
Concept controlling model for arresting epidemics,
including COVID-19

Kaminskiy G. D.a,∗, Prostov Yu. I.a, Prostov M. Yu.a, Pimenov N. N.a,
Veselova E. I.a, Vinokurov A. S.a, Karamov E. V.a,b, Panova A. E.a,

Turgiev A. S.a,b, Chernetsova V. V.c, Lomovtsev A. E.d, Vasilyeva I. A.a

aFederal State Budgetary Institution “National Medical Research Center of
Phthisiopulmonology and Infectious Diseases” of the Ministry of Health of the Russian

Federation, 4, bld. 2 Dostoevskaya, Moscow, 127473, Russia
bFederal State Budgetary Institution “National Research Centre for Epidemiology and

Microbiology named after the Honorary Academician N. F. Gamaleya” of the Ministry of
Health of the Russian Federation, 18 Gamalei, Moscow, 123098, Russia

cNational Research University “Moscow Power Engineering Institute”, 17, bld.3
Krasnokazarmennaya, Moscow, 111250, Russia

dThe Department of Federal Service for Surveillance on Consumer Rights Protection and
Human Wellbeing for Tula Region, 114 Oboronnaya, Tula, 300045, Russia

Abstract
This article focuses on the assessment of the intensity of the epidemic process
and the proportionate intensity of control by using mathematical modeling.
In this work we studied the specifics of the parameters of the infectious and
epidemic process, as well as control parameters. Formulas for controlling the
epidemic process for calculating the critical levels of influence (interventions)
and the time to achieve the result are obtained. A concept controlling model
has been developed for both new and returning infectious diseases. The
adequacy of the model based on real data, as well as examples of intervention
campaigns are presented.
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1. Introduction

1.1. Principles of the mathematical theory of epidemics
The mathematical theory of the spread of infectious diseases is a rapidly

advancing science (Anderson et al., 2004; Fraser et al., 2004). It enables the
understanding of epidemic process development (Koivu-Jolma and Annila,
2018). The focus on the mathematical theory of the spread of infectious
diseases has increased in relation to the COVID-19 pandemic (Biggerstaff
et al., 2020; Ferretti et al., 2020; Shao and Wo, 2020).

Both the simplest and the most complex models have been proven effec-
tive.

The classical background is the model of Kermack and McKendrick (Ker-
mack and McKendrick, 1927).

It was shown that the differential epidemic models (that suggest an
exponential distribution of infectiousness profiles) are excellent at describ-
ing recurrent measles epidemics (Cauchemez and Ferguson, 2008). Agent-
based models implemented on supercomputers demonstrated high efficacy
for COVID-19 across territories and among various population groups (Datta
et al., 2022; Zatsepin et al., 2021). These models of epidemics appeared to
be quite similar to the physical models of the distribution of elementary
particles.

Mathematical modeling of the epidemic process is used to monitor and
to affect the infectious disease incidence (Zumla et al., 2017).

In the 1960s the World Health Organization (WHO) developed models
and methods for combating infectious diseases that could cause a public
health emergency of international concern. These infections are highly con-
tagious and lethal, and can trigger pandemic. The International Health
Regulations (IHR) were first adopted at the 22nd Session of the WHO on
July 26, 1969. Most of these infections require governmental control in order
to restrict the movement of potentially infected people (WHO, 2005).

Modern epidemiology operates in terms of emerging and re-emerging
diseases. This approach takes into account the evolutionary potential of
pathogenic microorganisms and the dynamic relationship between microor-
ganisms, hosts and the environment (Morens et al., 2004).

A set of methods for epidemic control is given in the Control of Communi-
cable Diseases Manual (Heymann, 2008), formerly Control of Communicable
Diseases in Man (Benenson, 1981).
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The control is aimed at ensuring new cases reduction until the complete
disappearance in the area Beliakov (1974). The term “intervention” can be
used as a synonym, sharpening an interventional approach to ensure the
infectious safety (Matsuki and Tanaka, 2019).

The modeling of an epidemic process is applied both to describe the natu-
ral course of an epidemic and to inform effective interventions (Knock et al.,
2021). The emergence of effective vaccines has led to the global (smallpox)
and regional (poliomyelitis, measles, diphtheria) eradication of infectious dis-
eases. A special theory of vaccination control was developed. Models are
used to justify the need for vaccination for a particular infection (Brauer and
Castillo-Chavez, 2019).

Appropriate vaccination results in disease eradication, limited vaccination
- in sudden outbreaks (Anderson and May, 1992). Special works are dedicated
to global disease eradication programs (Thompson and Kalkowska, 2020).

Mathematical models help to define the cost-efficacy of various ways to
control the epidemic process, including vaccination of the population (Arifin
et al., 2019) and the gaps of control (Cutts et al., 2020).

Of great significance are works on modeling the epizootic process (a
spread of the infectious disease in animals) with detection of infectious-
immunological regularities during recurrent epidemics (Atkins et al., 2013).

An important method of the control is the timely identification, isola-
tion and treatment of sources of infectious agents, as well as contact trac-
ing. Recently, works on mathematical modeling of this type of control were
done (Sturniolo et al., 2021). The COVID-19 epidemic has shown the im-
portance of non-pharmaceutical interventions with two distinct strategies:
suppression and mitigation (Ferguson et al., 2020). Special works focus on
lockdown modeling (Padmanabhan et al., 2021).

1.2. Types of epidemic models
Currently, there is no single model of epidemics and are only a few works

on proving the comparability of some models with others. Besides, the areas
of applicability of each of the models have not been sufficiently studied either:
for example, which model is relevant for describing the dynamics in the equi-
librium, and which model describes outbreaks or drops in incidence far from
the stationary state; what the difference is in the shapes of epidemic curves
in various models. In most cases, models have many parameters that are
sometimes redundant. Types of epidemic models are explained in Table 1.
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Table 1: Types of epidemic models.
Model Use and fea-

tures of the
model

Use and features of the model

1 Differential
Model

This model contains differential equations for the categories of susceptible,
exposed (individuals in the latent phase), infected, quarantined, immune,
treated, vaccinated, and deceased. This type also includes structured mod-
els that describe epidemics in each city (territory) using separate systems of
differential equations and contain a matrix established of connections between
cities (territories) (Aronna et al., 2021; Cano, 2020; Demongeot et al., 2020).
Parameter profiles are exponential in time.

2 Integral
Model

This is the most accurate model computationally, as the infectiousness profile
is documented by days of illness. Special profiles are used to show the loss of
immunity and timely case detection with subsequent neutralization.
The number of new cases of diseases in the Integral Model is determined by
the formula:

A(t) = R

(∫ T

0

A(t− τ)e−µτρ(τ)dτ

)
X(t)

A(t), disease incidence; ρ(τ), infectiousness profile (standardized),
∫ T

0
ρ(τ)dτ =

1; µ, inflow/outflow of susceptible individuals; R, contact rate (secondary
attack rate).
The Integral Model is sometimes equivalent to the Multiclass Differential
Model or the Model of Delay Differential Equations (Feßler, 2020; Fodor et al.,
2020).

3 Territorial
Agent-Based
Model

The Agent-Based Model properly describes the slow changes of transmission
activity and incidence. There is no contact rate (R) in the Territorial Agent-
Based Model. Instead, there is the likelihood of encounters of infected and
susceptible individuals and the likelihood of being infected during a single ex-
posure. It is matched to the area, infrastructure, and social categories and age
groups of the population. Both the Territorial Agent-Based Model and the
Integral Model enable distributed profiles (by day). This Model is more pre-
cise in describing some types of dynamics, specifically sites of chain-binomial
infection transmission (Silva et al., 2020).

4 Randomized
Model

This is a variant in Models 1-4, where at each step the contact rate R, the inflow
of susceptible µ, and the number of newly infected are shown as randomly
distributed. This Model provides expected means as well as upper and lower
confidence limits (Chen-Charpentier and Stanescu, 2010; Popkov et al., 2021).

5 Models based
on the Mean
Field Game
Theory

This Model is based on a coupled pair of partial differential equations: the
Fokker-Planck (Kolmogorov) Equation that evolves forward in time and de-
termines the distribution of interacting subjects over the state space; and the
Hamilton-Jacobi-Bellman Equation that evolves back in time and defines if
the chosen strategy is optimal (Bensoussan et al., 2013; Gao et al., 2021).

2. The aim and objectives of the study

The aim of this work is to create concept controlling model of the epi-
demic process to assess the intensity of the epidemic process (force of infec-
tion), determine the severity of transmissibility and the proportionate neces-

4



sity/intensity of control.
This model should describe at least two-term parasitic systems that con-

sist of two interacting populations, a parasite and a host (models with trans-
mitters and preservation in the environment are more complex by definition).

The model should qualitatively and quantitatively describe the epidemic
process of the main infections. As some dangerous infections (eg. HIV-
infection) have intensive disease caused death rate, the model should operate
in varying population size. So variables should be given in absolute numbers.

The equations in the model should provide obtaining control formulas
that are convenient in practical use.

Arresting epidemics should be achieved through various control compo-
nents. Combined effects for control are valued.

