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Abstract. We study a variational inequality for the Sturm�Liouville
problem with a nonlinearity that is discontinuous in the phase variable.
Previously obtained results for variational inequalities with a spectral
parameter and discontinuous operators are applied to this problem. For
the variational inequality in the Sturm�Liouville problem with disconti-
nuous nonlinearity, we have established theorems on the existence of
semiregular solutions and some bound for the parameter. As an applica-
tion, we consider the variational inequality for a one-dimensional analog
of the Gol'dshtik model for separated �ows of an incompressible �uid.

Keywords: variational inequality, Sturm�Liouville's problem, disconti-
nuous nonlinearity, Gol'dshtik's model.

Ââåäåíèå

Ñóùåñòâîâàíèå ðåøåíèé çàäà÷ Øòóðìà�Ëèóâèëëÿ ñ ðàçðûâíûìè íåëèíåé-
íîñòÿìè ðàññìàòðèâàëîñü â ðàáîòàõ [1]�[7]. Î ïðèêëàäíîì àñïåêòå òàêèõ çàäà÷
ñì., íàïðèìåð, ðàáîòû [8]�[10]. Âàðèàöèîííûå íåðàâåíñòâà ñî ñïåêòðàëüíûì
ïàðàìåòðîì è ðàçðûâíûìè ïðàâûìè ÷àñòÿìè èçó÷àëèñü â ðàáîòàõ [11], [12].

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ýòèõ èññëåäîâàíèé. Ïî ñðàâíåíèþ
ñ ðàáîòàìè äðóãèõ àâòîðîâ â äàííîé ñòàòüå îñëàáëåíû îãðàíè÷åíèÿ íà òî÷êè
ðàçðûâà íåëèíåéíîñòè, ðàññìàòðèâàþòñÿ ïîëóïðàâèëüíûå ðåøåíèÿ, ïîëó÷åíà
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îöåíêà ïàðàìåòðà, èçó÷àþòñÿ îáîáùåíèÿ óðàâíåíèé íà âàðèàöèîííûå íåðàâåí-
ñòâà. Â îòëè÷èå îò [11], [12] â äàííîé ðàáîòå èññëåäóþòñÿ âàðèàöèîííûå íåðà-
âåíñòâà äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, à íå ýëëèïòè÷åñêèå
âàðèàöèîííûå íåðàâåíñòâà.

1. Ïîñòàíîâêà çàäà÷è. Îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè u ∈ K, óäîâëåòâîðÿþùåé
íåðàâåíñòâó

b∫
a

p(x)u′(x)(v − u)′dx+

b∫
a

q(x)u(x)(v − u)(x)dx−

λ

b∫
a

g(x, u(x))(v − u)(x)dx ≥ 0 ∀v ∈ K,

(1)

ãäå −∞ < a < b < +∞, p ∈ C1,α([a, b]), q ∈ C0,α([a, b]) (0 < α ≤ 1); λ � ïîëî-
æèòåëüíûé ïàðàìåòð; ôóíêöèÿ g : (a, b)×R → R ñóïåðïîçèöèîííî èçìåðèìàÿ,
äëÿ ïî÷òè âñåõ x ∈ (a, b) ñå÷åíèå g(x, ·) èìååò íà R ðàçðûâû òîëüêî ïåðâîãî
ðîäà, g(x, u) ∈ [g−(x, u), g+(x, u)] äëÿ ëþáîãî u ∈ R, g−(x, u) = lim

η→u
g(x, η),

g+(x, u) = lim
η→u

g(x, η) è |g(x, u)| ≤ β(x) äëÿ ëþáîãî u ∈ R, β ∈ Lq((a, b)),

q > 1; K � âûïóêëîå çàìêíóòîå íåïóñòîå ìíîæåñòâî â ñîáîëåâñêîì ïðîñòðàí-
ñòâå W 1

2 ((a, b)).
Âàðèàöèîííîìó íåðàâåíñòâó (1) ïîñòàâèì â ñîîòâåòñòâèå ýêâèâàëåíòíóþ çà-

äà÷ó Øòóðìà�Ëèóâèëëÿ ñ ðàçðûâíîé íåëèíåéíîñòüþ

(2) Lu(x) ≡ −(p(x)u′(x))′ + q(x)u(x) = λg(x, u(x)), x ∈ (a, b),

(3) u(a) = u(b) = 0.

Çàäà÷à (2), (3) ïðè ïðèâåäåííûõ âûøå îãðàíè÷åíèÿõ íà p(x), q(x), λ è g(x, u)
èçó÷àëàñü â ðàáîòàõ [4], [5].

Íàì ïîòðåáóþòñÿ ñëåäóþùèå îïðåäåëåíèÿ.

