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EJVMHCTBEHHOCTH PEIIIEHNSI OBPATHOM 3AJAYM OJI
MOJEJIN CJIO2KHOT'O TEIIJIOOBMEHA

I''B. TPEHKIH

ABSTRACT. The steady-state complex heat transfer model within the
Pi-approximation of the radiative transfer equation is considered. An
inverse problem of reconstructing heat sources intensities with given
volume densities from the prescribed values of functionals of heat sources
densities on the temperature field calculated without taking account of
radiative effects is investigated. The uniqueness of the inverse problem
solution is proved.
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1. BBEJIEHUE

MogenupoBanue mepeHoca TeIvia, yauThiBaomiee 3MEKTh, CBI3aHHBIE C PAC-
[IPOCTPAHEHNEM TEIIJIOBOIO U3JIyYeHUsI, AaKTYaJIbHO KaK Os1aroaps MaTeMaTuaecKoi
HOBU3HE 3374, TAaK U B CBA3U C BO3MOXKHBIM IIPUMEHEHUEM Pe3yJIbTATOB TEOPETH-
YeCKOIr0 W YHMCJIEHHOTO aHAJIN3a Ha ITPAKTUKE.

O6ImmpHOEe KOJUIECTBO JINTEPATYPHI MOCBLAIIEHO MATEMATHIECKOMY HCCJIEI0Ba~
HUIO YPABHEHUI CJI0KHOTO TEIa000MeHa B paMKax P;-npubJnKeHus ypaBHEHUsT
nepeHoca ussydenus. B paborax [1, 2, 3, 4, 5, 6, 7| uccienoBana KOPPEKTHOCTD
CTAIMOHAPHBIX M HECTAIIMOHAPHBIX MOjiesiel, B [8, 9, 10| usyvens! 3amaun onTuMab-
HOT'O YIIpaBJIEHHUsI I'PAHUYHBIMU KO3bduimenTaMu st 9Tux Mojesieil. B paborax
[11, 12] paccMoTpeHbl 0OOpATHBIE 321891 BOCCTAHOBJIEHHSI 3aBUCAIIAX OT BPEMEHH
MHTEHCUBHOCTEH MCTOYHUKOB JJIsi HECTAITMOHAPHBIX yPABHEHMI CJIOXKHOTO TEILIO-
obMeHa ¢ WHTEerpaIbHBIM IIePEOIIPeIesIeHIeM, TOKA3aHa UX OJHO3HAYHAS Pa3pelin-
MOCTb, KOTJIa B Ka4YecTBe IIePeoIpejiesieHnsl 6epeTcs MHTErpal OT TeMIepaTyphl,
YMHOXKEHHOU Ha (PYHKIIMIO, OIUCHIBAIOIIYI0 UCTOYHUKHY Teljia. HaKoHell, B CTaTbsax
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[13, 14] ay1a cTannoHAPHBIX MOJEJIEl CJI0KHOTO TEII00OMEHA [IOCTABJIEHBI 0O0pATHBIE
3a/1a9M BOCCTAHOBJICHUS HEM3BECTHBIX MHTEHCUBHOCTEH MCTOYHUKOB TEIJIa II0 W3-
BECTHBIM MX OOBLEMHBIM IJIOTHOCTSM U 33J[@HHOMY HHTEI'DAJILHOMY IEepeoIpesese-
HUIO — 3Ha4YeHUsAM (DYHKIMOHAJIOB UCTOYHUKOB Ha IIoJie TeMIiiepaTypsl. JlokasaHo,
9TO [0 ITUM JIAHHBIM BCET/Ia BOCCTAHABIMBAIOTCA MHTEHCUBHOCTH UCTOYHUKOB BMe-
CTe C IToJIEM TEeMITEPATYPhI, HO €JMHCTBEHHOCTb TAKOI'O BOCCTAHOBJIEHUSI yCTAHOBJIE-
Ha IPU JOCTATOYHO OOJIBITIOM KO3(dduImenTe TeMepaTypornpoBoaaocTa. Cxomabe
obpaTHbIe 33724, HO /I JIMHEWHBIX YPABHEHU, N3y YAJINCh, HAIIPUMED, B paboTax
[15, 16, 17].

