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IMOTOKN KBA3UKJIACCUYECKNX TPAEKTOPUI 1
ACUMIITOTUKA PEIIEHUI YPABHEHUS IIPEJIVMHTEPA

B.B. XABJIOB

ABSTRACT. The paper analyzes the asymptotics of solutions of the
Schrédinger equation with respect to a small parameter h. It is well
known that short-wave asymptotics for solutions of this equation leads
to a pair of equations — the Hamilton-Jacobi equation for the phase
and the continuity equation. These equations coincide with the ones
for the potential flows of an ideal fluid. The physical meaning of the
wave function is invariant with respect to of the complex plane rotations
group, and the asymptotics is constructed as a point-dependent action
of this group on some function that is found by solving the transfer
equation. It is shown that if the Heisenberg group is used instead of the
rotation group, then the limit of the Schrédinger equations solutions with
h tending to zero, lead to equations for vortex flows of an ideal fluid in a
potential field of forces. If the original Schriodinger equation is nonlinear,
then equations for barotropic processes in an ideal fluid are obtained.

Keywords: Schroédinger equation, Euler equations, short-wave asympto-
tics, quasi-classical approximation, quasi-classical limit.

BBEAEHUE. TPAIUIIMOHHAA CXEMA KBABUKJ/TACCUYECKOTO ITPUBJJINKEHUS
" TIIPEJJIATAEMBIE UBMEHEHNA

HaszBaHHYI0 CXeMy MOXKHO MTPEJCTaBHUTh, COOCTABHB 3a,1€/iCTBOBAHHBIE DAa3/IeIIbl
KJIACCUYECKOH (JieBas KOJIOHKA) U KBAHTOBOH (IpaBas KOJOHKA) MEXaHUKH.
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OF THE SCHRODINGER EQUATION.
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1. O6bexror: ramunbronuan H (z,p,t),

dopmMa SHEPTUA-UMITYIHCA

A = pdx — Hdt, ypaBuenuns

{ i— 1,
D= —H,

G$a30BOM IIPOCTPAHCTBE.

2. Kitacc mHTErpaibHBIX MOBEPXHOCTEH

A* B pacmupennoM $azoBoM

MPOCTPAHCTBE, BHIIETSIEMbIi

rpeboBanueM di|ps = 0.

JJIg TPAeKTOpHil B

1. O6bekTor: ypasuenue Ipénunrepa
i+ H (heo- ) 6=Ula, . 2,600 =0,

Pemenne — BonnoBasg pyHKIMA

P R?w’ H C.

2. Ha obsractn 3uadenuit C' BOTHOBOIT
dyHuKIIUU AeficTByeT rpymnmna

G =U(1) = {€*} spamenui.
Pemenne ypasuenus IIpéannrepa
crpoutcd B Buge ¥ = g(x, t)u(z,t),

3. Jlokaubuo ycaosue dA|y4 = 0 Bieuer

CYILIIECTBOBAHME TIOTEHINATA S :

dS = \. Ecmu A* mudbdeomeomopdmo

[IPOEKTHPYCTCs B R?@vt)’ 10 A* —10 lamunprona—Adxobu u

MOBEPXHOCTH P = S, rae S — pernrenune HePA3PHIBHOCTH

ypasuenus ['amuibroHA—AKOOM Sy + H (x,5,,t) = 0;

Sy + H (x,Sz,t) = 0. { pr +div(pv) =0, p=u(x,t)
Jlarpamxkesa mosepxuocts A {p = 5,} C szyp)t) — IIeJIb KOHCTPYKINY KBA3H-

(2
—S(x
g=eh Ny

3. Acumnroruka pernenus npu i — 0
[IPUBOIUT K CACTEME yDaBHEHWUIA

%,

kraccugeckoro mpubmmkennsa. O6bekt A* Bvmecre ¢ pemennem p(z,t) ypaBHeHus
HEPA3PbIBHOCTH OLUCHIBAET JBUXKEHUE HEKOEH WeaibHON Kujkocru (uid rasa).
IToTok 3T0it «KUAKOCTH» 00PA30BAH BO3MOKHBIMHU TPAEKTOPUSAMHU OTIETBHBIX TaC-
TUIl, U B ONMMCAHUN JIBUKEHUS HE YIACTBYET B3aNMOIEHCTBUE ITUX JACTHIL.

Ecmm cBg3aTh MIOTHOCTH 3TOTO MOTOKA C IJIOTHOCTBIO PACIPEIEeTeHUs BEPOsT-
HOCTH JIJII YaCTUIBI HAXOAUTHCS B COOTBETCTBYIOIIEM MeCTe, TO MOJENb IIPEICTaB-
nsercs nernonnoit. Kak ciemyer u3 nmpuBeeHHON KOHCTPYKITUU TAKOH IIOTOK, HAIIPH-
Mep, ABsieTcst 6e3BUXPEBBIM. T0 €CTh OCTAeTCsT B CTOPOHE CiIydail «0O0IIero moaoxKe-
HusA». BOpoc BO3MOKHBIX BUXPEBBIX TeUeHWH, Kak yka3bBas /. Bom, a motom B.
B. Koznos u ipyrue ucciesioBaresn npopaboran HegocTaTroqHo. OKa3bIBAETCS, YTO
00IIIe BUXPEBBIE TEUYEHUsT MOKHO BKJIIOYNATH B OMUCAHHYIO CXEMY, [IBUIASCH C JIBYX
CTOPOH.

(1) Ilpu omucanuu MHTErpaJIbHON MOBEPXHOCTH TPAECKTOPUil B (Ha30BOM MpO-
CTPAHCTBE OTKA3ATLCA OT Jarpamkeoctn A? (Co CTOPOHBI TAMHITBTOHOBOIT
MEXaHUKH), 3aMeHUB 9T0 TpeboBanue 6osee obmM.

(2) dust mocrpoeHusi acMMUTOTUYECKUX pelieHuil paciupurb rpymny G (co
CTOPOHBI KBAHTOBON MEXAHWKH ), COXPAHUB BO3MOKHOCTH TIPEJIEJIHHOrO TIPU
h — 0 mepexoza.

Takum 06pa3oM ecii BMECTO JarpaHzKeBbIX Iosepxmocreii A* ucnosbzosarsb
noBepxHocTu A, KOTOpPbIE BO3HUKAIOT [IPU ITOM HOJXOJE, TO YAAETCs IOy YUTh O~
BEPXHOCTH, TPAEKTOPUH IBUKEHUSA HACTHIL }KUJIKOCTH HA KOTOPBIX BMECTE C perrie-
aueMm p(x,t) ypaBHEHUS HEPA3PLIBHOCTHU OMUCHIBAIOT JIBUXKEHUE OOIel uIeaabHOMl
2KUJIKOCTH.

