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ON THE BLASCHKE MATRIX PRODUCT AND AN ANALOGUE
OF THE HORWITZ-RUBEL THEOREM FOR THE BLASCHKE
MATRIX PRODUCT

G. KHUDAYBERGANOV, J.SH. ABDULLAYEV

ABsTRACT. We study the properties of the Blaschke product in the
matrix unit circle ®; (m,m) = {Z € C[m x m]: ZZ* < I}, and in the
matrix upper half-plane S, = {Z € C{m x m] : ImZ > —oI}. A matrix
analogue of the Horwitz-Rubel theorem about the Blaschke product in
the complex plane is proved.

Keywords: Blaschke product, matrix unit circle, matrix upper half-
plane, Horwitz-Rubel theorem.

1. INTRODUCTION AND PROBLEM STATEMENT

The Blaschke product plays an important role in many problems of classical
complex analysis. Related with the important applications of the Blaschke product
in complex analysis, since the second half of the last century, interest in the study
of functions of the Blaschke product type has increased and several of its analogues
have been obtained (see, for example, [1], [2], [3], [4], [5], [6], [7], [8])-

We recall the Blaschke product in C. Let U = {t € C: |t| < 1} be unit circle.
The finite Blaschke product is a function of the form

o t—t;
B(t) = e Lt < 1.
()=c Jl;[ll—tjt t

The number n of its zeros is called the degree of the Blaschke product. The Blaschke
product of degree 0 is a constant, which module is equal to one.
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The Blaschke product has the following properties (see, for example, [9, 10]):

(i) B is continuous up to OU;

(ii) |B] =1 to 9U;

(iii) B has a finite number of zeros in the circle U.

These three properties determine B (t) up to a factor of €!?. If a holomorphic
function f satisfies (i),(ii) and (iii), and B is a finite Blaschke product with the
same zeros, then |f/B| < 1 and |B/f| < 1 to U by the maximum principle, and
f/B is constant.

The following theorem holds (see [9]):

Theorem 1. Let {t,} be a sequence of points on the circle U, such that

oo

D> (1= |ta]) < o0

n=1
and m is the number of t,,, which equal to 0. Then the Blaschke product

(1) By =t I 71—

o tnl 1=l

converges in U. The function B (t) belongs to H* (U), and its zeros are exactly
{tn}, and each zero has multiplicity equal to the number of its occurrence in the
sequence {t,}. Moreover, |B (t)| <1 and

B ()] =1

almost everywhere.

By definition, an infinite Blaschke product in U is a function of the form (1).
The following Horwitz-Rubel’s theorem expresses one of the most important
properties of the Blaschke product (see [7]).

Theorem 2. Let

k —a;
0 -1
k

—b;
111 i

j= 1
be the Blaschke products of degree k, where a;,b; € U = {te C:|t| <1}. If
Ay (Nj) = A (X)) for k distinct points A1, Az, ..., A\ from U, then
A1 (t) = A2 (t) .

Note that the specified (canonical) form for A; (A;) and As (A;) is essential.
Indeed, let |¢|] = 1,¢ # 1 and

b t—a
%
= C 5
Hl—ajt
Jj=1

t—ca k t—a,;
B(t)=—— ][ —

1-— calt =1 1— ajt’

IThe Hardy class H*° (U) is the set of all holomorphic and bounded functions in U.
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where a; # 0 for any j. Then A (a;) = B(a;) =0 for j =2,3,....,k and
k
A4(0) =B ) =c[[(-1)a;,
j=1

but A(t) # B(t). Hence, A # kB for any constant k. Theorem 2 is essentially
based on the possibility of representing rational functions A4; (t) and A (t) in the
form:
o+ art + ...+ ap_1tF L+ ¢k
(2) AL(t) = ——— e
1+ a1t + ...+ aqt + apt

(3) As () = Bo 4:51754‘"-4-55_1%—1 -l:tk'
1+ Be1t + ... + Bath=1 + Botk’

where the coefficients o, a1, ..., ax—1 and By, B1, ..., Bu—1 are expressed by a; and

bj, j=1,2,..., k, as follows:

Qp—2 = G102 + @103 + ... + ag—10x,
op_1 = — (a1 + ...+ ak) s
and

Br—2 = biby + b1b3 + ... + b _1by,
Br_1=—(by + ... +bg).
Therefore the functions A; (t) , Ag (t) are defined uniquely by k different parameters
g, 1, ooy k13 Bo, B1, -, Br—1. Further, we introduce the Blaschke product in matrix
domains, and then we obtain some of its properties and give analogues of the above
Theorem 2.