3. Construction of the model

3.1. Selection and specification of the parameters of the infection and epi-
demic process

The contact rate (the basic reproductive rate) R is the main parameter
of an epidemic process (Guerra et al., 2017). It shows how many suscepti-
ble people become infected from one infected person, subject to the general
susceptibility of the population. The larger R, the greater the rate of de-
velopment and the level of the disease incidence of the population. Despite
the strong selective pressure that favors the reproduction of more virulent
parasites, the R parameter does not indefinitely increase. The concept of
trade off was developed (Alizon and van Baalen, 2005; Alizon et al., 2009) in
order to explain this pattern, but the reasons for this phenomenon have not
been fully studied.

The contact rate is a multi-faceted parameter that reflects biological
(pathogen virulence), environmental (population crowding, waste water lev-
els) and social factors (security and restrictive measures, including a lock-
down).

There are estimates of the contact rate R depending on the nosology (An-
derson, 1982, 2013). The work also showed a significant variability of R
within infections (nosologies). Therefore, the contact rate R should be rec-
ognized as variable depending on the territories, population groups, and time-
frame. The contact rate R can be estimated both in epidemic fo�ci (Shah
et al., 2020) and by solving the inverse problem of reproducing the dynamics
using incidence curves (Hadeler, 2011).
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The intensity of infection (infectiousness) parameter α defines the dura-
tion of an infection process (Zhou et al., 2019). The associated parameter is
the intensity of recovery β. In infections without death rate α = β. If the
death rate ϵ exists α = β + ϵ. If there is no cure, the man is dangerous as
the cause of infection for the whole life α = µ, β = 0 .

The population natural outflow is denoted by the parameter µ. When
considering an organized population with the internal (in the risk group)
circulation of a pathogen, the parameter µ has the meaning of the inverse time
spent in the group (for example, the time spent in a preschool institution,
the time spent at school). In this case, an adjustment is needed because,
for example, some children come to school with immunity developed in the
kindergarten. Also, for some infections, the parameter µ has the meaning
of being at risk; for example, it is known that the average time spent in
a population of intravenous psychoactive substance users is 2-5 years, that
includes narcotic dependent high death rate.

In childhood infections, the parameter µ is determined by the average age
of the patients.

Groups with high and partial renewal (for example, military groups) are
of particular epidemiological danger; in these groups, the highest levels of
disease incidence are formed.

The population outflow parameter is the relative coefficient as it is mul-
tiplied on the variable value.

The population inflow parameter is an absolute value and denotes the
number of humans entering the population each day. In childhood infections
it is the number of the everyday births. For convenience it is designated as
Nµ, were N is the real integer.

The coefficient of loss of immunity k is another essential parameter. In
infections with lifelong immunity, it equals zero (measles). The mean value
of this ratio for COVID-19 is 0.0055 (1/180 days) Cevik et al. (2021). The
high value of the coefficient of loss of immunity determines the greater value
of disease incidence.

3.2. Selection and specifics of control parameters
In systems of physics and technology, there is a clear understanding of

control, with effective control always implying the achievement of a target
value by selecting the right trajectory. In epidemiological systems this is
a challenge. In global terms, the control of an epidemic process is a sys-
tem of targeted impacts that result in a systematic decrease in the infection
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incidence of the population, up to interruption of epidemic process and elim-
ination of disease.

The main control parameter is the intensity of vaccination (and pre-
exposure prophylaxis) of those susceptible λ1 and recovered λ2. The λ2

parameter is used for infections with loss of immunity.
Control through isolation, detection and treatment is divided into two

parts: δ1 - for those with acute infection, δ2 - for those who are carriers.
Finding and treating carriers is of great value, because without this arresting
epidemics is impossible.

The impact on the transmission mechanism is revealed by control co-
efficient r, that makes the effective contact rare to be rR. These measures
include all ways to diminish effective contacts, i.e. lockdown, inter-group
isolation, secure behaviour, sanitary measures.

Note 1. Infected people are identified using clinical, epidemiological and
laboratory methods. Clinical methods involve the identification of intense
symptoms of a disease (fever, intoxication, anosmia and ageusia). Epidemi-
ological methods involve reducing the search to individuals in direct contact
or potential contact (a risk group). Laboratory methods include testing for
DNA/RNA and/or antigen of the infectious agent. In order to more exten-
sively identify the sources of infectious agents, including early in the disease,
the environment of sources of infectious agents is tested, and there is repeated
testing (screening, saturation), including the use of non-invasive tests.

Note 2. Treatment of identified cases leads to a decreased concentration
of the pathogen in the person’s body and a decreased infecting activity and
decreased spread of the disease. For some infections, it is possible to isolate
the identified patient at home or in the hospital. In this case the person moves
to the class Q - quarantined.

Note 3. Prevention of infection in susceptible individuals includes vacci-
nation and prophylactic treatment (pre- and post-exposure). Vaccination
involves revaccination that immunity is retained.

Note 4. The impact on the transmission mechanism includes measures in
relation to the human environment (eg. restoring safe water supply), as
well as security and restrictive measures (for example, the introduction of a
lockdown). Susceptible individuals are kept out of the infected area.
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3.3. Model variables and differential equations
The system of equations of the epidemic process under conditions of suf-

ficient control resources – concept controlling model - comprises 7 inde-
pendent differential equations, depicting dynamics of major 7 variables:

S(t)′ = − rS(t)(R1α1A(t) + R2α2C(t))

S(t) + E(t) + A(t) + C(t) + R(t) + V (t)
+

+ µN − µS(t) + k1R(t) + k2V (t)− λ1S(t)

E(t)′ =
rS(t)(R1α1A(t) + R2α2C(t))

S(t) + E(t) + A(t) + C(t) + R(t) + V (t)
− (γ1 + µ)E(t)

A(t)′ = γ1E(t)− (β1 + γ2 + ϵ1 + δ1 + µ)A(t)

C(t)′ = γ2A(t)− (β2 + ϵ2 + δ2 + µ)C(t)

R(t)′ = β1A(t) + β2C(t) + δ3Q(t)− (λ2 + k1 + µ)R(t)

V (t)′ = λ1S(t) + λ2R(t)− (k2 + µ)V (t)

Q(t)′ = δ1A(t) + δ2C(t)− (δ3 + µ)Q(t)

(1)

See the compartmental diagram associated to this model in Fig. 1.The
8th variable is dependent from the others and include humans that left the
population and died because of the infection and natural sauces (class DW
- dead and withdrawn). Before treatment the ill persons are identified and
isolated, forming class Q. So these persons, as well as DW class persons, are
not presented for the interaction as contacts, no potentially effective (S),
no potentially ineffective (classes E, A, C, R, V ). It is very important not
to put classes DW and Q in mass action. As the model is in the absolute
numbers, the absolute number of susceptible numerator S(t) should have the
denominator S(t)+E(t)+A(t)+C(t)+R(t)+V(t) to show the probability of
contacts of infected and susceptible. Thus the model has well posed mass
action in case the general population size is changing, either growing up, or
being stable, or moving down.

The variables, the parameters of the infection and epidemic process, and
control parameters are given in Table 2.

8



Table 2: Variable and parameters of the concept controlling model.
Designation Description
Variables
S susceptible
E exposed, but not yet infectious
A acute infected
C chronically infected (carriers)
R immune - resistant
V immune - vaccinated
Q isolated for treatment - quarantined
Parameters
α1 the intensity of infection of acute infected
α2 the intensity of infection of chronically infected
β1 the intensity of recovery of acute infected
β1 the intensity of recovery of chronically infected
γ1 the intensity of transition to acute infection
γ1 the intensity of transition to chronic infection
k1 the intensity of natural immunity loss
k2 the intensity of vaccine immunity loss
ϵ1 the death rate of acute infected
ϵ1 the death rate of chronically infected
R1 the contact rate of acute infected
R2 the contact rate of chronically infected
µ the intensity of outflow
µN the intensity of inflow
Control coefficients (control intensity coefficients)
λ1 intensity of vaccination of susceptible and pre-

exposure prophylaxis
λ2 the intensity of vaccination of recovered
δ1 intensity of detection, isolation and treatment of

acute infected
δ2 the intensity of detection, isolation and treatment

of chronically infected
δ3 the intensity of return from isolation with immu-

nity
r the the added control component for the contact

rate through the implementation of security and
sanitation measures
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Variables: S is the number of susceptible, E is the number of exposed
but not yet infectious, A is the number of acute infected, C is the number of
chronically infected, R is the number of resistant, V is the number of having
vaccine immunity, Q is the number of isolated for treatment (quarantined).

Parameters of the infection process: α is the intensity of infection, β is
the intensity of recovery, k is the intensity of immunity loss, ϵ is the death
rate, associated with the infectious disease.

Parameters of the epidemic process: R is the contact rate, µ is the inten-
sity of outflow, µN is the intensity of inflow.

Control coefficients (control intensity coefficients): λ1 is the intensity of
vaccination of susceptible and pre-exposure prophylaxis, λ2 is the intensity
of vaccination of recovered (they may have potentially lost their immunity
and therefore need to be vaccinated), δ1 is the intensity of detection, isolation
and treatment of acute infected, δ2 is the intensity of detection, isolation and
treatment of chronically infected, r is the the impact on the contact rate
with an added control component through the implementation of security
and sanitation measures.
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Figure 1: Model diagram.Variables are in blocks, epidemic and infection parameters are
in black, control parameters are in red.