Cmpyxmypa coobuierus

Ksasumnorennuasn. /Ij1g mosicHeHus pe3yabraTta padOThl CHAavYaMa B 1-M pasie-
Jie OTMEYAeTCs, 9TO KJIacC BHemHero auddepeniuana GOpMbl SHEPTUN-UMITYIHCA
A = pdx — Hdt, ncnonb3yeMoii B KJIACCHYIECKON TaMUJIHBTOHOBON MEXaHWKE, HE
npesocxoauT N HA IPOU3BOJILHON MHTErPAJIHLHON moBepxHOCTH padmepruoctu N + 1.
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Orciofa ciiesyer, YTO HA IPOU3BOJIBHON MHTEIPAIHHON MTOBEPXHOCTH PA3MEPHOCTH
yeThIpe B pacmupeHHoM ¢azosom npocrpancrse R’dopma d\ pazmoxuma. s
GOpMBL A 3TO 03HAYAET, 9TO €€ MOXKHO IMPEJICTABATH HA JTOW MOBEPXHOCTH KAK
dS — mdn c wekoropbiMu GyHKIuEAMEu S, m u n. CKa3aHHOE BHINIE MPUMEHSIET-

2
cd Jlanee Uil TPUMepa, B KOTOPOM A = pdx — (U(z,t) + 2pM) dt (6e3 morepu

obuwoctu M =1 u p = v). Tpoiika S, m u n ckanApHbIX QYHKIMIA, OLUPEIEIIAIO-
masi hpoOpMy SHEPTUU-UMITYJIHCA A, SIBJISETCS IEHTPAJILHONW B CTATHE M HABHIBAETCS
kBazunorennuaaom. OnucaHus MOTOKA JBUKYINEHCS KUJIKOCTH YPABHEHUSAMU JIJTsT
KBA3UIOTEHIINAJIA WJIA C MOMOIIBIO KJIACCUYECKUX YPABHEHUH Diljiepa paBHOIPAB-
uol. Tpoiika S, m u n W3BecTHA B rMAPOAMHAMUKE KaK moTeHIma bl Kiebmra.
I'pynna Teiizenbepra. B cremyfomem 2-m paszgene BBOAUTCSI OCHOBHON KBaH-
TOBBIN 00bekT — ypasHenue Illpeaunrepa, peniennem kotoporo (B OTjiMvmue OT
TPAIUITUOHHOTO TIOAX0A) MBI cauTaeM (hyHKIUIO ¢ TOUKY (T, Y, 2, t) CO 3HAUCHUSIMU
B TuaBOepToBOM TipocTpancTe L2 (R). 3nadenus pemennii ypapenns Ipéaunre-
pa momyckaioT geiictBus rpynnbl Leiizentepra ' m 910 ypaBHeHHWE WHBaPUAHTHO
OTHOCHUTEJIbHO HOCTOsHHBbIX (He 3aBucAlIUX OT (T,Yy, z,t)) neiicrBuil. Takas Touka
3peHns Ha BOJHOBYIO (PYHKITHIO 0000IAET TPAJUIIMOHHYIO U IMOACKA3bIBAET NCKATD
perenns ypasuenus IIpequarepa Kak pe3yabrar geiictBus 3memenToB [ Ha dyHK-
o u(x,y, z,t) co 3Hadenusvu B L2(R).

B 3-m paszene BBOmmTCH acuMmmToTHuYecKas (opma perenus ypaBaenus [Ipé-
auHrepa. dta hopMa MPEIaraeTcsi BMECTO UCHOIb3YyeMONH B KBA3UKJIACCHIECKOM
npubsmxkennu. MccmemoBano moseaenne pernennii ypasuenus LIIpéauurepa ornocu-
TEJILHO fi, CTPEMSIIErocs K HYJ/II0, W, KaK CJIEICTBUE, TTOKA3aHO, YTO aCUMIITOTUKA,
NOJYNHAETCA yPABHEHUAM /JIJI KBA3UIIOTEHIIMAIA SMIIEPOBOM MOJEIN HIeaJabHOMN
KUJTKOCTH.

1. KBA3BUMIOTEHIAAJI

JaJsiee nsioxkeHue B paboTe HOCUT JIOKAJTbHBIN XapaKTep, T. €. IPeJnoia-
raeTcsi, 9T0 NepPEMEHHbBIE TPUHAJIEKAT JOCTATOYHO MAJIOH OKPECTHOCTH HEKOTOPOit
TOYKH, B KOTOPOH BCe paccMarpuBaembie QYyHKIMA U UX [IPOU3BOJHBIE HEIIPEPbIB-
HBI [I0 UCIOJb3YEeMOr0 TOpsAKa. [Ipw 3TOM TpecsemayeTcs Iefb: MOJIYy4uTh (DOp-
My ypaBHEHHuil Momenau Jiijiepa WUOCAJTHHON YKUIKOCTH, MPSIMO CBSI3aHHYIO C 3a-
Jadeil KBa3WKJ/IACCHYECKOTO MPUOJIMKEHUsI. DTO EJAETCS BBEIECHUEM <«KBA3UIIO-
TeHIHAIay» W CHCTEMBI YPABHEHHil jisT KBA3UIIOTEHIHAIA. XaPaKTep 00bEKTOB 00-
IIH#, ¥ TPUXOIUTCS SBHO BOCIPOU3BOAMTD 9aCTHIHO 001Ien3BecTHbIE (hAKThI, «(DOIIbK-
JIOp».

1.1. VlaTerpaJjibHble MOBEPXHOCTH TaMUJIbTOHOBA IIOTOKa; KJacc (pOpMbI
3HePruM-uMILyJibca. PaccmorpuM cucremy IaMHIBTOHA € FaMUJIBTOHUAHOM
H(x,p,t), oupejeseHnbiM B pacimupernom daszopoM npocrpancrse RNV 1

ii=H,; pi=—H,; i=12...N.

