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Î ÏÐÎÑÒÐÀÍÑÒÂÀÕ ×Ó ÍÀÄ ÊÀÒÅÃÎÐÈÅÉ SS −Act

Å.Å. Ñêóðèõèí, À.À. Ñòåïàíîâà, À.Ã. Ñóõîíîñ1

Abstract. We prove the general properties of morphisms of Chu spaces
and functors with a value in the category of Chu spaces. As a consequence,
the existence of coproducts and some products is proved; monomorphisms
and epimorphisms of Chu(SS − Act) and Chu(SS − Act,D) categories
of Chu spaces over SS − Act category are characterized; characteristics
of separable and complete separable Chu spaces are given.
Keywords: Cartesian Closed Category, S-Act, Chu spaces, limits of
functors.

1. Ââåäåíèå

Êîíñòðóêöèÿ ×ó [1, 2], ïîçâîëÿþùàÿ ïî çàäàííîé ñèììåòðè÷åñêîé ìîíî-
èäàëüíîé çàìêíóòîé êàòåãîðèè è ôèêñèðîâàííîìó îáúåêòó â íåé ïîñòðîèòü
íîâóþ êàòåãîðèþ ñ äîïîëíèòåëüíûìè ñâîéñòâàìè, ïðèâåëà ê ôîðìèðîâàíèþ
ïîíÿòèÿ ïðîñòðàíñòâà ×ó è ïîÿâëåíèÿ öåëûõ íàïðàâëåíèé èññëåäîâàíèÿ êà-
òåãîðèé ïðîñòðàíñòâ ×ó è ñâîéñòâ âûäåëåííûõ îáúåêòîâ è ìîðôèçìîâ. Åñ-
ëè V êàòåãîðèÿ, ⊗ : V × V −→ V ôóíêòîð, ðàññìàòðèâàåìûé êàê ïðîèçâåäå-
íèå íà êàòåãîðèè V, òî ïðîñòðàíñòâîì ×ó íàä V íàçûâàåòñÿ ëþáîé ìîðôèçì
r : A ⊗ X −→ D êàòåãîðèè V, ãäå A,X,D ∈ Ob(V). Êàòåãîðèÿ Chu(V, D), ãäå
D ôèêñèðîâàííûé îáúåêò V, îïðåäåëÿåòñÿ òàê [2, 6]: îáúåêòû å¼ � ýòî ïðî-
ñòðàíñòâà ×ó r : A ⊗X −→ D, à ìîðôèçìîì èç r â r′ : A′ ⊗X ′ → D ÿâëÿåòñÿ
ïðîèçâîëüíàÿ ïàðà (f, g) ìîðôèçìîâ f : A → A′, g : X ′ → X êàòåãîðèè V òàêàÿ,
÷òî r ◦ (1A ⊗ g) = r′ ◦ (f ⊗ 1X′).
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Â ðàáîòå [7] ââåäåíà êàòåãîðèÿ Chu(V), îáúåêòû êîòîðîé � ýòî âñåâîçìîæ-
íûå ïðîñòðàíñòâà ×ó r : A ⊗X −→ D, à ìîðôèçìîì èç r â r′ : A′ ⊗X ′ → D′

ÿâëÿåòñÿ ïðîèçâîëüíàÿ òðîéêà (f, g, h) ìîðôèçìîâ f : A → A′, g : X ′ → X,
h : D → D′ êàòåãîðèè V òàêàÿ, ÷òî h ◦ r ◦ (1A ⊗ g) = r′ ◦ (f ⊗ 1X′). Â ðàáîòàõ
[7, 9] îáå ýòè êàòåãîðèè èçó÷àëèñü äëÿ ñëó÷àÿ, êîãäà V = S − Act � êàòåãî-
ðèÿ S-ïîëèãîíîâ, ãäå S � êîììóòàòèâíûé ìîíîèä, à ïðîèçâåäåíèåì ÿâëÿåòñÿ
òåíçîðíîå ïðîèçâåäåíèå. Â ïðåäëàãàåìîé ðàáîòå â êà÷åñòâå V ðàññìàòðèâàåò-
ñÿ êàòåãîðèÿ SS − Act, ââåä¼ííàÿ â ðàáîòå [10], à êà÷åñòâå ïðîèçâåäåíèÿ â
ýòîé êàòåãîðèè ðàññìàòðèâàåòñÿ äåêàðòîâî ïðîèçâåäåíèå. Êàòåãîðèÿ SS −Act
äåêàðòîâî çàìêíóòà, êðîìå òîãî, ôóíêòîð âëîæåíèÿ S −Act → SS −Act îáëà-
äàåò ñîïðÿæ¼ííûì ñëåâà. Èñïîëüçóÿ ýòî, ìû äîêàçûâàåì îáùèå ñâîéñòâà ìîð-
ôèçìîâ ïðîñòðàíñòâ ×ó è ôóíêòîðîâ ñî çíà÷åíèåì â êàòåãîðèè ïðîñòðàíñòâ
×ó. Â êà÷åñòâå ñëåäñòâèé äîêàçûâàåòñÿ ñóùåñòâîâàíèå êîïðîèçâåäåíèé, íåêî-
òîðûõ ïðîèçâåäåíèé, õàðàêòåðèçóþòñÿ ìîíîìîðôèçìû è ýïèìîðôèçìû êàòå-
ãîðèé Chu(SS − Act) è Chu(SS − Act,D), äàþòñÿ õàðàêòåðèñòèêè îòäåëèìûõ
è ïîëíûõ îòäåëèìûõ ïðîñòðàíñòâ ×ó.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü S � ìîíîèä, 1 � åäèíèöà ìîíîèäà S. Ëåâûì S-ïîëèãîíîì, èëè ïðîñòî
ïîëèãîíîì íàçûâàåòñÿ ìíîæåñòâî A, íà êîòîðîì çàôèêñèðîâàíî ëåâîå äåéñòâèå
ìîíîèäà S, ò.å. òàêîå îòîáðàæåíèå (s, a) 7→ sa ìíîæåñòâà S × A â A, ÷òî äëÿ
ëþáûõ a ∈ A è s, t ∈ S, 1a = a è s(ta) = (st)a. Îòîáðàæåíèå f : A −→
B íàçûâàåòñÿ ãîìîìîðôèçìîì S-ïîëèãîíîâ, åñëè äëÿ ëþáûõ a ∈ A, s ∈ S,
f(sa) = sf(a) [3, 4].

Êàòåãîðèÿ, îáúåêòàìè êîòîðîé ÿâëÿþòñÿ ïîëèãîíû, ìîðôèçìàìè � ãîìî-
ìîðôèçìû ïîëèãîíîâ, à êîìïîçèöèÿ 2 ìîðôèçìîâ îïðåäåëÿåòñÿ êàê ñóïåðïî-
çèöèÿ ñîîòâåòñòâóþùèõ îòîáðàæåíèé, îáîçíà÷àåòñÿ S−Act, òàê ÷òî Ob(S−Act)
ýòî êëàññ âñåõ S-ïîëèãîíîâ, HomS−Act(A,B) � ýòî ìíîæåñòâî âñåõ ãîìîìîð-
ôèçìîâ èç ïîëèãîíà A â ïîëèãîí B. Åäèíèöàìè êàòåãîðèè S − Act ÿâëÿþòñÿ
òîæäåñòâåííûå îòîáðàæåíèÿ 1A ∈ HomS−Act(A,A).

Êàòåãîðèÿ SS−Act îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì [10]. Îáúåêòû å¼ � ýòî
S-ïîëèãîíû, ìîðôèçìîì èç A âB íàçûâàåòñÿ ëþáîé ãîìîìîðôèçì S-ïîëèãîíîâ
u : S ×A → HomS−Act(A,B). Òàêèì îáðàçîì,

Ob(SS −Act) = Ob(S −Act), HomSS−Act(A,B) = HomS−Act(S ×A,B).

Åñëè u ∈ HomSS−Act(A,B), v ∈ HomSS−Act(B,C), òî èõ êîìïîçèöèÿ v · u ∈
HomSS−Act(A,C) îïðåäåëÿåòñÿ ðàâåíñòâîì

(v · u)(s, a)=v(s, u(s, a)).

Åäèíèöàìè êàòåãîðèè SS − Act ÿâëÿþòñÿ ìîðôèçìû eA ∈ HomSS−Act(A,A),
ãäå eA(s, a) = a.

Â êàòåãîðèè SS −Act èìåþòñÿ ïðîèçâåäåíèÿ è êîïðîèçâåäåíèÿ [10].