B nacrosieit pabore obpaTHas 3a/1a9a, [IOCTaBJIEHa, II0-JIPYroMy — (DYHKIIMOHA-
JIBI ICTOYHUKOB BBIYUCJISIIOTCS Ha CIIEIIAAILHOM I0JI€ TEMIIEPATYPBI, BEIUUCISTEMOM
6e3 yuera paauannoHHBIX 3pderToB. st TaKOil OCTAHOBKH MOKA3aHO, ITO KO-
6maH 0TOOPaYKEHNT MHTEHCUBHOCTEH NCTOYHUKOB B 3HAYEHUS (DYHKITHOHAJIOB sIBJIs-
ercst P-marpureit, orcioga u3 treopems Leitiia — Hukaiiio BbITEKaeT OJHO3HATHOCTD
sroro oroopaxkenus. TakuMm oOpa30M, YCTAHOBJIEHA €IMHCTBEHHOCTH PEIIEHHs 00-
paTHOM 3a1a4u.

2. TIOCTAHOBKA OBPATHOWM 3AJIAYU

Ilycts Q C R3 — jummmunesa orpaHndenHas 06J1aCTb ¢ rpaHmiedl I, B KOTO-
POiil MPOUCXOIUT MPOIECC PAIUAIMOHHO-KOHyKTUBHOI'O TEIIOOOMEHA, OIUChIBAe-
MBI QYHKIUAME  — yCTAHOBUBIIIEECS TIOJIE€ TEMIIEPATYPHI, (¢ — I0JIe HTHTEHCUBHO-
CTH U3JIyYeHUsi, YCPEIHEHHON 110 BCEM HAIPABJIEHUSsIM. YCTAHOBUBIIANUCS ITPOIECC
ONUCHIBAETCS CJEAYIONIEit cucreMoit muddepeHITnaIbHbIX YPABHEHTI:

(1) —al0 + bra (100 — ) = > aifi,
1=1
(2) —aAp + Ka(p = [0]°0) = 0
C KpaeBbIMU yCJIOBUAMUA
(3) @4-5(9—9)—0 a£+ (0 —6)=0 mal
“on V=S Yy T T Z T

3/1eCch BEeIMIUHBL 6 U (p SBIISIIOTCST HOPMUPOBAHHBIME. [10/102KUTETEHBIE TIOCTOSTHHBIE
mapaMeTrpsl a, b, o, k, XapaKTepu3yoT PaIHAIMOHHO-TEPMUIECKIE CBOIICTBA CPE/IDI,
rpaanaHble DYyHKIMU (3,7 XapaKTepU3yIOT OTpayKalollue CBOHCTBa TpaHuIbl [3].
Yepes 0/0n obo3HaUeHA TPOU3BOHASI B HAIIPABJICHNY BHEITHEH HOPMAJI.

1t HaxXoK IeHNsT HEU3BECTHBIX NHTEHCUBHOCTEH MCTOYHUKOB TEILIA, ¢; JJIsI TIOJIsT
TeMIepaTyphl 33/1aeTCs NHTErPaJbHOE IepeolpeeIeHueE:

(4) (fj,SG):rj,jzl,...,m.

Buecw f; € V' — 3amannble DyHKIMOHAJBI, BHIPAZKAOILHe 00beMHbIE INIOTHOCTH
UCTOYHUKOB, S — OIIepaTop, KOTOPBIHA 110 HOJII0 TeMIepaTyphl § JaeT 1moJie Temie-
paTyphl, BEIYUCICHHOE 0e3 yuera PaIualroHHbIX 3(D@EKTOB, OH OyIeT OIpee/eH
HUKE.

Hna dbopmanusanuu KpaeBoit 3amadn OyJieM HCIoJb30BaTh npocrpancTso Co-
Gonesa V = H'(Q). Yepes (f,v) obozHauaem snauenne dpynkimonana f € V' na
semente v € V u ckansipnoe npoussesenne 5 L2(Q), ecim f,v € L?(Q). Bynem
IPEJIIIOJIAraTh, 9YTO UCXOJHBIE JAHHDBIE YAOBJIETBOPSIOT YCJIOBUAM:

(i) B,y e L>(T),B>6o>0,7>v% >0,0<6, e L>(T),

(ii) f; € V', f; nuHeitHO He3aBUCHMBIL.
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Omnpegemnm oneparopbl A1, As: V — V' u dbynknmonanst hi, hs € V' mo dop-
MyJTaM:

(A10,v) = a(VO,Vv) + / BOvdl,  (Aap,v) = a(Ve, Vu) + / yovdl,
r r

(hl,v)z/ﬁebvdr, (hgm):/vﬁfvdf.
I T

Oupepenenne 1. Iapa {6, p} nasweaemcsa caabvim pewenuem 3adawu (1)—(3),
ecau

m

A10+bra (1010 — ) =D qifi +ha, Asp+ kalip — |0]°0) = ho.
i=1
Teopema 1. (7| ycmov svinoanens yeaosus (1), (ii). Jaa aobwr wucen q; caaboe
pewenue 3adauu (1)—(3) cywecmeyem u edurcmeento.