IIycrs AN+! — rnajaxas waTerpasbHas HOBEPXHOCTH padMeprocT N + 1, KOTOPOit

0 1o}
KaCaeTcsl TaMIILTOHOBO BEKTOPHOE Tojie 8 = P + Hpa— - H, ¢ TIOZIpa3yMeBae-
X

7 (
MbIM cymmupoBanuem). O6o3nauum A = pdx — Hdt, \* — cyxenue HopMbl A HA
AN TTanee, Touka naj uMeneM (DYHKIME — 3TO Pe3y/ILTAT IPUMEHEeHUs 110714 0.
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Vreepxkaenne. Ecau ANTL — zaadkas unmezpanvnas daa 8 noseprrocmo,
mo kaacc duddepenyuarvhotc gopmur dN* ne npesviwaem N. B wacmmuocmu, eciu
xaacc = N = 3, mo opma d\* pazaoocuma, credosamervro cywecmsyem mpoixa
S, m, n maxuz 2aadkux Pynryul, onpedesennux na noseprrocmu A, wmo dS —
mdn = X*. 9mu Gyrruuu yooeiemeopaom cucmeme yYypasHeHUl

m=n=0;, S=pH,—H.

HeiicrBurenbro, dopma d\ = dp A de — dH A dt ectwb, cornacuo . Kaprany, ab-
COMOTHBIH UHTerpanbubii uapapuant nosa 9 ([1],[2]), . e. ma nosepxnoctu AN
BHyTpenHee mpousseenne igd\ = 0. IIpu srom moe @ mesbipokgero na AN L.
Orcioma ciemyer, uTo Kacce hopmbr (dA\)* — cyxkerna d\ ra mosepxmocts AN+ —
He npesocxogur N. B ciyuae N = 3 ecau kiacc dopmbl (dA)* pasen 3, To dhopma
(d\)* sBasercda paszioKuMoON. JTO 03HAYAET, YTO CYIECTBYET Hapa Takux (yHK-
nmit m u n, onpejeneHnbix Ha nosepxuoctu A*) aro (dA)* = d\* = dn A dm, u
A* = dS — mdn pya mekoropoit dyuxknun S. Ecam npeanonoxuts, aro (dA)* # 0
na nosepxuoctu A, To u3 pasencrsa 0 = igd\ = ig(d\)* = ig (dn A dm) Tenepnb
caeayer 1 = n = 0, a u3 Toro, 4to A = d.S —mdn cieayer paBeHcTBO S = pH,—H.

1.2. ITocTpoeHue MHTErpaJIbHBIX IIOBEPXHOCTEN 1 KBa3unoreHnuasia. [Ipu-
BesieHHOE Y TBEpPKJAEHUeE TI03BOJIIeT PACIIUPUTH KOH(MUTYPAIIMOHHOE TTPOCTPAHCT-

7 . 10
BO Rj , , IIPU ONMCAHMM TPAEKTODHI /IBUKEHHS aCTHIL 0 R%t’p’S’m’n, IIOJIHATH
7

.t,p A0 TIOJIST

0 0 1o}
BEKTOpHOe Tojie 0 = Friaa Hp@ — H““”aip 3 R

= 0 0 0
0= +Hyy —Hoy

0
+ (pHy, — H) EX
B R'C u cBA3aTL TPAEKTOPUN JBMYKEHNS C WHTETPATLHLIME KPUBLIME 3TOTO TIOJIA B
R0

OG03HAYNM CHMBOIOM A HHTErpaIbHYIO HOBEPXHOCTH Pa3MEpHOCTH 4 mons O B
R0, na koropoii anuymmpyerca muddepennnansaas bopma A — dS + mdn.

B coorBeTcTBUM € BBINIEN3/I0KEHHBIM (POPMUPYETCs CJIEAYOIUA BO3MOXKHBII
MOAXOM K OMMCAHUIO MHTErPAIBHBIX TIOBEPXHOCTEH A B KOH(UTYPAITMOHHOM TIPOCT-
pamcree R'0:

(1) Ucxoanoe muoroobpasue Aj pasmepuocru 3 8 R1Y crpourcsa mo ummysscaomy
pacupegesenuto p(x,0), 3agannomy npu t = 0, u ycaosuo A — dS + mdn = 0, uro
PABHOCUJIBHO TOMY, 9TO npu t = 0 3Ha4enus S, m, N ONPEJENSIOTCS U3 PABEHCTBA
dS — mdn = pdzx.

(2) Ucnonbays NOTOK, 3a/JaHHbIA BEKTOPHBIM [I0JIEM O, HAfl/[eM elleHne 3a1a9u
Komm A = |J A} u3 ucxommoro muoroo6pasus AJ.

t>0

(3) ITo nocrpoenuto npoussBonnas JIu nuddepennmanbroii popmbr A —dS +mdn
BJIOJIb LIOTOKA & paBHA HyJII0, U 109TOMY Ha A annysiupyercs auddeperuyaibaas
dopma A — dS + mdn.

Taxum 00pa30oM, TaKOi IMOAXO JaeT BO3MOXKHOCTb CTPOUTH MHOroodpasue A C
R0 mecto marpamzkesa MHOroo6pasua A* C R7, Koropas cTPOHTCS MPH HOCTPOe-
HUU [IOTEHIUAJIA CKOPOCTU TPAIUIMOHHON 6e3BUXpeBoil acumuroTuxu [3)].
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IIycrs moeepxuocTh A audpdeomopdHO TPOEKTUPYETCS B Ri,t. B stom cayuae
UMITYJIBCHI p(x,t) BMecTe ¢ QyHKIMEH IOTHOCTH p(x,t) JAI0T KJIACCHYECKOe OITH-
canue Diylepa IBUKEHUST MOTOKA COOTBETCTBYIOMIEH <«UICATHLHONU YKUIKOCTH», MO-
CKOJIBKY TI0 TIOCTPOEHHIO YAOBIETBOPSIOT cucTeMe udHepeHIuaTbHBIX YPABHEHUH

pe+ (v-V)p=—Hy;

pr +div(pv) =0; v = H,.
[ocrennee — ypasuenue HepaspbiBHOCTH. Ecim ncnonb3oBaTh paBeHcTBo p = V.S —
mVn Ha A, TO TOT yKe TMOTOK «MIEATHHOW YKUIKOCTH» MOYKHO OTHMCATH C MOMOIIHIO
JIPpYTOit 3aMKHYTON CHCTEMbI YpaBHEHWI — CHCTEMBI ypaBHEHWH 1 TPOUKHU S, m,
n

my+@-V)m=0; ng+(v-V)n=0; S, + (v-V)S=pH,— H; v=H,

(B KoTOpOIi mozcTasieHo p = V.S — mVn), JONOJIHEHHON ypaBHEHUEM HEPa3PbIB-
HOCTH.

