 3HAYCHUSI
KOOpJMHAT BEKTOpa obparHoi ¢Bsa3u ¢ ~ —0.5, co &= —0.5 u c3 =~ —2. Beraucigem
koopyuHaThl BekTopa K. Vmeem K ~ (—3,5,—1)".
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Puc. 1. Tpaekropusi 37-1ByXTOIE€IHO-KOIEOATETLHOTO PEIIEHUS
¢ Toukamu niepexsiodenus X1 (cnpasa) u X2 (ciesa) B azosom
npocrpascrse (X1, T2, T3).

Takum o6paszoM, B cucreMe (1) mpu 3amammbix t7 = m u Ty = 37T OIpezeIeHsl
napamerpst f1, fo, My U My, a TakKe KoopauHaTel BekTopoB K u C, mpu KOTO-
DBIX, COTJIACHO TeopeMe 4, CyIIecTByeT 37-JBYyXTOUYe9IHO-KOJIe0aTeIbHOE PeNeHne ¢
TOYKAMHU [EPEKJTIOYEHIST

49.901147 —92.575062
vl = | -82.200210 | , Y%= | 127.051905
16.154215 ~9.079218

B daszoBoM mpocrpancTse cucreMsl (1).

Ha puc. 1 npeacraBies rpaduk TPpaeKTOPUHU JIBYXTOUETHO-KOIE0ATEIHHOTO Pe-
meHnst B (ha30BOM IIPOCTPAHCTBE MPEeOOPA30OBAHHON CHCTEMBI C TOYKAMU IIEPEKJTIO-
Jyenus (OTMEUYEHBI HA TPAEKTOPUM) U JABYMs 00XOJAMU IIeT/IN ruTepesunca. 1loBepx-
noctu Ly n Lo OpUeHTHPOBAHBI OPTOTOHAJIBLHO OcH x1. V300pasKkaromas TOIKa pe-
IMeHNsl HauuHaeT cBoe jBumkenne B X! € L (crpaBa), B MOMEHT BpeMeHHU t; = 7
nonaaer Ha Lo B Touky X2 (ciesa), 3aTeM B MOMeHT Bpemenu Ty = 37 BO3Bpa-
maercd Ha L, B HavanapHyio Touky X '. Hamee memkenume oT L; X Ly m obpaTHO
ITOBTOPSIETCS.

3AKJ/IIOYEHUE

WccreroBana MHOrOMEpHasI MOJTHOCTBIO YIIPABJIsieMas CUCTEMA OOBIKHOBEHHBIX
muddepeHnnaabHbIX yPABHEHNH, COMEPKAIINX PeIefiHyI0 HeJTMHEHHOCTDh TUCTEpe-
3UCHOIO THUIIA C ITapaMeTPaMy M HEIPEPBIBHYIO HEPUOIMIECKYI0 (DYHKIIIMIO BO3MY-
IIEHUsI ¢ ITapaMeTpaMu.

K cucreme npumeneno rneocoboe mpeobpaszosanue JIypbe, KOTOpOe MPUBEJIO I10-
CTOSIHHYIO MATPHILY CUCTEMBI C ITPOCTHIMU BEIIECTBEHHBIMU HEHYJIEBHIMU COOCTBEH-
HBIMU YHUCJIAMU K JUaroHaJbHOMY BUJIY, & CTOSAIIUN IIPU HEJIUHEHHOCTH BEKTOD K
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BEKTODY C 3JIEMEHTAMU U3 equHutl. /[y1st mpeobpa3oBaHHOrO BEKTOpa 0OPATHOMN CBsi-
3M CIIEIUAJILHOrO Buza (C OJHUM HEHYJIEBBIM 3JIEMEHTOM) U HYJIEBOIO HAYAJIHLHOIO
MOMEHTa BpeMEHHU BBIIIACAaHa CUCTeMa TPAHCIHEHEHTHBIX YPaBHEeHUIT OTHOCUTEILHO
MOMEHTOB BPEMEHU II€PEKJIIOYeHNs U (DOPMYIIBI JJIs TOUEK IIePEKIJIIOUEHU.

B ciyuae, korma byHKIUsS BO3MYyIIEHUs 3a/aHA B BUJIE YKOPOUYEHHOTO psija Dy-
pbe, IOJIyYeHO HEOOXOINMOe YCJOBHE CYIECTBOBAHMS PEIIeHUs ¢ BPEMEHEM BO3-
BpaTa, COM3MEPUMBIM C IEPUOAOM (DYHKITUU BO3MYIIEHUsI, U JOKA3aHA TEOPeMa O
CyIIIeCTBOBAHUU DPeIIeHUus U ero napamerpax IIPU YCJIOBUM, YTO MAaTPHUIA CUCTeE-
MBI HMEET II0 KpaiiHeil Mepe OHO OTpUIATEIbHOE COOCTBEHHOE Yncyo. Bosee Toro,
YCTaHOBJIEHO, YTO JIBYXTOYEYHO-KOJIeOATEILHOE PEIlleHNe sBJISeTCs ITePUOITIeCKOi
BEKTOp-(PYHKIINEN C JBYMsl WJIM YETHIPbMsi TOUYKAME MTEPEKJIIOUEHUs 3a MEPUOJ B
dazoBoM mpocTpaHCcTBe cuCTeMbI. [IpUBeIeH UTIOCTPATUBHBIN IPUMED, TOATBEP-
KJAIOMNI KOHCTPYKTUBHOCTD YCJIOBUIT T€OPEM U TEOPETUYECKHUE BBLIBOJIBI.
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