Óòâåðæäåíèå 1. 1) Ïðîèçâåäåíèåì ïîëèãîíîâ Ai (i ∈ I) â êàòåãîðèè SS−Act
ÿâëÿåòñÿ ïîëèãîí

∏
i∈I

Ai âìåñòå ñ ìîðôèçìàìè pi ∈ HomSS−Act(
∏
i∈I

Ai, Ai),

çàäàâàåìûìè ðàâåíñòâàìè pi(s, a) = a(i) äëÿ ëþáûõ a ∈
∏
i∈I

Ai, i ∈ I.
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2) Êîïðîèçâåäåíèåì ïîëèãîíîâ Ai (i ∈ I) â êàòåãîðèè SS − Act ÿâëÿåòñÿ
ïîëèãîí

∐
i∈I

Ai âìåñòå ñ ìîðôèçìàìè qi ∈ HomSS−Act(Ai,
∐
i∈I

Ai), çàäàâàåìûìè

ðàâåíñòâàìè qi(s, ai) = ai äëÿ ëþáûõ ai ∈ Ai, i ∈ I.

Ïðîñòðàíñòâîì ×ó íàä êàòåãîðèåé SS − Act íàçûâàåòñÿ íàáîð (A,X,D, r),
ãäå A,X,D ∈ Ob(SS − Act), r ∈ HomSS−Act(A ×X,D). Åñëè ýòî íå ïðèâîäèò
ê íåäîðàçóìåíèÿì, áóäåì ñîêðàùàòü îáîçíà÷åíèå ïðîñòðàíñòâà ×ó (A,X,D, r)
äî r ∈ HomSS−Act(A × X,D). Â ñîîòâåòñòâèè ñ îáùèìè îïðåäåëåíèÿìè, êà-
òåãîðèÿ Chu(SS − Act) çàäà¼òñÿ òàê. Ïóñòü r ∈ HomSS−Act(A × X,D), r′ ∈
HomSS−Act(A

′ × X ′, D′). Ìîðôèçìîì èëè ïðåîáðàçîâàíèåì ×ó r â r′ íàçûâà-
åòñÿ òðîéêà (f, g, h) ìîðôèçìîâ f ∈ HomSS−Act(A,A′), g ∈ HomSS−Act(X

′, X),
h ∈ HomSS−Act(D,D′), åñëè îíà óäîâëåòâîðÿåò óñëîâèþ

h · r · (eA × g) = r′ · (f × eX′).

Áóäåì ïèñàòü â ýòîì ñëó÷àå (f, g, h) : r → r′.
Åñëè (f ′, g′, h′) : r′ → r′′, òî êîìïîçèöèÿ ïðåîáðàçîâàíèé ×ó îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì:

(f ′, g′, h′) ◦ (f, g, h) = (f ′ · f, g · g′, h′ · h) : r → r′′.

3. Îñíîâíàÿ ëåììà

Åñëè u : S×A → B ãîìîìîðôèçì ïîëèãîíîâ, òî îòîáðàæåíèå tu : S×A → B,
çàäàâàåìîå ðàâåíñòâîì (tu)(s, a) = u(st, a), òàêæå ÿâëÿåòñÿ ãîìîìîðôèçìîì,
òàê ÷òî ìíîæåñòâî HomSS−Act(A,B) íàäåëÿåòñÿ ñòðóêòóðîé S-ïîëèãîíà. Ïî
àíàëîãèè ñ îòîáðàæåíèÿìè ìíîæåñòâ ââåäåì îáîçíà÷åíèå:

HomSS−Act(A,B) = BA.

Â ðàáîòå [10] äîêàçàíî, ÷òî êàòåãîðèÿ SS − Act äåêàðòîâî çàìêíóòà, ò.å.
ôóíêòîðûHomSS−Act(•×•, •) èHomSS−Act(•,HSS(•, •)) èçîìîðôíû äëÿ íåêî-
òîðîãî ôóíêòîðà

HSS : (SS −Act)o × (SS −Act) → SS −Act.

Ôóíêòîð HSS îïðåäåëÿåòñÿ òàê. Åñëè A,B,A′, B′ ∈ Ob(SS − Act), f ∈
HomSS−Act(A

′, A), g ∈ HomSS−Act(B,B′), òî

HSS(A,B) = BA = HomSS−Act(A,B),

îòîáðàæåíèå

gf = HSS(f, g) ∈ HomSS−Act(B
A, B′A′

)

çàäà¼òñÿ ðàâåíñòâîì gf (s, w) = HSS(f, g)(s, w) = (sg) · w · (sf), åñëè (s, w) ∈
S ×BA.

Îáîçíà÷èì ÷åðåç pA,X,D : HomSS−Act(A×X,D) → HomSS−Act(A,DX) îòîá-
ðàæåíèå òàêîå, ÷òî

((pA,X,D(r))(s, a))(t, x) = r(ts, (ta, x)),

ãäå r ∈ HomSS−Act(A×X,D), s, t ∈ S, a ∈ A, x ∈ X.
Â ðàáîòå [10] äîêàçàíî, ÷òî êàæäîå îòîáðàæåíèå pA,X,D áèåêòèâíî è äëÿ

ëþáûõ v ∈ HomSS−Act(A
′, A), g ∈ HomSS−Act(X

′, X), h ∈ HomSS−Act(D,D′),
ëþáîãî r ∈ HomSS−Act(A×X,D) âûïîëíÿåòñÿ ðàâåíñòâî

(∗) pA′,X′,D′(h · r · (v × g)) = hg · pA,X,D(r) · v,
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è ýòî îçíà÷àåò, ÷òî ñåìåéñòâî îòîáðàæåíèé

PSS = {pA,X,D | A,X,D ∈ Ob(SS −Act)}

ÿâëÿåòñÿ èçîìîðôèçìîì ôóíêòîðîâ

PSS : HomSS−Act(• × •, •) → HomSS−Act(•,HSS(•, •)).

Ñîîòíîøåíèå (∗) ýêâèâàëåíòíî

(∗∗) pA,X′,D′(h·r ·(eA×g)) = hg ·pA,X,D(r) è pA′,X,D(r ·(v×eX)) = pA,X,D(r)·v.

Äëÿ r ∈ HomSS−Act(A×X,D) ââåäåì îáîçíà÷åíèå:

r̂ = pA,X,D(r).

Áóäåì òàêæå îáîçíà÷àòü ÷åðåç rXD ∈ HomSS−Act(D
X × X,D) ïðîñòðàíñòâî

×ó, çàäàâàåìîå ðàâåíñòâîì

pDX ,X,D(rXD) = r̂XD = eDX ,

ãäå eDX : S × DX → DX � åäèíèöà êàòåãîðèè SS − Act. Îòìåòèì, ÷òî r̂ ∈
HomSS−Act(A,D

X).

Ëåììà 1. (Îñíîâíàÿ ëåììà)
1) Ïóñòü f ∈ HomSS−Act(A,A

′), g ∈ HomSS−Act(X
′, X), h ∈ HomSS−Act(D,D′),

r ∈ HomSS−Act(A×X,D), r′ ∈ HomSS−Act(A
′ ×X ′, D′). Òîãäà

(a)

(f, g, h) ∈ HomChu(SS−Act)(r, r
′) ⇔ hg ·pA,X,D(r) = pA′,X′,D′(r′)·f ⇔ hg ·r̂ = r̂′ ·f ;

(b) (hg, g, h) ∈ HomChu(SS−Act)(rXD, rX′D′);

(c) (r̂, eX , eD) ∈ HomChu(SS−Act)(r, rXD);

(d) (f, g, h) ∈ HomChu(SS−Act)(r, rX′D′) ⇔ f = hg · pA,X,D(r) ⇔ f = hg · r̂,

ïðè ýòîì

(e) (f, g, h) = (hg, g, h) ◦ (r̂, eX , eD).

2) Äëÿ ëþáîãî w ∈ HomSS−Act(A,D
X)

pA,X,D(rXD · (w × eX)) = w.

3) Èìååò ìåñòî ðàâåíñòâî

(f) r = rXD · (r̂ × eX)

è, åñëè w ∈ HomSS−Act(A,DX) è r = rXD · (w × eX), òî w = r̂.
4) Äëÿ ëþáîãî w ∈ HomSS−Act(A,DX) ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû

äëÿ ëþáîãî:

(g) pA,X,D(r) = w;

(h) (w, eX , eD) ∈ HomChu(SS−Act)(r, rXD);

(i) r = rXD · (w × eX).
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Äîêàçàòåëüñòâî. Äîêàæåì 1).
(a) Ïî îïðåäåëåíèþ ìîðôèçìîâ ïðîñòðàíñòâ ×ó,

(f, g, h) ∈ HomChu(SS−Act)(r, r
′) ⇔ h · r · (eA × g) = r′ · (f × eX′).

Òàê êàê îòîáðàæåíèå pA,X′,D′ áèåêòèâíî, òî

h · r · (eA × g) = r′ · (f × eX′) ⇔ pA,X′,D′(h · r · (eA × g)) = pA,X′,D′(r′ · (f × eX′)).

Â ñèëó ñîîòíîøåíèÿ (∗∗)
pA,X′,D′(h · r · (eA × g)) = hg · pA,X,D(r) = hg · r̂,

pA,X′,D′(r′ · (f × eX′)) = pA′,X′,D′(r′) · f = r̂′ · f,
îòêóäà è ïîëó÷àåòñÿ íóæíûé ðåçóëüòàò.