In order to obtain seasonal variation, seasonal prevalence should be added
for contagiousness of acutely and chronically infected:

R1 = R10

(
1 + ι sin

(
2πt+ θ

T

))
R2 = R20

(
1 + ι sin

(
2πt+ θ

T

)) (2)
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Parameters of the epidemic process: ι – the intensity of seasonal oscillations,
θ – the duration of the phase shift indicating the seasonal maximum, T – the
dimension (observation interval: 365.25 days, 12 months, 52.18 weeks). The
above system depicts the number of new cases, got from acutes and carriers.

The absolute number of new cases is

rS(t)(R1α1A(t) + R2α2C(t)

S(t) + E(t) + A(t) + C(t) + R(t) + V (t)

The main control parameter is the vaccination of susceptible S(t) with
intensity λ1. Clearly both vaccination and re-vaccination are needed for
lifelong immunity to form. The model for k ̸= 0 also suggests vaccination
for recovered patients. The intensity of vaccination of recovered patients is
denoted as λ2. In some cases, people are vaccinated without clinically and
serological data on past disease. In this case, λ1 = λ2.

When the period of isolation is over, treated persons assumed to return
with immunity.

The system of the epidemic process operates in absolute numbers.

3.4. Properties of the system
The trivial stationary solution of the differential equation system (1):

E1 = A1 = C1 = Q1 = 0

S1 =
(k2 + µ)N

k2 + λ1 + µ

V 1 =
Nλ1

k2 + λ1 + µ

The Jacobian matrix for the trivial solution Jac 1 is shown on figure 2.

Figure 2: Jacobi matrix for trivial stationary solution
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The characteristic polynomial is multistory, however all 7 coefficients were
obtained, simplified and compared.

Formula 1.

r >
(λ1 + k2 + µ)(γ2 + ϵ1 + µ+ β1 + δ1)(γ1 + µ)(β2 + ϵ2 + δ2 + µ)

(R1(β2 + ϵ2 + δ2 + µ)α1 +R2α2γ2)γ1(k2 + µ)

In this very case all 7 coefficients of characteristic polynomial of Jac 1 are
positive and the trivial stationary condition is stable (the infection is cured
out), otherwise at least one coefficient is negative, that means that the trivial
condition is unstable and the infection persists.The result does not depend on
component N of inflow µN , coefficient of immunity loss k1, isolation release
intensity δ3. However time to result to zero cases may depend on these
parameters.

If the control conditions are near the threshold, it takes much time to clear
out the infection. If the control conditions are above, but near the treshold,
it takes much time to clear out the infection. This happens especially in
case of chronic infections, infections with carriers and with temporary immu-
nity, that interferes with reaching the trivial equilibrium. Concrete time and
target concentration of infected can be obtained by simulations. However
the formula for controlling the epidemic process was obtained. It comprises
levels of impact (intervention) at which the epidemic process ends - condi-
tion for arresting the epidemic process, as well as time to result and target
concentrations.

In this formula t is the time of reaching the critical concentration n of the
source of infection, δ is the intensity of revealing and treatment of cases, λ -
the intensity of vaccination.The formula allows to find pairs δ and λ to arrest
epidemic process in the scope of the certain period of time. The derivation
of the formula is given in appendix B.
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Formula 2.

δ = ((RI0α− k)((k + λ+ µ)2(RY0α + λ+ µ)2ln(I0/n)−R2I0((Y 0− 1)(µt+ 1)k2+

+ ((2tµ2 + (βt+ 2λt+ 1)µ+ λtβ + λ+ β)I0 − (2(λ+ µ)(tµ+ (1/2)S0 + 1/2))k+

+ (λ+ µ)2(t(µ+ β)I0 − tµ− S0))α
2 − 2(((tµ2 + (λt+ (1/2)tβ + 1/2)µ+

+ (1/2)λtβ + (1/2)λ+ (1/2)β)I0 − (1/2)λ− (1/2)λtµ− (1/2)tµ2)k2+

+ 2(λ+ µ)((tµ2 + (λt+ (3/4)tβ + 1/4)µ+ 3λtβ(1/4)+

+ (1/4)λ+ (1/2)β)I0 − (1/2)tµ2 + (−(1/2)λt− (1/4)S0 + 1/4)µ− (1/4)(S0 + 1)λ)k+

+ (λ+ µ)2(t(µ+ β)(λ+ µ)I0 − (1/2)tµ2+

+ (−(1/2)λt− (1/2)S0 + 1/2)µ− (1/2)S0λ))Rα− t(λ+ µ)2

(k + λ+ µ)2(µ+ β))et(RI0α+k+λ+µ) − (−k(RI0α + λ+ µ)2

((S0 + I0 − 1)k + (λ+ µ+ β)I0 + (S0 − 1)(λ+ µ))

eRI0αt + (k + λ+ µ)2(R2S0I
2
0α

2 + I0((I0 − 1)k + (S0 − 1)µ+ S0λ)Rα+

((λ+ µ+ β)I0 − λ)k)etk)Rα)/

/((((λt+ µt+ 1)k + t(λ+ µ)2)R2I20α
2 + (2(λ+ (1/2)k + µ)

((λt+ µt+ 1)k + t(λ+ µ)2)RI0α + t(λ+ µ)2(k + λ+ µ)2)

(RI0α− k)e(t(RI0α+k+λ+µ)−
− ((RI0α + λ+ µ)2eRI0αt − etk(k + λ+ µ)2)RkαI0)

Rule 1. The greater the influence of vaccination and pre-exposure prophylaxis
and the more intensive the identification and restriction of sources of the
infectious agent, the less amount of lockdown is needed. The higher the level
of vaccination and pre-exposure prophylaxis, the lower can be be the level of
detection of sources of the infectious agent.

The counterbalances: between control parameters, between control pa-
rameters ans time to result - are depicted in epidemic graphs as the auxiliary
tool to visualize the necessary forces to arrest the epidemic.

3.5. Epidemic diagram (colored epidemic graph)
Epidemic diagram visualizes the epidemic control formula and shows con-

ditions of loosing the stability between major control parameters: r, δ (δ1
and/or δ2), λ (λ1 and/or λ2).
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The epidemic diagram (epi-diagram) clearly represents a function of two
arguments, namely, the values of exposure to the contact rate r, depending
on the intensity of detection, isolation and treatment of sources of infection
δ and the volume of vaccination λ. An example diagram is shown in Fig. 3.
With a high intensity of δ and λ decreasing the contact rate of infection (for
example, lockdown) is not required (r=0, blue color). At low intensity of δ
and λ, a vivid decreasing of contact rate of infection is demanded (r = 1.6,
yellow color).

Thus, the colored epidemic graph shows that with significant efforts to
identify the sources of infection and vaccination, the levels of lockdown may
be lower. The diagram is digital and shows concrete values.

Figure 3: Epidemic diagram (colored epidemic graph). For infections with parameters
R = 3, µ = 0.000157, α = β = 0.074, k = 0.0055, λ2 = 0.0001, δ1=0.

3.6. Epidemic corridor
To form the epidemic corridor from time to target equation, two bound-

ary control conditions are laid down: 1 – with the maximum severity of the
control parameters r, δ, λ; 2 – with the minimum but relevant severity of the
control parameters r, δ, λ. The intersection of these curves with the abscissa
axis represents the time to reach the target (the minimum concentration of
sources of the causative agent of infection) under the condition of minimum
and maximum control intensities. In the Fig. 4, the minimum achievement
time was 200 days, the maximum achievement time was 500 days. During
the implementation of the intervention program, the intensity of the control

15



parameters varies, but the control trajectory remains within the epidemic
corridor. When compensating for the insufficient impact of one of the pa-
rameters on other parameters, the control trajectory is located in the middle
of the epidemic corridor.

Figure 4: Epidemic corridor. For infections with parameters R = 5.1, µ = 0.000273973,
α = β = 0.071428571, k = 0.0001, λmin = 0.0001, δmin = 0.0001, λmax=0.0002, δmax =
0.0002.

Thus, epidemic graphs demonstrate interchangeability of the control pa-
rameters and enhancement to reach the target in a better time.

3.7. Epidemic cube
Epidemic cube is the another form of epidemic diagram. The element

of the cube is the time to result. The target result is the condition with
less than 1 infected person for the the period of maximum infection length.
Corresponding epidemiological diagram is shown on Fig. 5.
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Figure 5: The epidemiological diagram: interdependencies between detection and restric-
tion of pathogen sources δ2, vaccination λ1, order diminishing infected population o. Time
to target concentration t = 300 days. µ = 0.00157; R = 3; k = 0.0055; µ = 0.00157;
λ2 = 0.0001; α = β = 0.074, δ1 = 0, Y0 = 0.005, X0 = 0.33.

Defining target number (concentrations) of infected people that is less
than the individual means the local elimination.

Thus, control is active and aggressive. It should cover all possible control
parameters, with a predetermined intensity based on calculations, to achieve
the goals of stopping the epidemic process. If all three control factors remain
at a higher level, the time to interrupt the epidemic process is reduced and
arrest succeeds.

