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TECTOBBIE ®PATMEHTHBI COBEPIIIEHHBIX PACKPACOK
INMPKVYJIAHTHBIX TPA®OB

M.A. JIUCUIIBIHA, C.B. ABI'YCTUHOBUY

ABSTRACT. Let G = (V, E) be a transitive graph. A subset T of the
vertex set V(G) is a k-test fragment if for every perfect k-coloring ¢
of the graph G there exists a position of this fragment, whose partial
coloring allows to reconstruct the whole ¢.

The objects of this study are k-test fragments of infinite circulant
graphs. An infinite circulant graph with distances di < ds < ... < d, is
a graph, whose set of vertices is the set of integers, and two vertices 4
and j are adjacent if |i — j| € {d1,d2,...,d,}. If d; =i for all ¢ from 1 to
n, then the graph is called an infinite circulant graph with a continuous
set of distances.

Upper bounds for the cardinalities of minimal k-test fragments of
infinite circulant graphs with a continuous set of distances are obtained
for any n and k. A rough estimate is also obtained in the general case —
for infinite circulant graphs with distances di,ds, ..., d, and an arbitrary
finite k.

Keywords: perfect coloring, infinite circulant graph, k-test fragment.

1. BBEJEHUE

IMycrs G = (V, E) — npousBoJIbHbIH TpaH3UTUBHLIH rpad (KOHEUHbIH ujin 6eCKo-
neunstit). Cosepwennol packpackoli epaga G ¢ mampuyed napamempos M = (m;;)
HA3bIBAECTCA TAKasA PACKPACKA €r0 BEPIIHMH, 9TO JJIA KaxXKJ0i BEPIIUHBI IBETA i IHC-
JIO CMEZKHBIX C Hell BepLIUH lBera j paBHsAercs m;;. s coBepLIeHHOil pacKpacKu
G B k 1BeToB OymeM Tak:Ke UCTOJIL30BATH TEPMUH COGEPUWEHHAA K-PACKPACKQ.
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Dpaemenm T — mpousBoabHOE MHOXKECTBO Bepiiud rpada G. Aauna T paBua
€ero MOMmHOCTH. MUHUMANIBLHOCTD (PpArMEHTa C TeM WM HWHBIM CBOMCTBOM Oyaem
paccMarpuBaTh OTHOCHTEJBHO €r0 JIJINHBIL.

O®parvent T rpada G OymeMm HA3BIBATH cMPo20 k-mecmosvim, eCu IJist JH00it
COBepIIeHHOM k-packpacku ¢ 3roro rpada cyxenne ¢ Ha T TO3BOJISET OTHO3HAY-
HO 3Ty PAaCKPaCKy BOCCTAHOBUTH. JIpyrumu cjroBaMu, Cy:KEHWE ABYX DPA3JIMIHBIX
k-packpacok Ha T pazmuaabl. s TPaH3UTUBHBIX rpadOB OMPEIETHM MOHSITHE
k-tecroBoro (¢gparmenrta T caeaytomum obpasom. Ecau mmsa moboit k-packpackn
Haiiuercs aBroMopdusM T TaKol, 4To cyxKenue packpacku Ha (1) mo3Bossier sy
PACKPACKY OIHO3HAYHO BOCCTAHOBUTH, TO ITOT (pparMeHT OyaeM Ha3bIBATH MTPOCTO
k-mecmosvim. IloHSTHO, 9TO CTPOrO k-TECTOBBIM (DPATrMEHT SABJISETCS K-TECTOBBIM,
HO OGpaTHOEe BepHO He Bcerga. JlaHHoe ompeneneHne OKa3bIBAETCs TOJIE3HBIM MTPU
MAIIIHHHOM TIepebope BCeX COBEPINEHHBIX PAcKpacok 3amanHoro rpada. Ilepebpas
Bce k-packpacku k-tecToBoro ¢pparmenHTa HeOOJIbIION MJIMHBI MBI KaXKIyI0 U3 HUX
0O OJHO3HAYHO MPOIOJIKUM JI0 COBEPINEHHOM packpacku rpada, Jubo mpuaemM K
OPOTUBOPEYNIO (K HEBO3MOXKHOCTHU COBEPIIEHHOTO TPOJOJKeHus ). TakuM 06pa3om,
MOJIy9WM BCE COBEPINEHHBIE k-pacKpacku rpada C TOYHOCTHIO /10 IKBUBAJIEHTHO-
cTu (15 Oy YeHusl BCeX PACKPACOK JIOCTATOYHO K OIMUCAHHBIM IIPUMEHUTD BbIIIIE-
yHOMsHYTble aBTOMODPGhU3MbI). AHAJIOrUYHO olpejesisiercs k-necmpuidi pparment
rpada G. dro ¢parment T, KOTOPBILT 15t JII0O0#H COBEPUIEHHOH k-PACKPACKH ¢ MO-
JKeT OBbITH MEepeBeIeH B TaKoe MOJIoKeHue (¢ TmoMOIpbio apromopdusma rpada G),
B KOTOPOM OH COZIEPYKHUT BEPIIUHBI BCEX k IIBETOB PACKPACKHU (.