Yrobbl He BO3HUKAJIA IIyTAHULA C [IOTEHUUAJIbHLIMU TEYEHUSIMU TAKYH TPOii-
Ky dyHKRIUE S, m, n OyIeM Ha3BIBATH KEA3UNOMEHUUAALOM OAA PEULEHUS UCTO0-
HOU cucmemvs ypasHeHuli JUaepa, a TOTYIEHHYIO CHCTEMY — CUCTEMOM ypaBHE-
HUl 118 KBas3umoTeHImasa. /lajgee cantaem, 9T0 /I pelieHus ypaBHEeHWi Jiije-
pa Takoil KBazunoreHnuas cymecrsyer. OTMeTuM CBOACTBO MHBAPUAHTHOCTHU [OJIY-
YEHHOM CHCTeMBbI JJisd KBasunorennuaaa. OHO COCTOUT B TOM, 4TO 1[I0 paclpeiesie-
HUI0 UMIYJILCOB HA MHOrooOpasuu A, Tpoiika S, m, n ONpeneasieTcs He OTHO3HAY-
HO: JiI00oe mpeobpa3oBanue Tpoiiku S, m, n, ocrasismomiee dbopmy dS — mdn =
dS’ —m/dn’ rem3MeHHOI, TPUBOIUT K TOM K€ CUCTEMEe yPaBHEHWIA JJIsT HOBO¥ TpOii-
ku S, m/, n/. B wacTHOCTH, IpeobpasoBanne

(S,m,n) = (S + Sy —mon,m + mg,n + ng)
¢ nocrosiaubiMu (Sp, Mo, Ng) HepeBoauT peilenue B peinenue. Takoe npeobpaszoba-
Hue ompejenser Jjiepoe aeiicrsue rpymmnbl Leiizenbepra I' BepxHerpeyroibHbIX MAT-
puI

1 m S
gm,n,S)=1 0 1 n | Ha KBA3UIOTEHIHUAJ.
0 0 1

Paccymorpum mpumep. Ilepexos K 0OBITHO TPUHATHIM B TEOPUN UICATBHON K1 -
KOCcTU 0003HaYeHUsIM (p <> v), BO3bMEM I'aMUJIbTOHUAH

1}2 'U2
H:U(x,t)—i—?,)\:vdm— U(m,t)—%-? dt.

Ipeonoxum, uro nosepxuocts A nuddeomopduo mpoexTupyercs B RY - Ypans-

x,
HeHVst Diiyiepa JJist TeUeHui JKUIKOCTH UIIN Ta3a B MOTEHIINAIBHOM T0JIe (EI/IJI) ([4],[5])
UMEIOT BUJ

{ 0+ VU (z,t) = 0;

pt + div(pv) = 0.

B paccmarpusaemom koutekcre U(x,t) — nubo uzsectHas dyHkims, gubo (nys
6aporponubix nponeccos) U(x,t) = P(p), rue dyukius P(p) cBsa3ana ¢ HaBjieHueM
p coorrormernem VP (p) = %Vp. Omnpenenum Tpoiiky S, m, n TaK, KAK 9TO OMUCAHO
B nyakTax (1-2) mocrpoerms A. B 3TOM ¢jIydae MBI MPUXOANM K MPEICTABJICHUIO
Kiebma

2
vdx — (U+ ”2) dt = dS — mdn,
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u3BecTHOMY B rupoanuamuke ([6], §167; [7], §29) ana pemennit ypasuenuit itnepa.
CdopmynupyeM sIBHO CBSI3b MEXK/Ly PEIICHHSAMU CHCTEMBI yPaBHEHUH Diinepa —

C OIHOM CTOPOHBI U KBa3uuoreHuuaiom S, m, n — ¢ apyroii ([6], §167; [7], §29).
IIpengioxxenne. Ecau das nexkomopoxr pynxyud S, m, n, p nepemenunx (,y, z,t)

Sy —mny + Uz, y, z,t) + % =0;
ms + (v-V)m = 0;

ne + (v V)n = 0;

pe + div(pv) =0,

mo eekmop-Pynryus v = V.S — mVn u ckarap p ABAAOMCA PEWEHUEM CUCTEMDL
ypasreruli dUsepa das nomoxa 6 nomenyuasvhom nose cua U(xz,y, z,t) (das bapo-
mponunz npoyeccos U(x,y, z,t) = P(p)). B cayuae nenyaresozo rot v das pewenus
(v, p) cucmemos ypasneruti Jdsepa marue Gynkyuu S, m, n 6cezda cywecmseyrom.

2. YPABHEHUE [PEIUHIEPA U I'PYIIIA EN3EHBEPIA

Paccvorpum ypasuenue Ilpenunrepa

. h?
iy + 5 A = Uz, y, 2, 1) = 0.

OOBIYHO TIPEITOIATAETC S, YTO 1) — ITO KOMILIEKCHO3HAYHAS (DYHKIUS COCTOSTHUS, &
KBaJIpaT ee MOJyJIst |w\2 UHTEPUIPETUPYETCH KAK JIOTHOCTD PACIIPE/IETICHUs BEPOSIT-
HOCTH JIJIsT YACTHUIBI MACCHhI M HAXOMUTHCS B MOMEHT BPEMEHHU ¢ B TOUKE ¢ KOOPINHA-
ramu (x,y, 2).

st mocTpoennsi KBA3UKJIACCHIECKONH KOPOTKOBOSHOBON ACHMITOTHKY PEIeHUsT
ypasuenus IIpémunrepa ucnonbsyorca rpyma G = U(1) = {e*°} u ommomep-

1

Hoe mpocrpanctso O ee mpencrasienus. [locrpoenune acuMmororukn ¢ = e Sy
-1

O3HAYAET, B UACTHOCTH, OTPE Ie/IeHIe 3aBUCHMOCTH daeMenTa e S rpymmer, meitc-

TBYIOIIErO Ha HEKOTOpYIo GyHKIWIO u(x,y,z,t), OT KOOPJWHAT TOYKU (I,Y,Z,t).