4. Use of the model to measure the epidemic force

4.1. Epidemic data and parameter estimation
The materials used were data received from medical organizations on

the number of registered cases of eleven acute infections: measles, rubella,
mumps, viral hepatitis A, influenza A, COVID-19, whooping cough, chicken
pox, scarlet fever, Sonne dysentery, and gonorrhea; and two chronic in-
fections (viral hepatitis C, HIV infection); a total of 13 infections. The
observation period covered: measles – 60 years (1961-2021), rubella – 46
years (1975-2021), mumps – 60 years (1961-2021), viral hepatitis A – 51
years (1970-2021), influenza A – 29 years (1992-2021), COVID-19 – 665 days
(03/01/2020-12/25/2021), whooping cough – 30 years (1991-2021), chicken
pox – 30 years (1991-2021), scarlet fever – 33 years (1961-1994), Sonne dysen-
tery – 30 years (1991-2021), gonorrhea – 30 years (1991-2021), viral hepatitis
C – 30 years (1991-2021), and HIV infection – 30 years (1991-2021).
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A total of 413,887 cases were analyzed: measles – 17,485, rubella – 18,049,
mumps – 19,350, viral hepatitis A – 4,826, influenza A – 196,890, COVID-
19 – 85,997, whooping cough – 1,558, chicken pox – 26,633, scarlet fever –
15,838, Sonne dysentery – 3,332, gonorrhea – 8,694, viral hepatitis C – 1,468,
HIV infection – 13,767.

Data on measles, rubella, mumps, viral hepatitis A, chicken pox, and
scarlet fever was collected in Novomoskovsk, Tula Region; data on influenza
A, whooping cough, Sonne dysentery, and gonorrhea was collected in Tula;
on viral hepatitis C and HIV infection in the Tula Region; on COVID-19 in
Khasavyurt, Dagestan Region.

The observation interval for infections varied. Daily data was collected on
influenza A and COVID-19; for measles, rubella, mumps, viral hepatitis A,
whooping cough, chicken pox, scarlet fever, Sonne dysentery and gonorrhea
the data was collected weekly; and on a monthly basis for viral hepatitis C
and HIV infection.

The parameters of the epidemic process, namely the contact rate R, and
the intensity of seasonal oscillations ι that indicates a seasonal maximum,
were explored in the model for better comparison of the model data with
real data. The duration of the phase shift θ was determined in accordance
with average seasonal zenith incidence of a disease. The intensity of the group
turnover µ was based on the borderline of the patient age and the belonging
of disease to schools and pre-schools. Information about the parameters of
the infection process α and k was taken from evidence-based literature and
is presented in Appendix A.

The model data was compared to with real life data by calculating the
Euclidean distance Q using the formula:

Q =

√
ΣP

0 (It −Mt)2

P

where It is the actual value of the number of new cases for the observation in-
terval t, Mt is the model value of the number of new cases for the observation
interval t, P is the observation time.

The parameters were selected (optimized) by minimizing the Euclidean
distance using the universal gradient descent method. The parameters were
selected individually, pairwise and by group within the specified limits using
3-5 iterations Fazakas-Anca et al. (2021).
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4.2. Aerosol infections with lifelong immunity
The weekly dynamics of the number of new cases of diseases (histori-

cal data) of measles, mumps, and chicken pox in a city with a population
of 140 thousand people in the pre-vaccination period was analyzed (Novo-
moskovsk). Whooping cough was examined in a city with a population of 500
thousand people (Tula). The dynamics of the epidemic process of measles
was monitored from 1961 to 1968 (7 years)/mumps from 1961 to 1984 (23
years)/chicken pox from 1991 to 2021 (30 years) and whooping cough from
1991 to 1995 (4 years). In this time frame, people were not vaccinated against
these infections and the epidemic process developed as an autonomous sys-
tem.

The diseases were mostly found in nurseries and primary school students.
Accordingly, the average life expectancy in the group was 506.3 weeks, or 9.7
years (µ = 0.002).

The number of nursery school children and primary school students who
were in contact and involved in the airborne transmission of measles, mumps
and chicken pox in Novomoskovsk (N) amounted to 18,000 people. The
population involved in active contact with whooping cough in Tula was 3,000,
as this infection often manifests as benign and subclinical Cherry (2013), and
most cases of the disease occur in children under 5 years of age Greenberg
et al. (2005).

The average life expectancy of a group of nursery school children was 313.2
weeks, or 6 years. The duration of infection (and, accordingly, recovery)
with measles was 1.6 weeks (11 days), 3.1 weeks (22 days) with mumps,
3.0 weeks (21 days) with chicken pox and with whooping cough 2.7 weeks
(19 days). These infections cause lifelong immunity (k = 0). The severity of
seasonal oscillations ranged from 0.13 for measles to 0.45 for chicken pox. The
maximum incidence of measles, mumps, and chicken pox was in January, and
for whooping cough in September. The highest contagiousness was observed
in measles (R = 5.1), the lowest in whooping cough (R = 3.0).

The parameters of the infection and epidemic process and the initial con-
ditions for its development are given in Table 8.
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Table 3: Parameters and initial conditions of the epidemic process of aerosol infections
with lifelong immunity.

Measles Mumps Chicken pox Whooping cough
R 5.1 3.6 3.3 3.0
ι 0.13 0.24 0.45 0.20
θ -40 -37 -37 -22
µ 0.002 0.002 0.002 0.003
k 0 0 0 0
α 0.636 0.318 0.33 0.368
β 0.636 0.318 0.33 0.368
N 18,000 18,000 18,000 3,000
S0 3,600 5,400 4,500 990
A0 45 20 90 8
T 52.18 52.18 52.18 52.18
Dimension Week Week Week Week

Fig. 6 shows the weekly dynamics of new cases of pediatric infection.

(a) Measles. (b) Mumps.

(c) Chicken pox. (d) Whooping cough.

Figure 6: Real data and model data of new cases of aerosol infections with lifelong immu-
nity.

It can be seen in Fig. 6 that the model reproduces seasonal and cyclic os-
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cillations in incidence, the latter being due to the superposition of sinusoidal
disturbances on the frequency of the system. Measles has biennial peaks, as
described in classic epidemiology papers Marguta and Parisi (2016).

The mumps incidence model reproduced a 3-4-year frequency, and the
chicken pox model reproduced a 4-year frequency; however, the model curves
are closer to stationary values by the end of the observation, while periodic
oscillations continue according to the real data. The real systems of the
epidemic process experience more perturbations.

Since the observation interval for whooping cough took 4 years, it is
insufficient to assess the frequency, only seasonal prevalence can be clearly
observed.

4.3. Aerosol infections with loss of immunity
The dynamics of rubella and respiratory streptococcal infection, scarlet

fever, was studied in Novomoskovsk; influenza A in Tula; and COVID-19
in Khasavyurt, Dagestan Region, with a population of 146,000 people. The
study of viral infections was complemented by the study of bacterial infection
(Streptococcus pyogenes). The observation period covered 31 years (1975 to
2006) for the epidemic process of rubella, 24 years (1961 to 1985) for scarlet
fever, 5 years (1992 to 1997) for influenza A, and 1.8 years (March 2020 to
December 2021) for COVID-19.

The median group survival time for rubella and scarlet fever was 9.7
years, identical to other pediatric infections; it was 19-20 years for influenza
and COVID in keeping with the age structure of the population at the time
of observation. The population involved in active contact with rubella and
scarlet fever was 18,000. Due to the larger population of the city, 60,000
people were involved in the active transmission of influenza, and 13,500 peo-
ple were involved in COVID-191. The patient is contagious for 19 days with
rubella, for 7 days with scarlet fever, 5 days with influenza, and 14 days with
COVID-19. These infections may cause loss of immunity (k ̸= 0). With
rubella, relapses are possible but rare (k = 0.000251; 1/week). In the con-
cept controlling model, the parameter k describes both loss of immunity and
new antigenic variants of microorganisms. In scarlet fever (k = 0.000383;
1/week), in influenza A (k = 0.00005; 1/day). COVID-19 has a significant
rate of loss of immunity (k = 0.0055; 1/day).

In rubella, seasonal oscillations are pronounced, with a peak in January.
The maximum contagiousness of scarlet fever was observed in October, and
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in September with influenza and COVID-19. The contact rate R ranged from
1.6 for scarlet fever to 5.7 for COVID-19.

Table 4: Parameters and initial conditions of the epidemic process of aerosol infections
with loss of immunity.

Rubella Scarlet fever Influenza A COVID-19
R 2.4 1.6 4.4 5.7
ι 0.33 0.10 0.12 0.12
θ -40 -26 200 200
µ 0.002 0.002 0.000137 0.000137
k 0.000251 0.000383 0.00005 0.0055
α 0.368 1 0.2 0.074
β 0.368 1 0.2 0.074
N 18,000 18,000 60,000 2,500
S0 6,300 11,880 19,800 2,225
A0 80 90 450 8
T 52.18 52.18 365.25 365.25
Dimension Week Week Day Day

(a) Rubella. (b) Scarlet fever.

(c) Influenza A. (d) COVID-19.