(b) Òàê êàê pXD,X,D(rXD) = eDX è pD′X′ ,X′,D′(rX′D′) = eD′X′ , òî ïðèìåíÿÿ

(a) ïîëó÷àåì

(f, g, h) ∈ HomChu(SS−Act)(rXD, rX′D′) ⇔ hg·pDX ,X,D(rXD) = pD′X′ ,X′,D′(rX′D′)·f ⇔ hg = f.

(c) Ïî (a) èìååì

(f, eX , eD) ∈ HomChu(SS−Act)(r, rXD) ⇔ pA,X,D(r) = pDX ,S,D(rXD) · f ⇔ r̂ = f.

(d), (e) Òàê êàê pD′X′ ,X′,D′(rX′D′) = eD′X′ , òî ïðèìåíÿÿ (a) ïîëó÷àåì

(f, g, h) ∈ HomChu(SS−Act)(r, rX′D′) ⇔ hg·pA,X,D(r) = pA′,X′,D′(rX′D′)·f ⇔ hg·pA,X,D(r) = f.

Ïî (b) è (c) (hg, g, h) ∈ HomChu(SS−Act)(rXD, rX′,D′), (r̂, eX , eD) ∈ HomChu(SS−Act)(r, rXD),
ñëåäîâàòåëüíî,

(hg, g, h) ◦ (r̂, eX , eD) = (hg · r̂, g · eX , eD · h) = (f, g, h).

Äîêàæåì 2). Â ñèëó ñîîòíîøåíèÿ (∗∗) pA′,X,D(r · (v × eX)) = pA,X,D(r) · v,
ãäå v ∈ HomSS−Act(A

′, A). Ïîëàãàÿ v = w ∈ HomSS−Act(A,DX) è r = rXD

ïîëó÷àåì
pA,X,D(rXD · (w × eX)) = pDX ,X,D(rXD) · w = w.

Äîêàæåì 3). Ïóñòü r ∈ HomSS−Act(A×X,D). Ïîëàãàÿ â 2) w = pA,X,D(r) = r̂
ïîëó÷àåì pA,X,D(rXD · (r̂ × eX)) = r̂ = pA,X,D(r). Òàê êàê pA,X,D èíúåêòèâíîå
îòîáðàæåíèå, òî rXD · (r̂ × eX) = r.

Åñëè rXD · (w× eX) = rXD · (r̂× eX) äëÿ íåêîòîðîãî w ∈ HomSS−Act(A,DX),
òî â ñèëó 2) ïîëó÷àåì

w = pA,X,D(rXD · (w × eX)) = pA,X,D(rXD · (r̂ × eX)) = r̂.

Äîêàæåì 4). Ýêâèâàëåíòíîñòü óñëîâèé (g) è (i) äîêàçàíà â 2), à ýêâèâàëåíò-
íîñòü óñëîâèé (g) è (h) ïðîâåðåíî ïðè äîêàçàòåëüñòâå ñîîòíîøåíèÿ (c). �

4. Ìîíîìîðôèçìû è ýïèìîðôèçìû â êàòåãîðèè Chu(SS −Act)

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå ðåçóëüòàòû, äîêàçàííûå â ðàáîòå [10].

Óòâåðæäåíèå 2. Ïóñòü u : S × A → B � ìîðôèçì êàòåãîðèè S − Act.
Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) u ÿâëÿåòñÿ ýïèìîðôèçìîì êàòåãîðèè SS −Act;
2) äëÿ êàæäîãî s ∈ S îòîáðàæåíèå us : A → B, çàäàâàåìîå ðàâåíñòâîì

us(a) = u(s, a), ñþðúåêòèâíî;
3) îòîáðàæåíèå ū : S × A → S × B, çàäàâàåìîå ðàâåíñòâîì ū(s, a) =

(s, u(s, a)), ÿâëÿåòñÿ ýïèìîðôèçìîì êàòåãîðèè S −Act.
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Óòâåðæäåíèå 3. Ïóñòü u : S × A → B � ìîðôèçì êàòåãîðèè S − Act è
äëÿ êàæäîãî s ∈ S îòîáðàæåíèå us : A → B, çàäàâàåìîå ðàâåíñòâîì us(a) =
u(s, a), èíúåêòèâíî. Òîãäà u ÿâëÿåòñÿ ìîíîìîðôèçìîì êàòåãîðèè SS −Act.

Ïðèâåäåì õàðàêòåðèçàöèþ ýïèìîðôèçìîâ è ìîíîìîðôèçìîâ êàòåãîðèè Chu(SS−
Act).

Òåîðåìà 1. Ïóñòü r ∈ HomSS−Act(A×X,D) è r′ ∈ HomSS−Act(A
′ ×X ′, D′).

Ìîðôèçì (f, g, h) ∈ HomChu(SS−Act)(r, r
′) ÿâëÿåòñÿ ýïèìîðôèçìîì òîãäà è

òîëüêî òîãäà, êîãäà f ∈ HomSS−Act(A,A′) � ýïèìîðôèçì, g ∈ HomSS−Act(X
′, X)

� ìîíîìîðôèçì è h ∈ HomSS−Act(D,D′) � ýïèìîðôèçì.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü (f, g, h) ∈ HomChu(SS−Act)(r, r
′) �

ýïèìîðôèçì.
Ïîêàæåì, ÷òî f � ýïèìîðôèçì êàòåãîðèè SS−Act. Ïóñòü f1, f2 ∈ HomSS−Act(A

′, E)
òàêèå, ÷òî f1 · f = f2 · f . Íåîáõîäèìî ïîêàçàòü, ÷òî f1 = f2. Îïðåäåëèì w ∈
HomSS−Act((E×A′)×X ′, D′) è (f ′

1, eX′ , eD′), (f ′
2, eX′ , eD′) ∈ HomChu(SS−Act)(r

′, w)
ñëåäóþùèì îáðàçîì: w(s, ((e, a′), x′)) = r′(s, (a′, x′)), f ′

1(s, a
′) = (f1(s, a

′), a′),
f ′
2(s, a

′) = (f2(s, a
′), a′), ãäå s ∈ S, a′ ∈ A′, x′ ∈ X ′, e ∈ E. Êîððåêòíîñòü

îïðåäåëåíèÿ ìîðôèçìîâ (f ′
1, eX′ , eD′), (f ′

2, eX′ , eD′) ñëåäóåò èç ðàâåíñòâ:

eD′(s, r′(s, (a′, eX′(s, x′)))) = r′(s, (a′, x′)) = w(s, ((f1(s, a
′), a′), x′)) =

= w(s, ((f2(s, a
′), a′), x′)) = w(s, (f ′

1(s, a
′), x′)) = w(s, (f ′

2(s, a
′), x′)),

ãäå s ∈ S, a′ ∈ A′, x′ ∈ X ′. Ïîêàæåì, ÷òî f ′
1 · f = f ′

2 · f . Äåéñòâèòåëüíî,

(f ′
1 · f)(s, a) = f ′

1(s, (f(s, a))) = (f1(s, f(s, a)), f(s, a)) = ((f1 · f)(s, a), f(s, a)) =

= ((f2 · f)(s, a), f(s, a)) = (f2(s, f(s, a)), f(s, a)) = f ′
2(s, (f(s, a))) = (f ′

2 · f)(s, a),
ãäå s ∈ S, a ∈ A. Ñëåäîâàòåëüíî, (f ′

1, eX′ , eD′) · (f, g, h) = (f ′
2, eX′ , eD′) · (f, g, h).

Ïîñêîëüêó (f, g, h)� ýïèìîðôèçì êàòåãîðèè Chu(SS−Act), òî f ′
1 = f ′

2 è çíà÷èò
f1 = f2 è f � ýïèìîðôèçì êàòåãîðèè SS −Act.

Ïîêàæåì, ÷òî h� ýïèìîðôèçì êàòåãîðèè SS−Act. Ïî óòâåðæäåíèþ 2 äîñòà-
òî÷íî ïîêàçàòü, ÷òî ìîðôèçì h̄ : S ×D → S ×D′ êàòåãîðèè S − Act ÿâëÿåòñÿ
ýïèìîðôèçìîì, ãäå h̄ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: h̄(s, d) = (s, h(s, d))
äëÿ ëþáûõ s ∈ S, d ∈ D. Ïðåäïîëîæèì, ÷òî D′

1 6= S ×D′, ãäå D′
1 = h̄(S ×D).

×åðåç D′
0 îáîçíà÷èì ôàêòîð-ïîëèãîí ïîëèãîíà S × D′ ïî êîíãðóýíöèè Ðè-

ñà ρD′
1
. Îïðåäåëèì w ∈ HomSS−Act(Θ × X ′, D′

0) è (f ′, eX′ , h1), (f
′, eX′ , h2) ∈

HomChu(SS−Act)(r
′, w) ñëåäóþùèì îáðàçîì: w(s, (θ, x′)) = D′

1, f ′(s, a′) = θ,
h1(s, d

′) = D′
1, h2(s, d

′) = (s, d′)/ρD′
1
, ãäå s ∈ S, a′ ∈ A′, x′ ∈ X ′, d′ ∈ D′.