B kBazumkaccHIecKOM TPUOJIMKEHUU UCIOJIb3YETCs KIACCHIECKU TaMUIbTOHIAH
'1)2 4
H=U(x,y,z,t)+ ~ W MHTerpajibHas NOBEpXHOCTH A* cooTBeTCTBYyIOIAST TAMUIIB-

tonoBoii cucreme. Ilopepxuocts A* narpanzkesa, T. e. popma d\ Ha Heii o6palaeTca
B Hymb. TpeboBanue marpamkesoctn nosepxaoctn A* cazano ¢ rpynmoit G = U(1),
UCIOIB3YeMON [1Jisi TocTpoenus. Eciau pasMepHOCTh YHUTAPHOIO MPOCTPAHCTBA 1)
MPEICTABJIEHNST DOJIbINE IUHUIIBI, HO KOHEYHA, TO Bul ypapuenus llIpénunrepa u
WHTEPIIPETAIS €r0 PEIeHNH IO CPABHEHUIO C OJHOMEDPHBIM CJIy9IaeM MPAKTUIECKU
HE MEHSAIOTCsA. B TakoM cirydae MOXKHO MCIOJIb30BATH BCE PE3YIBTATHI O PA3PEITHMO-
cru 3ajaan Ko muia ypasuenus [Ipénunarepa B moaxonsmux (pyHKITHOHATBHBIX
npocrpancrax. I[Ipobsiem ¢ uHTEpIIpETAIIUEil PElleHnl KAK B KJIACCHIECKOM, TaK U
B ODOOIIEHHOM CMBICJIE HET.

IpenaraeTcst OTKA3aThCs OT TPEOOBAHMS JIATPAHKEBOCTH IS MOBepXHOCTH A%
U CBECTH 3TH TPeDOBAHUS K MUHUMAJBHBIM JJI WHTErPAJbHBIX MHOTOOOpa3mil B
KJIACCHYIECKOIl TaMIJIBTOHOBOH MEXaHHUKe, T. €. K Pas3moxKuMocT dbopmsr d\ Ha A,
Corstacao Y TBEpP>KA€HUIO MPE/ILIIYINEr0 PA3Ieia 9TO YCIOBUE Ui KIACCHIECKO-
ro oobexra A* apisgercsa HeobxomuMbIM. IS IPEACTABICHIA PELIeHnil yPABHEeHI
Ipeauurepa u MOCTPOEHUST ACUMIITOTUKH MIPU CTPEMJIEHUN fi K HYJIFO BMECTO TPYTI-
bt G = U(1) ucnonb3yerca 6onee mupokas rpynma Jlu I'. 9o rpynma Teitzenbepra
BEPXHETPEYTOJIBHBIX 3 X 3 MATPHUIL, HE UMEIOIAs KOHETHOMEPHBIX YHUTAPHBIX IIPE/I-
crapyiennit. HerpuBnaibuple yHuUTaApHBIE MPEICTABICHAs IPYIIbl | peanu3yrorcs B



MOTOKU KBA3UKJIACCUYECKUX TPAEKTOPUMN 779

GECKOHETHOMEPHOM — T'MJIBOEPTOBOM MPOCTPAHCTBE, TIO3TOMY Jajiee ¢ — (PyHKIus
nepeMeHHbIX (7, Y, 2, t) co 3HadennaAME B nmpocTpanctse L2(R), || — HopMa B 3TOM
IPOCTPAHCTBE OLPEIEIdeMas 3PMUTOBBIM IPOU3BEICHIEM

<MWﬁ:L%@%@%-

Bynem cumrars, uro pemenue ypaBuenusi [lIpénunrepa 1 ompemeneHo, mmeer
KJIACCHYECKUE JACTHBIE POU3BOIHDIE, BXOIAIINE B YPABHEHUE, U ST MTPOU3BOIHBIE
menpepsiBabl. lanee, B ypasuennu llpeaunrepa M = 1.

Nrak, cumBom I' o3uagaer rpymmy eitzenbepra TpeyroibHBIX MATPHIL

1 m S
g(m,n,S) = | 0 1 n |. YuurapHoe npejacraBjeHue TOl IPYNIbl PEAJIU3Y-
0 0 1

ercs geficrBueM cjeBa IIPOU3BOJILHOIO ajieMenta g(S,m,n) € I' Ha sjemenTbl u3

u € L*(R) no dbopmyae [8]
(9(S,m, nu) (€) = €T u(g + m).

B srux 0603HaUEHUAX (g(S,m,n))_1 = g(—S + mn,—m, —n). s BeIGpaHHOrO
npeacraBjenns 6asuc anredpst JIu rpynmsr [T MoxxHO BBIOpATH Cileayionmm o0pa-
30M:

{i,P:%, Q:ig}.

IMycrs S, m, n — ckauspuble GyHKIMYU HepeMeHHbix (T,Yy, 2, 1), a u — (QyHK-
1us nepeMeHHbIx (T, Y, z,t) co 3nadenuavu B L2(R). Beenem ucnonbsyempie gamnee
0003HAYEHNUST JIJIS1 TPOU3BOHBIX:

10 .
(9(Ssmin)) ' o-g(S;min) = AT(g(Symin)); 7=y, 2,

Eciu, xak o6prano, LI = ¢~ 'Lg, rne L — nuHeiiHblii oneparop, JAeilcTBYIOmuil Ha,
U, TO HPSAMBbIE BbIYUCJIEHUS JAIOT COOTHOIIECHUSL:

(1)  A7(g(S;m;n))u= ((Sr—mn;) i+m; P+n, Q) u; (,Z'é%)g:fi%fiAT(g).

Tax »xe nosnydaerca (¢ oboznadenuem v = V.S —mVn)
(—iV)? = —iV — i A(g) = —iV — i (vi + (Vm) P+ (Vn) Q).
Takum ke 06pa3om BbruucasgeMm A
A9y = (v + Z(g))Qu = (V +vi+ (Vm) P+ (Vn) Q)% u =
= (vi+ (Vm) P+ (Vn) Q) u+2 (vi+ (Vm) P+ (Vn) Q) - Vu+
+ (idivo+ (Am) P+ (An) Q) u+Au
Ecm o6osuaants m, = (v-V)m, n, = (v-V)n, To
Ay = (—v® + 2im, P + in, Q) u+

(2) + ((Vm) P+ (Vn) Q)* u+2 (vi+ (Vm) P+ (Vn) Q) - Vu+
+ (¢div v+ (Am) P+ (An) Q) u+Au
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3. OBOBH_[EHHAH KBA3BUKJIACCUYECKASA ACUMIITOTUKA

Ilepeitnem k mocTpoernio GopMaTbHON ACUMITOTHKY perneruit ypapuenns [1Ipé-
aunrepa. Beegem obosuadenue ¢ = v/, i — «nocrosunas ILiankay, MaJbii napa-
MeTp, KOTOPBI MBI Oy/IeM CTPEMUTH K HYJII0, HAOIIOIAS 33 MOBEIEHWEM DPEIIeHUsT
Ylel-

Wimem perrrerne Ve > 0 B BuIe
11[}[6} (I7 y7 Z? t) = g (5726‘('1;7 y7 Z’ t)7 gilm(z, y? Z? t)7 Eiln(x7 y7 Z7 t)) u(x’ y7 Z7 t)?

e u(z,y, 2,t) — bynxuus co snadenuavu 8 L2(R), g € T.

