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ON STRUCTURE OF ISOMORPHISMS OF UNIVERSAL
GRAPHIC AUTOMATA

V.A. MOLCHANOV, R.A. FARAKHUTDINOV

ABsTrRACT. Universal graphic automata are universally attracted objects

in the category of automata, for which the set of states and the set of
output signals are equipped with structures of graphs. It was proved

in [1] that a wide class of such sort of automata are determined up

to isomorphism by their semigroups of input signals. In this paper we
investigate a connection between isomorphisms of universal graphic automata
and isomorphisms of their components — semigroups of input signals and
graphs of states and output signals.
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1. INTRODUCTION

One of the main topics of modern algebra is an investigation of mathematical
objects through study of derived algebraic systems associated with these objects.
Various algebraic systems are considered as the initial mathematical objects, and
the automorphism groups, the endomorphism semigroups, the lattices of subsystems
of algebraic systems, and others are considered as the derived algebraic systems.
For the automorphism groups of algebraic systems, the endomorphism semigroups
of graphs, the endomorphism rings of modules, and other derived algebraic systems,
these questions were very successfully investigated by B. I. Plotkin [2], A. G. Pinus [3,
4], L. M. Gluskin [5, 6], Yu. M. Vazhenin [7, 8], A. V. Mikhalev [9], and other
algebraists.

It is also of interest to study structured automata in the categories [10], that
is automata, in which the sets of states and output signals are equipped with
mathematical structures from a category K, and transition and output functions
are morphisms of this category. A set of input signals is usually equipped with
an associative operation, which makes it an object of the semigroup category. The
study of such automata belongs to the direction described above: in this case, the
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initial object is an automaton and the derived system is the semigroup of its input
signals, which are considered as transformations of the set of the automaton states.

In this paper, we consider automata over the graph category Gr, which are
called graphic automata. As follows from [10], in the category of graphic automata
with a graph of states G; and a graph of output signals G5 there is the universal
attracting object Atm(G1,G2), which is called universal graphic automaton over
the graphs Gy, G5. The semigroup of input signals of such automaton S = End G x
Hom(G1, G) is regarded as the derived algebraic system of the automaton Atm(Gy, Gz).
In the paper [1] authors investigated the problem of definability of such automata by
their input signal semigroups: it is shown that the universal graphic automata over
many reflexive graphs are completely determined (up to isomorphism and graph
duality) by their semigroups of input signals. In this article for such automata
we consider the structure of their isomorphisms and groups of automorphisms.
Theorem 2 shows a connection between isomorphisms of a universal graphic automata
and isomorphisms of the automaton components — the graph of states, the graph
of output signals and the input signal semigroup. For universal graphic automata
over quasi-acyclic graphs of states and antisymmetric graphs of output signals, in
Theorem 3 we obtain the isomorphism structure description of the input signal
semigroups of automata and in Theorem 4 — the structure description of the
automorphism group of automata.

2. BASIC NOTIONS

We assume that the reader is familiar with basic notions of the semigroup
theory [11], the automata theory [10] and the graph theory [12]. Let’s briefly unify
basic notations used in this work.

From now on, by a graph we mean directed graph. For a graph G = (X, p) an
edge (z,y) € pis called proper if (y,x) ¢ p. A graph is called quasi-acyclic if each of
its proper edges does not belong to any cycle. An example of quasi-acyclic graphs
are acyclic graphs, quasi-order graphs, and many others. A quasi-acyclic graph will
be called trivial if it has no proper edges, and nontrivial otherwise. For a graph
G = (X, p) the graph G = (X,p~ ') is called the dual graph of G.

In what follows, under connectivity components of a graph we keep in mind weak
connectivity components. A graph is called connected if it has only one connectivity
component.

An anti-isomorphism of a graph G; = (X1, p1) onto a graph Ga = (Xa, p2) is an
isomorphism of the graph G; onto the graph G5 dual to Go. An anti-automorphism
of a graph G = (X, p) is an isomorphism of the graph G onto its dual graph G.