B [1] 6bwio mokazaHo, 4TO TECTOBLIM (DPArMEHTOM COBEPIIEHHOIO KOJIA € Pac-
crosinueM 3 B runepkybe F,, dBJsieTCS MHOXKECTBO BEPINHUH TAKOrO IUIEpKyda Beca
L;rl). Awnasioruunblii pesynbrar s UeHTPUpoBaHHBbIX QyHKuuit (T.e. dyHKUMi,
CyMMa 3Ha4eHU# KOTOPBIX B JIOOOM Iape pajuyca 1 He 3aBUCHT OT BBIOOpA Ia-
pa) noayded B [2]. Paccmorpum kiace aeiicrBuresnbHo3Hadnbix ByHKUMIA, onpee-
JIEHHBIX HA BCEX JBOMYHBIX Habopax JyuHBI 1. B [3] oxapakTepn3oBaHbl TECTOBbBIE
dbparmesTsl TaKuX QYHKIWUH, ABISIOMAECT JTAHEHHBIMU TOAITPOCTPAHCTBAMU.

ObObekTaMu JTAHHOTO HCCIEIOBAHUS ABIAIOTCS k-TecTOBbIe (hparMeHThl GecKo-
HEYHBIX [MUPKYIAHTHBIX TpadoB. Beckoneunil yupkysaumusil epagd ¢ ducmaniyu-
amu dy < dy < ... < d, — 310 rpad, MHOXKECTBO BEPIIMH KOTOPOI'O COBIIAIAET
C MHOXKECTBOM IIEJIBIX YHCEJ, TTPUYEM BEPIIUHBI | U j COEJIWHEHBI PeOPOM, €Ciu
li—j| € {d1,ds,...,d,}. Obo3nauaercs Takoii rpad depe3 Cy(d1, da, . . ., dy,). [pad
C(1,2,...,n) HA3BIBACTCA OECKOHEUHBIM YUPKYAAHTIHOM 2PAPOM CO CTLAOULHBIM
nabopom ducmanyud (cMm. puc. 1).

Ve e e e e aNVaWAN
S I ST D

Puc. 1. Jlokaubnoe crpoenue rpada Coo(1,2,3)

Psng Teopem Jjisi COBEPIIEHHBIX PACKPACOK IUPKYIAHTHBIX rpacdoB B 2 1BETA
nokazan 1. B. Xopormmiosoit [4, 5]. Cosepinennbie 2-packpacku rpados Cu (1, 2,
co,n)uCx(1,3,...,2n—1) oxapakrepusoBaubl B [6] u [7]. Pesyabrars! nis npous-
BOJIBHOIO KOHEeYHOro 4ucia 1peroB u rpadoB Cu = Cxo(1) u Cx(1, 2) mosmydenst
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B [8] u [9] coorBercrBenHo. B [10] mpuBeneHa GecKOHEYHAsi CEpHsi COBEPIIEHHBIX
packpacok rpados Cy(1,2,...,7n) C HOBBIME TADAMETPAMMU.

B kauecrse k-recrosoro u k-uecrporo dpparmentos rpada Cu(dy,ds, .. . d,) 6y-
JIeM paCcCMaTpWBATh MEJIOYNCIEHHBIe oTpe3kn. He orpanwuamBas OGIIHOCTH, CUATA-
eM, 4To 310 orpe3ku Buga T = [1, N] nasg N € N. B siemmax 1 n 2 moka3asbl CBOii-
crBa k-TecToBOrO ¥ k-mectporo pparMeHTOB OECKOHEYHOTO MUPKYISHTHOTO Tpada.