OrnpesiesiuM 110J1e TEMIIEPATYPHI 1), BBITHCIsIieMOe 0e3 yaera paJInalinoHHbIX dd-
GbeKTOB, KOTOPOE MOIMUHSIETCS yPABHEHUIO

m
A = Z%‘fi + hy.
i=1
MoKHO moKa3aTh, YTO MPU U3BECTHBIX MOJIAX 6, ¢ Toje 1) MOXKHO HaiTu 1mo (op-
Mysne n = 0 + bAl_l(Aggo — hg). CilenoBarebHO, MOXKHO OIIPEIEJIUTh HEJTUHEHHBII
omeparop S: V — V| KOTOpBIit 3ajaHHOMY TIOJIIO @ comocTaBiser moJie 1):

n=950=0+bk, AT As(As + ko 1)1 (10120) — brg AT (Ag + ko) ha.

Ounpegnenenune 2. Bexmop q = (q1,...,qm) 6mecme ¢ napoti {0, ¢} ecmo pewe-
nue obpamnot sadavwu (1)-(4), ecau daa caabozo pewernus {0 = 0(q),» = ¢(q)}
BHINOANAIOMCA PAGEHCNEA

(5) Fj(q)z(fj759):rjaj:]-a"'am'

3. EAVMHCTBEHHOCTH PENIEHUA OBPATHOU 3AJAYU

Meroz uccieioBanust € IMHCTBEHHOCTH PEIeHUsT HeJTMHEH O cucTeMbl (5) cocTo-
UT B aHAJIN3e sKoOnana cucrteMbl. MbI mOKaxKeM, 9T0O sIKOOMAH JAHHON CUCTEMBI Pa-
BEH OIPEJIETTUTEIIO0 MATPUIIB | paMa OTHOCUTEIBHO CKAISPHOTO IIPOU3BEIEHNUS, 110~
POXKJJIEHHOI'O IOJIOXKUTEJIBHBIM OIIEPaTOPOM, OTKY 13 CIELyeT IIOJIO?KUTeIbHAsA Olpe-
JIeJIEHHOCTH siIKoOmaHa. /lajiee mpuMeHsieTcsl TeopeMa O IJI00aJIbHON OJTHO3HAYHOCTH
0TOOpaKEHUs C TOJIOKUTETHHOM MaTpureil Axkobu.

Jlemma 1. Cnpasedausa gopmysa

OF;(q .
D _ (g, pial(so@i 1),
2de P[0]: V' — V — onepamop, xomopwiii no gynkuyuu g daem pewenue p1 = PlO)g
conpascennots 3adauu
Aipr + 4Ha\9|3(bp1 —p2) =9, Aops+ Ke(p2 —bp1) =0,

Spl]: V — V — onepamop, deticmsyrowut no gopmyae Spl0lh = ht-4bka AT Ag(Ag+
sad)(0R).
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Loxazameavcmeo. CocraBisigs n auddepeHnupys CTaHIaApPTHBIM 00pa3oM (QyHK-
nuto Jlarpamxka

L£(0,q,p) = (fj,50) + (F(0,q),p),

rie F(6,q) = 0 — ypaBHeHue, csisbiBatomee 0 u q,
(F(0,q),v) = (A10,0) + bk (161°0 — (A2 + Kal) " (bral0°0),v) = Y ai(fi,v),
i=1

HOJIy UM BbIpaXkKeHue [y rpanuenta dynkunuonana Fj(q) [18, c. 63]:

5%@ = L4(6(a), a,p(q)),

rje p(q) — pelleHne CONPSIKEHHON 3a/1a4u

Ly(0(a),q,p) = 0.