A semigroup automaton is an algebraic system A = (X7, S, X, *,¢) consisting
of a set of states X7, an input signal semigroup (S,-), a set of output signals Xo,
a transition function x : X; x S — X7, and an output function ¢ : X; x S — Xo,
satisfying

* (81 82) = (T *81) % S,
x o (s1-82) = (x%51) 0 S2.
for every z € X1, s1,82 € S.
A semigroup automaton A = (X1,S5, Xo,%,0) is called graphic if its set of

states X1 and set of output signals Xy are equipped with structures of graphs
G1 = (X1, p1), G2 = (X2, p2) such that for every input signal s € S a transition
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function s = z * s (x € X;) is an endomorphism of G; and an output function
As = zos (x € X;) is a homomorphism of Gy in Gs. In this case, we denote
the automaton by A = (G1,S5,Ga,*,¢). For any graphs G; = (X1,p1), G2 =
(X2, p2) the graphic automaton Atm(Gp,G3) = (G1,S,Ga,*,0) with the input
signal semigroup S = End G; x Hom(G;,G2), consisting of pairs s = (¢, ),
¢ € End G1, ¥ € Hom(G1, G2), and functions z x s = p(x), zos = ¢¥(x) (x € X1),
is the universally attracted object in the category of graphic automata, that is why
it is called universal graphic automaton [10].

A mapping ¢, : X — {z} is called a constant mapping of a set X to an element z.
For mappings f : X — Y, g : Y — Z a composition is defined by the formula
(f-g)(x) = g(f(x)) for x € X. For mappings f : X - Y, g: X — Y a direct
product fxg: X xX — Y xY is defined by the formula (f x g)(u,v) = (f(u), g(v)).
For any transformation ¢ of a set X it is true that (f x ¢g)(¢) = f~'¢g. Denote
fxf=r.

An isomorphism of a graphic automaton Ay = (G1, 51, G, *1,¢1), where G =
(X1,p1), G} = (X1, p}), onto a graphic automaton Ay = (G2, S2, Gb, *2,02), where
Gy = (Xo,p2), Gy = (X4,p,), is an ordered triple v = (f,h,g), consisting of
isomorphisms f : G; — Ga, h : S1 — Sa, g : G| — G} such that for any x € X;,
s,t € Sp the following conditions hold:

B(s-t) = h(s) - h(t),
F(o 41 5) = F(2) %2 h(s),
9w o1 5) = £(z) 03 h(s).

An isomorphism of an automaton A = (G, S, G', x, ¢) onto itself is called an automor-

phism of the automaton A. The set of all automorphisms of A with the composition
forms the automorphism group Aut A of the automaton A.

3. PREPARATORY PHASE
To solve the main issue, we use some auxiliary results obtained in [1].

Lemma 1. Let Gy = (X1, p1), G2 = (X2, p2) be reflexive graphs. Then the following
statements are true for the semigroup S = End G1 x Hom(G1,G2):
1) an element s € S is a right zero of the semigroup S if and only if there
exist a € X1, b € Xo such that s = (cq,cp);

2) an element s € S is a left identity of the semigroup S if and only if s =
(Ax,v) for some v € Hom(G1,G2).

For graphs G1, G5 denote by Z(G1, G2) the set of all right zeros of the semigroup
S = End G; x Hom(G1,G2), by U(G1,G2) — the set of all left identities of the
semigroup S. It is clear that the set Z(G1,G2) is defined in the semigroup S by the
predicate M (z) = (Vy)(y -z = ) of the semigroup theory, and the set U(G1, G2) is
defined in the semigroup S by the predicate N(x) = (Vy)(z-y = y) of the semigroup
theory.

Lemma 2. Let G = (X1, p1), Ga = (X2, p2) be reflexive graphs. Then the formula
of the semigroup theory

E(z,y) = M(x) A M(y) A (Ve)(N(e) = z-e=y-e)
defines a binary relation € on the semigroup S = End G, x Hom(G1, G2), such that
the following statements hold:
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1) € is an equivalence on the set Z(G1,G2) such that for any elements s1, s2 €
Z(G1,Gs) the condition s1 =. so is valid if and only if s1 = (ca,cu),
s2 = (Cq, cy) for some a € X1, u,v € Xo;

2) for any right zero s = (cq, cp) of the semigroup S, the equivalence class e(s) =
{(cq,cu)lu € Xo}.

By analogy with Lemma 1 in [13] we can obtain the following result.

Lemma 3. Let G = (X,p), H = (Y,0) be reflexive graphs, v € X, (z,y) € 0. A
mapping [ : X — Y defined for u € X by the formula

y, if there is a path from v to u,
flu) = :
x, otherwise,

is an homomorphism of Gy in Gs.
4. MAIN RESULTS

The following result describes the relationship between isomorphisms of the input
signal semigroup of an universal graphic automaton and isomorphisms of its graph
of states and its graph of output signals.