Îïðåäåëåíèå 1. Ñèëüíûì ðåøåíèåì íåðàâåíñòâà (1) íàçûâàåòñÿ ôóíêöèÿ
u ∈ K, óäîâëåòâîðÿþùàÿ (1).

Îïðåäåëåíèå 2. Ñèëüíûì ðåøåíèåì çàäà÷è (2), (3) íàçûâàåòñÿ ôóíêöèÿ
u ∈ W 2

q ((a, b)), q > 1, óäîâëåòâîðÿþùàÿ äëÿ ïî÷òè âñåõ x ∈ (a, b) óðàâíåíèþ (2)
è ãðàíè÷íûì óñëîâèÿì (3).

Îòìåòèì, ÷òî êàæäîå ñèëüíîå ðåøåíèå êðàåâîé çàäà÷è (2), (3) ÿâëÿåòñÿ
ñèëüíûì ðåøåíèåì âàðèàöèîííîãî íåðàâåíñòâà (1).

Â äàëüíåéøåì èñïîëüçóþòñÿ òàêæå ñëåäóþùèå îïðåäåëåíèÿ.

Îïðåäåëåíèå 3. Ïîëóïðàâèëüíûì ðåøåíèåì íåðàâåíñòâà (1) íàçûâàåòñÿ òà-
êîå ñèëüíîå åãî ðåøåíèå u, çíà÷åíèå êîòîðîãî u(x) äëÿ ïî÷òè âñåõ x ∈ (a, b)
ÿâëÿåòñÿ òî÷êîé íåïðåðûâíîñòè ôóíêöèè g(x, ·).

Îïðåäåëåíèå 4. Ïðûãàþùèì ðàçðûâîì ôóíêöèè f : R → R íàçûâàåòñÿ òà-
êîå u ∈ R, ÷òî f(u−) < f(u+), ãäå f(u±) = lim

s→u±
f(s).



ÂÀÐÈÀÖÈÎÍÍÎÅ ÍÅÐÀÂÅÍÑÒÂÎ ÄËß ÇÀÄÀ×È ØÒÓÐÌÀ�ËÈÓÂÈËËß 983

Ïîëîæèì

J1(u) =
1

2

b∫
a

p(x)(u′(x))2dx+
1

2

b∫
a

q(x)u2(x)dx, J2(u) =

b∫
a

dx

u(x)∫
0

g(x, s)ds,

Jλ(u) = J1(u)− λJ2(u), U = {u ∈ K : J2(u) > 0} .

2. Òåîðåòè÷åñêèå ðåçóëüòàòû

Ïðèìåíåíèå îñíîâíîãî ðåçóëüòàòà èç ðàáîòû [12] ê èññëåäóåìîé çàäà÷å äàåò
íèæåñëåäóþùóþ òåîðåìó î ñóùåñòâîâàíèè ðåøåíèé âàðèàöèîííîãî íåðàâåí-
ñòâà (1).

Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) J1(u) ≥ 0 äëÿ ëþáîãî u ∈ K;
2) äëÿ ïî÷òè âñåõ x ∈ (a, b) ôóíêöèÿ g(x, 0) = 0 è |g(x, u)| ≤ β(x) äëÿ

ëþáîãî u ∈ R, ãäå β ∈ Lq((a, b)), q > 1;
3) íàéäåòñÿ u0 ∈ K, äëÿ êîòîðîãî J2(u0) > 0;
4) åñëè ïðîñòðàíñòâî N(L) ðåøåíèé çàäà÷è Lu = 0, u(a) = u(b) = 0 íåíó-

ëåâîå (ðåçîíàíñíûé ñëó÷àé), òî äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî

lim
u∈N(L), ||u||→+∞

J2(u) = −∞;

5) ìíîæåñòâî K ⊂ H1
◦ ((a, b)) è îãðàíè÷åíî.

Òîãäà ñóùåñòâóåò

0 < λ0 ≤ inf
u∈U

J1(u)

J2(u)

òàêîå, ÷òî inf
v∈K

Jλ(v) < 0 äëÿ ëþáîãî λ > λ0 è íàéäåòñÿ uλ ∈ K, äëÿ êîòîðîãî

(4) Jλ(uλ) = inf
v∈K

Jλ(v).