2. PRELIMINARIES

Many fundamental theorems of classical complex analysis of one variable still do
not have full-fledged generalizations in multidimensional complex analysis. Many
formulas in use today are not complete, although each new obtained formula is
stronger and more convenient than the previous one. In the 30s and 60s of the
twentieth century such scientists as E. Cartan [11], C.Siegel [12], L.I. Pyatetsky-
Shapiro [13] and Hua Luogeng [14] investigated the problems of multivariate complex
analysis using a matrix approach. They conducted research mainly in the classical
domains? and dealt with questions related to the theory of functions in these
domains and the geometry of the domains themselves. Further, B.S. Vladimirov [15],
[16], A.G. Sergeev [17], [19], [18], Sh. Zhou [20], [21], G. Khenkin [22], S.G.Gindikin
[23], Khio-Ming [24], G.Khudayberganov [25], [26], [27], [28] and others continued to
study the properties of holomorphic functions in matrix domains. In these scientific
studies, the biholomorphic equivalence of these domains with bounded domains was
widely used in constructing the theory of holomorphic extensions in unbounded

2Recall that a bounded domain D C C" is called classical if the group of its holomorphic
automorphisms is a classical Lie group and is transitive on it.
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domains. In the course of these investigations significant results were obtained in
domains of the space C™ and in matrix domains. Despite this, many unresolved
problems remain in these areas, the solution of which is very important.

Great interest in complex analysis on matrix domains, in recent years, is associated
with applications in mathematical physics, the theory of electrical circuits and in
solving practical problems using them, including in solving problems of quantum
field theory and others, interest in this direction has increased even more complex
analysis. About these in the works of V.S. Vladimirov [15, 16], A.G.Sergeyeev [17],
[19], Sh. Chou [21]. Also, interest in the pipe of the future has increased due to
the discovery of the Penrose transform, which allows us to reduce the study of
holomorphic solutions of the most important equations of field theory to the study
of the complex structure of the space of R. Penrose twistors (see [29], [30], [31], [32],
[33]), A.V. Efimova and V.P. Potapova (see [34]), F. Barbaresco [35, 36|, E.Bedford
and Y.Dadok [37], S.A. Huggett, K.P.Tod [38].

The selection of classes of biholomorphically equivalent domains is of great
importance in multidimensional complex analysis and its applications. It is fairly
well known that any two simply connected domains of the same type on the
complex plane map conformally onto each other (Riemann’s theorem). But in
the multidimensional case, the situation is completely different. For example, two
simplest domains, a ball and a polydisk from the space C™ do not map biholomorphically
onto each other. Therefore, in multivariable complex analysis it is very important
to have a stock of domains that are biholomorphically equivalent to each other.
Since the set of biholomorphic automorphisms of the matrix unit circle and the
matrix upper half-plane are given by linear-fractional functions of matrices, it is
natural to consider Blaschke products (for these matrix domains) as a function of
matrices. Such products for the matrix circle and for the matrix upper half-plane
were introduced in [39].

3. MATRIX UNIT CIRCLE AND MATRIX UPPER HALF-PLANE

Consider the space sz, the space of m? complex variables. In some questions, it
is convenient to represent the point Z of this space as Z = (zij)?fj:l, i.e., as square
[m x m]-matrices. With this point representation, the space C™ will be denoted by
C[m x m]. Denote by C"[m x m] the direct product of n instances of [m x m]-matrix
spaces C[m x m] x - - - x C[m x m].

n
Let Z = (Zi,...,Zy,) be a vector composed of square matrices Z; of order m,

considered over the field of complex numbers C. Let us write the elements of the
2
vector Z = (Z1, ..., Zyp) as points z of the space C"™ :

1 1 1 n n n n nm?
4) =z= (zgl), ey zgnz, ey zy(n}, ey z,%ﬂn, ey zgl), ey zng, ey zy(nl), ey z,(m)n) eCcvm .