Figure 7: Real and model data of new cases of aerosol infections with possible loss of
immunity.
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Now we shall consider in more detail the correspondence of the concept
controlling model to the real data using rubella as an example. Rubella
is an aerosol viral infection that mainly affects children aged 1 to 9 years.
The medical and social significance of this infection is the impact on the fetus
causing the development of encephalitis, insulin-dependent diabetes mellitus,
and fetal death. The maximum data on observation in the pre-vaccination
period (31 years) was obtained for this infection, so we shall reflect on it.
Raises in incidence before the start of intervention campaigns (2007) were
annually observed. For 31 years, there were 7 rises in incidence with the cycle
duration 4 years.

The incidence before the start of the vaccination campaign remained dy-
namically stable and remained at a higher level. The model reproduces the
dynamic stability (recurring epidemics) of rubella.

Yet, the superposition of peaks is not absolute: 4 rises coincide in time,
and 3 rises do not coincide. However, there was a coincidence in the incidence
rates. The cycle began in the area of high susceptibility of the population
with a gradual increase in the incidence (over 2 years). A high rise begins
with a significant off-season incidence in a susceptible population. After the
high rise, there were two annual rises in the area of insusceptibility.

A partial phase mismatch is also noted in two other models, in respira-
tory streptococcal infection, scarlet fever and influenza; the variability of the
pathogen is important with these infections, thus affecting model fitness.

Our research showed that in all infections except COVID-19 the starting
point was near equilibrium. In COVID-19 the starting point was far from
the equilibrium, the epidemic began in the presence of population sensitivity.
A very good comparability of the real and model data was attained.

4.4. Enteric infections
The dynamics of the incidence of hepatitis A is presented for Novo-

moskovsk, and Sonne dysentery for Tula. The observation time for the dy-
namics of the incidence of hepatitis A was 27 years (1970 to 1997), and 8
years (1991 to 1999) for Sonne dysentery. These nosologies develop person to
person transmission and often occur in organized groups of children. During
the observation time, the maximum incidence was recorded in nursery school
children and primary school students. The average lifetime of a group was
9.7 years.

The number of people involved in active contact with hepatitis A was
3,000 in Novomoskovsk, and 500 with Sonne dysentery in Tula, associated
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with a more favorable epidemiological situation . The maximum contagious-
ness of hepatitis A and Sonne dysentery was observed in organized groups
of children formed in early September (the “mixing” factor). The infectious
period for hepatitis A was 28 days, and 10 days for Sonne dysentery. After
hepatitis A, a stable immunity is formed; after dysentery, immunity lasts an
average of a year. The contact rate for hepatitis A and Sonne dysentery was
2.9.

Table 5: Parameters and initial conditions of the epidemic process of enteric infections.
Viral hepatitis A Sonne dysentery

R 2.9 2.9
ι 0.40 0.20
θ -19 -17
µ 0.002 0.002
k 0 0.02
α 0.25 0.70
β 0.25 0.70
N 3,000 500
S0 1,020 250
A0 70 20
T 52.18 52.18
Dimension Week Week

(a) Hepatitis A. (b) Sonne dysentery.

Figure 8: Dynamics of enteric infections.

The model reproduced the 4-year oscillation period of viral hepatitis A.
Frequency in Sonne dysentery was not revealed, since the ability of im-

munity to disappear suppresses oscillations. Only seasonal rises in incidence
were observed.
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4.5. Bloodborne and sexually transmitted infections
Weekly data on the number of new cases of gonorrhea was studied in

Tula; monthly data on the number of new cases of viral hepatitis C and
HIV infection was studied in Tula Region. The dynamics of the incidence of
gonorrhea was studied from 1991 to 1996 (5 years), viral hepatitis C from
1991 to 2011 (20 years), and HIV infection from 1991 to 2021 (30 years).

The narcotic outbreak of hepatitis C, and the narcotic and sexual out-
break of HIV infection were analyzed. The average life expectancy of patients
in the group with gonorrhea was 30 years; with hepatitis C and HIV infec-
tion, the average life expectancy of the group was 25 years with the narcotic
transmission. The average lifetime of the group with HIV sexual transmis-
sion was 50 years. Sexual transmission of hepatitis C was not considered due
to its low intensity Tahan et al. (2005).

The population involved in the active transmission amounted to 1,200
in gonorrhea and hepatitis C, and 2,000 in the HIV narcotic outbreak, and
14,000 in the sexual outbreak. The contagious period lasted 14 days for
gonorrhea, 5 years for hepatitis C, and 2.5 years (the narcotic outbreak) and
6 years (the sexual outbreak) for HIV. With gonorrhea, re-infection is possible
after 12 weeks, and after 10 years with hepatitis C (on average). With HIV
infection, recovery is impossible, there is no immunity. HIV infection has the
greatest susceptibility. The contact rate was 1.2 with gonorrhea, 2.7 with
hepatitis C and 4.5 (the narcotic outbreak) and 1.5 (the sexual outbreak)
with HIV. These infections suggest no seasonal prevalence.

Unlike HIV infection, with viral hepatitis C, there is both recovery and
loss of immunity (variety of virus genotypes). Despite the mass infection
during sexual intercourse, real and model data show that the narcotic trans-
mission of hepatitis C and HIV infection remains significant.
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Table 6: Parameters and initial conditions of the epidemic process of bloodborne infections
and sexually transmitted infections.

Gonorrhea Viral hepatitis C HIV infection
(narcotic/sexual)

R 1.2 2.7 4.5/ 1.5
ι 0 0 0
θ 0 0 0
µ 0.000694 0.00333 0.00333/ 0.00167 
k 0.07777 0.00833 0
α 0.5 0.01666 0.03/0.0138
β 0.5 0.001666 0
N 1,200 1,200 2,000/ 14,000
S0 996 1,080 1,960
A0 19 40 40
T 52.18 12 12
Dimension Week Month Month

(a) Gonorrhea. (b) Hepatitis C.

(c) HIV infection.

Figure 9: Dynamics of bloodborne infections and sexually transmitted infections.

There also was weekly data on the incidence of gonorrhea. The incidence
was stable with occasional oscillations. The stability of the incidence is de-
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termined by the virtual absence of immunity associated with the variability
of Neisseria gonorrhoeae.

4.6. Comparative study of the dynamics of infections
According to the parameters of the infection process, infections were di-

vided as follows: infections without immunity (HIV); infections with lifelong
immunity (measles, mumps, chicken pox, whooping cough, viral hepatitis
A); infections with possible loss of immunity, including due to the variability
of microorganisms (rubella, scarlet fever, Sonne dysentery, gonorrhea, viral
hepatitis C, influenza A, COVID-19). The model reproduces quantitative
and qualitative characteristics, as well as the dynamics of these diseases.
The study shows that the set of variables and parameters is necessary and
sufficient.

The highest contact rate R was observed with COVID-19 (5.7), measles
(5.1), narcotic spread of HIV infection (4.5), and influenza A (4.4); the lowest
R was with gonorrhea (1.2), sexual spread of HIV (1.5), and scarlet fever
(1.6). The contact rate range shows that the pathogens of these diseases are
in a state of compromise with the human population Alizon et al. (2009).

The value of the contact rate R can vary depending on the type of trans-
mission, with HIV infection being an excellent example van den Driessche
(2017).

Interestingly, infections with a fecal-oral transmission mechanism (hepati-
tis A, Sonne dysentery) are similar to infections with an aerosol transmission
(rubella, chicken pox). This confirms the paradigm of host-parasite interac-
tions.

The greatest values of seasonal oscillations were found in chicken pox
(0.45) and viral hepatitis A (0.40); this is associated with the effect of orga-
nized groups formed in kindergartens and schools.

The results of mathematical modeling have shown that the concept con-
trolling model (with zero level of control) adequately reproduces the incidence
dynamics.

In general, the model describes well the average, minimum, and maxi-
mum levels of incidence with matching peaks. Therefore, it can be assumed
that it enables the reliable measurement of transmissibility and the reliable
assessment of the intensity of the epidemic process. The known intensity
allows an exact understanding of control.

Whooping-cough, influenza and respiratory streptococcal infection, scar-
let fever show some lag in the coincidence of the incidence peaks, because the
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increase in the incidence of these infections is partially mediated by genetic
variability of the pathogen. The parameters of all the above infections are
defined in the study, and are also given in Appendix A.

5. Use of the model to implement intervention campaigns

Thirteen intervention campaigns were analyzed, 11 of them for acute
infections and 2 for chronic infections (HIV and viral hepatitis C). Ten inter-
vention campaigns were implemented, the necessary resources and facilities
were calculated additionally for 3 campaigns. (The material on infections is
analyzed in the same order in which they were located in Section 4.1)

Necessary control forces were calculated by the formula and numerical
solution of differential equations.

If there are no effective measures, it is the spontaneous development (SP).
If the control measures only diminish incidence, this is the subcritical control
(SC). If the epidemic process is interrupted, the control is effective (EF). If
the campaign starts with the subcritical method (SC) and ends with effective
method (EF) this method of control is called piecewise (PW).