Jlemma 1. I[sema sepwur 1 u N munumasvhozo k-necmpozo gpaemenma T =
[1,N] epaa Coo(dyi,da, ...,dy) pasauuns u 6 dpaemenme T = 2, N — 1] ne
B8CMPEUAIOMCA.

Jlokazameavcmeo. Jlokaxkem jmemmy 1 ot mporusuoro. He orpanuvnBas obmHocTH,
MPEIMONOKNM, uTO B dparmente [2, N — 1] ecTh BepIUHA, COIBETHAS ¢ BEPITHHOMN
1. Torma dparment T = [2, N] comepKuT BepIIMHbI BCeX k [BETOB, T.€. SIBJISAETCS
k-nectpeiM. TTonygaem mporuBopetdne ¢ MUHUMAIBHOCTHIO 1. (Il

JIemma 2. EcauT = [1, N] — munumarvrod k-necmpovdi ppaemenm epaga Coo (dy, da,

., dyp), mozda Ppazmenm T = [1—d,, N +d,] asasemcs ezo k-mecmosvim Ppae-
MEHMOM.
Zloxazameavcmeo. 3Hast pacKpacky hparMeHTa T rpada Coo(d1, da, . . ., dp), MOXK-

HO WJIM BOCCTAHOBUTH MATPUILY MapamMeTpoB M pacKpacKu, WM CPa3y C/IeJ1aTh BbI-
BOJ, O TOM, 9TO TAKOI COBEPIIIEHHOM PACKPACKH HE CyIIecTByeT. B mepBom ciydae,
MPOIOJIZKAasd OKPAIMBATH Tpad BIEBO W BIPABO OT T' cormacuo mapamMeTpaM, Jin-
60 O/ITHO3HAYHO BOCCTAHOBHM COBEPIIEHHYIO PACKPACKy B CHJIy €e IIePUOIUTHOCTH
(mokazana B [5]), 6o momydnM npoTuBopedne (KOrJa ee Her). O

CormacHo jilemMme 2, [iist TOro 4TOOBI MOy IUTh BEPXHIOI OIEHKY HA [JINHY MU-
HUMAJIBHOTO k-TECTOBOrO (pparMenTa 6€CKOHETHOrO MUPKYISIHTHOTrO rpada, 10CTa-
TOYHO OIEHUTDH JJIMHY ero MUHUMAJIbHOrO k-mecTporo (gparmenta.

2. OCHOBHBIE PE3VYJIbTATHI

s TecTOBBIX PparMeHTOB DECKOHEUHBIX IUPKYISHTHBIX IPadOB CIIPABE/JIUBHI
cJIeIyIOIINe YTBEPIKIeHUA.

Teopema 1. Jlauna munumasvhozo 2-mecmosozo gipaemenma epada Coo(dy, ds, . . .
,dn) ne npesocxodum 2d,, + 2.

Zloxasamenvcmeo. MuHuMaIbHBIN eCTPHIH (DpArMEeHT COBEPINEHHOH 2-paCKpPaCKH
UCCIIeyeMoro rpada COCTOUT U3 ABYX COCETHUX BEPINUH, OKPAIIEHHBIX [BETAMU
n b. B cuny nemmbr 2 qyinHA MEHAMAJIBHOTO 2-TECTOBOTO (bparMeHTa Ijis HEro He
npeBocxomuT 2d,, + 2 (cM. puc. 2).

—O— o0 OO o0 O—
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d, d.

Puc. 2. 2-recrossiit dpparmenr rpada Coo(dr,ds, ..., dy)
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d

13 teopemsr 1 ciemyer, 9T0 IIMHY MEHAMAJIBHOTO 2-T€CTOBOrO (bparmeHta Oec-
KOHEYHOTO IUPKYISHTHOTO rpada CO CIJIONTHBIM HAOOPOM 7 JUCTAHIMH MOYKHO
OIIEHUTD CBEPXY BEJUUYUHON 2n + 2.

Teopema 2. Jlauna Munumassrozo 3-mecmosoezo gpaemernma epaga Coo(1,2,...,10)
He npesocrodum 4n + 1.

