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EJVMHCTBEHHOCTDH PEIIEHUA OBPATHOMN
3AIAYN 1JISI MOJEJIN CJIOXKHOTO
TEIIJTOOBMEHA
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IIpedcmasaerno M.A. TIIUILTEHUHBIM

Abstract: The steady-state complex heat transfer model within
the P;-approximation of the radiative transfer equation is considered.
An inverse problem of reconstructing heat sources intensities with
given volume densities from the prescribed values of functionals of
heat sources densities on the temperature field calculated without
taking account of radiative effects is investigated. The uniqueness
of the inverse problem solution is proved.

Keywords: radiative heat transfer, inverse problem, integral overdeter-
mination.

1 Bsegenne

Mogenvposatne mepeHoca Tema, yInThIBaoee 5pdeKTh, CBI3aHHbIE ¢
pacrpocTpaHeHeM TEIIOBOI0 W3JIyYeHUs, aKTyaJbHO Kak Ojaromaps Mma-
TEMATUIECKON HOBU3HE 33/1a9, TaK W B CBA3W C BOZMOYKHBIM TPUMEHEHHEM
PEe3Y/JIbTATOB TEOPETUIECKOr0 U YUCJIEHHOIO aHa M3a Ha IPAKTHKE.

O61mupHOe KOJIMIeCTBO JIUTEPATYPhI MTOCBSAIIEHO MATEMATUYECKOMY UCCJIE-
JOBAHMIO YPaBHEHHI CJIOXKHOTO TeIIooOMeHa B paMKax Pj-npubianzkeHnsd

GRENKIN, G.V., UNIQUENESS OF SOLUTION OF AN INVERSE PROBLEM FOR A COMPLEX
HEAT TRANSFER MODEL.
© 2024 TI'renkuH I'.B.
Hocmynuaa 27 dexabpsa 2022 2., onybaukxosana 12 despanrs 2024 e.
98


https://orcid.org/0000-0002-1307-3757

EJIVHCTBEHHOCTDL PEIIIEHUSA OBPATHOWM 3AJTAYN 99

ypaBHeHUsI liepeHoca usJydenusi. B paborax [1, 2, 3, 4, 5, 6, 7| ucciaenosa-
HAa KOPPEKTHOCTH CTallMOHAPHBIX M HECTALMOHAPHBIX Mojeseit, B [8, 9, 10]
M3yJeHbl 337aUN ONTUMATHHOTO YIIPABACHUS IPAHUIHBIMEU KO(MDUITHEHTA-
MU JjIst 9THX Mozeseit. B paborax [11, 12| paccMoTpenbr o6paTHBIE 3324w
BOCCTAHOBJIEHUS 3aBUCAIINX OT BPEMEHU WHTEHCUBHOCTE! UCTOYHUKOB JJIs
HECTAIMOHAPHBIX YPABHEHUI CJIOXKHOTO TEIIOOOMeHa ¢ WHTErpaJibHbIM Iie-
peoripeiesieHneM, T0Ka3aHa UX OJIHO3HAYHAST PA3PEIIUMOCTh, KOTJa B Kade-
CTBe Tepeonpesieienns 6epeTcs HHTErpal OT TEMIIEPaTypPhl, YMHOXKEHHON Ha
YHKINIO, OMUCHIBAIOIIYIO UCTOYHUKHA Temia. Hakower, B craThsax [13, 14]
JIJIS CTAITUOHAPHBIX MOJIEJIel CJI0KHOT0 TEMI006MeHa ToCTaBIeHbl 00paTHbIE
3aJla9¥ BOCCTAHOBJIEHUS HEM3BECTHBIX MHTEHCUBHOCTEH HCTOYHUKOB TeILIa
[I0 U3BECTHBIM UX OOBEMHBIM IUIOTHOCTSM U 33aHHOMY WHTEI'DAJbHOMY IIe-
PeoIIpeie/IEHNI0 — 3HAYEHUSAM (DYHKITMOHAJIOB UCTOYHUKOB HA TI0JI€ TEMIIEPa-
Typbl. [lokazaHo, 94TO 10 3TUM JIAHHBIM BCEIJIa BOCCTAHABJINBAIOTCS WHTEH-
CUBHOCTU MCTOYHUKOB BMECTE C IIOJIEM TEMIIEPATYDPhI, HO €IUHCTBEHHOCTD
TAKOI'0 BOCCTAHOBJIEHUS YCTAHOBJIEHA, [IPU JIOCTATOYHO O0JIbIIOM KO3hduIiu-
eHTe TeMneparyponposogHoct. Cxonubie 00paTHbIe 3a,1a91, HO [IJIsT JIMHET-
HBIX yPaBHEHUi, n3ydaanch, HanpumMep, B padorax [15, 16, 17].