Jlaee TpesmonaraeTcs, 9To u MpuHaIexRuT D — moamnpoctpanctBy L2(R) —
obmeif wacTi obyacTeil ompemesenus omepaTopos P2 mw Q2 ¢ HopMamu rpaduka.
Takke OyzieM CauTaTh, 9TO pemenne ypasaenus 11péauarepa ¢ onpeneneno, iMeeT
KJTACCHYECKHE JaCTHBIE IPOU3BOIHBIE, BXOIAIIAE B YPABHEHNE, M OHU HEIPEPHIBHBI
KaK (QYyHKINKM CO 3HAYeHusAMHu B D.

IIpeagmoxenne 1. ITycmo u|t:0 # 0. Ymobv ynryus Y[el(x,y, z,t) 6viaa acumn-
momuseckum pewernuem ypasruenua IIpédunzepa ¢ mounocmsio 0o cAG2AEMbIT 6bl-
we 6Mmopozo NOPAIKA OMHOCUMEALHO €, CMPEMAUELOCH K HYAMO, HEOOTOOUMO U
docmamouno wmobv. Pynryuu S, m, N U U AGAAAUCH PEULEHUEM CUCTIEMbL YPAGHE-
Hul

St — mny + U(x?yaz7t) + ’02/2 = 07
my +my, = 0;
(3) ne +ny = 0;
iup+ 3 (divo)uti (v- V) u+% ((Vm) P+ (Vn) Q)* u=0.

Joxazameavemeo. Tloncrasum amsar [e] B ypasHenne IIpéauHrepa n mpuMeHnM
—2¢ -1 —1,,\) !
(g (5 S,e” m, € n)) K 00eum vyacraM ypasuenus. Vcnosnsys (1) u (2), npuxo-
JIAM K CJIeJLYIOIIEMY DABEHCTBY:
— ((Se —mng) + U(z,y, 2,t) + v*/2) u+
+ei ((me +my) P+ (ng + 1) Q) ut

4)  +ei ((% + 3 dive)ut (v V)u— S (Ym) P+ (Vn) Q) u) +

3
+ S ((Am) P+ (An) Q +2((Vm) P+ (Vn) Q) - V))u+
+e*Au=0,
rae v = V.S —mVn. U3 pasencrsa (4) oueBugna J0CTATOUHOCT yCa0Bus IIpeiio-
KeHmus 1 1 HEOOXOAUMOCTD BBINOJIHEHNS TIEPBOTO U YeTBEPTOr0 YPABHEHUI CHCTe-

Mbl (3). UTo6bl moKa3aTh HEOOXOAUMOCTD BBINOJHEHNs] BTOPOrO U TPETHEr0 ypaB-
HEHWiT, 0OpaTuMCs K HEOOXOINMOMY PaBEHCTBY

((my 4+ my) P+ (ng +ny) Q) u = 0.

3 sT0or0o paBeHCTBA, UMEIOIIETO BUJ,

Ou

a(%

+ biku = 0,

Ce/lyer, 9TO BO3MOXKHO OfHO u3 jByx: win ¢ = 0 w torma b = 0; wiu a # 0 u

. b
rorma u = Cexp (—22—5). [ocremnee Bo3MoxkHO (Tak Kak u € L2?(R)) Tombko
a



MOTOKU KBA3UKJIACCUYECKUX TPAEKTOPUMN 781

npu C' = 0, 94TO, B CAJIy HENPEPHIBHOCTH, IIPOTHBOPEYUT MTPH MAJIBIX ¢ TpeOOBAHUIO
u{ =0 #£0. O

IMonyunm crexctere m3 nocnenuero ypasaerus cucrembl (3). O6ozHaunM p =
W;|2 = |u\2 YuuThiBas, 4TO EPBbIE TPU YPABHEHUs CUCTEMbI YIOBJIETBOPEHbI (aCuM-
OTOTUKA JI0 HEPBOrO IOPSAJKA 10 €), yMHOKUM Y(x,y, z,t) 0be 4acTu 4eTBepTOro
ypaBHeHus (3) aCUMIOTOTHKYU CKAJIAPHO Ha u (T.e. HA (...,u)) U B IOJSYIEHHOM
pe3yIbTaTe BBLIAEJUM MHUMYIO 9acTh. IlepBble TPH CIAraeMbIX JAIOT BBHIPAYKEHUE
pt + div (pv). dna nociaensero

% ((Vm) P+ (Vn) Q)2 2 MBI IIOJIy4aeM
1 (V) P+ (V) Q)" w,u) =

=5 [ (Tm) P+ () Q) we)u)de + 5 [ (V) P+ (Tn) Q% ulu(é)ie =

R

= |urTErpEpyem mo dacTaM| =

=4 [ (Fm) P+ (V) Q@) (V) P+ (V) @) (@~
R

~3 | TP+ (W @ a(@) (Vm) P+ (V0) Q) u(€)dé=0.
R

IMonyuaem ypasuenue nepaspbisHoctu Jist p: pr + div (pv) = 0. Bmecre ¢ nepsbivu
TpeMsl yPaBHEHUSIMU, KOTOPBIM YIOBJIETBOPSIET ACUMIITOTHKA, 3TO IAaeT CUCTEMY
ypaBHeHUH Diijepa s KBA3UTOTEHITHAIA C YPABHEHNEM HEePa3pbIBHOCTH

Sy —mny + U(x,y,2,t) +v?/2 = 0;

me + my, = 0;

ng +ny, = 0;

pt + div (pv) = 0.
Orcrofa 1eaaeM BBIBOJ:
Teopema 1. Iycmo u|t70 % 0. Ecau pynryus

_ —2q —1 -1
Ylel(@,y, 2,t) = g (725,67 m, e 7 n) u(a,y, 2,t)
ABAACNCA ACUMNMOMUYECKUM DeweHuem ypashenus [Ipédunzepa ¢ mounocmsio
d0 CAG2aeMBLT BbLULE 8MOPO20 NOPAJKG OMHOCUMEALHO £, CMPEMAULE20CA K HYA0,
2 .
mo gynryuu S, m, n u p = |u|” ydosaemsoparom cucmeme ypasuenud Jinepa 0an
K6A3UNOMEHYUAAL, ONUCHEEUWET Tevenue Udeaabrol HCUIKOCTIU 8 NOMEHYUUANb-
2
HOM noae cur. B wacmuocmu, ecau nomenyuan U =P (\1/1\ ), Mo MU YPasHeHUA
ONUCHLBAIOM, BUTLPEBHLE MeUeHUsA 04 OBAPOMPONHHLT NPOUECCOB.
2 )