Hence, we can assume that Z is an element of the space C" [m x m], i.e., we came
to the isomorphism C” [m x m] = crm®,
The matrix unit circle (the classical domain of the first type according to E.
Cartan’s classification [11]) is defined as the set
Rr(m,m)={Ze€Clmxm|]:ZZ* < I},

where Z* = Z' is conjugate and transposed matrix to Z, notation ZZ* < I (I =
I,,, is the identity matrix [m X m]) means that the Hermitian matrix I — ZZ* is
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positive definite, thus, all its eigenvalues are positive. It is useful to note that, if
Z € C[m x m], then

det(I -ZZ*)=det(I - Z"7).
In addition, the conditions I — ZZ* > 0 and I — Z*Z > 0 is equivalent. This

statement is also true for rectangular matrices (see Theorem 2.1.3 in [14]).
The boundary R (m,m) consists of the set

OR; (mym) ={Z €Clmxm]:det(I —ZZ*)=0,ZZ" < I},

i.e., from the set of matrices Z, for which the matrix I —ZZ* is non-negative definite
but not positive definite Hermitian matrix (its eigenvalues are non-negative and at
least one of them is equal to zero).

On the border lies the set

'p={ZeClmxm]:Z2Z* =1},

which is called the skeleton of ®; (m,m) (note that, I'y is the Shilov boundary for
1 (m,m)). It is clear that, the set I'y; is the set of all unitary [m x m]-matrices (the
set of unitary matrices of order n is usually denoted by U (n)). It should be noted
that, the set of matrices {Z : det (I — ZZ*) = 0} contains a bounded component
distinguished by the condition ZZ* < I, and unbounded component, for which
ZZ* > I. These components intersect along the skeleton I's; (see [14]). The following
diagram shows the matrix unit circle ®; (m, m) (see Fig. 1).

T-2% <0

Note that, the matrix unit circle is a bounded domain centered at O (O is zero

matrix). Indeed, if we denote by 2/ = (z{, zg,. 2 ) of any j-th row of the matrix

* Pm

Z, then the elements of the main diagonal I — ZZ* will be 1 — |zj 2, and since this

matrix is positive definite, hence they are all positive. Therefore

m

|Z|2:Z|,zj’2 <m

J=1

and the domain R; (m,m) lies in the ball B = {|Z| < /m}. Further, from [14] it is
known that, for any Z € C[m x m] there exist unitary matrices U of order m and
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V of order m such that

A0 0
0 X - 0

(5) z=Uu|. v
0 0 Am

for some A1 > Ay > ... > \,,, > 0. Hence it follows that
det (107 = 22') = (1= X) .. (1= 22,) = det (1) — 2'7) .

Therefore, for a given Z € C [m x m] the relation 1™ — ZZ' > 0 holds if and only
if1—XA2>00r A\; < 1,s=1,....,m. On the other hand, for any Z € B™’ (1), where

m m
2 2
B™ (1) = Z = (le, vy Z1my R21 445 Z2ms ---;Zm1~-~7zmm) eC™ . ZZ |Zsj|2 <1
s=1j=1

is the ball from space (sz, we have

m m m m B m
2P =3 Y el = 30 S ey = 5 (22) = SN < 1
s=1 j=1 s=1 j=1 s=1
Whence A < 1(s=1,...,m) and Z € R; (m,m). Therefore, we have the following

relation

B™ (1) Cc Ry (m,m).
For m = 1 the domain R; (m,m) coincides with the unit circle, and the I'y is

the unit circle in the complex plane C.
For m = 2 the domian 7 admits the representation

r={ZeC2x2: ¥(Z) <0},

where
Y(Z) = max [\211\2 +lzal =1, Jzar]” 4 222? = 1, w0 (Z)} ,

Vo(Z) =det ZZ* + SpZZ* — 1,
and Sp (Z) is the trace (hole) of the matrix Z (this representation can be obtained

from Sylvestr’s criterion for a positive definite matrix).
The matrix upper half-plane is defined as the set of matrices

={ZeCmxm]:ImZ >0},

where Im Z = % (Z — Z*). Tt is the usual upper half-plane when m = 1.

The boundary 9 of this domain consists of matrices Z, for which Im Z is a
non-negative definite but non-positive definite Hermitian matrix (its eigenvalues
are non-negative and at least one of them is equal to zero). Since the vanishing of
the eigenvalues of a Hermitian matrix is expressed by a real analytic equality, then
O3 consists of pieces of real analytic surfaces of dimension 2m? — 1.