Theorem 1. Let G; = (X4, p:), G, = (X[, p;) be reflexive graphs (i = 1,2), the
graph Gy has an edge that does not belong to any cycle, and let Atm(Gq,GY),
Atm(G, GY) be the universal graphic automata with the input signal semigroups
S; = End G; x Hom(G;,G}) (i = 1,2), h : S1 — Sy is an isomorphism of the
semigroup S1 onto the semigroup Ss. Then there exist isomorphisms f, g, (a € X1 )
of graphs Gy, G, onto graphs Go, G respectively or onto their dual graphs G, G;’2
respectively, such that for any pair (p,v) € Sy the equality holds

(1) h(p, ) = (f2(¢), %),
where Y¥(f(a)) = gpa)(¥(a)) for all a € X;.

Proof. Consider reflexive graphs G; = (X;, pi), G; = (X, p}) (¢ = 1,2), such that
the graph G has an edge that does not belong to any cycle, and an isomorphism h
of the semigroup S; = End G x Hom(G1, G}) onto the semigroup Sy = End Gg x
HOm(GQ, Glz)

It is common knowledge that every semigroup isomorphism preserves the satisfi-
ability of formulas of the elementary semigroup theory. Hence the isomorphism h
preserves the satisfiability of the formulas M (z), N(z), E(x,y). Therefore, the
isomorphism h maps the set of all right zeros Z(G1,G)) of the semigroup S;
onto the set of all right zeros Z(Ga,G%) of the semigroup Ss, the set of all left
identities U(G1, G}) of the semigroup S; onto the set of all left identities U(G2, G5%)
of the semigroup S3. According to Lemma 2 the Cartesian product h? maps the
equivalence €1 = €(g, ) (defined in the semigroup Sy by the formula E(x,y)) onto
the equivalence e2 = ¢(g,,¢;) (defined in the semigroup Sz by the formula E(z,y)).

According to item 1 of Lemma 1, for any a € X1, b € X7 there are elements d €
Xs, e € X} such that h(cq, cp) = (cq, ce). The isomorphism h maps the equivalence
class €1(cq,cp) to the equivalence class ea(cy, ¢.). Therefore, formulas f(a) = d,
ga(b) = e define mappings f: X7 — Xo, g : X| — X} (a € X1) such that

h(cas cb) = (Cf(a), Coa(v))-
It is easy to see that mappings f : G1 — Ga, g4 : G} = G4 (a € X) are bijections.
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Let (p,1) € S1, a € X7 and ¢(a) = d, ¥(a) = e. Then
(Cav Cb) : (<P,¢) = (Ca@a Ca¢) = (Cw(a)vcw(a)) = (Cda Ce)'
Since h is an isomorphism of S; onto S5, the equality
h‘(caa Cb) ) h(§07w) = h(Cd, Ce)
holds. Denote h(p, 1) = (¢',4"). According to the construction of mappings f :
X1 — Xo, 9o : X1 — X} (a € X;) we obtain
h(cascb) = (Cra)s Caa(v))s Plcayce) = (Criay, Coue))-
Then

(Cra) Cga®)) (@5 0) = (Cp(ays Cgace))s
(cr ¥ Cf(a)lff ) = (€t Cgae))s
(Cor(f(a)) Cor(£(a)) = (Cf(d)acgd(e))
and, hence, ¢'(f(a)) = f(d) = f(p(a)), ¥'(f(a)) = ga(e) = gp(a)(¥(a))- Therefore,
¢ = {(f(a), f(p(a))]a € X1} = f*(¢p),
¥ ={(f(a), gp)(¥(a)))]a € X1} = ¥,

where 1% (f(a)) = gp(a) (¥ (a)) for all a € X;.

Hence for any pair (p,1) € S; the equality (1) holds.

It is easy to verify that the Cartesian product f? : End G; — End G, is a
bijection. Moreover, for any 1, 2 € End 7 the following equalities holds:

FPlerp2) = frorpaf = fro1Ax oo f =
= flouf e f = FPe1) f2 (92)

It follows that f2 is an isomorphism of End G; onto End G3. According to theorem
condition the graph G; has an edge (ug, vp) € p1 that does not belong to any cycle.
On the strength of Yu. M. Vazhenin’s result [8], the mapping f is an isomorphism
or an anti-isomorphism of the graph G7 = (X1, p1) onto the graph Go = (X, p2).

Suppose that f is an isomorphism of the graph G; onto the graph Gs. It is
necessary to prove that for any a € X; the mapping g, is an isomorphism of the
graph G| onto the graph Gj.