Sy —mny + P(p) +v°/2 = 0;
mg +my = 0;
ny +n, = 0;
ot +div (pv) =0 O

(5)

HerpynHo BbIHCaTh yCI0BUS AJist [e], obecriednBaIONe BHIMOJIHEHNE YPaBHe-
uust [Ipéauarepa ¢ TOYHOCTHIO BBIIIE BTOPOH cTemnmeHu mapamerpa ¢. s aroro
npuvennM (g (s*QS,aflm,e’ln))fl K obenm dacTaM ypasaennda IlIpéaunrepa, B
KoTOpOe bObuia noxucrasiena ¥ = le]. [pynnupys kosdduiimeHTsl 1pu crenensx
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€ Kak B (4), m mcnomp3ys cokpamennsa L, aaa xKodbdurmentos npu F, k > 2,
[OJTy YaeM

(— (St —mny) = U(x,y,2,t) — vz/2>u + 5i<(mt—|—
(6)
+ my)P + (ng + ny) Q)u +e2Lou+ e Lau+ e*Au = 0.

Ipencrapum B (6) u(z,y,z,t) KaK © = ug + euy + ... + ",

IIpennoxenume 2. Ilpu r = 1 mpotika S, m, n ABAAEMCA ACUMNIMOMUNECKUM
peweruem ypasHerus IlIpédunezepa ¢ MowHOCTIOIO 00 CAGZGEMBIT BDIULE TNPETNHEZO
NOPAOKA OMHOCUMENLHO CMPEMAULLZ0CA K HYA0 € Mo20a U MOAbKO mozda, Koz20a
dynxyuu S, m, N U U ABAAOMCA PEUWLEHUEM CUCTEMDL YPAEHEHUT

St—mnt+U($7y,z7t)+§ =0;
me + my, = 0;

ng +ny, = 0;

£2U0 :0;

Loui + L3ug = 0.

Ipu r > 1 mpotika S, m, n ABAAEMCA ACUMNMOMUYECKUM PEUWEHUEM YPAEHEHUS
1IIpédunzepa c mouHOCMbIO 00 CAGZGEMBLT BbLULE T+ 2 NOPAJKG N0 €, CMPEMAULUMCS
K HYA10 0206 U MosbKo Mozda, Kozda pyHKuuw S, M, N U U ABAAIOTNCA PEWEHUEM
cucmembvl YpasHeHul

v2

Sy —mny + Uz, y, z,t) + 5= 0;
me + my, = 0;

ng +ny, = Oa

(7) Loug = 0;

Louy + L3ug = 0;

Loug + Laur + Aug = 0;

Lou, + L3u,—1 + Aup_o = 0.

JoKa3aTesibCTBO COCTOUT B IPHPABHUBAHUY K HYJII0 KO3(hDMHUIMEHTOB TIPH BCEX
CTENEHsX € JIeBOi YacTu ypaHeHus (6). O

CuepcrBue 1. Ecau daa r > 0 dynwyuu Y[e](x, y, 2,t) cu =ug+eus +...+"u,
AGAACTCHA ACUMNMOMUYNECKUM pewenuem ypasuenus [lpédunzepa ¢ mounocmvio
do caazaemuiz eviwe T+ 2 NOPAIKG OMHOCUMENDHO €, CTNPEMAULELOCH K HYANO, MO

(— (St—mnt)—U(x, Yy 2, t)—v2/2)u+€i((mt+mv) P+
+ (ne+ny) Q) ute? Loute Laute* Au=0 (5”3) )

Joxasamenvcmeo. Eciu nepsoe ypaBuenue cucrembl (7) yMHOXKUTH Ha — 1, BTOpoe
— ma €iP, Tperbe — Ha £i(Q), yersepToe — Ha £2, IATOE — HA £°M T. J., TO BCE
CJIOXKUTb, TO IOJy4HTCd OTHOLIeHuE (8). O

(8)

CaenctBue 2. Ecau pyHnryus
Yl (@, y,2,t) = g (725,67 'm, e n) u(a, y, 2,t)

ABAAEMCA ACUMNMOMUNECKUM Pewenuem ypasuenus Illpédunzepa ¢ mounocmovio

do caazaemvniz éviwie 1+ 2 nopadka (r > 1) omHocumMeAbHO £, CMPEMAULELOCH K HY-
2 o

a0, mo Pynryuu S, mn u p = |u|” ydosiemsopsrom cucmeme ypasuenuti Jiaepa
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ona K6a3UNOMEHUUANA, ONUCDIBATOULECO TNEYEHUE udeanrvroli socudKocmu 6 nomeH-
YUANADBHOM NOAE CUA.

Sy —mny + U(x,y,2,t) +v?/2 = 0;
m¢ + my, = 0;

ng + Ny, = 0;

pe +div (pv) = O (") .

2
B wacmnocmu, ecau nomenyuan umeem eud U = P (|¢¥|7), mo amu ypasuenus

ONUCHLIBAI0M BUTPEBDIE TMEHEHUA ons 6apomponmnm npoueccos.

Sy —mng + P(p) +v*/2 = 0;
me +my = 0;

ng + ny = 0;

pr +div (pv) = O (e"1) .

IITarun JokazaTeabCcTBA MOBTOPSIOT BBIBOJ, TEOPEMBI 1 .

Buwisodw

B pabore nokazamno, 9TO MaTEMATUYECKUE MOJEN WHTErPAJIHHBIX TIOBEPXHOCTEH
pa3mMepHOCTH 4 KJIaCCHIeCKOTO TAMUJIBTOHOBA MMOTOKA — C OHOM CTOPOHBI, U ACUMTI-
TOTUYECKUX pernennii ypapuenus llpeaunrepa — ¢ Apyroii, MOryT OBITH B HEKOTO-
POM CMBICSIE OTOXKIECTBICHBI. TOUHEee UMeeTcss B BUIY CJeLyTOIee.