The set

S(S)={Z:ImZ =0} ,
which lies on 9, is called the skeleton of the upper half-plane <. It consists of all
Hermitian matrices. The Hermitianity condition is expressed by m? independent
equations, so the real dimension of S(J) is equal to m?2.
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For m = 2 this special case has the form

Z12—Z21
S = {Ze(C[ZxQ] : (ImZ“ 27 ) >o}.

> Im 299

This domain is defined by the inequalities
1
S = {Imzn > 0,Im 211 Im 299 — Z'Zu — 221|2 > 0} s
and its boundary by the equation
1 _ 2
8992 IIIlZ11 ImZQQ = 1|2’12 —Z21| s

where the skeleton is the real four-dimensional plane
S(%) = {Im z11 =Imzoo = 0,215 = 521} .
Note that, the non-degenerate affine transformation
®(2) = .211+222 Z12 + 221
i(201 — 212) 211 — %22

maps <& to the domain defined by the inequalities
7(2) = {Im 211> 0,(Imz11)> > (Im 212)° + (Im 21)* + (Im z22)2} ,

which called the pipe of the future (see [16]), i.e. into the tubular domain T =
R* (z) + iC over the cone

2 2 2 2
C = {yli — v — yio — y51 > 0},
more precisely, over one cavity C; of this cone for which y11 > 0 (we put zj, =
Tk +iy;r). Then the boundary 03 maps dC; x R* (), and the skeleton becomes

into the real subspace R* (2), more precisely, into the product of the vertex of the
cone Cy by it. These implementations are given in more detailed in [15], [16].

4. BLASCHKE MATRIX PRODUCT

In this section, using the Blaschke product for the matrix unit circle and the
matrix upper half-plane, some results are obtained for one variable.

A finite Blaschke matrix product of degree k in 7 (m, m) we will call a function
of matrices of the form

k
B(z)=[[z-P)u-Pz)",

Jj=

=

where P; € %7 (m,m), j =1,2,...,k.

Theorem 3. The Blaschke product for the matriz unit circle has the following
properties:

(i) The function B (Z) is continuous up to the boundary Ry (m,m);

(i) B(Z)B*(Z) =1 onTy;

(iii) B(P) = 0,0 € Ry (m,m),j =1,2, ... k.
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Proof. i) follows from the fact that det (I — Py Z) # 0. P; € R; (m, m) by condition.
Since the conditions I — ZZ* > 0 and I — Z*Z > 0 are equivalent we have P’ €
Rr (m,m). From the relation

- (P2)(P;2) =1-P;Z2°P;= (I - PiP)) + Py (I - ZZ*) P; > 0

follows that (PJ-*Z ) € Ry (m,m). Therefore, all eigenvalues of the matrix (PJ?*Z) €
R (m,m) lie inside the unit circle. And so det (I — P;Z) # 0.

ii) According to [14], the automorphism ; (m,m), which maps an arbitrary
point P € Ry (m,m) to the origin has the form

(6) W=A(Z~-P)(I-P*Z)B™},
where A, B are [m X m] -square matrices such that
A(I-PPYA' =I,B(I-P'P)B = 1.
The inverse mapping to (6) has the form
(7) Z=(I-A"'WBP") ™ (A'WB+P).
Since for P = O, it follows from (7) that Z = A~'W B, then the automorphism (6)
can be represented as
(s) (=@-P)1-Pz)

Now

*

k k
B(z)B (2)=[[(z-P)(1-P2)  |[[(z-P)(I-P;2)""| =

_ [(Z_ ) (I_sz)fl} {(Z_ Py) ([—P,C*Z)*l} {(Z— Pi) (I - P;‘Z)*lr_..

*

[(Z —P)(I - Pl*Z)*l} .
Due to (8) for Z € I'p we have
(z-p)(a-r2) ] [z-P)(-P;2)7] =1,

for each j (j = 1,2, ..., k). This implies that B (Z) B*(Z) =1 on I'y.
iii) Since the function B(Z) vanishes at the points Z = P; we get reality of the
statement iii.

O

5. THE BLASCHKE PRODUCT FOR THE MATRIX UPPER HALF-PLANE

Let S, = {Ze€Clmxm]:ImZ > —ocl} be the matrix half-plane of square
[m x m] matrix in the space C [m x m], where o > 0.
The next theorem is true.