Joxazamesvemeo. PacemorpuM MuHEMATBHBIH 3-iecTporit dparment [1, N| rpada
C(1,2,...,n). B cuuy siemmbr 1 110J102KMM, HE OrpAHUYUBAst ODLHOCTH, YTO BEP-
UHBI ¢ HoMepamu 1 u N OKpaIleHsb! 1BeTaMu @ U b COOTBETCTBEHHO, a BCE BEPIITUHBI
MeXK Iy HUMH — [BETOM ¢ (¢ # a, ¢ # b). JTokaxkeM, uro miuHa dbparmenta [2, N —1]
MeHbIe 2n. B mpoTUBHOM ciiydae, I[BETOBBIE COCTABBI OKPY:KeHWsT BepinuH n + 1
n N — n mBera ¢ He cOBmamaioT. [lepBast W3 HUX BUAWT G, HO HE BUIUT b, a BTO-
past — Buaut b, HO He BuauT a. Takum 06pa3oM, JJIMHA MUHUMAJIHLHOIO 3-T€CTOBOIO

dparmenra rpada C(1,2,...,n) He nmperocxomut 4n + 1 cormacHo gemme 2 (cM.
puc. 3).
\\\s____—//' \\\\___,/// \\\_____/’/Y
n <2n n
Puc. 3. 3-recrossrit dpparment rpada Coo(1,2,...,n0)
(]
IIycrs T = [1, N] — MUHUMAJIBHBIHA MecTpblii hbparmMeHT GECKOHETHOrO IUPKY-

JITHTHOTO rpada €O CILIOMIHBIM HabopoMm n maucrantumii. Ilycts mgmuma T Gombiie

unu pasua 2n + 1. Jlesvmu HazoBem BepiuHbl o 1 10 n+ 1, cepedunoti — or n + 2

10 N —n—1, a npasvimu— or N —n 10 N. IIBera jieBbIX, CPEIHUX U IPABBIX BEPIITHH

rpada Cy(1,2,...,n) OyaeM TakKe HA3LIBATD AEGHMU, CPEOHUMU T NPAEHLMU.
JlokazkeM BCIIOMOTATEIbHOE YTBEPXK ICHUE.

JIemma 3. Fcau dauna munumanvrozo k-necmpozo gipaemenma T = [1, N| epada
C(1,2,...,n) He menvwe 2n + 1, mo ysema sepwun n+ 1 u N — n pasausmoe.

JHoxasamesvemso. Eciu N > 2n + 1, 1o cepequna T = [1, N| ue uycra. Iler
Bepumubl 1 0b6o3HaduM 4epe3 a, a Bepuimabl N — depe3 b. Corracno semme 1
nseramu a w b B T OKpaIeHbl TOJIBKO Kpajinne BepmmnHbl. Llpeta Beprmma n + 1 n
N — n pa3InugHBI, TOTOMY YTO B OKPY?KE€HWH NEPBOTO W3 HAX €CTh IBET a, W HET b,
a B OKPYKEHUH BTOPOro HaobopoT — ecTh nser b, Ho HeT a (cM. puc. 4).

O

B cnenyromeit Teopeme mosiydeHa BEPXHsS OIMEHKA HA IJIUHY MUHUMAJIBHOTO 4-
TECTOBOrO (pparMenTa MUPKYASHTHOTO rpada CO CIJIONTHBIM HADOPOM THUCTAHIIWIA.

Teopema 3. /launa munumarvtozo 4-mecmosozo gpazmenma 2paga Coo(1,2,...,10)
He npesocrodum 4n + 2.
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n cepepuHa n

Puc. 4. Cepenuna k-necrporo dparmenra rpada Coo(1,2,...,n)

Loxazameavcmeo. Jloka3aTensCTBO TeopeMbl 3 HA9HEM C TOTO ¥Ke, 9TO WU JIOKa-
3aTeTbCTBO MpeablayIneil Teopembl. PaccMoTpuM MUHEMAILHBIA 4-TIecTpbIil ¢gpar-
ment T = [1, N] rpada Coo(1,2,...,n), U N0JOKUM, YTO BEPIIUHBI C HOMEpamu 1
u N okpainens! nuseramu ¢ u b cOOTBETCTBEHHO.