Åñëè äîïîëíèòåëüíî äëÿ ïî÷òè âñåõ x ∈ (a, b) ôóíêöèÿ g(x, ·) èìååò òîëüêî
ïðûãàþùèå ðàçðûâû, òî ëþáîå uλ, óäîâëåòâîðÿþùåå óñëîâèþ (4), ÿâëÿåòñÿ
íåíóëåâûì ïîëóïðàâèëüíûì ðåøåíèåì íåðàâåíñòâà (1).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû 1 ñâîäèòñÿ ê ïðîâåðêå âûïîëíåíèÿ
óñëîâèé òåîðåìû 1.1 èç ðàáîòû [12]. Â ðàáîòå [13] ïðîâåðåíî âûïîëíåíèå äàí-
íûõ óñëîâèé â çàäà÷àõ íà ñîáñòâåííûå çíà÷åíèÿ äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî
òèïà ñ ðàçðûâíûìè íåëèíåéíîñòÿìè. Äëÿ âàðèàöèîííîãî íåðàâåíñòâà (1) (òî÷-
íåå ýêâèâàëåíòíîé çàäà÷è (2), (3)) ýòè óñëîâèÿ ïðîâåðÿþòñÿ àíàëîãè÷íî. Òàêèì
îáðàçîì, âûïîëíåíû óñëîâèÿ 1)�3) òåîðåìû 1.1 èç [12]. Óñëîâèå 4) òåîðåìû 1.1
èç [12] íå òðåáóåò âûïîëíåíèÿ, ïîñêîëüêó ñîîòâåòñòâóþùåå îòîáðàæåíèå T �
êîìïàêòíîå, à íå àíòèìîíîòîííîå. Ïîýòîìó óòâåðæäåíèå òåîðåìû 1 ñïðàâåä-
ëèâî ñîãëàñíî òåîðåìå 1.1 èç [12]. Òåîðåìà 1 äîêàçàíà. □

Ñëåäñòâèå. Ïóñòü âûïîëíåíû óñëîâèÿ 1)�4) òåîðåìû 1 ñ K = H1
◦ ((a, b)).

Òîãäà óòâåðæäåíèå òåîðåìû 1 ñïðàâåäëèâî äëÿ çàäà÷è (2), (3).

Äîêàçàòåëüñòâî. Åñëè J1(u) ≥ γ||u||2 äëÿ ëþáîãî u ∈ H1
◦ ((a, b)), ãäå γ � ïî-

ëîæèòåëüíàÿ êîíñòàíòà, íåçàâèñÿùàÿ îò u (êîýðöèòèâíûé ñëó÷àé), òî äîêàçû-
âàåìîå ñëåäñòâèå ñïðàâåäëèâî â ñèëó òåîðåìû èç ðàáîòû [4]. Â ðåçîíàíñíîì
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ñëó÷àå ñïðàâåäëèâîñòü ñëåäñòâèÿ âûòåêàåò èç òåîðåìû 4 èç ðàáîòû [13]. Ñëåä-
ñòâèå äîêàçàíî. □

Â êîýðöèòèâíîì ñëó÷àå èìååò ìåñòî íèæåñëåäóþùàÿ òåîðåìà îá îöåíêå ïà-
ðàìåòðà λ.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 2), 3), 5) òåîðåìû 1 è äîïîëíèòåëüíî
ñóùåñòâóåò ïîñòîÿííàÿ γ > 0, äëÿ êîòîðîé J1(u) ≥ γ||u||2 äëÿ ëþáîãî u ∈ K.
Òîãäà äëÿ ïàðàìåòðà λ ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

λ > C · inf
u∈U

||u||,

ãäå ïîëîæèòåëüíàÿ êîíñòàíòà C = γ/δ, à ïîñòîÿííàÿ δ ðàâíà ïðîèçâåäåíèþ
||β||Lq((a,b)) íà íîðìó îïåðàòîðà P âëîæåíèÿ K â Lp((a, b)), p = q/(q−1), q > 1.

Äîêàçàòåëüñòâî. Â ñèëó óñëîâèÿ 2) òåîðåìû 1 äëÿ ëþáîãî u ∈ K èìååì

|J2(u)| =

∣∣∣∣∣∣∣
b∫

a

dx

u(x)∫
0

g(x, s)ds

∣∣∣∣∣∣∣ ≤
b∫

a

β(x)|u(x)|dx ≤ δ||u||,

ãäå δ = ||β||Lq((a,b)) · ||P ||, P � îïåðàòîð âëîæåíèÿ K â Lp((a, b)), p
−1 + q−1 = 1.

Ïî óñëîâèþ 3) òåîðåìû 1 ìíîæåñòâî U íåïóñòî. Äëÿ

u ∈ U = {u ∈ K : J2(u) > 0}

ñïðàâåäëèâî íåðàâåíñòâî J2(u) ≤ δ||u||, à â ñèëó äîïîëíèòåëüíîãî óñëîâèÿ äî-
êàçûâàåìîé òåîðåìû âûïîëíÿåòñÿ íåðàâåíñòâî J1(u) ≥ γ||u||2 ñ ïîëîæèòåëüíîé
êîíñòàíòîé γ.