ßñíî, ÷òî h1 6= h2. Êîððåêòíîñòü îïðåäåëåíèÿ ìîðôèçìà (f ′, eX′ , h1) ñëåäóåò
èç ðàâåíñòâ

h1(s, r
′(s, (a′, eX′(s, x′)))) = D′

1 = w(s, (f ′(s, a′), x′)),

ãäå s ∈ S, a′ ∈ A′, x′ ∈ X ′. Ïîêàæåì êîððåêòíîñòü îïðåäåëåíèÿ ìîðôèçìà
(f ′, eX′ , h2). Ïóñòü s ∈ S, a′ ∈ A′, x′ ∈ X ′. Ïîñêîëüêó f � ýïèìîðôèçì, òî
ïî óòâåðæäåíèþ [10] îòîáðàæåíèå fs, çàäàâàåìîå ðàâåíñòâîì fs(a) = f(s, a)
äëÿ ëþáîãî a ∈ A, ñþðúåêòèâíî. Ïîýòîìó a′ = f(s, a) äëÿ íåêîòîðîãî a ∈
A. Òàê êàê (f, g, h) � ìîðôèçì êàòåãîðèè Chu(SS − Act), òî r′(s, (a′, x′)) =
r′(s, (f(s, a), x′)) = h(s, r(s, (a, g(s, x′)))). Òîãäà

(s, r′(s, (a′, x′))) = (s, h(s, r(s, (a, g(s, x′))))) = h̄(s, r(s, (a, g(s, x′)))) ∈ D′
1.
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Ñëåäîâàòåëüíî,

h2(s, r
′(s, (a′, eX′(s, x′)))) = h2(s, r

′(s, (a′, x′))) = D′
1 = w(s, (f ′(s, a′), x′),

ò.å. ìîðôèçì (f ′, eX′ , h2) îïðåäåëåí êîððåêòíî. Ïîñêîëüêó (s, h(s, d)) = h̄(s, d) ∈
D′

1 äëÿ ëþáîãî d ∈ D, òî

(h1 · h)(s, d) = h1(s, h(s, d)) = D′
1 = (s, h(s, d))/ρD′

1
=

= h2(s, h(s, d)) = (h2 · h)(s, d),
ò.å. h1 · h = h2 · h. Ñëåäîâàòåëüíî, (f ′, eX′ , h1) · (f, g, h) = (f ′, eX′ , h2) · (f, g, h).
Ïîñêîëüêó (f, g, h) � ýïèìîðôèçì êàòåãîðèè Chu(SS − Act), òî h1 = h2. Ïðî-
òèâîðå÷èå. Ñëåäîâàòåëüíî, h � ýïèìîðôèçì êàòåãîðèè SS −Act.

Ïîêàæåì, ÷òî g � ìîíîìîðôèçì êàòåãîðèè SS−Act. Ïóñòü g1, g2 ∈ HomSS−Act(Z,X
′)

òàêèå, ÷òî g ·g1 = g ·g2. Íåîáõîäèìî ïîêàçàòü, ÷òî g1 = g2. Ïóñòü s ∈ S, a′ ∈ A′,
z ∈ Z. Ïîêàæåì, ÷òî r′(s, (a′, g1(s, z))) = r′(s, (a′, g2(s, z))). Ïîñêîëüêó f � ýïè-
ìîðôèçì êàòåãîðèè SS − Act, òî ïî óòâåðæäåíèþ 2 îòîáðàæåíèå fs ÿâëÿåòñÿ
ýïèìîðôèçìîì. Ñëåäîâàòåëüíî, a′ = f(s, a) äëÿ íåêîòîðîãî a ∈ A. Òîãäà

r′(s, (a′, g1(s, z))) = r′(s, (f(s, a), g1(s, z))) = h(s, r(s, (a, g(s, g1(s, z))))) =

= h(s, r(s, (a, (g · g1)(s, z)))) = h(s, r(s, (a, (g · g2)(s, z)))) =
= h(s, r(s, (a, g(s, g2(s, z))))) = r′(s, (f(s, a), g2(s, z))) = r′(s, (a′, g2(s, z))),

ò.å. r′(s, (a′, g1(s, z))) = r′(s, (a′, g2(s, z))). Îïðåäåëèì w ∈ HomSS−Act(A
′ ×

Z,D′) ñëåäóþùèì îáðàçîì: w(s, (a′, z)) = r′(s, (a′, g1(s, z))). Ïîêàæåì, ÷òî (eA′ , g1, eD′), (eA′ , g2, eD′) ∈
HomChu(SS−Act)(r

′, w). Äåéñòâèòåëüíî,

eD′(s, r′(s, (a′, g2(s, z)))) = r′(s, (a′, g2(s, z))) = r′(s, (a′, g1(s, z))) =

= eD′(s, r′(s, (a′, g1(s, z)))) = w(s, (a′, z)),

ãäå s ∈ S, a′ ∈ A′, z ∈ Z. Ïîñêîëüêó g · g1 = g · g2, òî (f, g, h) · (eA′ , g1, eD′) =
(f, g, h) · (eA′ , g2, eD′). Ïîñêîëüêó (f, g, h) � ýïèìîðôèçì êàòåãîðèè Chu(SS −
Act), òî g1 = g2.
Äîñòàòî÷íîñòü. Ïóñòü (f, g, h) ∈ HomChu(SS−Act)(r, r

′), ãäå f è h � ýïèìîð-
ôèçìû, g � ìîíîìîðôèçì êàòåãîðèè SS−Act. Ïóñòü w ∈ Ob(Chu(SS−Act)) è
(f1, g1, h1), (f1, g1, h1) ∈ HomChu(SS−Act)(r

′, w) òàêèå, ÷òî (f1, g1, h1) · (f, g, h) =
(f2, g2, h2) · (f, g, h). Òîãäà f1 · f = f2 · f , g · g1 = g · g2 è h1 ·h = h2 ·h. Ïîñêîëüêó
f è h � ýïèìîðôèçìû êàòåãîðèè SS − Act, òî f1 = f2 è h1 = h2; ïîñêîëüêó g
� ìîíîìîðôèçì êàòåãîðèè SS − Act, òî g1 = g2, ò.å. (f1, g1, h1) = (f2, g2, h2).
Ñëåäîâàòåëüíî, ìîðôèçì (f, g, h) : r → r′ ÿâëÿåòñÿ ýïèìîðôèçìîì êàòåãîðèè
Chu(SS −Act). �

Èç äîêàçàòåëüñòâà òåîðåìû 1 ïîëó÷àåì

Ñëåäñòâèå 1. Ïóñòü r ∈ HomSS−Act,D(A × X,D) è r′ ∈ HomSS−Act(A
′ ×

X ′, D). Ìîðôèçì (f, g) ∈ HomChu(SS−Act,D)(r, r
′) ÿâëÿåòñÿ ýïèìîðôèçìîì òî-

ãäà è òîëüêî òîãäà, êîãäà f ∈ HomSS−Act(A,A′) � ýïèìîðôèçì è g ∈ HomSS−Act(X
′, X)

� ìîíîìîðôèçì.

Òåîðåìà 2. Ïóñòü r ∈ HomSS−Act(A×X,D) è r′ ∈ HomSS−Act(A
′ ×X ′, D′).

Ìîðôèçì (f, g, h) ∈ HomChu(SS−Act)(r, r
′) ÿâëÿåòñÿ ìîíîìîðôèçìîì òîãäà è

òîëüêî òîãäà, êîãäà f ∈ HomSS−Act(A,A
′) � ìîíîìîðôèçì, g ∈ HomSS−Act(X

′, X)
� ýïèìîðôèçì è h ∈ HomSS−Act(D,D′) � ìîíîìîðôèçì.
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Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü (f, g, h) ∈ HomChu(SS−Act)(r, r
′) �

ìîíîìîðôèçì.
Ïîêàæåì, ÷òî h� ìîíîìîðôèçì êàòåãîðèè SS−Act. Ïóñòü h1, h2 ∈ HomSS−Act(E,D)

òàêèå, ÷òî h · h1 = h · h2. Íåîáõîäèìî ïîêàçàòü, ÷òî h1 = h2. Îïðåäåëèì w ∈
HomSS−Act(A×X,EtD) è (eA, eX , h′

1), (eA, eX , h′
2) ∈ HomChu(SS−Act)(w, r) ñëå-

äóþùèì îáðàçîì: w(s, (a, x)) = r(s, (a, x)), h′
1(s, e) = h1(s, e), h

′
2(s, e) = h2(s, e),

h1(s, d) = h2(s, d) = d äëÿ ëþáûõ s ∈ S, a ∈ A, x ∈ X, e ∈ E, d ∈ D. Êîððåêò-
íîñòü îïðåäåëåíèÿ ìîðôèçìîâ (eA, eX , h′