5.1. Measles
The measles vaccination campaign began in 1968. Due to the high ef-

ficiency of the vaccine, only the vaccination campaign was supposed to be
performed, without special measures to identify the sources of the infectious
agent and reduce the mechanism of transmission. Calculation by formulas
showed the critical level of vaccination λ1 not less than 0.008168, the time of
termination of the measles epidemic process T hould were 249 weeks. Vac-
cination was launched at a lower intensity, namely λ1 = 0.0079, the time to
achieve a reduction in incidence was 340 weeks, but after 360 weeks (from the
start of the vaccination campaign) measles outbreaks intermittently occurred
(subcritical control). In April 1976, up to 85 cases of diseases were registered
per week, May 1982 up to 48 cases, and March 1984, October 1984, April
1985, June 1987, April 1988 up to 10-14 cases.

In 1994, the campaign was revised: the intensity of vaccination increased
to critical (λ1 = 0.008168). There was a particular focus on the immunization
of individuals before entering kindergartens and schools. Since 1994, only a
few cases were recorded: four in July 2003, one in August 2003, one in
September 2003, one in October 2018, and seven in March 2019. Currently,
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priority is given to revaccination of the elderly. The total follow-up was 60
years, from 1961 to 2021.

5.2. Mumps
The vaccination campaign began in 1982. Initial calculations showed the

following parameters of the intervention campaign: λ1 = 0.00418; δ1 = 0.03;
r = 0.2; T = 186 weeks.

Since the calculations show an unsatisfactory long time to achieve the
result, the volume of interventions was recalculated in order to reliably with-
draw from the critical level towards efficiency. Taking into account the ca-
pabilities of the healthcare system, the level T = 125 weeks was chosen.
Accordingly, the campaign indicators were: λ1 = 0.0086; δ1 = 0.03; r = 0.2.
With these parameters, the campaign proved effective.

From January to April 1999, there was an outbreak of mumps associated
with the introduction of infection into the area.

5.3. Chicken pox
The chicken pox vaccine is not included in the national vaccination sched-

ule in the Russian Federation. In this regard, a future intervention cam-
paign was calculated. Taking into account certain activity of the chicken
pox epidemic process, the following intervention campaign was developed:
λ1 = 0.003625; δ1 = 0.02; r = 0.3; T = 102 weeks and is pending realization.

5.4. Whooping cough
The vaccination campaign began in 1995. According to calculations, the

intensity of vaccination λ1 was 0.00565, r = 0.2; δ1 = 0.03; T = 125 weeks.
However, the indicated intensity of control parameters failed to be achieved.

The whooping cough vaccine was not fully effective. Taking into account the
efficacy of the vaccine, the actual vaccination intensity λ1 equaled 0.005, and
this vaccination intensity turned out to be below critical. The number of
whooping cough cases decreased by 5 times: from 6-10 cases to 0-2 cases per
week. Patients with whooping cough were actively identified, isolated and
treated. Thus, whooping cough cases persist suggesting subcritical control.

The pathogen has antigenic variability and continues to circulate among
both children and adult population, which is the cause of remaining incidence.
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5.5. Rubella
As vaccines became available, an intervention campaign was planned to

prevent the incidence of rubella since 2007. According to the plan, the inten-
sity of vaccination λ1 was to be 0.001694; intensity of detection and isolation
of sources of infectious agents was planned as δ1 = 0.05. Sanitation mea-
sures in organized groups (increased requirements for intra-group isolation
and ventilation of premises) were at r = 0.4. The time of termination of the
epidemic process was to be T = 73 weeks.

The main planned indicators during the campaign were achieved. The
actual vaccination rates were at λ1 = 0.0017 upon reaching the planned level
r and δ1. The intervention campaign started on Week 1,550 (2007). The
time to achieve the result was 92 weeks.

5.6. Scarlet fever
The epidemic process of scarlet fever was controlled simultaneously with

the control of the epidemic process of streptococcal pharyngitis. The control
parameters of the epidemic process of scarlet fever were determined as follows:
λ1 = 0.0008; δ1 = 0.07; r = 0.15; T = 70 weeks. Pre- and post-exposure
prophylaxis with antibiotics was supposed to reduce susceptibility. However,
these activities could not be implemented fully due to significant adverse
events and treatment refusals. The intervention campaign began in 1984.
Parameters of the conducted campaign were λ1 = 0.0006; δ1 = 0; r = 0. The
cases were not always timely detected, as at the time of detection patients
had infected healthy individuals. The incidence of scarlet fever decreased by
4 times, but it remains 10 cases per week during the seasonal rise in October,
a month after organized groups are formed in schools and kindergartens. The
campaign showed subcritical control.

5.7. Influenza A
The parameters of influenza A epidemic process control were determined

as follows: λ1 = 0.000429; λ2 = 0.000035; δ1 = 0.03; r = 0; T = 260 days.
The planned time to achieve the result was 400 days. Seasonal vaccines
were applied on the basis of the last strain of the previous seasonal period.
Vaccinations were planned for both susceptible and recovered patients. The
campaign started in 2004. It was possible to almost completely follow the
parameters intended via the calculations. The actual time to reach the result
was 600 days. The campaign can be considered effective, vaccination and re-
vaccination against influenza continues annually.
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5.8. COVID-19
The intervention campaign is given on the example of Moscow. The

COVID-19 epidemic started with the following initial conditions 89 percent
susceptibility, A0 = 200 (the absolute number of patients). The contact rate
R of the spread of the Wuhan variant at the start was 2.7. The population
involved in active contact was 1 million.

The lockdown was announced on Day 68 of the epidemic, the intensity
of the lockdown was r = 1.62. On the 195th day of the epidemic, a partial
lockout occurred that lasted until Day 380 (r = 0.945). From Day 380 the
lockout became complete (r = 0). The intensity of detection, isolation and
treatment of sources of infection was δ1 = 0.09.

The lockdown saved time for the deployment of beds, including intensive
care units, to ensure a reduction in COVID-19-related fatalities. Type of the
control appeared to be piecewise.

5.9. Viral hepatitis A
Viral hepatitis A was a serious problem for the area (Novomoskovsk, Tula

Region) through the unsatisfactory sanitary and hygienic condition of the
water supply in certain parts of the city, which triggered a seasonal epidemic.
Further, the epidemic was actively supported by contact and community-
acquired transmission of the virus (person to person transmission) in schools
and pre-schools. An intervention campaign was planned with a focus on
the transmission mechanism, r = 1. Other parameters of the intervention
campaign were λ1 = 0.001146; λ2 = 0; δ1 = 0.05; T = 96.

The campaign started in 1997. The water supply was reconstructed
and group isolation and disinfection measures were introduced in organized
groups in schools and pre-schools, as well as vaccination of children and
adults. The actual campaign parameters: λ1 = 0.00047; λ2 = 0; δ1 = 0.26;
r = 0.5. The time to achieve the result was 450 weeks. The campaign can
be considered effective.

5.10. Sonne dysentery
The epidemiological significance of Sonne dysentery was defined by the in-

tensive contact and community-acquired transmission in schools and preschools
between 1991 and 1999. An intervention campaign was planned with an em-
phasis on the reconstruction of preschool institutions with the introduction
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of intra-group isolation, as well as provision of more kindergartens. The reg-
ulations for medical personnel at schools and preschool institutions for the
identification of symptoms and laboratory tests were introduced.

The campaign started in 1999. Planned indicators were λ1 = 0; λ2 = 0;
δ1 = 0.09; r = 1.497; T = 26 weeks. Identified and diseased individuals
were isolated, treated and returned to the population both susceptible and
non-susceptible.

The actual campaign indicators were λ1 = 0; λ2 = 0; δ1 = 0.09; r =
1.05. The result was achieved 40 weeks after the launch of the intervention
campaign. The campaign can be considered effective.

5.11. Gonorrhea
An intervention campaign with a critical impact level for this disease was

not planned. The control efforts of two stages of the current anti-epidemic
measures (1996 to 2004, 2004 to 2022) were evaluated. In 1996-2004, there
was a decrease in transmission through the use of condoms r = 0.06, detection
and treatment with training in safe behavior with an intensity of δ2 = 0.1.
In 2004-2022, the intensity of these activities was r = 0.12; δ1 = 0.118. The
interventions showed the piecewise control.

5.12. Viral hepatitis C
A population of injecting drug users with a total of 1,200 people was

considered. Calculations for the critical levels showed a longer duration of
achievement of the result. Therefore, enhanced parameters of the interven-
tion campaign were planned: λ1 = 0.02; λ2 = 0.02; δ1 = 0.06; r = 1; T = 99
months. The indicator λ1 denoted pre-exposure prophylaxis with sofosbuvir
in susceptible patients, λ2 was pre-exposure prophylaxis with sofosbuvir in
recovered and treated patients, δ1 was detection and treatment. The cam-
paign is planned after direct acting agents and sofosbuvir for pre-exposure
prophylaxis are made available. Measures to counteract/ensure the safety of
injecting drug use are also planned Kretzschmar and Wiessing (2008).