B nmacrosreit pabore obparnas 3ajada mOCTABIEHA HO-APYyroMy — (DyHK-
[IMOHAIBI UCTOYHUKOB BBIUUC/ISIOTCS HA CIENUAIBHOM I0JIe TeMIepaTyphl,
BBIYUCIIEMOM 0€3 yuera paguarnuonabix 3ddexTon. g Takoit mocTaHOBKI
MOKA3aHO, UTO IKODUAH OTOOparKeHWUsT MHTeHCUBHOCTEH MCTOYHUKOB B 3HA-
genud (PYHKITMOHAIOB ABJseTCs P-marpurieii, orciona u3 Teopemsbl eitra —
Hukaiino BeITEKAaeT OJHO3ZHAYHOCTEH ITOTO OTOOparKeHns. TakmMm 0OpasoM,
YCTaHOBJIEHA €MHCTBEHHOCT PEIeHns 00PATHOMN 33, Tau.

2 TIlocTtanoBKa oOpaTHOIT 3aMa4n

IMycrs © C R?® — junmmresa orpanwdensas 06sacTh ¢ rpaHuneii I,
B KOTOPO# [POUCXOIMT IMPOIECC PAIUANUMOHHO-KOHJIYKTUBHOTO TEIjI000mMe-
HA, OTIUCHIBAEMBIN (DYHKIIUAME § — YCTAHOBUBIIIEECS TIOJIE TEMIEPATYPHI, ¢
— MOJIe MHTCHCUBHOCTU U3JIYYEHUd, YCPEAHEHHON II0 BCeM HaIIPaBJICHUIM.
YCTaHOBUBIMUICS TTPOIIECC OMUCHIBACTCS CleAyromeil cucremoit muddepen-
NUAJIBHBIX YPaBHEHMIA:

—al + bra (1010 — ) = Y aifi, (1)
=1
—alp + ko —0]°0) = 0 (2)
C KPa€BbIMHU YCJIOBUAMHA
o0 _ dp 4y _
a5+ B(0—0)=0, a7t +5(p—0;)=0mnal. (3)

3nech BenuuuHbl 0 U @ ABIAAIOTCT HOpMupoBaHHbIMEU. [looKuTEIBHBIE TTO-
CTOSIHHBIE TAPAMETPHI @, b, (v, K, XaPAKTEPU3YIOT PATHAINOHHO-TEPMUIECKUE
cBoiicTBa cpenipl, rpaHudHble (DYHKIUUA (3,7 XaAPAKTEPUIYIOT OTPAKAIIINE
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cpoiicra rpanunpl [3]. Yepes 0/0n obo3nauena pousBojHAs B HAlPABJIE-
HUMW BHEIIHEH HOpMAaJIN.