Orcroma momygaeM yciaosue jgeMMbl. OTMETHM, 9TO TpeOyeMoe yCJIOBAE HETPEPHIB-
Hoit o6parumocTr oneparopa Fy (6, q) cienyer us pesynsraros [10]. O

Caencrue 1. Cnpasedausa opmynaa

0F;(q . _
2D (g syo@IPO@I £) = (A7 5).
2de P[0]*: V' — V — onepamop, xomopuiii no gynkuuu g daem pewenue u = P[0]*g
AUHEaPU306an1ot 3a0auu
Aju+ bk (40P — 2) = g, Aoz + k(2 — 4]0°u) = 0.
OF;(a)
94

Teopema 2. O6pamnas 3adava (1)-(4) umeem ne 6oaee 00n020 pewieHuA.

CaencrBue 2. fdxobuan aeaaemes P-mampuueti 6 1060t mouke q.

JHoxazameavcmeo. 13 teopembr Leitiia—Hukaiino [19] ciemyer, uro orobpakenue
q — F(q) ognoznauuo. O

4. PEIIEHUE OBPATHOU 3AJIAYU

[Tpumenum pesysbrarT aHAIN3a PACCMOTPEHHOW OOPATHON 3a/1a49M JIJIsl PEIIeHUsT
oOpaTHOM 33891 B MCXOHON MTOCTAHOBKE: HANTH HEM3BECTHBIE KOI(MMUITMEHTHI ¢,
IIPU KOTOPBIX BBIMOJIHAIOTCS YCJIOBHUS MHTETPAJIBHOTO [T€PEOIIPE,IeICHIUSI:

(f;,0)=r;, j=1,....,m.
Jljist perieHns yKa3aHHOM 3a/1a91 IIPeJIIaraeTcs CJIe Ly oMUl aaropITM.

(1) Tomaraem sgl) =r;nuaj=1,...,m. Cunraem k = 1.

(2) Permaem obpaTHyto 337241y

Ain = Z(h’fi + hi,
=1
B
(vf]7n):S§ )7 J:17"'7m,
(k)

HaxoZuM Ko3(DPUIUEHTEL ¢; = ¢; .
(3) Haxommm 6 = 0 o = o) rne 0,0 — pemernne 3amaqu (1)-(3) npu

k
qi:q§ ),
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(4) Borancisiem s§k+1) =7 +b(fj, A7 (A2p™®) — hy)). Tlockomky (f,00)) +

b(f5s AT (A2p®) — ha)) = '), o s¥FD) = 5y () — (f5,00)).

(5) Iepexomum Kk mary 2, yseauuus k Ha 1.

Ilo cpaBHEeHHIO CO CTAHAAPTHLIM MeTOI0M HBIOTOHA, KOTOPBIT MOXKET OBITH HC-
MOJIb30BAH /I PENTeHus JTAHHON OOpaTHON 3a/advu, IPEeJICTaBJICHHON B KAUECTBE
CHUCTEMBI HEJIMHENHBIX ajreOpandecKux ypaBHEHUN, B IIpejlaracMoM aJIfOPUTME Ha
mare 2 moJIyJaeTcsi HeBBIPDOXKIEHHASI CUCTeMAa JIMHEHHBIX YPABHEHUI JIJIsT HAXOXK e~
HASA KOI(DPUIIIEHTOB ¢;.

5. BBIBOJIBI

Takum 06pazom, i KOPPEKTHON ITOCTAHOBKU 0OPATHOMN 3aaY1 MOYKHO OTHECTH
JaHHBbIe 3MepeHnil He K CaMOMY IIOJII0 TEMIIEPATyPHl, a K CIeINaJIbHOMY IIOJIIO, BbI-
quc/IeHHOMY 0e3 ydeTa pajuarnoHHbx 3 dexros. [Ipu Takom BbIGOpE DyHKIMOHA-
JIOB B TIEPEOIIPeIeIEHNN O0paTHas 3a/a9a I yPABHEHHI CJI0KHOTO TEIIOOOMEHA
obJtasiaeT CBOMCTBAMH aHAJOTMIHONW OOpATHON 3a1adu I ypPaBHEHUS TEILIOIPO-
BOJIHOCTU U sIBJIsIeTcs JnHeiHo. [losTomy Mt ee perreHus MOIOMIYT CTAHIAPT-
Hble YHUCJICHHBIE METOJbI, OPHEHTUPOBAHHBIE Ha CUCTEMbBI JUHEHHBIX ajredpauntie-
CKUX ypaBHEHMUII.
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