5.13. HIV infection
A population of injecting drug users with a total of 2,000 people was

considered. After the narcotic outbreak, that happened in 2000, program
of screening and treatment was implemented with intensity δ1 = 0.01. The
critical levels of control in HIV infection were determined as λ1 = 0.015;
λ2 = 0; δ1 = 0.06; r = 0.155; T = 143 months. The parameter r is the
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impact on the mechanism of infection transmission (injecting drug use), δ1 is
the identification of sources of the infectious agent with taking for treatment
and removal from the population, as it is assumed that the same number
of new injecting drug users replaces those removed. The parameter δ2 is
detection and taking for treatment with remaining in the same group of
injecting drug users. The parameter λ1 is pre-exposure prophylaxis with
antiretroviral drugs (tenofovir and emtricitabine, as well as other permitted
drug combinations). COVID-19 postponed the beginning of the program.
The program needs accumulation of the necessary resources and facilities,
namely non-invasive tests for HIV infection, outreach workers for testing,
and low-threshold access points for dispensing therapy.
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(a) Measles. (b) Mumps. (c) Chicken pox.

(d) Whooping cough. (e) Rubella. (f) Scarlet fever.

(g) Influenza A. (h) COVID-19. (i) Viral hepatitis A.

(j) Sonne dysentery. (k) Gonorrhea. (l) Viral hepatitis C.

(m) HIV infection.

Figure 10: Dynamics of the incidence of infections (a-m) in the setting of intervention
campaigns from 1968 to 2021: comparison of model data with real data.
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Table 7: Control parameters for contagious disease spectrum.
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6. Comparison of systems with sufficient and limited control re-
sources

We compared variants of deliberatly simplified concept controlling model

• General variant
X ′ = −RαXY + µ− µX − λXp1

Y ′ = RαXY − βY − µY − δY p2

• Mode1 p1 = p2 = 1
X ′ = −RαXY + µ− µX − λX
Y ′ = RαXY − βY − µY − δY

• Model2 p1 = p2 = 0
X ′ = −RαXY + µ− µX − λ
Y ′ = RαXY − βY − µY − δ

where X is the proportion of susceptible individuals, Y is the proportion of
infected (uncontrolled sources of infection), R is the contact rate, α is the
intensity of infectiousness, β is the intensity of recovery, µ is the intensity of
the natural movement of the population (birth and death rates, inflow and
outflow), δ is the intensity of detection and taking for treatment of sources
of infection, p2 is the δ value of resources sufficiency, λ is the intensity of
vaccination, p1 is the λ value of resources sufficiency. Parameter values as
of acute infection: α = β = 0.074 (1/day), R = 2, µ = 0.000157 (1/day),
λ = 0.00001 (individuals/population).

In Model 1 (proportionate sufficient resources) the trace (tr) of the Jacoby
matrix (J) of the nontrivial equilibrium (NTE) is always below zero, which
means the system is either in a steady state or unstable with the hard loss
of stability while traveling to the trivial equilibrium (TE). In figures dash is
unstable equilibrium, solid is stable equilibrium - Fig. 11.

tr(J(System1)) = − µRα

µ+ β + β
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Figure 11: Bifurcation diagram of system 1 showing control evolution in direction enhanc-
ing force δ: X – left, Y – right.

In System 2 (unproportionate insufficient resources) the trace of the Ja-
coby matrix can be either above or below zero that completely changes the
system behavior. With the growth of δ system passes the unstable cycle,
mild loss of stability (with oscillations), hard loss of stability (without oscil-
lations).

tr(J(System2)) = −
[
(−µ+δ+λ)R2(µ−δ−λ)2α2−2Rµ(µ+δ−λ)(β+µ)α+

+ µ2(β + µ)2
]1/2 − µ3 + (Rα− β − 3δ + λ)µ2+

+

(
−2R(δ + λ)α− 5

(
δ − λ

5

)
βµ+R(δ + λ)2α− 2β2δ

)
Rα·

·
{
(β + µ)

[
−µ2 + (Rα− β)µ−R(δ + λ)α−

{
R2(µ− δ − λ)2α2−

− 2Rµ(µ+ δ − λ)
[
β + µ+ µ2(β + µ)2

]1/2}]}−1
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Figure 12: Bifurcation diagram of unproportionate system 2 showing control evolution in
direction enhancing force δ: X – left, Y – right.

Aims of the epidemic control are only reached through hard loss of sta-
bility.

In sufficient control resources the system is plane and the hard loss of
stability occurs after reaching the threshold. In limited resources the system
behavior becomes complex and big oscillations may cause bifurcation to the
end of the epidemic process.

Note 5. In a system with limited resources, the trace of the Jacobi matrix
can be both negative and positive, which means that with limited resources
for identifying sources of the infectious agent, the system can lose stability
with oscillations. Unstable cycles may occur. Such buildups are known in
dynamical systems and are unfavorable for controlling.

Note 6. In conditions of limited resources, parametric portraits show ar-
eas of stability, instability with oscillations, instability without oscillations,
depending on the level of control actions.
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Figure 13: Dependence of the trace tr on the contact rate R at different levels of detection
and treatment of sources of the infectious agent δ. µ = 0.00157; R = 3; k = 0; λ = 0.0001;
α = β = 0.074.

When resources are limited, especially in rapid (acute) infections, con-
stant (unproportionate) detection and treatment of pathogen sources can be
accompanied by repeated outbreaks, which may severely hamper an inter-
vention campaign - Fig. 12, 13.

7. Discussion and perspectives of the study

Determining the parameters of the epidemic process based on incidence
data is an inverse problem, the formulation of conceptual models of epi-
demics and their control is the ill-posed problem Kabanikhin and Krivorot’ko
(2020). For all studied diseases, the concept controlling model enabled the
determination of the parameters of the epidemic process and control parame-
ters. The formula for determining condition of arresting epidemics was oper-
ational. The formula values turned out to be comparable with the numerical
solutions of the system of differential equations.

The concept controlling model enables the qualitative prediction of the
movement of incidence, the time of peaks and declines, seasonal prevalence
and frequency. It describes the qualitative behavior of the system: the pres-
ence or absence of oscillations in incidence, frequency of oscillations. The
periodic rises of incidence are due to a combination of seasonal forcing and
the natural frequency of the system’s oscillations. The seasonal and periodic
rises of the model data with the real data coincide; however, lead and lag of
5-6 weeks are possible. Our model is close to SEIR-HCD model Krivorot’ko
et al. (2020).
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In the work we found, that several control options are possible, whether
effective or not, options shown in Table 8

Table 8: Options for controlling the epidemic process.
Control
Option Graph Explanation

Option 1.
Spontaneous de-
velopment of the
epidemic SP

The solution of the differential equations
is an increasing function with saturation,
no control.

Option 2.
Inefficient con-
trol NE with
increasing inci-
dence

The solution is an increasing function with
saturation at a slightly lower level than
with no exposure.

Option 3.
Sub-critical con-
trol SC with a
decrease in inci-
dence

The solution is a decreasing function that
reaches lower values but never reaches the
target value.

Option 4.
Effective control
EF with the
elimination of
infection

The solution is a control curve, a decreas-
ing function that reaches the values of the
no infection after time T

Option 5.
Control in a
piece-wise linear
mode PW with
the elimination
of infection

A phasing is recommended with increased
control at subsequent phases (acceleration
of the active search for cases as their num-
ber decreases). The first 600 days, Mode
3 is applied; in the next 600 days Mode 4
is applied with the elimination of the in-
cidence in the area.

In the absence of control - spontaneous development of the disease, the
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incidence inexorably increases reaching saturation at a very high level (Op-
tion 1). Inefficient control (Option 2) and sub-critical control (Option 3) are
far from the aim of arresting the epidemic. Upon reaching the required levels
of exposure, a phase transition to the elimination of infection is performed
(Option 4). Piece-wise linear control is possible, where a milder mode is
applied at the first stages, and a harder (“cleaning”) mode is used at subse-
quent stages (Option 5). This approach allows saving resources at the first
stages of the intervention campaign with the avoided prolonged attainment
of the target result at subsequent stages.

Rule 2. It is recommended that the search for cases be intensified as the
intervention campaign advances.

Of the 10 intervention campaigns that took place, 6 proved effective (EF),
2 were sub-critical (SC). In 2 cases, a piece wise approach to changing the
parameters was applied (PW). In 3 cases, spontaneous development of the
process (SP) was observed (measures are planned).

The actual duration of intervention campaigns sometimes happened to
be longer than predicted. This is due to oscillations in control efforts and a
temporary shortage of resources and/or facilities.

It is necessary to solve two fundamental questions: how the sinusoidal
forcing (question 1) and random oscillations (question 2) affect the model
and the formula. Additional research is required.

The value of contact rate R may vary not only within the nosology, but
also depending on the territory, population groups and time-frame. A good
example is HIV showing high contact rate in narcotic users and relatively
low contact rate in heterosexual transmission. The parameter R depends on
the strain variability: the value of R in Delta variant is lower than in the
Omicron variant.

The model is applied for binary (two-term) parasitic systems, infectious-
immunological relations between the parasite and the host. More complex
models are used for tripartite parasitic systems that include vectors, as well
as for diseases with a long persistence of the pathogen in the environment.

A varying profile of model parameters enables the prediction of the dy-
namics of both acute and chronic infections, both infections with aerosol
and fecal-oral transmission mechanisms, although the epidemiology of these
infections is fundamentally different.

New and recurring infections are encountered by field epidemiologists
who use personal computers and are not equipped with supercomputers.