JI7151 HAXOXK IeHN A HeM3BEeCTHBIX MHTEHCUBHOCTElH HCTOYHIKOB TEILIA, (; /It
HOJIS TEMIIEPATYPHI 3a0aeTC HHTErPATLHOe MePeonpeTeIeHue:

(fj,Se):Tj,j:L...,m. (4)

Buecs fj € V! — 3agannbie GyHKunOHaIbI, BEIPAzKAIOue 00 bEMHbIE 1110T-
HOCTH UCTOYHHUKOB, S — OIepaTop, KOTOPBI 10 MO0 TeMIepaTypsl 6 1aeT
[oJie TEMIIEPATYPHI, BBIYUCIEHHOE 0e3 yueTa PaIuannoHHbX 3 deKToB, oH
Oymer ompeaeneH HUXKE.

st popManmsanmum Kpaesoit 3aa49u OyeM HCIO0Ib30BaTh TPOCTPAHCTBO
Coboesa V = H'(€). Yepes (f,v) obozHavaem sHadenue hyHKIHOHATA
f € V' ma snemente v € V u ckangpHoe mpomssenenne B L2(QQ), ecam
f,v € L?(Q). Byzem npexamosnaraTh, 9T0 HCXOIHBIE JaHHEIE yIOBIETBODH-
IOT YCJIOBHSM:

(i) Byye L>®(T), 8>060>0,7v>7>0,0<0, c L),

(ii) f; € V', f; numeiiHo He3aBUCHMEL.

Onpenemm oneparopsl A1, Ao: V. — V' u dynkmmonansr hi, hs € V' no
dopmystam:

(A10,v) = a(V0,Vv) + / BOvdl’, (Azp,v) =a(Ve,Vu) + / yovdl,
r r

(h1,v) Z/ﬁebvdF, (ha,v) Z/’Yegvdr-
r r

Onpepenenne 1. [lapa {0, ¢} nasveaemes caabvm pewenuem sadawu (1)-

(3), ecau

A10 4+ bra (100 — ) = " qifi+h1,  Asp+ kal(p — 0]°0) = ho.
i=1
Teopema 1. 7] Ilycmo svinoanens ycaosua (i), (it). Jaa aobwx wucen g;

caaboe pewerue sadawu (1)-(3) cywecmeyem u eduncmeenno.

OmpesiesuM T0Jie TEMIIEPATYPHI 1), BBIUNCAsieMoe 6e3 yueTa pauallioH-
HBIX 9 (DEKTOB, KOTOPOE MOTIUHSIETCS YPABHEHNIO

m
A= qfi+h.
i=1
MoxHO TTOKa3aTh, 9TO TPHU U3BECTHBIX TOJIAX 0, 0 TOse 1) MOXKHO HAWTH 1O
dbopmyme n = 04+bAT (Azp—hg). CreioBaTETBHO, MOYKIO OTIPE/IETHTE HEJH-
HeltHbIl oneparop S: V. — V., KOTOpBIil 3aaHHOMY OO 6 COMOCTaBIgET
rnoJie n:

n =50 =0+ bk, A  Ag(Ag + kD)1 (1020) — bra AT (A2 + ko)™ ha.
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Onpenenenne 2. Bexmop q = (q1,--.,qm) émecme ¢ napoti {0, p} ecmo
pewenue obpamnol s3adavwy (1)-(4), ecau das caaboeo pewenus {0 = 0(q), p =
v(Q)} svnoanaomes pasencmea

Fj(Q)E(fj,59>:7“j, j=1....,m. (5)
3 EauHCTBEHHOCTH pellleHus OoOpaTHOI 3aJadn

Mertoz nccie10BanusT €IMHCTBEHHOCTH PETeHnst HeJTMHEHOMH cucrembr (5)
COCTOUT B aHaJM3e akoOmana cucTeMbl. Mbl TOKaXKeM, 9T0 aKOOMaH AAHHOM
CUCTEMBI PABEH OMPEIEUTEN0 MaTPUIlbl ['pamMa OTHOCHTENIBHO CKAJIIPHOTO
MPOM3BEEHNS, TOPOKIEHHOTO TIOJIOKUTEILHBIM OITEPATOPOM, OTKY/A CIETy-
eT TOJIOKUTEIbHAS OIPeAeIeHHOCTh dkobuana. Jlajmee npumengerca Teope-
Ma 0 TI00ATBLHOM OJHOBHAUHOCTH 0TODPAXKEHHN C TTOJTOKUTEIHHON MaTpuIiei

Axobu.