Let (z0,y0) € p) holds for some zg,yo € X{. The mapping ¥ : G; — G, defined
for u € X7 by the formula

yo, if there exists a path from vy to u,
Y(u) = .
Tg, otherwise,

is a homomorphism of the graph G into the graph G} due to Lemma 3, and
2 (ug,vo) = (70,90). It means (cq, ) € Sy, and from (1) it follows that h(c,, 1) =
(Cta), ¥e), ¥ € Hom(Go,GY). On the other hand, ¥ (f(x)) = g, (2)(¥(x)) =
do(¥(x)). Then for x = ug we get ¥ (f(ug)) = ga(¥(uo)) = ga(zo), and for
© = g we get 7 (F(vo)) = ga((to)) = galyo). Hence po= maps (f(uo), f(vo))
into (g4(x0), 9a(y0)). Since (f(uo), f(vo)) € p2 and ¥ is a homomorphism of the
graph G5 into the graph G}, then (g.(20), 9a(y0)) € p5. Thus, g, € Hom(GY, G%).

Conversely, let the condition (x(,y) € p5 holds for some z{, y;, € X4. Then from
Lemma 3 it follows that for some homomorphism ¥; € Hom(G5, G5) the equation
Y1(f(uo), f(vo)) = (0, 4g) holds. Hence (cf(q),%1) € S2, and there exists such pair
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(o,%) € Sy that h(p,v¥) = (cf(a),¥1). Thus, due to the equation (1) we have that
Cfla) = f2 (@) = ftof, 1 =1?. Then

= (fFDe(f ) = fepa f T = F(F e = (FF el £ ) =

As a result we get

zo = Y1(f(u0)) = ¥ (f(u0)) = ga(¥(u0)), ¥(uo) = ga " (zp),
yo = ¥1(f(vo)) = ¥ (f(v0)) = ga(¥(v0)), ¥(vo) = g5 (o)

and (g, (z(), 9. (yh)) € p}, therefore g; 1 € Hom(G%, G). By this means g, (a €
X1) is a family of isomorphism of the graph G/ onto the graph G.

Analogously if f is an isomorphism of the graph G; onto the graph Go, then
all mappings g, (@ € X;) are isomorphisms of the graph G} onto the graph G,
because in this case the condition (ug,vo) € p1 is equivalent to (f(vo), f(uo)) € pa,
the condition (zo,yo) € p) is equivalent to (g4 (o), ga(x0)) € ph. O

The following result shows the connection between isomorphisms of universal
graphic automata and their components.

Theorem 2. Let G; = (X;,p:), G, = (X[, p;) be graphs (i = 1,2) and f be an
isomorphism of G onto Ga, g be an isomorphism of G| onto G',. The ordered triple
of mappings v = (f,h,g) is an isomorphism of universal graphic automaton A; =
Atm(G1,GY) with the input signal semigroup S1 = End Gy x Hom(G1,G}) onto
universal graphic automaton Ay = Atm(Ga, G%) with the input signal semigroup
Sy = End Go x Hom(Gs, G%) if and only if the mapping h : S; — Ss is defined for
any (¢,1) € Sy by the formula h(z,) = (f2(¢), (f x 9)(®)).

Proof. Necessity. Let v = (f, h,g) be an isomorphism of automaton A; onto A,.
Then for any x € X1, s = (¢1,%1) € S1 the following conditions hold:

[z s) = f(x) *x2 h(s), g(z o1 s) = f(x) oz h(s).
Then for the image h(s) = (p2,12) € S for all z € X; it follows

flp1(2)) = 02(f(2)), g(41(2)) = P2(f ().

Hence, ¢1f = fo2, 19 = fi2, and it follows o = froif = f2(p1), Yo =

719 = (f x g)(¥1). Therefore, h(p1,91) = (f*(¢1), (f x g)(¢1)).
Sufficiency. Let isomorphisms f of G; onto Gy and g of G} onto G define

a mapping h : S; — S by the formula h(p,v) = (f2(¢), (f x g)(¢)) for all
(p,¥) € S1. Let (p,7) € S1. By the definition ¢ € End G1, ¥ € Hom(G1,GY),
hence f2(p) = f~lof € End Go, (f x 9)(¢) = f~1g € Hom(G>, GY). It follows
that h(p, ) € Ss.

It is easy to verify that h : S1 — S5 is a bijective mapping. Extra to this, for any
s1 = (p1,%1), s2 = (v2,12) from S the following equalities hold:

h(s1-s2) = (f2(p102), (f * 9)(p1¢2)) =
= (froupaf, f orbag) = (F orf f oo f, fhon f T ebag) =
= (f*(e1) 2 (@2), (1) (f x 9)(¥2)) =
= (f*(1), (f x 9) (1)) - (f*(02), (f X 9)(¥02)) = h(s1) - h(s2).