Theorem 4. Transformation
(9) W =(Z - A* +2ial)”" (Z - A),

where A € Sy, A — A* = cl, c € C, biholomorphically maps S, to the matrix unit
circle
Rr(m,m)={WeClmxm]: WW* <I}.
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Proof. First of all, let us show that the next matrix is invertable
(Z — A* 4+ 2i01).
Let p be column vector of length m and
(Z — A" +2i0l)p =0.
Hence
(Z+icl)p= (A" —iol)p,
P (Z* —iol) = p* (A" +iol).
Multiplying both sides of the first equality on the left by p*, the second equality on
the right by p and subtracting the second equation from the first, we get

P (Z—Z"+2icl)p=—p" (A— A" + 2ic]) p,

Consequently,
pr(ImZ+ol)p=—p*(ImA+ol)p.
Since
ImZ +i0l >0,
ImA+iol >0,

then p = 0. This means that the matrix
(Z — A" + 2iol)

is nondegenerate, i.e. it is invertible and therefore the map (9) is holomorphic in
Sy. Now we need to show that (9) maps S, to Ry (m,m). This follows from the
following relationship:

I—WW*=1—(Z—A*+2icl) " (Z—A)(Z" — A*)(Z* — A—2ic])"" =
= (Z — A" +2i0]) ' [(Z — A" + 2i0]) (Z* — A —2ic]) — (Z — A) (Z* — A*)] x
«((2-ar+ 21'01)—1)* -
=G[ZZ* — A*Z* +2i0Z* — ZA+ A*A —2ic Al — 2icZ + 2iA*o ] + 40°T —

. A— A* . * . A— A Z =7 . *
2z< 5 +0)2w]G G[21< 5 +0)x( 5 +J>(22)]G =

—Z7* + AZ* + ZA* — AAY|G* = G[2i (A ;A +a) A4 (‘4 5 A4 a) 2i—
1

A— A* Z -7
:4G( 5; —|—JI) ( 5 +JI)G*:4G(ImA—|—JI)(ImZ+UI)G*,
i i
where G = (Z — A* + 2i0) ™"
It is known that, the Hermitian matrices B and ABA* are both positive definite
if A is nondegenerate. Since A — A* = ¢, c € C, then

B=(ImA+ol)(ImZ+ol)=[ImA+ol)(ImZ+ol)]" = B*,
i.e. B is Hermitian matrix. Therefore, the matrices [-WW* and B = (ImA+ol) ImZ + ol) =
0 (Im Z + oI), are simultaneously positive definite where 6 is a positive number.
This says that (9) maps S, to 7 (m, m).
Now from (9) we will find the inverse mapping

(10) Z=[A— (A" =2ic)W](I -W) "
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Since for W € R; (m,m) all its eigenvalues are less than one, then det (I — W) #
0, i.e. the matrix (I — W) is nondegenerate. This implies that the map (10) is
holomorphic in £; (m,m). Due to the relation

I—WW*=4(Z — A* + 2icl) " (Im A + o) x

x (ImZ +ol) (Z — A* + 2ial)"")*,

it can be seen that for W € Ry (m,m), i.e. [ — WW* > 0, the matrix G =
(Z - A"+ 22’0])717 is non degenerate also and hence, Im Z + oI > 0, i.e. (9) maps
R (m,m) to S,. The statement is proved. O

In a special case, when A = ¢I and o = 0, the transformation (9) is the well-
known Cayley transformation. In addition, (9) transforms the skeleton

I',={Ze€Cmxm]:ImZ =—0ol}
of the matrix half-plane &, the set
Pp={W:WW*=1}

the skeleton (Shilov boundary) $; (m, m), which consists of unitary [m x m] matrices.
By a finite Blaschke matrix product of degree k in S, we say the function of
matrices (mapping C[m x m] — C[m x m] of the form (9))

qj
s

k
(11) B (2) =] [(zfA;wzm)*l (Z—Aj)}

where A; € H,, Aj — A} = ¢;1,¢; € C,g; are positive integers, j = 1,2, ..., k.
Based on Theorem 4 for the Blaschke product of the form (11), we have the
following

Corollary 1. The Blaschke product of the form (11) has the following properties:
i. By (Z) is continuous up to the boundary Sy ;
ii. Bp(Z)Bi(Z) =1 on T;
ifi. By (A;) = 0,0 € Ry (mym),j = 1,2, ... k;
. Transformation B (Z) is a map of domain I, to Ny (m, m).