1), (eA, eX , h′
2) ñëåäóåò èç ðàâåíñòâ:

h′
1(s, w(s, (a, eX(s, x)))) = h′

2(s, w(s, (a, eX(s, x)))) =

= w(s, (a, x)) = r(s, (a, x)) = r(s, (eA(s, a), x)),

ãäå s ∈ S, a ∈ A, x ∈ X. Òàê êàê h ·h1 = h ·h2, òî (f, g, h) ·(eA, eX , h′
1) = (f, g, h) ·

(eA, eX , h′
2). Ïîñêîëüêó (f, g, h) � ìîíîìîðôèçì êàòåãîðèè Chu(SS − Act), òî

h′
1 = h′

2. Ñëåäîâàòåëüíî, h1 = h2.
Ïîêàæåì, ÷òî g � ýïèìîðôèçì êàòåãîðèè SS − Act. Ïî óòâåðæäåíèþ 2

äîñòàòî÷íî ïîêàçàòü, ÷òî ìîðôèçì ḡ : S × X ′ → S × X êàòåãîðèè S − Act
ÿâëÿåòñÿ ýïèìîðôèçìîì, ãäå ḡ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: ḡ(s, x′) =
(s, g(s, x′)) äëÿ ëþáûõ s ∈ S, x′ ∈ X ′. Ïðåäïîëîæèì, ÷òî X1 6= S × X, ãäå
X1 = ḡ(S ×X ′). ×åðåç X0 îáîçíà÷èì ôàêòîð-ïîëèãîí ïîëèãîíà S ×X ïî êîí-
ãðóýíöèè Ðèñà ρX1 . Îïðåäåëèì w ∈ HomSS−Act(A× (X0×X), D) è (eA, g1, eD),
(eA, g2, eD) ∈ HomChu(SS−Act)(w, r) ñëåäóþùèì îáðàçîì: w(s, (a, (x0, x))) =
r(s, (a, x)), g1(s, x) = (X1, x), g2(s, x) = ((s, x)/ρX1

, x), ãäå s ∈ S, a ∈ A, x ∈ X,
x0 ∈ X0. ßñíî, ÷òî g1 6= g2. Èç îïðåäåëåíèÿ ïðîñòðàíñòâà ×ó w ñëåäóþò ðà-
âåíñòâà

eD(s, w(s, (a, g1(s, x)))) = eD(w(s, (a, g2(s, x)))) = r(s, (a, x)) = r(s, (eA(s, a), x)),

ãäå s ∈ S, a ∈ A, x ∈ X, ÷òî äîêàçûâàåò êîððåêòíîñòü îïðåäåëåíèÿ ìîðôèçìîâ
(eA, g1, eD), (eA, g2, eD). Ïîêàæåì, ÷òî g1 · g = g2 · g. Äåéñòâèòåëüíî,

(g1 · g)(s, x′) = g1(s, g(s, x
′)) = (X1, g(s, x

′)) = (ḡ(s, x′)/ρX1
, g(s, x′)) =

= ((s, g(s, x′))/ρX1 , g(s, x
′)) = g2(s, g(s, x

′)) = (g2 · g)(s, x′)

äëÿ ëþáûõ s ∈ S, x′ ∈ X ′. Òîãäà (f, g, h) · (eA, g1, eD) = (f, g, h) · (eA, g2, eD).
Ïîñêîëüêó (f, g, h) � ìîíîìîðôèçì êàòåãîðèè Chu(SS−Act), òî g1 = g2. Ïðî-
òèâîðå÷èå. Ñëåäîâàòåëüíî, g � ýïèìîðôèçì êàòåãîðèè SS −Act.

Ïîêàæåì, ÷òî f � ìîíîìîðôèçì êàòåãîðèè SS−Act. Ïóñòü f1, f2 ∈ HomSS−Act(E,A)
òàêèå, ÷òî f · f1 = f · f2. Íåîáõîäèìî ïîêàçàòü, ÷òî f1 = f2. Îïðåäåëèì r1, r2 ∈
HomSS−Act(E×X ′, D) ñëåäóþùèì îáðàçîì: r1(s, (e, x

′)) = r(s, (f1(s, e), g(s, x
′))),

r2(s, (e, x
′)) = r(s, (f2(s, e), g(s, x

′))) äëÿ ëþáûõ x′ ∈ X ′, s ∈ S, e ∈ E. Ïîñêîëüêó
(f, g, h) ∈ HomChu(SS−Act)(r, r

′), òî

(h · r1)(s, (e, x′)) = h(s, r1(s, (e, x
′))) = h(s, r(s, (f1(s, e), g(s, x

′)))) =

= r′(s, (f(s, f1(s, e)), x
′)) = r′(s, ((f · f1)(s, e), x′))

äëÿ ëþáûõ x′ ∈ X ′, s ∈ S, e ∈ E. Àíàëîãè÷íî, (h · r2)(s, (e, x′)) = r′(s, ((f ·
f2)(s, e)), x

′) äëÿ ëþáûõ x′ ∈ X ′, s ∈ S, e ∈ E. Òàê êàê f · f1 = f · f2, òî
(h · r1)(s, (e, x′)) = (h · r2)(s, (e, x′)), ò.å. h · r1 = h · r2. Ìîðôèçì h ÿâëÿåòñÿ
ìîíîìîðôèçìîì êàòåãîðèè SS −Act. Ñëåäîâàòåëüíî, r1 = r2, ò.å.

r(s, (f1(s, e), g(s, x
′))) = r(s, (f2(s, e), g(s, x

′)))
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äëÿ ëþáûõ x′ ∈ X ′, s ∈ S, e ∈ E. Ïóñòü x ∈ X, s ∈ S, e ∈ E. Ïîêàæåì,
÷òî r(s, (f1(s, e), x)) = r(s, (f2(s, e), x)). Òàê êàê g � ýïèìîðôèçì êàòåãîðèè
SS − Act, òî ïî óòâåðæäåíèþ 2 gs � ñþðúåêöèÿ è x = g(s, x′) äëÿ íåêîòîðîãî
x′ ∈ X ′. Òîãäà

r(s, (f1(s, e), x)) = r(s, (f1(s, e), g(s, x
′))) =

= r(s, (f2(s, e), g(s, x
′))) = r(s, (f2(s, e), x)).

Îïðåäåëèì w ∈ HomSS−Act(E×X,D) ñëåäóþùèì îáðàçîì: w(s, (e, x)) = r(s, (f1(s, e), x)).
Ïîêàæåì, ÷òî (f1, eX , eD), (f2, eX , eD) ∈ HomChu(SS−Act)(w, r). Äåéñòâèòåëüíî,

r(s, (f2(s, e), x)) = r(s, (f1(s, e), x)) = w(s, (e, x)) = eD(s, w(s, (e, eX(s, x)))).

ßñíî, ÷òî (f, g, h) · (f1, eX , eD) = (f, g, h) · (f2, eX , eD). Ïîñêîëüêó (f, g, h) �
ìîíîìîðôèçì êàòåãîðèè Chu(SS −Act), òî f1 = f2.
Äîñòàòî÷íîñòü. Ïóñòü (f, g, h) ∈ HomChu(SS−Act)(r, r

′), ãäå f è h � ìî-
íîìîðôèçìû, g � ýïèìîðôèçì êàòåãîðèè SS − Act. Ïðåäïîëîæèì, ÷òî ïðî-
ñòðàíñòâî ×ó w è (f1, g1, h1), (f1, g1, h1) ∈ HomChu(SS−Act)(w, r) òàêèå, ÷òî
(f, g, h) · (f1, g1, h1) = (f, g, h) · (f2, g2, h2). Òîãäà f · f1 = f · f2, g1 · g = g2 · g
è h · h1 = h · h2. Ïîñêîëüêó f è h � ìîíîìîðôèçìû êàòåãîðèè SS − Act, òî
f1 = f2 è h1 = h2; ïîñêîëüêó g � ýïèìîðôèçì êàòåãîðèè SS − Act, òî g1 = g2,
ò.å. (f1, g1, h1) = (f2, g2, h2). Ñëåäîâàòåëüíî, ïðåîáðàçîâàíèå (f, g, h) : r → r′

ÿâëÿåòñÿ ìîíîìîðôèçìîì êàòåãîðèè Chu(SS −Act). �

Èç äîêàçàòåëüñòâà òåîðåìû 2 ïîëó÷àåì

Ñëåäñòâèå 2. Ïóñòü r ∈ HomSS−Act(A × X,D) è r′ ∈ HomSS−Act(A
′ ×

X ′, D). Ìîðôèçì (f, g) ∈ HomChu(SS−Act,D)(r, r
′) ÿâëÿåòñÿ ìîíîìîðôèçìîì

òîãäà è òîëüêî òîãäà, êîãäà f ∈ HomSS−Act(A,A′) � ìîíîìîðôèçì è g ∈
HomSS−Act(X

′, X) � ýïèìîðôèçì.