Thus, h is an isomorphism of S; onto Ss.
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Let x € X4, (¢,%) € S1. The following equalities hold:
F@) %2 h(s) = f(@) %2 (f2(), (f x 9)(¥)) = f2(¢)(f(x)) =
= ([N (f@) = fle(f 1 (f(2) = F(e(x) = flz* s),
f(@) og h(s) = f(x) o2 (f2(9), (f x 9) (@) = ((f x 9)(¥))(f(x)) =
= (f7Mg)(f(2)) = g(b(f 1 (f(2)))) = g(b(x)) = g(x o1 5).

Therefore, the ordered triple v = (f, h, g) is an isomorphism of the automaton A;
onto the automaton A,. O

Theorem 2 implies that for automata A; = Atm(G1,GY), A2 = Atm(G2, GS)
any isomorphism v = (f, h,g) of A; onto Ay is completely determined by a pair of
isomorphisms of state graphs and output signal graphs. On the other hand, the set
of isomorphisms of semigroups of input signals of such automata is much larger than
the set of isomorphisms of automata. It is demonstrated by the following example.

Let G = (X, p) be a graph with connectivity components Xy, Xa,..., X,,,...
and G' = (Z,<). For any n € N we define a transformation g, of the graph G’ in
such a manner: g,(z) = z 4+ n (z € Z. All transformations g,, are automorphisms
of the graph G’. Consider a universal graphic automaton Atm(G,G’) with the
semigroup of input signals S = End G x Hom(G,G’). For any pair (p,9) € S
we set h(p,¥) = (¢,¢¥), where ¥?(a) = g,(¥(a)) for all a € X, satisfying the
condition ¢(a) € X,. It is clear that the mapping h is an automorphism of the
semigroup S, but it cannot be the second component of any automorphism of the
automaton Atm(G,G’).

The following example shows that for universal graphic automata not all isomor-
phisms of the state graphs and families of isomorphisms of the output signal graphs
define isomorphisms of the semigroups of input signals.

Let G = (X¢g,pa),H = (Xu,pn) be reflexive graphs pictured in Figure 1
(loops are not shown), Atm(G, H) is an universal graphic automaton with the
semigroup of input signals S = End G x Hom(G, H). Consider the following two
automorphisms of the graph H: g; = Ay — identity automorphism of the graph H,
g2 = 1 ; ; j ) For each (p,¢) € S we set h(p,v) = (p,¥?), where
VP (x) = gy(z)(¥(x)) for all z € Xg. Then for the identity endomorphism ¢ = Ag
and for the constant mapping v of the set X to the vertex 2 of the graph H, the
condition (¢, ) € S holds, but h(p,) ¢ S because

h(p,9) = (AG’< g¢(1)(1¢(1)) 9o(2) w<2> ))

= (8 (ot pain )= (4 (2 3))

< ) > ¢ Hom(G, H).

Therefore, h ¢ Aut S, i.e. the identity automorphism Ap of the graph H and the
family of automorphisms g1, go of the graph H do not define an automorphism of
the automaton Atm(G, H).

The following result describes the structure of isomorphisms of the semigroups
of input signals of universal graphic automata.

and
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Fia. 1. Graphs G and H.

Theorem 3. Let Gy — (Xy,p1), G4 = (X0,ph), Ga = (Xa,p2), G — (X}, ph)
be reflexive graphs, besides G| is an antisymmetic graph, G is a nontrivial quasi-
acyclic graph with connectivity components {X1,}, i € I, and let Atm(G1,GY),
Atm(Ga, GY) be the universal graphic automata with the semigroups of input signals
S1 = End Gy x Hom(G1,GY) and Sy = End G2 x Hom(G2, GY) correspondingly.
Then a mapping h : S1 — Sy is an isomorphism of the semigroup S1 onto the
semigroup So if and only if for some isomorphism (anti-isomorphism) f : G1 — Go
and some family of isomorphisms (anti-isomorphisms) g; : G} — G4, i € I, for all
(p,v) € Sy the mapping h is defined by the formula

(2) h(e,v) = (f2(¢), %),

where V¢ (f(a)) = gi(v(a)) for any a € X1, such that the condition p(a) € X3, is
satisfied for some i € I.

Proof. Necessity. Let h : S — S5 be an isomorphism of S; onto S;. By Theorem 1
the isomorphism h inspires bijections f : G; — G2, ¢, : G} = G4 (a € X1) by the
formulas:

fla)=b<= (Fy € X{,z € X3) h(ca,cy) = (cv,c5) (a € X1,b € X2),
9a(y) = 2 <= h(ca, ¢y) = (cfa), ¢2) (y € X1,2 € X3).

According to construction of the bijections f, g, (a € X1) we have:

(3) h(ca,ce) = (Cf(a), Cgu(a))s h_l(cf(a),cy) = (Ca,c -1 (2)).