Proof. The first assertion i) follows from the invertibility of the matrices
(Z — A} + 2iol )

for all Z, A7 € S,
Properties ii) is a consequence of the fact that the mapping

W = (Z — A5 +2i01) " (Z — A)), A; € S,

maps S, to Ry (m, m). In this case, the skeleton J, maps to the skeleton I';.

iii) It is clear that the function Bj(Z) vanishes at the points Z = A; , which
makes the third statement true.

iv) Note that, Z, W € R; (m,m) implies that (ZW) € R; (m,m). The validity
of this assertion follows from the statement above and from the Theorem 4. O
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6. THE HORWITZ-RUBEL THEOREM FOR THE BLASCHKE MATRIX PRODUCT

In this subsection, we prove an analogue of the Horwitz-Rubel theorem for the
Blaschke matrix product. It should be noted that in this case, Blaschke matrix
products cannot be represented in the form (2), (3), due to the noncommutativity
of matrices.

Let
k
B (2) = H{(Z P)(I—P;Z)’l},
j=1
B, (Z) = f[[(z Q) (1-Q;2)7",

_
~ Il
—

where P;,Q; € Ry (m,m),j =
the matrix unit disc.
The following theorem is true.

2, ..., k, Blaschke matrix products of degree k for

Theorem 5. Let be Pj,Q; be diagonal matrices. If By (v;) = B (v;) for diagonal
matrices v; from R (m,m), such that det (v; —v;) #0,1# 4,1, =1,...,2, then

To prove Theorem 5, we first prove the following.

Lemma 1. If P;,Q; are diagonal matrices, then for By and By there exists at least
one matrix U € T'y, such that

B (U)=By(U).
Proof. The equality By (Z) = By (Z) is equivalent to the equality

(12) ﬁ (Z-P)(1-P2)7"] = ﬁ (Z-a@) (-2

j=1 =1

For ZZ* =1, i.e. Z € I'y, the matrices Z — P; and Z — @); are nondegenerate, i.e.
det (Z — P;) #0,det (Z —Q;) #0,j =1,2,..., k, so from (12) we get

—1

k k
) J[[@-rya-pr2)||II|Z-@ (-2 || =r
Jj=1 j=1
Consider a matrix function of a scalar variable ¢t € C of the form
i | 1 -
=TT [ -pyr-p) [T [er-@) (1-@;n7]
=1 i

Note that, the elements of ¢ (¢) are holomorphic in the disc {|t| < 1} = U and
continuous functions on U.

If t¢ = 1 then, due to the diagonality of P;, Q;, the function ¢ (t) can be presented
in the form

=TT [ -pPyer—en|[er-rywr -

j=1
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Then the elements of ¢ (t) are functions of the form

-1

sossa):f[[(ﬂ—a-)(ﬂ—%)1} [CEIICET D .
j=1

SS
SS

s=1,2,...,m. Assuming that
P = (pjs) Q5 = (qjs) ,i=1,2,...m,5=1,2,..., k,

we can rewrite the function ¢ (¢) in the form
—1

k
t—p3® (t—py gss ()
a0 =11 | = §S/<t_ ) ==
=1 qj aj (t

Gss

where
k

t—ps*
gos (1) = J] 22

tqus

j=1
If we represent g5 (t) in exponential form, i.e.

gss (t) = |gss (B)] €' arg gas (1),
then g, (1) = 2?28 9:+() (here we assume that arg g, (t) exists). We are interested
in the values ¢, [ts| = 1, such that ¢ (t5) = 1 for each fixed s, i.e.
cos (2arg gss (ts)) +isin (2arg gss (t5)) = 1.