ITokaxkem, uro N < 2n+ 1. IIpeanonoxum mporusHoe: myctb N > 2n+ 1. Torna
y dparmenTa T ectb cepeauna, u BepuHbl .+ 1 1 N — n OKpAIIeHbl B ¢ U d B CHITY
gemMm 1 u 3. B 1-OKpeCcTHOCTH CepEIMHBI HET BEPIIUH IBETOB a W b, 3HAYWT, IJIsd
PACKpacKu ee BepIiuH Tpedyercs naThiii nper. Ilogydnim nporuBopedne. 3HAYHUT,
N < 2n+1, u ayuna 4-recrosoro dpparmenta rpada Coo (1,2, . .., 1) He HPeBOCXOAUT
4dn + 2. (]

Ilepeiimem k cayuaro k > 4. B cuty jgemMMbl 2, 11 TOro 94ro0bl HAUTH BEPXHIOIO
OLIEHKY JJIMHBI MUHUMAJBHOrO k-recroBoro ¢pparmenta rpada Cu(1,2,...,1n), 10-
CTaTOYHO OLEHUTH JJIMHY €ro MUHUMaJbHOrO k-mecrporo gparmenta T = [1, N].
Y100bI BBIYUCIUTD MIOCJIEIHION, paccMoTpuM aBa ciay4das: N > 3n+2u N < 3n+2.

OcranoBumcst moapoOHee Ha iepBoM caydae. [Ipu takux N cepennna (pparmMenta
T we mycra, 60Jee TOro, ee AJIMHA He MeHbIe n. JloKaykeM HEeCKOJIHKO BCIOMOTa-
TEJIbHBIX yTBEPKICHUM.

JIemma 4. Ecau dauna munumanvnozo k-necmpozo gpaemenma T = [1, N| zpaga
Coo(1,2,...,n) He menvwe 3n + 2, MO MHONHCECNBA AEBVT, CPEOHUT U NPAGHIL
UBEMOB MONAPHO HE NEPECEKAIOMCA.

Loxazameavemeo. Ilockonbky N > 3n+ 2 > 2n + 1, Bepumasr 1, N, n+ 1 u
N —n MOXKHO LHOKPAacUTh uBeramu a, b, ¢ u d coorsercreento (cm. jemmbt 1 u 3). B
OKPY’KEHUH BEPIIUH CEPEIMHBI HET [BETOB @ ¥ b, CJIEIOBATEIHHO, MHOYKECTBO CPE/I-
HUX I[BETOB HE TEPECEKAETCS HU C MHOXKECTBOM JIEBBIX I[BETOB, HM C MHOXKECTBOM
MPAaBBIX.

HokaxkeM Ternepb, 4TO I€peceYeHre M ITUX MHOXKECTB (J€BbIX M IIPABBIX L[BE-
roB) 1ycro. Ilycrb 310 He Tak, u uBer e sipjsercs Jyid Hux obuwuM. ITosoxum s
OTIPEIEJIEHHOCTH, YTO UM OKPAIEeHbI HEKOTOPAs JIeBasl BEPIIUHA T W HEKOTOPAst
npaBag BepumHa y (1 < x < n+ 1, N—n < y < N). B okpyxkenuu z ecTb
BEpIIIUHA [BETA ¢, 3HAYNAT, U B OKPYKEHUH Y JOJI?KHA OBITH BEPINHHA ITOrO IIBETA.
®parvenry [y — n, N —n — 1] oHa npuHajIeKaTh HE MOXKET, TaK KaK OH $BJISETCs
[IO/IMHOKECTBOM cepenuHbl. JIpyrue sjmeMeHTbl 1-OKPEeCTHOCTH Y TAKXKe HE MOLYT
OBITH OKPAITIEHBI IBETOM €, TaK KAaK OHU UMEIOT B CBOEM OKDPYYKEHUU BepiuHy N
nsera b. [IporuBopeune. (I

YHurasvrvlmu OyaeM HA3bIBATH IIBETA, KOTOPBIE BCTPEYanTcsd B 1 POBHO OIWH
pas.
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JIemma 5. Ecau dauna munumanvrozo k-necmpozo ¢paemenma T = [1, N] epa-
da C(1,2,...,n) He menvuwe 3n + 2, mo Kaxncouli e2o0 cpednuli ysem A8AAEMCS
YHUKGADHBLM.