5. Îòäåëèìûå è ïîëíûå îòäåëèìûå ïðîñòðàíñòâà ×ó

Ïðîñòðàíñòâî ×ó r ∈ HomSS−Act(A×X,D) íàçûâàåòñÿ îòäåëèìûì (ïîëíûì
îòäåëèìûì), åñëè r̂ = pA,X,D(r) ∈ HomSS−Act(A,DX) ÿâëÿåòñÿ ìîíîìîðôèç-
ìîì (èçîìîðôèçìîì) êàòåãîðèè SS −Act.

Óòâåðæäåíèå 4. (Îá îòäåëèìûõ è ïîëíûõ îòäåëèìûõ ïðîñòðàíñòâàõ)
1) Äëÿ ïðîñòðàíñòâà ×ó r ∈ HomSS−Act(A×X,D) ñëåäóþùèå óñëîâèÿ ýê-

âèâàëåíòíû:
(a) r ÿâëÿåòñÿ îòäåëèìûì;
(b) (r̂, eX , eD) ∈ HomChu(SS−Act)(r, rXD) ÿâëÿåòñÿ ìîíîìîðôèçìîì êàòåãî-

ðèè Chu(SS −Act);
(b') ñóùåñòâóåò ìîíîìîðôèçì w ∈ HomSS−Act(A,DX) êàòåãîðèè SS−Act

òàêîé, ÷òî (w, eX , eD) ∈ HomChu(SS−Act)(r, rXD);
(c) ñóùåñòâóåò ìîðôèçì (f, g, h) ∈ HomChu(SS−Act)(r, rX,D) òàêîé, ÷òî f

ÿâëÿåòñÿ ìîíîìîðôèçìîì êàòåãîðèè SS −Act.
2) Ïóñòü (f, g, h) ∈ HomChu(SS−Act)(r, r

′) ìîðôèçì ïðîñòðàíñòâ ×ó. Åñëè
f ÿâëÿåòñÿ ìîíîìîðôèçìîì êàòåãîðèè SS−Act è ïðîñòðàíñòâî r′ îòäåëèìî,
òî ïðîñòðàíñòâî r îòäåëèìî.

3) Äëÿ ïðîñòðàíñòâà ×ó r ∈ HomSS−Act(A×X,D) ñëåäóþùèå óñëîâèÿ ýê-
âèâàëåíòíû:

(d) r ÿâëÿåòñÿ ïîëíûì îòäåëèìûì;
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(e) (r̂, eX , eD) ∈ HomChu(SS−Act)(r, rXD) ÿâëÿåòñÿ èçîìîðôèçìîì êàòåãî-
ðèè Chu(SS −Act).

(f) r èçîìîðôíî rX′,D′ äëÿ íåêîòîðûõ X ′, D′ ∈ Ob(SS −Act).

Äîêàçàòåëüñòâî. Äîêàæåì 1). (a) ⇒ (b) Ïî ëåììå 1 ï. (c) (pA,X,D(r), eX , eD) ∈
HomChu(SS−Act)(r, rXD). Òàê êàê pA,X,D(r) � ìîíîìîðôèçì, à eX , eD � èçî-
ìîðôèçìû êàòåãîðèè SS−Act, òî (pA,X,D(r), eX , eD) ÿâëÿåòñÿ ìîíîìîðôèçìîì
êàòåãîðèè Chu(SS −Act).

(b) ⇒ (b′) Òàê êàê (r̂, eX , eD) ∈ HomChu(SS−Act)(r, rXD) ÿâëÿåòñÿ ìîíîìîð-
ôèçìîì êàòåãîðèè Chu(SS−Act), òî ïî òåîðåìå 2 r̂ ÿâëÿåòñÿ ìîíîìîðôèçìîì
êàòåãîðèè SS −Act è, ïîëàãàÿ w = r̂, ïîëó÷àåì (b′).

(b′) ⇒ (c) î÷åâèäíî.
(c) ⇒ (a) Ïî ëåììå 1 ï. (d) hg · r̂ = f . Òàê êàê ïî óñëîâèþ f ìîíîìîðôèçì,

òî è r̂ ìîíîìîðôèçì, òàê ÷òî r ÿâëÿåòñÿ îòäåëèìûì.
Äîêàæåì 2). Ïóñòü r′ ∈ HomSS−Act(A

′ × X ′, D′). Òàê êàê r′ îòäåëèìî, òî

ïî (b′) ñóùåñòâóåò ìîíîìîðôèçì w′ ∈ HomSS−Act(A
′, D′X′

) êàòåãîðèè SS −
Act òàêîé, ÷òî (w′, eX′ , eD′) ∈ HomChu(SS−Act)(r

′, rX′D′). Òîãäà (w′ · f, g, h) ∈
HomChu(SS−Act)(r, rX′D′). Ïî ëåììå 1 ï. (d) w′ · f = hg · r̂. Ïîñêîëüêó w′ · f
� ìîíîìîðôèçì, òî r̂ òàêæå ÿâëÿåòñÿ ìîíîìîðôèçìîì. Ñëåäîâàòåëüíî, ïðî-
ñòðàíñòâî r îòäåëèìî.

Äîêàæåì 3). (d) ⇒ (e)Ïî ëåììå 1 ï. (c) (r̂, eX , eD) ∈ HomChu(SS−Act)(r, rXD).
Òàê êàê r � ïîëíîå îòäåëèìîå ïðîñòðàíñòâî ×ó, òî r̂ è eX , eD � èçîìîðôèçìû.
Ñëåäîâàòåëüíî (r̂, eX , eD) èçîìîðôèçì êàòåãîðèè Chu(SS −Act).

(e) ⇒ (f) î÷åâèäíî.
(f) ⇒ (d) Ïóñòü (f, g, h) ∈ HomChu(SS−Act)(r, rXD) � èçîìîðôèçì â êàòå-

ãîðèè Chu(SS − Act). Òîãäà f, g è h ÿâëÿþòñÿ èçîìîðôèçìàìè â êàòåãîðèè
SS − Act, à çíà÷èò è hg � èçîìîðôèçì. Ïî ëåììå 1 ï. (d) f = hg · r̂. Ñëåäîâà-
òåëüíî, r̂ � èçîìîðôèçì, ò.å. r � ïîëíîå îòäåëèìîå ïðîñòðàíñòâî ×ó. �

6. Ôóíêòîðû ñî çíà÷åíèÿìè â êàòåãîðèè Chu(SS −Act)

Ðàññìîòðèì ôóíêòîðû

P1 : Chu(SS −Act) → (SS −Act), P2 : Chu(SS −Act) → (SS −Act)o,

P3 : Chu(SS−Act) → (SS−Act), P23 : Chu(SS−Act) → (SS−Act)o×(SS−Act),

êîòîðûå ñîïîñòàâëÿþò êàæäîìó ïðîñòðàíñòâó ×ó

(A,X,D, r), r ∈ HomSS−Act(A×X,D)

îáúåêòû

P1(A,X,D, r) = A, P2(A,X,D, r) = X, P3(A,X,D, r) = D, P23(A,X,D, r) = (X,D)

è êàæäîìó ìîðôèçìó (f, g, h) ∈ HomChu(SS−Act)(r, r
′) ìîðôèçìû

P1(f, g, h) = f, P2(f, g, h) = g, P3(f, g, h) = h, P23(f, g, h) = (g, h).

Òîò ôàêò, ÷òî ýòî ôóíêòîðû, ïðÿìî ñëåäóåò èç îïðåäåëåíèÿ êîìïîçèöèè ïðå-
îáðàçîâàíèé ×ó.

Åñëè Z � êàòåãîðèÿ, F : Z → Chu(SS − Act) � ïðîèçâîëüíûé ôóíêòîð,
òî áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ F1, F2, F3, F23 = (F2, F3) äëÿ ôóíêòîðîâ,
èãðàþùèõ ðîëü êîîðäèíàò F :

F1 = P1 ◦ F : Z → (SS −Act), F2 = P2 ◦ F : Z → (SS −Act)o,
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F3 = P3 ◦ F : Z → (SS −Act), F23 = P23 ◦ F : Z → (SS −Act)o × (SS −Act).

Òåîðåìà 3. (î ôóíêòîðàõ â Chu(SS −Act))
1) Ïóñòü F : Z → Chu(SS−Act) � ïðîèçâîëüíûé ôóíêòîð. Òîãäà èìåþòñÿ

îäíîçíà÷íî îïðåäåë¼ííûå ôóíêòîðû F1 : Z → SS − Act, F2 : Z → (SS − Act)o,
F3 : Z → SS − Act, òàêèå, ÷òî äëÿ ëþáîãî îáúåêòà z ∈ Ob(Z) è ëþáîãî
ìîðôèçìà a ∈ HomZ(z, z

′)

F (z) = (F1(z), F2(z), F3(z), r(z)),

ãäå r(z) ∈ HomSS−Act(F1(z)× F2(z), F3(z)) è

F (a) = (F1(a), F2(a), F3(a)) ∈ HomChu(SS−Act)(r(z), r(z
′)).