By Theorem 1 for any pair of mappings (¢,1) € S; equation (2) holds, the
mapping f is an isomorphism (or an anti-isomorphism) of G; onto Gs, the family
of mappings g, are isomorphisms (or anti-isomorphisms) of G} onto G} for all
a € Xl.

We now show that for adjacent vertices a,b of the graph G; the isomorphisms
Ja, 9 are equal. For definiteness, let (a,b) € p; and let f be an isomorphism of
G1 onto Gs. If the edge (a,b) € py is proper, then by Lemma 1 [13] there exists
an endomorphism ¢; € End Gy such that ¢1(X;) = {a, b}, v1(a) = a, p1(b) = b.
If the edge (a,b) € p; has an opposite edge, then consider the transformation
w2 : G1 — G1, which is defined for all © € X; by the formula

(u) = a, u=a,
2= b, u#a.
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Obviously ¢ € End G;. Therefore, in any case there is an endomorphism ¢ €
End G; such that ¢(X7) = {a, b}, p(a) = a, p(b) = b. Then for all z € X| we get:

o) = (Pt = (£ (0 S O ) s,

Since (a,b) € p; and f is an isomorphism of G; onto Ga, then (f(a), f(b)) € pa,
and since ¢¢ € Hom(Ga, G), then (g4(z), go(z)) € ph. Similarly, using formulas (3),
it is possible to show that for f(a), f(b) € X5 and any y € X, the condition
(921 (y), 95 *(y)) € py holds. Then for isomorphisms g,, g of the graph G onto the
graph G} and for any « € X| we get:

(9a(2), gu(x)) € phy => (g " (9a()), 9, " (96(x)) € P <= (g5 " (9a(2)), ) € pi,
(92 " (9a(2)). g5 (ga(2))) € p| <= (x,9; '(ga(2))) € p}.

Since the graph G is antisymmetric, then g, '(ga(2)) = =, hence g, - g, * = Axy,
ie. g = go.

Sufficiency. Let for an isomorphism f : G; — G5 and a family of isomorphisms
gi : GY = G4 (i € I) a mapping h : S1 — Sz is defined by the formula

h(p,¥) = (f2(9), %),

where ¥?(f(a)) = g;(¥(a)) for all a € X; such that the condition p(a) € Xy, is
satisfied for some i € I.

Let’s check that h(p, ) € Sy for any (p,1) € Si. In Theorem 1 it was shown
that f2 is an isomorphism of End G onto End G, hence f?(y) € End Gs.

Let (ugz,ve) € p2, u1 = f~1(ua), v1 = f~!(v2). Since f is an isomorphism of
G1 onto Ga, then (uj,v1) € pi, and since ¢ € End Gy, then (p(u1),o(v1)) € p1
and ¢(uq), p(v1) belong to some connectivity component X;, of the graph Gj.
Since ¢ € Hom(G1,GY), we get (¥(u1),9¥(v1)) € pi. Then for the isomorphism
g; of the graph G) onto the graph G% we obtain that (g;(¢(u1)), g:(¥(v1))) € ph
and, consequently, (¢¥¥(uz),9?(v2)) € ph. This implies ¢ € Hom(G2,G5) and
h((p, dj) € 52-

Let us verify that the mapping A is a bijection. Let us show that the mapping h is
injective: let (p1,%1), (p2,%2) € S1, (p1,91) # (w2, ¥2). If 1 # o then f(p1) #
f?(¢2), hence h(p1,11) # h(pa, ¥2). If 1 = @9, then 1)y # 1)9, that is, there exists
an element a € X; such that ¢;(a) # 1¥2(a). Suppose the element a belongs to
a connectivity component Xi, of the graph G;. Then g;(¢1(a)) # gi(¢2(a)) and
hence ¥ (f(a) £ VE(f(0)), Le. ¥f # GF. Thus h(pr,n) # A(ps, ) and b is
injective.

Let us show that the mapping h is surjective: let (p2,1%2) € Sy. We define

—1
mappings @1 =f2 (p2), ¥1(a) = g; ' (¥2(f(a))) for all a € X; such that ¢;(a) € X7,
(for some ¢ € I. In Theorem 1 it was shown that ¢; € End G;. Let us show
that ¢, € Hom(G1,GY). Let (a,b) € pi1, then (¢1(a),p1(b)) € p1, and elements
v1(a), p1(b) belong to the same connectivity component X;, of the graph G;. As a
result, we get the equalities:

P1(a) = g; H(¥2(f(a)), ¥1(b) = g; ' (2(F(D))).