1. /s xmaccmaeckKoro oObeKTa raMuIbTOHOBOH MexaHuku — auddepeHnnaib-
HOM (DOPMBI dHEPrUU-UMIyabca A = pdx — Hdl MBI OTMeUYaeM, 9TO KJIACC BHEIII-
mero muddepenimana 31oit Gopmbl He mpeBocXoauT N HA MPOW3BOJBHON WHTE-
rpanbHOll moBepxHOCTH pasdmeproctTd N + 1. Orcooga ciemayer, 94ro Jjs caydas
N = 3 npousBOJBHON WHTErPAJHHON MOBEPXHOCTH PA3MEPHOCTH YEThIPE B Pac-
umrpennom dasosom npocrpancrse R’ dbopma d\ pasioxuma. s He3aMKHYTOM
GOPMBI A 3TO 03HAYAET BO3MOYKHOCTH €€ TPE/ICTABICHNS Ha TON MOBEPXHOCTU B
Buze A = dS — mdn ¢ HeKOTOpbIMU BYHKIUAME S, M U N. ITa TPOHKA CKATIPHBIX
GbyHKIMIT HA3BIBAETCH KBA3UIIOTEHITNAIOM (hOPMbI SHEPTUH-UMITYJIbca A. B ciaydae,

2
korma dopma A = vdr — | U(z,t) + 1,2> dt xBazwmorennan S, m u n yIOBIETBO-

psIeT CECTeMe YpaBHEHU, SKBUBAJEHTHOW CHCTEME YPABHEHUH Dilepa maea bHON
JKUJIKOCTH, U j1aeT npezcrasienue Kiebira pemenuit cucrembr ditiepa ( IIpeaJio-
>KeHue B pazzene 1 ).

2. JTsisi mOCTPOEHMsT ACKMIITOTHKHU B KAYECTBE UCXOTHOIO KBAHTOBOIO O0HEKTA MPEe/I-
Jlaraercsa MCrnosab3oBarh ypasuenne IlIpémuurepa mis BosHOBONM (DYHKIUHA 1) CO
sHauernamu B L2(R) — rums6epToBoM TTPOCTpancTBe. DTO TIO3BOIAET OMpeIe uTh
HETPUBHUAJIBHOE YHUTAPHOE JeiicTBre rpynnbl LeiizeHbepra B 3TOM TPOCTPAHCTBE U
HCIIOJIb30BATh €r0 I TIOCTPOEHNWS ACUMIITOTUYECKUX pernennii ypapuenus: [Ipé-
nuurepa. [Ipemoxken an3aly st ACHMITOTHYECKOTO pernenus ypapaenust [11pémun-
repa. dra KOHCTPYKIHs 000DIIAET MIUPOKO MCIOJIb3yeMOe KBA3UKJIIACCHIECKOE MIPU-
6amzkenne. Popma o6obmenus ¢[e|(x,y, z,t) npuBeseHa B HaYATe pasnena 3 .

3. Joxkaszano (IIpeaiioxkenue 1), 94T0 NEpBbIe TPU YCIOBUS CYIIECTBOBAHUS ACUMII-
TOTHYeCKOro perenus ypasaennst IlIpenunrepa suna ¢e](x,y, z,t) coBnagaor ¢
COOTBETCTBYIOIIMMY YPABHEHUSIMU CHCTEMbI JIJIsi KBA3UIIOTEHIIUATIA, & CJICICTBUEM
MTOCTIETHEr0 YCJIOBHUS sIBJSIETCS ypaBHeHue Hepa3pbiBHOCTH. Teopema 1 o006Imaer
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9TO yTBepIKIeHue Ha crydail sapncumoctn U = P([¢]?) musa norennuana B ypasme-
uuu [[Ipegunarepa. Acumnrorundeckas TPOUKa S, M U 1 B 9TOM CJIy9Iae OMUCHIBAIOT
BHUXPEBBIE TEYEHUs Jjisi DAPOTPOIHBIX MPOIECCOB. 3aMETHM, YTO B YACTHOM CJIy9ae
3TO OTHOCHUTCA K ypaBHenuio I'pocca—IIutaerckoro. B mpemioxennn 2 u CIeICTBUAX
YKa3aHBI CIIOCOGHI TIOBBITIIEHNST TOYHOCTH ACHMIITOTHKE 10 CTeneHeil & = v/ Bbirme
BTOPOIA.

4. 3aMeruM, 9TO U3 MPUBEJEHHOTO AHAIU3A CJIEIyeT MPUHIUIHATHLHAS BO3MOXK-
HOCTb IIOCTPOEHMSI <«HEMOJIHOMY» acuMuToTuku pernenuit ypasuenus LlIpeaunrepa.
Wwmeercss BBULY, 9TO MOXKHO Haiitu S, m, n u p = |z/1|2, TO €CTh HAfTU ACHMITO-
THYECKHe d1eMeHThl rpynnbl [eit3enbepra, AeficTBYIONNEe HA HAYAIBHYO0 BOJTHOBYIO
bYHKIMIO, U MOIYJIb 3TON (DYHKIWN, HE HAXOAS CAMOi (DYHKIUH. DTO MOKHO Cle-
JIaTh, HAlAd CHAYAIA PEIeHne CUCTEMbl yPaBHEHU Ditaepa

v+ VU(z,y,z,t) =0;
pt + div(pv) = 0.

(U(z,y,z,t) = P(p) ans 6apoTPOIHBIX MPOIIECCOB).

ITocne sToro moxuo wHaiitu S u m, n u3 yciaosus d\ = dS — mdn. B kagecrse
AJIBTEPHATUBBI MOXKHO MCKATH S, M U N U3 p yPABHEHUIT /I KBA3UIIOTEHIINAIIA.

TakumM 06pa30M eCJIv TOUCK ACUMITTOTHYECKOTO PEIeHNst JINHEHHOTO ypaBHEeH s
[Ipéamarepa OCYIIECTBIATH TTOITATHO, TO HA TEPBOM TAITe — MOUCKA KBA3UIIOTEH-
[MaJIa — MPUIETCS PEIIaTh HEINHEHHYIO 33/1a4y, Ha, BTOPOM — HAXOMKJIEHHE
u(z,y,z,t) u p(x,y, z,t) B 0603HaUeHUAX PABOTHI — yPABHEHUS JUHEHHbIL.

Ilonck acuMITOTHYECKOrO pellenus HeJanHeHHoro ypasHeHusi I'pocca—IIntaesc-
KOI'O TO>KE MO>KHO pa36I/ITb Ha JIBa 9Talla: Ha IIEPBOM dTalle — IMOUCKa KBA3UIIOTEHIN-
ajia W IJIOTHOCTH p — HeJIWHeifHas 3a7a4a, 1 HaXoxKaenue u(x,y, z,t) — JInHeiHas.
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