It follows

cos (2arg gss (ts)) =1

sin (2 arg gss (ts)) = 0.
Hence, arg gss (t;) = mn for some n. Thus,

Pss (eiws) =1,
where
eV =1,,0 < ohy < 2m.
Let us now show that for every fixed s, s = 1,2, ..., m, there exists arg gss (t). Denote

d= min _[t—(]>0.

te{pj »dj
¢eou

Then the functions gss (t) are holomorphic and do not vanish in
Us={teC:|t|>1-4§},

since P, Q; € Ry (m,m), thats why p3*,¢3* € U = {|t| < 1} . Consider the analytic
function

In Gss (t) = Nss (t) ,
which admits a holomorphic branch in Us, corresponding to the function gss (t) on

00. Since ggs (00) = 1, then we choose a branch with the condition hgs (00) = 0.
Let T'(t) = +. Then

T (Us) = {te(C:|t| < 11} DU, T (0U) =0U

and
T (00) =0.
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hss(1>60<{t€(ci|t|<115}).

Therefore, by virtue of the mean value theorem for harmonic functions (we apply
this theorem in U for harmonic function Im A (%)) we get

It’s clear that

27
1 i
Im A, (oo):%/IthS (™) dup.
0
From here
2
1
Im Ay, di.
0= [ Tmhg () dy
0

Therefore, there exists a value ¥, 0 < ¥s < 27, such that Im h, (ein) = 0. Since
hss () =Ingss (t) = In[gss ()] + 1 arg gss (t) = Rehgs (¢) + i - Im hys (1),
then
hss (eiws) = Rehss (ews) 4+ Imhgg (e“’/’s) =In |gss (e“’/’s) = In g (e“’/’S) =0.

Thus s (e“"é‘) =1,s =1,2,...,m. Now, using the Cauchy formula for functions of
matrices (see e.g. [43]) for all Z € R; (m, m), we have

(14) ¢ (Z) = i/w(t) (tI — 7)"'dt.

211
U

The left side of (14) is the same as the left side of (13) and it is continuous on I's.
At the points t, = e+, 0 < b, < 2, the function @, () takes the value 1, hence
at the points

e 0 0
i
U — 0 e 0 € '
0 0 o Em

the value of the matrix function ¢(z) equals to I, i.e.,
-1

ﬁ[(zpj 1-pPz }ﬁ[z ) -9z =1

This means that
B (U)=By(U).
The lemma is proved. u

7. PROOF OF THEOREM 5
R(Z)=Bi(Z)-B;'(2).
-1

R(Z) = ﬁ[(z P)(I-P;Z }ﬁ[z Qj) (I - Q;TZ)—1]

j=1 j=1
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Since By (Z) and B (Z) are automorphisms of $; (m, m), then
R(Z)R (Z) =1
on I'y. Hence
RV R (2 ) =1
on I'g. By the condition of the theorem we have R (v;) = I. Hence, R (V;—k71> =1
for all 7 =1,2,..., k. Consider the matrix function

R(t) = (Rys ()1, t € C.

Put
(Vj)ll 0 0
v = 0 (l/j)22 0
0 0 (Vj)mm

Then Ry ((Uj)ss) =1 and R, (ﬁ) =1lforalls=1,...m,j=1,... k.

By virtue of Lemma 1, we have R (U) = I for some

et 0 ... 0
i1ha
U — 0 e 0 € 'y
0 0 e EWYm

ie. Rgs (e“"S) = 1,5 = 1,...,m. Therefore, for every fixed s, the rational function

Rss () of degree 2k takes the value 1 at 2k+1 points e™=; (11) _, ..., (V) oo ﬁ, ey (?kl)ss .
Since R (t) = 1, we have

B, (Z)=B2(2).
The Theorem 5 is proved.

8. SOME PROBLEMS OF MULTIDIMENSIONAL COMPLEX ANALYSIS IN MATRIX
DOMAINS

Recently, scientists have achieved many significant results in the classical fields,
and at the same time, a number of open problems have been formulated. The
importance of studying classical domains is that they are not reducible. These
domains are, "model"domains of the multidimensional space C™ in some meaning.
Moreover, scientific work are developing in matrix balls, associated with classical
domains in C™ [m x m]. In this section, we present such areas and some unsolved
issues of multivariable complex analysis on them.