Since f is an isomorphism of G onto Ga, it follows that (f(a), f(b)) € pa.
Moreover, 12 € Hom (G2, G%) implies (¢2(f(a)), ¥2(f(b))) € p, and from the fact
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that g; is an isomorphism of G| onto GY it follows that

(g, " (W2(f (@), g7 (W2(f(D)))) € Pl

ie. (¢1(a),¥1(b)) € pi. Thus (p1,91) € S1, h(p1,¢1) € Sa2. Hence h is surjective
and, as a result, bijective.
Let us verify that the mapping h is consistent with operations of semigroups

S1 and S>. Let (@1a¢1)7 ((pg,’(/)g) € 51. By definition, we have (@1,’(/)1) . ((pg,wg) =
Y192, @1¢2). Then

h((@1,91) - (p2:2)) = h(p102, p112) = (f*(p1902), (P1102)71#2),
h(p1, 1) - b, 2) = (f2 (1), ¥f") - (f*(p2), ¥5?) =
= (A(e)f (@2) 2 (e1)05?).

Hence f2(p102) = f2(01) f2(p2).
Consider arbitrary vertex a € X; of the graph G;. Denote ¢;(a) = b, p2(b) =

s(b) = d. Then

(p192)(a) = pa(p1(a)) = p2(b) = ¢,
(p1102)(a) = Pa(p1(a)) = 2(b) = d.

As a result, we get

(p11p2)7192(f (a)) = gmm () ((p192)(a)) = ge(d),
Fe0)vs” (f(a) = 57 (£ (1) (a)) = ¥5* (f(#1(a)) =
= Y32 (f(0) = G () (V2(b)) = ge(d).
Therefore, right sides are equal and the equality

h((p1,91) - (p2,92)) = h(p1p2, P192)

holds. Hence, the mapping h is compatible with operations of the semigroups S1, 52
and h is an isomorphism of S; onto Ss.

Similarly, one can show that the mapping h : S; — Ss is an isomorphism if it is
defined by an anti-isomorphism f of the graph G onto the graph G5 and a family
of isomorphisms g; of the graph G} onto the graph G5, (i € I). O

The results obtained describe the structure of isomorphisms of the universal
graphic automata over quasi-acyclic state graphs and antisymmetric output signal
graphs, and also establish the relationship between isomorphisms of such automata
and isomorphisms of their components (the state graphs, the output signal graphs,
the input signal semigroups).

Let G, G’ be graphs and Atm(G,G’) be the universal graphic automaton over
graphs G, G’. The obtained results on the structure of isomorphisms of the universal
graphic automata allow us to study the relationship between the automorphism
groups of the automaton Atm (G, G') and the automorphism groups of its components.
Denote by Ant G the set of all anti-automorphisms of the graph G, by (Aut G)I —
the set of families {g;};cs) of automorphisms of the graph G.

Theorem 4. Let G = (X,p) be a nontrivial quasi-acyclic reflexive graph with
connectivity components {X;} (i € I), G' = (X', p') be an antisymmetric reflexive
graph, and let A = Atm(G,G’) be the universal graphic automaton with the input
signal semigroup S = End G x Hom(G,G"). Then for the automorphism group
Aut A of the automaton A, the automorphism groups Aut G, Aut G’ of graphs G,
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G’ and the automorphism group Aut S of the input signal semigroup S, the following
conditions hold:
1) Aut A= (Aut G x Aut G')U (Ant G x Ant G');
2) the automorphism group Aut S is isomorphic to the algebra with the basic
set P = (Aut Gx (Aut G')")U(Ant Gx (Ant G')") and the binary operation -,
which is defined by the formula

(4) (fAgitier) - (f',{gi}ier) = (f f' A9 '9}-(1-)}2‘61) ,

where f, f' are automorphisms (anti-automorphisms) of the graph G, {g; }ic1,
{9} }ier are families of automorphisms (anti-automorphisms) of the graph G’
and [ is a permutation of the set of indices I induced by the automorphism
(anti-automorphism) f.

Proof. The proof of the part 1) of current theorem follows directly from Theorem 2.

Any automorphism (anti-automorphism) f of the graph G = (X, p) defines a
permutation f of the set of indices I by the formula f(z) = j, where for any
x € X;, i € I the condition f(z) € X; is satisfied for some j € I.