2) Ïóñòü F1 : Z → (SS − Act), F2 : Z → (SS − Act)o, F3 : Z → (SS − Act)
� ïðîèçâîëüíûå ôóíêòîðû è äëÿ êàæäîãî z ∈ Ob(Z) çàôèêñèðîâàí ìîðôèçì
r(z) ∈ HomSS−Act(F1(z)×F2(z), F3(z)). Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíò-
íû:

(a) îòîáðàæåíèå, çàäàâàåìîå ðàâåíñòâàìè

F (z) = (F1(z), F2(z), F3(z), r(z)), F (a) = (F1(a), F2(a), F3(a)), (1)

ãäå a ∈ HomZ(z, z
′), ÿâëÿåòñÿ ôóíêòîðîì F : Z → Chu(SS −Act);

(b) äëÿ êàæäîãî a ∈ HomZ(z, z
′)

(F1(a), F2(a), F3(a)) ∈ HomChu(SS−Act)(r(z), r(z
′)). (2)

(c) äëÿ êàæäîãî a ∈ HomZ(z, z
′)

F3(a)
F2(a) · r̂(z) = r̂(z′) · F1(a); (3)

(d) ñåìåéñòâî

W = {W (z) = r̂(z) ∈ HomSS−Act(F1(z), F3(z)
F2(z)) | z ∈ Ob(Z)}

ÿâëÿåòñÿ ãîìîìîðôèçìîì ôóíêòîðîâ W : F1 → FF2
3 = HSS ◦ (F2, F3).

Äîêàçàòåëüñòâî. Äîêàæåì 1). Òàê êàê F (z) ÿâëÿåòñÿ ïðîñòðàíñòâîì ×ó, òî
F (z) = (A,X,D, r(z)) äëÿ íåêîòîðîãî r(z) ∈ HomSS−Act(A × X,D), òàê ÷òî
â ñèëó ââåä¼ííûõ âûøå îáîçíà÷åíèé, A = P1(F (z)) = F1(z), X = P2(F (z)) =
F2(z), D = P3(F (z)) = F3(z). Åñëè a ∈ HomZ(z, z

′), òî F (a) = (f, g, h) ∈
HomChu(SS−Act)(r(z), r(z

′)), çíà÷èò f = P1(F (a)) = F1(a), g = P2(F (a)) =
F2(a), h = P3(F (a)) = F3(a). Ñëåäîâàòåëüíî, F (a) = (F1(a), F2(a), F3(a)) ∈
HomChu(SS−Act)(r(z), r(z

′)).
Äîêàæåì 2). (a) ⇒ (b) î÷åâèäíî.
(b) ⇒ (a) Òàê êàê r(z) ∈ HomSS−Act(F1(z)×F2(z), F3(z)), òî F (z) ∈ Ob(Chu(SS−

Act)), è â ñèëó (2) F (a) = (F1(a), F2(a), F3(a)) ∈ HomChu(SS−Act)(r(z), r(z
′)).

Åñëè b ∈ HomZ(z
′, z′′), òî èç òîãî, ÷òî F1, F2 è F3 ôóíêòîðû è èç îïðåäåëåíèÿ

êîìïîçèöèè ïðåîáðàçîâàíèé ×ó ñëåäóåò

F (b◦a) = (F1(b◦a), F2(b◦a), F3(b◦a)) = (F1(b)·F1(a), F2(a)·F2(b), F3(b)·F3(a)) =

= (F1(b), F2(b), F3(b)) ◦ (F1(a), F2(a), F3(a)) = F (b) ◦ F (a),

F (ez) = (F1(ez), F2(ez), F3(ez)) = (1F1(z), 1F2(z), 1F3(z)) = 1F (z),

òàê ÷òî F � ôóíêòîð.
Óñëîâèÿ (b) è (c) ýêâèâàëåíòíû â ñèëó ñîîòíîøåíèÿ (a) ëåììû 1.
Óñëîâèÿ (c) è (d) ýêâèâàëåíòíû ïî îïðåäåëåíèþ ãîìîìîðôèçìà (åñòåñòâåí-

íîãî ïðåîáðàçîâàíèÿ) ôóíêòîðîâ.
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�

7. Îñíîâíàÿ òåîðåìà î ôóíêòîðå H

Ðàññìîòðèì ôóíêòîðû

H1 = HSS : (SS −Act)o × (SS −Act) → (SS −Act),

H2 : (SS −Act)o × (SS −Act) → (SS −Act)o,

H3 : (SS −Act)o × (SS −Act) → (SS −Act),

ãäå H2(X,D) = X, H2(g, h) = g, H3(X,D) = D, H3(g, h) = h äëÿ ëþáûõ X,D ∈
Ob(SS −Act), g ∈ HomSS−Act(X

′, X), h ∈ HomSS−Act(D,D′).
Òîãäà

rXD ∈ HomSS−Act(D
X ×X,D) = HomSS−Act(H1(X,D)×H2(X,D),H3(X,D)),

è ïî ïóíêòó (b) ëåììû 1,

(H1(g, h),H2(g, h),H3(g, h)) = (hg, g, h) ∈ HomChu(SS−Act)(rXD, rX′D′).

Ïîýòîìó äëÿ êàòåãîðèè Z = (SS − Act)o × (SS − Act) è ôóíêòîðîâ Fi = Hi

âûïîëíÿþòñÿ óñëîâèÿ ïóíêòà (b) òåîðåìû 3, è ñëåäîâàòåëüíî, ïî ïóíêòó (a)
òîé æå òåîðåìû îòîáðàæåíèå, çàäàâàåìîå ðàâåíñòâàìè

H(X,D) = (DX , X,D, rXD), H(g, h) = (hg, g, h),

ÿâëÿåòñÿ ôóíêòîðîì

H : (SS −Act)o × (SS −Act) → Chu(SS −Act).

Òåîðåìà 4. (î ôóíêòîðå H)
1) Ôóíêòîð H ÿâëÿåòñÿ ïîëíûì è ñòðîãèì.
2) Ïóñòü F : Z → Chu(SS − Act) ôóíêòîð, çàäàâàåìûé ðàâåíñòâîì (1).

Ñóùåñòâóåò êàíîíè÷åñêèé ãîìîìîðôèçì ôóíêòîðîâ

V = {V (z) | z ∈ Ob(Z)} : F → H ◦ F23,

çàäàâàåìûé ðàâåíñòâîì

V (z) = (W (z), eF2(z), eF3(z)) ∈ HomChu(SS−Act)(r(z), rF2(z)F3(z)),

ãäå

W (z) = r̂(z) ∈ HomSS−Act(F1(z), F3(z)
F2(z)).

3) Ôóíêòîð H ñîïðÿæ¼í ñïðàâà ôóíêòîðó P23.
4) (a) Ïóñòü z ∈ Ob(Z). Òîãäà

V (z) � ìîíîìîðôèçì ⇔ W (z) � ìîíîìîðôèçì ⇔ F (z) � îòäåëèìîå ïðî-
ñòðàíñòâî ×ó;
V (z) � èçîìîðôèçì ⇔ W (z) � èçîìîðôèçì ⇔ F (z) � ïîëíîå îòäåëèìîå ïðî-
ñòðàíñòâî ×ó.

(b) Ãîìîìîðôèçì ôóíêòîðîâ V : F → H ◦ F23 ÿâëÿåòñÿ èçîìîðôèçìîì ⇔
äëÿ âñÿêîãî z ∈ Ob(Z) ïðîñòðàíñòâî ×ó F (z) ÿâëÿåòñÿ ïîëíûì îòäåëèìûì.

Äîêàçàòåëüñòâî. 1) Ïîêàæåì, ÷òî H � ïîëíûé ñòðîãèé ôóíêòîð, ò.å. îòîáðà-
æåíèå

Hom(SS−Act)o×(SS−Act)((X,D), (X ′, D′)) → HomChu(SS−Act)(rXD, rX′D′),

çàäàâàåìîå ðàâåíñòâîì H(g, h) = (hg, g, h), áèåêòèâíî. Èíúåêòèâíîñòü î÷åâèä-
íà. Äîêàæåì ñþðúåêòèâíîñòü. Ïóñòü (f, g, h) ∈ HomChu(SS−Act)(rXD, rX′D′).
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Òàê êàê (hg, g, h) ∈ HomChu(SS−Act)(rXD, rX′D′), òî ïî ëåììå 1 ï. (d) èìååì
f = hg, ò.å. H(g, h) = (f, g, h). Áèåêòèâíîñòü îòîáðàæåíèÿ (g, h) 7→ (hg, g, h), à
çíà÷èò ïîëíîòà è ñòðîãîñòü ôóíêòîðà H äîêàçàíû.

2) Èìååì
(H ◦ F23)(z) = rF2(z)F3(z),

(H ◦ F23)(a) = (F3(a)
F2(a), F2(a)F3(a));

F (z) = r(z); F (a) = (F1(a), F2(a), F3(a)).