Ñîãëàñíî òåîðåìå 1 íåðàâåíñòâî (1) ðàçðåøèìî ïðè λ > J1(u)
J2(u)

. Ïîýòîìó

λ > γ
δ ||u|| äëÿ u ∈ U . Ïîëîæèâ C = γ/δ, ïîëó÷èì λ > C||u||. Ïîñêîëüêó ïîñëåä-

íåå íåðàâåíñòâî óñòàíîâëåíî äëÿ ïðîèçâîëüíîãî u ∈ U , òî ïîëó÷àåì èñêîìóþ
îöåíêó λ > C · inf

u∈U
||u||. Òåîðåìà 2 äîêàçàíà. □

3. Ïðèëîæåíèÿ

Â êà÷åñòâå ïðèëîæåíèÿ óñòàíîâëåííûõ òåîðåì ïðèâåäåì îäíîìåðíûé àíàëîã
ìîäåëè Ãîëüäøòèêà îòðûâíûõ òå÷åíèé íåñæèìàåìîé æèäêîñòè [8].

Îäíîìåðíàÿ çàäà÷à Ãîëüäøòèêà èìååò âèä

(5) −u′′ = ωg(x, u(x)), x ∈ (0, 1),

(6) u(0) = u(1) = 0,

ãäå ïàðàìåòð ω > 0 � çàâèõðåííîñòü, à íåëèíåéíîñòü

g(x, u) =

{
−1, åñëè u < x− 1,
0, åñëè u ≥ x− 1.

Ðàññìîòðèì âàðèàöèîííîå íåðàâåíñòâî äëÿ çàäà÷è (5), (6). Èìååì çàäà÷ó
íàõîæäåíèÿ ôóíêöèè u ∈ K, óäîâëåòâîðÿþùåé íåðàâåíñòâó

(7)

1∫
0

u′(x)(v − u)′dx− ω

1∫
0

g(x, u(x))(v − u)(x)dx ≥ 0 ∀v ∈ K,
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ãäå K � âûïóêëîå çàìêíóòîå íåïóñòîå ìíîæåñòâî â ñîáîëåâñêîì ïðîñòðàí-
ñòâå W 1

2 ((0, 1)). Äîïîëíèòåëüíî ïîòðåáóåì, ÷òî K ⊂ H1
◦ ((0, 1)) è îãðàíè÷åíî.

Äëÿ íåðàâåíñòâà (7) áóäóò âûïîëíåíû óñëîâèÿ òåîðåì 1, 2 äàííîé ñòàòüè.
Äåéñòâèòåëüíî, äëÿ ïî÷òè âñåõ x ∈ (0, 1) âûïîëíåíû ñîîòíîøåíèÿ g(x, 0) = 0

è |g(x, u)| ≤ 1 äëÿ ëþáîãî u ∈ R, 1 ∈ Lq((0, 1)), q > 1. Òåì ñàìûì âûïîëíåíî
óñëîâèå 2) òåîðåìû 1.

Àíàëîãè÷íî [14] ïîêàçûâàåòñÿ, ÷òî íàéäåòñÿ u0 ∈ K, äëÿ êîòîðîãî
J2(u0) > 0, ò.å. âûïîëíÿåòñÿ óñëîâèå 3) òåîðåìû 1.

Óñëîâèå 5) òåîðåìû 1 âûïîëíåíî ñîãëàñíî ïîñòàíîâêå çàäà÷è.
Äëÿ ëþáîãî u ∈ K èìååì

J1(u) =
1

2

1∫
0

u′2dx =
1

2
||u||2 ≥ 0.

Âûïîëíåíî óñëîâèå 1) òåîðåìû 1.
Áîëåå òîãî, ñóùåñòâóåò êîíñòàíòà γ > 0 (íàïðèìåð, γ = 1

4 ), äëÿ êîòîðîé

J1(u) ≥ γ||u||2 äëÿ ëþáîãî u ∈ K. Ïîñëåäíåå îçíà÷àåò, ÷òî èìååò ìåñòî êîýðöè-
òèâíûé ñëó÷àé (ò.å. óñëîâèå 4) òåîðåìû 1 íå òðåáóåò âûïîëíåíèÿ) è âûïîëíåíî
äîïîëíèòåëüíîå óñëîâèå òåîðåìû 2.

Òàêèì îáðàçîì, äëÿ íåðàâåíñòâà (7) âûïîëíåíû êàê óñëîâèÿ òåîðåìû 1, òàê
è óñëîâèÿ òåîðåìû 2. Ïîýòîìó óòâåðæäåíèÿ òåîðåì 1, 2 ñïðàâåäëèâû äëÿ îä-
íîìåðíîé çàäà÷è Ãîëüäøòèêà. Ïîëó÷åííûå òåîðåìû ïðîèëëþñòðèðîâàíû ïðè-
êëàäíîé çàäà÷åé.
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