According to Theorem 3, every automorphism h of the semigroup S is determined
by an automorphism (anti-automorphism) f of the graph G and a family of automor-
phisms (anti-automorphisms) {g; }icr) of the graph G’ so that for all (¢, ) € S the
formula

h(g,¥) = (f* () ¥¥)

holds, where ¥ (f(a)) = g:(¢(a)) for all a € X such that the condition ¢(a) € X;
is satisfied for some ¢ € I. This implies that the formula I'(h) = (f,{gi}icr)
(h € Aut S) defines the bijection T' : Aut S — P. Let us show that for all
hi,hy € Aut S the condition I'(hy - hy) = I'(hy) - T'(ha) is satisfied. Let T'(hy) =
(fi,{9{}ier), T(h2) = (f2,{9}ier), where fi, f € Aut G (or Ant G), {g; }ier,
{g?}ier € (Aut G')! (or (Ant G”)). By the definition of the binary operation - in
the algebra P the following equalities hold:

L(h1) - T(ha) = (f1,{9{ bier) - (f2. {97 }ier) = (fl - f2,{g} ’9]261@)}161) )

Let’s denote hy - ha = h, fi - fo = f and g} '9]2?1(1‘) = g; for every i € I. Let
(p1,v1) € S and hi(p1,11) = (p2,%2). On the other hand, by Theorem 3 we have

hi(pr, ) = (F(p1),¥f"), where of' (a) = g} (¢1 (f7 ' (a))) for any a € X such
that the condition ¢y (f;'(a)) € X; holds for some i € I. Hence ws = fZ(i01),

Yo = Y. Similarly, for (p2,102) € S we get ha(p2,v2) = (f3(p2),¥5?), where
¥v$%(a) = g7 (¥2 (f3 (a))) for any a € X such that o, (f; '(a)) € X; holds for
some i € [.

As a result, we get:

f3(p2) = 15 (f7 (#1)) = (f1.f2)* (1) = F2 (1)

In addition, for every a € X we get:
o (f5 (@) = (i (p1)) (fo H(@) = (fi "erfr) (f2 (@) =
= (f5 " fie1f) (a) = ((f1f2)71 <P1f1) (a) =
= £ (o1 (1) @) = F (1 (F (@)
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and
U2 (f51(@) = 0" (@) = g} (0n (57 (2" (@)))) =
=gk (5171 0) @) = gt () n) (@)
=gt ((F711) (@) = g} (1 (7 (@),

where the index 7 € [ is such that
o1 (fi' (fs (@) = (5" 1 1) (a) =
= (a2 1) (@ = (Fe1) (@) = 1 (f (@) € Xa:

Consequently,

h(e1,91) = (hiha) (p1,91) = ha (h1 (p1,7%1)) =
= hs (p2,%2) = (f3(p2), ¥5?) = (f (1), ¥5?)

where for every a € X equations hold
1/);02 (a’) = 912?1(1-) (1/}2 (fz_l(a))) = 912‘](1') (gzl (¢1 (f_l(a)))) =
= (993 ) (1 (P (@) = 9 (1 (/@)

since the vertex ¢ (ffl(a)) belongs to the connectivity component X;, the vertex
¢2 (f3 (@) = fi (¢1 (f~*(a))) belongs to the connectivity component Xy and
1.2 _
9i9h,m) ~ 9
It is easy to see that f = fifs is an automorphism (anti-automorphism) of
the graph G, for each index ¢ € I the mapping g¢; is an automorphism (anti-
automorphism) of the graph G'. Hence I'(hy - ho) = (f, {9 }icr), where f = fifo,
gi = gilgf; (i) for all i € I. Tt follows that
102

[L(h1) - T(he) = (f1f27 {91‘1912?1(1-)}1'61> =I'(hy - h2)
and the mapping I' : Aut S — P is an isomorphism. (]

Corollary 1. Let G = (X, p) be a nontrivial quasi-acyclic reflexive graph, G' =
(X', p") be an antisymmetric reflexive graph, and let A = Atm(G,G’) be the universal
graphic automaton with the input signal semigroup S = End G X Hom(G,G"). Then
the automorphism group Aut S of the input signal semigroup S is isomorphic to a
subgroup of the union of the wreath products [14] of the groups

(G, Aut G') 1 (G, Aut G)) U (G, Ant G") 1 (G, Ant Q) ,

which consists of ordered pairs (v, ), where ¢ € Aut G and ¢ € (Aut G')G or
v € Ant G and ¢ € (Ant G’)G, Y(a) = (b) for all adjacent vertezes a,b € X of
the graph G.

Corollary 2. Let G = (X, p) be a nontrivial quasi-acyclic reflexive connected graph,
G' = (X',p') be an antisymmetric reflexive graph, and let A = Atm(G,G") be
an universal graphic automaton with the input signal semigroup S = End G X
Hom(G,G"). Then the automorphism group Aut S of the input signal semigroup S
is isomorphic to the group (Aut G x Aut G') U (Ant G x Ant G').
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