Jokaszameavcmeo. TIpeanonokuM OpoOTUBHOE: HANIYTCS OJUHAKOBO OKPAIIEHHBIE
BEPIIMHBL U3 CEpPeiuHbl — S U t. PaccMOTpUM Takyio mapy ¢ HamMeHbIuM S. Bce
cocel S CJAEBa OKPAIIEHbI JUOO JIEBBIMU I[BETAMH, JINOO YHHKAJbHBIMU. BarkHo,
YTO TaKWe I[BETa TOYHO HE MOTYT BCTPEYATHCS CIPaBa OT Hee. I[BEeTOBBIE COCTABBI
1-okpecTHOCTEH BEpHIUH § U § JIOJIXKHBI COBIAIATH B CHJIy PABEHCTBA WX IBETOB,
HO 9TO HEBO3MOXKHO. [leficTBUTEIHLHO, pAaCCMOTPUM JIBa Cay4asi. Eciu s BUIuT XoTs
Obl OJWH JIEBBIN I[BET, TO { BUJUAT MEHBIIIEE YUCJIO JIEBBIX I[BETOB B CHJIy CBOETO
pacnosioykenusi U Toro GakTa, 4ToO CIpaBa OT HEE JIEBBIX 1[BETOB ObITh HE MOXKET.
B cayuae ke korga s > 2n + 1, BepIiuHa § BUIUT I[BET BEPIIUHBI § — N, KOTOPBIH
YHUKAJIEH U He BUjeH Bepriuue t. TIOABITOXMM: €Cl MUHUMAJIbHBIN k-TIeCTpbIi
dparment rpada C(1,2,...,n) umeer guuay N > 3n + 2, To Bce ero cpejmue
[IBeTa YHUKAJIbHBI. (I

Cdopmynupyem u JJOKaKeM TeopeMy O JJIMHE MUHUMAJIBHOIO k-TeCTOBOrO ¢gpar-
MeHTa OECKOHEUHOTO UPKYIAHTHOTO rpada CO CIIONTHBIM HAOOPOM JIUCTAHIIVH 1715t
MPOM3BOJILHOTO k > 4.

Teopema 4. Jlauna munumarvrozo k-mecmosozo gipaemenma zpaga Coo(1,2, ..., 1)
ne npesoczodum max{4n + k — 2,5n + 2} daa k > 4.

Jloxasameavcmeo. Ecim N < 3n 4+ 2, To 1m0 jleMMe 2 IJWHA MUHUMAJILHOTO k-
TECTOBOrO (pparmMenTa mccieayeMoro rpada He mpeBocxonuT bn + 1.

B mporuBHOM Cciydae, BCe BEpIUHBI CepeauHbl bparMenTa 1 OKpAIIEHbI YHU-
KaJIbHBIMH I[BETAMH COLJIACHO jemme 5. OTcroma Cjeayer, 4To AJIMHA CepeIuHbl He
6osbiie k — 4. Torma amnHa MUHAMAJIBHOTO k-mecTporo (gparmenta He OOJIbIIE
2n+k — 2.

BuauuT, JnuHa MUHUMAILHOrO k-recroBoro dbparmenta rpada Cuo(1,2,...,n)
He mpesocxonut max{4n +k —2,5n + 1} nua k > 4.

([l
CuenctBue 1. Ecau dauna munumasvhozo k-necmpozo gpaemenma T = [1, N]
epagpa Coo(1,2,...,n) He menvwe 3n + 2, Mo 6ce €20 6EPWUHDL OKPAULEHbL YHU-

KAADHO.

Lloxazameavcmeo. NUrax, N > 3n+2. B cuny jieMMbl 4 MHOXKECTBA, JIEBBIX, CPETHAX
U TPABBIX IIBETOB MOMAPHO HE MEPECEKAITCsA. B jemMme 5 M0Ka3aHa yHUKAIHHOCTH
CpeiHuX BeTOB 11 Takux N. A 1ser y11060it 1eBoit (mpaBoii) BEpIIUHbI yHUKAJIEH,
TaK KaK OTHOZHAYHO OMPE/IETIACTCS KOTUIECTBOM CPEHUX BEPIIUH B €€ OKPYKEHUH.

O

Y06k MOy nTh OIEHKY Ha iRy k-Tectosoro dbparmenta rpada Coo(dy, da, . . .
dy,) HATIOMHAM HEKOTODPBIE OMPEIeIEHUsT M BBEJEM HOBBIE MMOHSITHUS.