41



Therefore, simple models that do not require resource-intensive hardware are
of particular importance. The epidemic process control formula is powerful
resource and can be implemented arithmetically and on all devices without
limitation. We regard it as the necessary control tool.

Mutual potentiation of anti-epidemic measures of different directions is
extremely important. With successful identification, isolation and treatment
of patients, as well as vaccination, the size of lockdown (that is economically
destructive) can be reduced. Freedom of choice suggests that work can be
less intensive and the result will be obtained after a longer period of time,
or the labour can be more intense and the result will come faster. Similarly
to bank loans, often a quick repayment is cheaper, but we have to deal with
time-based budgeting.

Piece-wise linear controlling is suggested for this paper. We start with
the mild control - noncritical fall of incidence. Then we pass to the enhanced
control with critical fail of incidence (that is above threshold and allows
elimination). It is evident that on the first step sub-critical control is easy
to be organised but it provides the fertilized soil for more intense finishing
action. Thus arresting epidemics occurs.

We also show that that epidemic process control at limited resources in
acute infections may be dangerous due to oscillations.

Of particular interest are system trajectories, and epidemiological corri-
dors (tunnels), when moving through which the epidemic process is inter-
rupted.

The mechanism for adjusting the planned and actual (current) control
trajectory is subject to further study that involves the determination of a need
for it to be corrected in case of deviation from the specified trajectory due to
insufficient resources (or poor activity) or inaccurately defined parameters.
This also applies to a group of ill-posed problems. It seems particularly
relevant to improve methods for determining the parameters of an epidemic
process based on their measurement by really robust methods (the inverse
problem).

8. Conclusion

We briefly reviewed the types of mathematical models of epidemics. Next,
we chose essential parameters of the infectious and epidemic process, neces-
sary and sufficient for epidemic control tool, aimed on arresting epidemics.
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The concept controlling model qualitatively and quantitatively describes
the system behavior.

The spectrum of pathogens and infectious diseases used to be defined by
the following parameters: the intensity of infection and recovery, the rate of
loss of immunity and the intensity of the inflow/outflow of the population,
death rate. There are three control coefficients: r, security and restrictive
measures; δ, identification, isolation and treatment of sources of infection; λ,
vaccination, the last two exist in the two variants described above.

We define three targets of controlling: infected persons (detection, iso-
lation and treatment δ), the mechanism of transmission (security and re-
strictive measures, sanitation activities r), as well as susceptibility reduction
(vaccination, pre- and post-exposure prophylaxis λ).

Concept controlling model is sharpened to plan intervention campaign
and check its efficacy. The epidemic control tool presented in the paper
identifies conditions to achieve the elimination and evaluate time to elimina-
tion. Below formula levels intervention measures are ineffective.

Control measures enhance each other. The greater the influence of vacci-
nation and pre-exposure prophylaxis and the more intensive the identification
and restriction of sources of the infectious agent, the less amount of lockdown
is needed. The higher the level of vaccination and pre-exposure prophylaxis,
the lower can be be the level of detection of sources of the infectious agent. If
all measures are aggressive, time to elimination is reduced. Epidemiological
diagrams are suggested, that allows to combine directions of controlling and
time perfectly.

This paper demonstrates the efficacy of the concept controlling model
with regard to real data and the potential of using epidemic control tool to
plan the intervention and check its efficacy.

It is assumed that each area should be certified according to the main
demographic characteristics and the number of risk groups, and basic models
of actual infections and long-term plans for their elimination should be in
place. If this is done, the readiness for both new and recurring diseases is
higher.

In conditions of limited resources, parametric portraits show areas of sta-
bility, instability with oscillations, instability without oscillations, depending
on the level of control actions.

To sum it up, mathematical modeling of the epidemic process is an ef-
fective tool in the elimination of disease incidence. The concept controlling
model provides a useful framework to study the specifics of epidemic process
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and estimate the level of control measures.
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Appendix A. Parameters of the infection process of acute and
chronic infections

Chronic infections
Disease Infection rate α Recovery rate β (1/days) Source Immunity loss rate k

(1/days)
Source

1 HIV infection 0.00046019 0 Williams et al. (2011) 0 Drain et al.
(2019)

2 Viral hepatitis
C

0.00055533 0.000055 Aitken et al. (2008) 0.00027767 Currie et al.
(2008)

Acute infections
Disease Infection rate α

and recovery rate β
(1/days)

Source Immunity loss
rate k (1/days)

Source

3 Chicken pox 0.04714286 Freer and Pistello (2008) 0 Gershon and Gershon
(2013)

4 Viral hepatitis A 0.03571429 Czumbel et al. (2018) 0 Hussain et al. (2006)
5 Influenza 0.2 Cori et al. (2012) 0.00005 Woolthuis et al.

(2017)
6 Gonorrhea 0.071429 Hethcote et al. (1982) 0.01111 Russell et al. (2020)
7 Sonne dysentery 0.1 Shad and Shad (2021) 0.00285714 Allen et al. (2021)
11 Whooping cough 0.05262857 Pesco et al. (2014) 0 Rozhnova and Nunes

(2012)
12 Measles 0.09 Finkenstädt et al. (2002) 0 Corey and Noymer

(2016)
13 Rubella 0.05257 Edmunds et al. (2000) 0.00003586 Yang and Silveira

(1998)
20 Respiratory strep-

tococcal infection,
scarlet fever

0.142857 Basetti et al. (2017) 0.00005476 Zhong and Wang
(2020)

24 Mumps 0.04542857 Anderson et al. (1987) 0 Greenhalgh (1988)
26 New coronavirus in-

fection COVID-19
0.074 Singanayagam et al. (2020); Puhach et al. (2022) 0.0055 Cherednik (2021);

Inthamoussou et al.
(2022)

For acute infections α = β

Appendix B. Derivation of the formula for arresting epidemics

To derive the formula for arresting epidemics we make several assump-
tions during arresting period. We 1) neglect the death rate, 2) do not form
quarantine class Q - revealed infected are treated and move directly to re-
sistant class R, 3) vaccinated people carefully re-vaccinate and confirm their
vaccine immunity, 4) fore simplification purposes instead of three classes (E
- exposed, A - acute infected, C - chronically infected) one class I is formed,
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5) sum of all classes is equal to 1 (S + I + R + V = 1), thus calculation of
classes is available in proportion.

The assumption system comprises 3 independent differential equations
for classes S, I and R and dependant differential equation for class V:

S(t)′ = −RαS(t)I(t) + µ− µS(t) + kR(t)− λS(t)

I(t)′ = RαS(t)I(t)− (β + µ+ δ)I(t)

R(t)′ = (β + δ)I(t)− (k + µ)R(t)

V (t)′ = λS(t)− µV (t)

(B.1)

Assume the approximate solution I(t) = I0, then the differential equation
for R(t) is written as

d

dt
R(t) = (βI0 + δ)− (k + µ)R(t)

We solve this differential equation and assume R0 = 1−X0 − Y0

R(t) =
((−k − µ− β − δ − λ)I0 − (S0 − 1)(k + λ+ µ))e−(k+λ+µ)t + (β + δ)I0

k + λ+ µ

Insert expression for R(t) into the differential equation for S(t) and solve it

S(t) = (
1

(k + λ+ µ)(RI0α− k)(RI0α + λ+ µ)

(k + λ+ µ)((RI20α + (−Rα + β + δ + λ+ µ)I0 − λ)k+

+ I0αR(RS0I0α + (X0 − 1)mu+X0λ))e
−(RαI0+λ+mu)t−

− k((S0 + I0 − 1)k + (λ+ µ+ β + δ)I0 + (S0 − 1)(λ+ µ))(RαI0 + λ+ µ)

e−(k+λ+µ)t + (RαI0 − k)(((β + δ)I0 + µ)k + µ(λ+ µ))

Insert expression for S(t) into the differential equation for I(t) and solve
it. Obtaining

Y (t) = Ae
B

((k+λ+µ)2(RI0α+λ+µ)2(RI0α−k)))

where

A = −(
1

(k + λ+ µ)2(RI0α + λ+ µ)2

((RI20α + (−Rα + β + δ + λ+ µ)I0 − λ)k2+

+ (Rα(λ+ µ+ β + δ)I20 − (λ+ µ)(−λ− µ+ (S0 + 1)Rα− 2β − 2δ)I0−
(λ+ µ)((S0 + 1)λ+ (S0 − 1)µ))k
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B = −(k + λ+ µ)2αR(R2S0I
2
0α

2 + I0((I0 − 1)k + (S0 − 1)µ+ S0λ)Rα + k((λ+ µ+ β + δ)I0−
− λ))e−(RI0α+λ+µ)t − (−kαR((S0 + I0 − 1)k + (λ+ µ+ β + δ)I0+

+ (S0 − 1)(λ+ µ))(RαI0 + λ+ µ)e−(k+λ+µ)t+

+ (k + λ+ µ)(RαI0 − k)t((µ(I0 − 1)k + (λ+ µ)((µ+ β + δ)I0 − µ))

Rα + (µ+ β + δ)(λ+ µ)(k + λ+ µ)))(RαI0 + λ+ µ)

From this equation applying simplification we get Formula 2.
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