Jlemma 1. Cnpasedausa dopmyaa

0Fj(q) N
T2 (g Pl@iSio@)) ).
ede PlO]: V! — V — onepamop, xomopwii no dynxyuu g daem pewenue
p1 = P[0)g conpaoscennoti sadawu

Aip1 +4ra|0] (bp1 — p2) = g, Azpa + Ka(p2 — bp1) = 0,
Spl0]: V. — V' — onepamop, deticmeyrowud no dopmyae:
SHI0)h = h + 4bka AT Ao (Ag + ko D) 7L(|012R).

Hoxaszameavcmeo. Coctabiids u JiuddepeHIupysi CTaHapTHbIM 00pa3oM hyHK-
nwmio Jlarpamxa

E(evqap) = (fJ?SH) + (f(evq)7p)a

rae F(0,q) = 0 — ypasrenue, ceaswiBaromee 6 u q,
(F(0,a),0) = (416, v)+bra (1010 — (Ag + ko) " (bral0°0),v) =D qi( fi, ),
i=1

HOJIyYUM BBIpasKeHue [Ist Tpajauenta dyukiuonana Fj(q) [18, c. 63]:
OFj(a)
9q;

rje p(q) — perieHnre CONpsiKEHHOM 3a/a4u

Ly(0(q),q,p) = 0.

Orcioma nomyaaem yeaosre gemMbl. OTMeTHM, 970 TpebyeMoe yC/I0Bre Herpe-
peiBHOit o6parumoctu oneparopa Fy (0, q) ciaepyer us pesynsraros [10]. O

= L4(0(a),q,p(q)),

Caencrsue 1. Cnpasedausa dopmyaa

T (. Splo@I @I ) = (.47,
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ede P[O]*: V! — V' — onepamop, xomopwi no dynkyuu g daem pewenue
u = P[0]*g auneapusosannot sadaqu

Ayu+ bk (40Pu — 2) = g, Agz + Kz — 4]0>u) = 0.

OFj(q)

Caencrsue 2. Sxobuan
Iqi

q.

asaaemesa P-mampuueti 6 1060t mouke

Teopema 2. O6pamnas 3adaua (1)-(4) umeem ne Gosee 00H020 pewieruA.

Aokazameavcmeo. U3 reopembr Leitia—Hukaiino [19] ciemyer, aro orobpa-
xkenne q — F(q) omHO3HATHO. O

4 Pemmenne obpaTHOil 3ama4un

IIpunvenum pesyiabrar ana/u3a PacCMOTPEHHON 00paTHOM 3ajaduu Jjis pe-
IeHusi 00paTHOM 33/[aUn B MCXOAHON MMOCTAHOBKE: HAWTH HEM3BECTHBIE KO-
9P OUIIEHTDI ¢;, TPU KOTOPBIX BBHITOJIHIIOTCS YCAOBUS HHTETPAIBLHOTO Iepe-
OTIpeJIeJIEHU A

(fj,G):rj, jzl,...,m.

Jlst pertierns yKa3aHHOW 33390 TPEIJIATaeTCd CACTYIONUN aJITOPUTM.

(1) [omaraem sg-l) =rj g j=1,...,m. Cunraem k = 1.

(2) Pemraem obpaThyto 3aga9y

m
A=Y aifi+h,
i=1
k .
(fj?n):3§)7 j:]‘?"'?m7
HaxoauM KoM MUITHEHTRI ¢; = qgk).

(3) Haxoaum 0 = %), o = o) pne 0, ¢ — pemenne zanaun (1)—(3) npu

qi = C]Z(k)~

(4) Boraucasiem sg-k“) = rj+b(f;, AT (A29p®) —hy)). ockombky (f,0%))+

b, A7 (Aop® — o)) = i, w0 s = 519 4 (1) — (£7,60).

(5) Ilepexoauwm K miary 2, yeeqnuus k Ha 1.