Paccmorpum cosepiennyio k-packpacky ceasuoro rpada G = (V, E) ¢ marpu-
neil napamerpoB M. DKCIEHTPUCUTETOM BEPIIUHbI U Ha3bIBaeTcsd Beauuduna e(v)
pasuag max d(u,v), rae d(u,v) — KparJaiiliee pacCTOsiHUE MEXK/ly BEpPIIMHAMU U U

ueV

v. Paguyc rpada r(G) onpeensercs Kak HAMMEHBIIUH U3 IKCIEHTPUCUTETOB €ro
BepiuH. MHOXKeCTBO BepIuH, yAoBJIeTBopsomux ceoiicrBy e(v) = r(G), cocras-
qstior TenTp rpada G. CrnpapemiuBa CaeayoIas JeMMa.
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Jlemma 6. Paduyc ceasnoeo epaga G = (V,E) ¢ |V| = n ne npesocxodum [%].

Joxaszameavcmeo. Tlocrpoum S — ocroBaoe niepeso rpada G. IKCHUEHTPUCUTET BCsi-

KOl BEpPIIUHBI v B S He MeHbIe eé skcruenTpucurera B (G. MakcumaabHBII pagnyc

7(S) cooTBeTCTBYET CTy9aro, Korjaa S — mpocTas Telb Ha N BepITHHAX, W PaBeH [g].
. n

Orxyna cnenyer: 7(G) < r(S) < [5] . O

Xapaxmepucmuueckum epagom G (M) marpuubl napamerpos M HasbiBaercs
rpad> ¢ MHOXKecTBOM BepruH 1,2, ..., k, Bepmmnsl ¢ n j coeaunenst B Gy (M) peb-
poM, ecau m;; # 0 u mj; # 0. CopaBenuBa CIeayoOmas TeopeMa.

Teopema 5. Jlauna munumanvrozo k-mecmosozo gpaemenma epaga Coo(dy,da, . . .,
dy) ne npesocxodum d(k +2)+1 das k > 3.

Joxazameavcmso. Paccmorpum cosepiennyio k-packpacky ¢ rpada Coo(dy, da, . . .,
dy) ¢ marpuneit mapamerpos M. Ilocrpoum xapakrepucrudeckuit rpad Gy (M)
MaTpuIbl mapamerpoB M. Tak Kak B HeM k BEPITHUH, TO €r0 PAINYC HE MPEBOCXO-
JIAT [%]

Bribepem u3 nentpa rpada Gy (M) oamy npoussBosbHyio BepummHy. IIycTs mBer,
eif coorBercrByOmuii — ¢. Paccrosinue oT BepUIUHBI [IBETA ¢ JI0 BEPIITUHBI JTIOOOTO
apyroro usera B packpacke ¢ rpada Cy(d1,ds, ..., d,) He upeBocxoaur d, - [g] B
cuity JieMMbl 6. 3HaYUT, JIMHA €6 MUHUMAJIbHOrO k-necrporo gparmenTa He mpe-
BOCXOIUT BeIu4uHbI dpk + 1. Orcroma mo jemme 2 caeayer, 9To AauHa k-TeCTOBOrO

dparmenra rpada Cy(dy,ds, . . ., d,) He npesocxomut d,(k + 2) + 1 (cm. puc. 5).

~
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d. d. [k/2] d.[k/2] d.

Puc. 5. K-recropsiii dbparment rpada Coo(dy, da, ..., dy)

O

TakwumM 06pa30M, Oy YeHbl BEPXHHAE OLEHKN HA JJINHBI MEHAMAJIBHBIX k-T€CTOBBIX
dparmentos rpadoB Cx(1,2,...,n) u Coo(dy, da, . .., dy,) g IPOU3BOIBHBIX Ha-
TYpPaJbHBIX k U 1.

3. 3AKJIIOUYEHUE

B pabore momygeno HeCcKOIBKO 60IbIe, YeM aHOHCHPOBaIoCch. HaliieHbl He TOTb-
KO BEPXHUE OIEHKH HA JJINHbI MUHUMAJIBHBIX K-TECTOBBIX (DPAIMEHTOB HUCCJIE/Lye-
MbIX IUPKYJSHTHBIX I'PA(OB, HO U B 3HAYUTEJbHON CTEIEHU OLKCAHA CTPYKTYPa
srux ¢pparmenToB. [lornmanue 3TOM CTPYKTYPHI MO3BOJSET CYIIECTBEHHO COKPa-
TUTH 1IepebOp TIPU OTHICKAHUY BCEX COBEPIIEHHBIX k-packpacok rpados Cu (1,2, ..., 1)
u Cy(dy,ds,...,dy) C IOMOLIBIO KOMIIBIOTEDA.
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