E. Cartan gave a classification of all bounded symmetric domains (see [11, 14]):

Ry (m, k) = {Z € Clmx k) : 1™ — 27 > 0},
?RH(m):{Ze(C[me]:I(’”)—Z7>O,VZ’:Z},
§R1H(m):{Z€C[mxm]:I(m)+27>O,VZ’:fZ},

Ry (n) = { 2E T (522 =22 +1>0, [(22)] < 1},
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where I(™) is the identity matrix of order m, 7' is the complex conjugate matrix
of the transposed matrix Z’3. In the theory of functions of single complex variable,
is often studied the theory of functions in the unit circle, since in general, all
symmetric domains are equivalent to the unit circle U = {z € C: |z| < 1}, hence
the of symmetric classical domains given above play an important role in the theory
of functions of several complex variables. All these domains are homogeneous,
symmetric, convex, complete, circular domains centered at O (O is zero matrix)
and biholomorphically non-equivalent, so the complex analysis for each of is then
constructed differently.
In the space C™ [m x m] we define the matrix "scalar" product as follows:

(ZW)=ZW+-- -+ Z, W},
where W7 is the conjugated and transpose matrix of the matrix W;. The matrix

balls ]B%S,ll?n, Eg)n and ng)n of the first, second and third types, respectively, have
the form (see [17], [25]):

B%?n:{(Zl,7Zn):Z€(C"[m><m]I—<Z,Z> >0}’
Bgﬁ?n:{zecn[mxm]:I_<Z7Z>>07 VZ/V:ZV7 y:l,...,n},

and

BY, ={(ZeC"mxm|:I-(2,2)>0,VZ',=~2Z, v=1,..n}.

Skeletons (Shilov boundaries) of matrix balls B&),, denoted by X'V, &k =
1,2,3, ie.,
X0, ={ZeC"mxm]:(Z2) =1},

XP ={ZeC'mxm|:(2,2)=1, Z',=2, v=12,.,n},
X® ={ZeC'imxm|:(2,2)y=1I, Z',=-2Z,, v=12..,n}.

Note that, IB%S%, Bﬁ and IBS(Q?’{ are unit circles, and Xﬁ, Xﬂ, and Xg’% are unit
circles in the complex plane C.
Ifn=1,m > 1, then IB%SS?I, k =1,2,3 are classical domains of the first, second

and third types (according to the classification of E. Cartan, and the skeletons

Xg?l, Xg?l, and XS)1 are unitary, symmetric unitary, and skew-symmetric unitary
matrices, respectively.

The first type of matrix ball was considered by A. G. Sergeev [17], G. Khudaiberganov
[25], Kosbergenov [44]. Integral formulas for matrix balls of the second and third
types were obtained in [45], [46]. In paper [47] the volumes of matrix balls of
the second and third types are calculated. The total volumes of these domains
are necessary to find holomorphic kernels of integral formulas for these domains
(Bergmann, Cauchy—Szegd, Poisson kernels, etc.). Note that the matrix balls of the
first, second, and third types are biholomorphically equivalent to the matrix Siegel

domain of the second type in the space C™ [m x m] (see, for example, [25]). Are the
matrix balls B%?n, Bg)n and Bsg)n classical domains? This question still remains
open. However, in particular, they coincide with the classical domains, and this
consideration is reflected in this article. In general, although the matrix domains
have not been sufficiently studied, they still remain one of the most relevant areas
in which leading scientists conduct their research.

3Then condition H > 0 for a Hermitian matrix H means, as usual, that H is positive definite.
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Naturally the question arises, how the Blaschke product will look like in the
above classical domains Ry (m, k), Ry (m), Ry (m), Rrr (n) and in matrix balls

B%?m Bg?n, Eg,?i?n, and what do the properties of the Blaschke product look like

in the areas mentioned in the previous sections of this article? We present some

unsolved problems related to classical domains and matrix balls Bg?n, Bg?n, 1353)”

associated with classical domains:
1. Obtaining a criterion for holomorphic continuation to the matriz ball ]B%Sg)n

and Bﬁ,‘?n of functions defined on a piece of its skeleton (Shilov’s boundary).
2. Define the Laplace-Hua Lo-Keng operator for the matrix balls Bg)n and Bff{)n

3. Introduce the concepts of A— harmonic functions for matrixz balls Bg)n and
(3)
m,

4. Solve the Dirichlet problem for the matriz balls ]B%g)n and Bg)n

5. Obtain of the expansion analogues of the Laurent—-Hua Lo-Keng series in
matriz balls B,(ﬁ)n and Bg)n

6. Describe the convergence domains of Laurent series with respect to matrix
balls B4, B, and BS,.

7. Find an orthonormal basis for Bg)n and Bgs)n
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