ITo cpaBuenuto co crargapTHbIM MeTo10M HbioTOHa, KOTOPBI MOXKET OBIThH
WCIIOJIB30BAH I PEIeHus JaHHON 00paTHOMN 3a1at4uu, IPEACTaBACHHON B Ka-
UeCTBE CUCTEMbI HEJTMHEHHBIX ATeOPANTIECKUX YPABHEHN, B TPeIIaraeMoM
aJITOpUTMe Ha Tare 2 moJIyIaeTcs HEBBIPOXK IeHHAsT CUCTeMa JIMHEHHBIX ypaB-
HEHHH J1JIsT HAXOXKIeHISA KO3(DDUINEHTOB ¢;.

JpyruM MeTo0M pereHns NCXoAHOM 00paTHOM 331891 MOXKET BBICTYIIUTH
MEeTO]T KBa3WJIMHEeapU3allni, aHAJIOTHIHBIN HemosHOMY MeTony HetoToHa 1151
perenust ipsiMoit 3aadn [20]. Ecan Ha Kaxk10#t nrepannu mpemoKeHHOTo
AJICOPUTMa pertaeTcs JuHeiHast oOpaTHas 3a/1a4a TEIIONPOBOIHOCTH, TO HA
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Ka2KJ0il MTEPAIMU METO/d KBA3UJIMHEAPU3AUU Oy/IeT PeliarbCs JIMHEAPH-
3oBaHHAd OOpaTHAas 33J1a49a CJIOXKHOT'O TEIIO00MEHAa, B KOTOPOH i yIIpo-
IIeHNS TeOPEeTUYeCKOTO aHAJIN3a HeJIWHEUHBIN WieH JIMHeapU3yeTCsd TOJbKO
B YPaBHEHUN JIJIS TeMIEpPaTyPHI:

A0+ brg (1010 + 41070 0) — 3) = > aifi + b,
=1

A + ka(@ — |0]20) = ha,
(fj,g) :T‘j, jz 1,...,m.

31ech § — 10 npubIKeHne JJis MoJis TeMIEPATyPhl ¢ MPEIbIYIIel ure-
panuu.

Haxkowner, Tperuii criocob6 cocTouT B 3aMeHe BTOPOTO Ilfara ajropuTMa Ha
PeIIeHNE YKa3aHHON JIMHEAPU30BaHHON 3a/1at M. B oramume ot MeToza KBa-
BUJIMHEAPU3AINY, 37eCh Npubaukenne § OYAeT BHRITUCIAATHCI KaK PENeHne
OpsiMOit 3a/1aun Tpu KoadpunmenTax ¢;, HANIEHHBIX U3 JIMTHEAPW3OBAHHO
obpaTHOM 3aadn.

5 BriBoasl

Takum obpazom, jJisi KOPDPEKTHON MOCTAHOBKM OOPATHOM 3a/a4i MOXKHO
OTHECTHU JIAHHBIE U3MEPEHUN He K CAMOMYy [OJII0 TeMIIepaTyphl, a K CIIeNu-
aJILHOMY TIOJIFO, BBIYUCJIEHHOMY 0e3 ydera pajuannoHHbIX 3ddexton. Ilpu
TakKoM BbIOODE (PYHKIIMOHAJIOB B IEpEoIpe/eseHnn obpaTHas 3ajada JJjis
ypaBHEHUH CJI0KHOTO TerioobMeHa 00/1a/1aeT CBOUCTBAMY aHAJOTUYHON 06-
paTHON 3aja4u JJjid yPaBHEHUd TEIJIONPOBOJSHOCTH U ABJIAeTCd JUHEHHOMN.
IlosToMmy 7715 ee pelieHust OOMIYT CTAHIAPTHBIE YUCJEHHBIE METO/IbI, OPU-
CHTUPOBAaHHBIEC Ha CUCTEMBI JIMHEHHBIX aﬂFe6pqueCKI/IX ypaBHeHI/Iﬁ.
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