Äëÿ òîãî, ÷òîáû äîêàçàòü, ÷òî V � ãîìîìîðôèçì ôóíêòîðîâ, íóæíî óñòàíî-
âèòü, ÷òî äëÿ ëþáîãî a ∈ HomZ(z, z

′) âûïîëíÿåòñÿ ðàâåíñòâî

V (z′) ◦ F (a) = (H ◦ F23)(a) ◦ V (z). (4)

Òàê êàê

V (z′) ◦ F (a) = (W (z′) · F1(a), eF2(z′) · F2(a), eF3(z′) · F3(a)),

(H ◦ F23)(a) ◦ V (z) = (F3(a)
F2(a) ·W (z), F2(a) · eF2(z), F3(a) · eF3(z)),

òî ðàâåíñòâî (4) îçíà÷àåò îäíîâðåìåííîå âûïîëíåíèå òðåõ ðàâåíñòâ:

W (z′) · F1(a) = F3(a)
F2(a) ·W (z);

eF2(z′) · F2(a) = F2(a) · eF2(z); eF3(z′) · F3(a) = F3(a) · eF3(z).

Ïåðâîå èç íèõ ñîâïàäàåò ñ ðàâåíñòâîì (3) òåîðåìû 3 è ïîýòîìó âûïîëíÿåòñÿ,
âòîðîå è òðåòüå î÷åâèäíû.

3) Âîñïîëüçóåìñÿ îäíèì èç ñòàíäàðòíûõ ïðèçíàêîâ ñîïðÿæ¼ííîñòè [5] è äëÿ
ýòîãî äîêàæåì, ÷òî ñóùåñòâóþò åäèíèöà è êîåäèíèöà ñîïðÿæåíèÿ, ò.å. òàêèå
ãîìîìîðôèçìû ôóíêòîðîâ

η : 1Chu(SS−Act) → H ◦ P23, ε : P23 ◦H → 1SS−Acto×SS−Act,

÷òî
Hε ◦ ηH = 1H , εP23 ◦ P23η = 1P23 , (5)

ãäå ãîìîìîðôèçìû ôóíêòîðîâ

Hε : H ◦ P23 ◦H → H è ηH : H → H ◦ P23 ◦H
îïðåäåëÿþòñÿ òàê:

(ηH)(X,D) = η(H(X,D)) : H(X,D) → (H ◦ P23)(H(X,D)),

(Hε)(X,D) = H(ε(X,D)) : H((P23 ◦H)(X,D)) → H(X,D).

Çàìåòèì, ÷òî P23 ◦H = 1(Chu(SS−Act))o×Chu(SS−Act).
Îïðåäåëèì êîåäèíèöó ε ñîïðÿæåíèÿ êàê òîæäåñòâåííûé ãîìîìîðôèçì

ε = {ε(X,D) ∈ Hom(SS−Act)o×(SS−Act)((X,D), (X,D)) | X,D ∈ Ob(SS −Act)},
ε(X,D) = (eX , eD). Î÷åâèäíî, ÷òî è ãîìîìîðôèçìû ôóíêòîðîâ Hε è εP2 ÿâ-
ëÿþòñÿ òîæäåñòâåííûìè.

Äëÿ îïðåäåëåíèÿ åäèíèöû η ñîïðÿæåíèÿ ïðèìåíèì ðåçóëüòàò ïóíêòà 2)
ê ñëó÷àþ, êîãäà F = 1Chu(SS−Act) : Chu(SS − Act) → Chu(SS − Act) �
òîæäåñòâåííûé ôóíêòîð, Z = Chu(SS − Act). Òîãäà F23 = P23, è åñëè r ∈
HomSS−Act(A×X,D), òî H ◦ P23(r) = H(X,D) = rXD,

V (r) = (r̂, eX , eD) ∈ HomChu(SS−Act)(r, rXD)

è V : 1Chu(SS−Act) → H ◦ P23 � ãîìîìîðôèçì ôóíêòîðîâ. Ïîëàãàåì η = V .
Òàê êàê r̂XD = eDX , òî (ηH)(X,D) = V (rXD) = (eDX , eX , eD) = 1H(X,D) ∈
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HomChu(SS−Act)(H(X,D),H(X,D)), òàê ÷òî ηH : H → H = H ◦P23 ◦H � òîæ-
äåñòâåííîå ïðåîáðàçîâàíèå ôóíêòîðîâ. Èìååì òàêæå (P23η)(r) = P23(r̂, eX , eD) =
(eX , eD) = 1P23(r) ∈ Hom(SS−Act)o×(SS−Act)(P23(r), P23(r)); ñëåäîâàòåëüíî, P23η :
P23 → P23 = P23 ◦H ◦ P23 � òîæäåñòâåííîå ïðåîáðàçîâàíèå ôóíêòîðîâ.

Òàêèì îáðàçîì, ïðåîáðàçîâàíèÿ ôóíêòîðîâHε, ηH, εP23, P23η òîæäåñòâåí-
íû, çíà÷èò âûïîëíÿþòñÿ ðàâåíñòâà (5), îòêóäà ñëåäóåò ñîïðÿæ¼ííîñòü ôóíê-
òîðîâ H è P23.

4) ïðÿìî ñëåäóåò èç òåîðåìû 3 è îáùèõ ñâîéñòâ ãîìîìîðôèçìîâ ôóíêòîðîâ.
�

8. Ïðåäåëû, ïðîèçâåäåíèÿ è êîïðîèçâåäåíèÿ â êàòåãîðèè

Chu(SS −Act)

Òåîðåìà 5. (î ïðåäåëàõ) Ïóñòü Z � êàòåãîðèÿ, F : Z → Chu(SS − Act)
òàêîé ôóíêòîð, ÷òî F (z) � ïîëíîå îòäåëèìîå ïðîñòðàíñòâî ×ó äëÿ ëþáîãî
z ∈ Ob(Z). Åñëè êàæäûé ôóíêòîð Z → SS − Act èìååò ïðåäåë è êàæäûé
ôóíêòîð Zo → SS − Act èìååò êîïðåäåë, òî ñóùåñòâóåò limF , êîòîðûé
ÿâëÿåòñÿ ïîëíûì îòäåëèìûì ïðîñòðàíñòâîì ×ó.

Äîêàçàòåëüñòâî. Ïî òåîðåìå 3 èìåþòñÿ ôóíêòîðû F1 : Z → SS − Act, F2 :
Z → (SS −Act)o, F3 : Z → SS −ActF òàêèå, ÷òî

F (z) = (F1(z), F2(z), F3(z), r(z)), F (a) = (F1(a), F2(a), F3(a)),

ãäå r(z) ∈ HomSS−Act(F1(z)× F2(z), F3(z)), a ∈ HomZ(z, z
′). Îáîçíà÷èì

F o
2 : Zo → SS −Act

ôóíêòîð, çàäàâàåìûé ðàâåíñòâàìè

F o
2 (z) = F2(z)

è åñëè a ∈ HomZo(z′, z), òî

F o
2 (a) = F2(a) ∈ Hom(SS−Act)o(F2(z), F2(z

′)) = HomSS−Act(F
o
2 (z

′), F o
2 (z)).

Ïî óñëîâèþ ôóíêòîð F o
2 èìååò êîïðåäåë, à ôóíêòîð F3 èìååò ïðåäåë, ò.å. èìå-

þòñÿ óíèâåðñàëüíûå êîíóñû

φo
2 = {φ2(z) ∈ Hom(SS−Act)o(F

o
2 (z), X)) | z ∈ Ob(Z)},

φ3 = {φ3(z) ∈ HomSS−Act(D,F3(z)) | z ∈ Ob(Z)}
èç êîòîðûõ ïåðâûé � êîíóñ êîïðåäåëà, âòîðîé � êîíóñ ïðåäåëà. Òàêèì îáðà-
çîì, X = colimF o

2 , D = limF3. Ïî ñâîéñòâàì äóàëüíûõ êàòåãîðèé

φ2 = {φ2(z) ∈ HomSS−Act(X,F2(z)) | z ∈ Ob(Z)}

ÿâëÿåòñÿ êîíóñîì ïðåäåëà ôóíêòîðà F2, òàê ÷òî X = limF2 è, ñëåäîâàòåëüíî,
ïî ñâîéñòâàì ïðîèçâåäåíèÿ êàòåãîðèé,

φ23 = {(φ2(z), φ3(z)) ∈ Hom(SS−Act)o×(SS−Act)((X,D), F23(z)) | z ∈ Ob(Z)}

ÿâëÿåòñÿ êîíóñîì ïðåäåëà ôóíêòîðà F23 = (F2, F3).
Òàê êàê ôóíêòîð H èìååò ñîïðÿæ¼ííûé ñëåâà, òî îí ïåðåâîäèò êîíóñ ïðå-

äåëà â êîíóñ ïðåäåëà, ò.å. H(φ23) = {H(φ23(z)) | z ∈ Ob(Z)}, ãäå

H(φ23(z)) = (φ3(z)
φ2(z), φ2(z), φ3(z)) ∈ HomChu(SS−Act)(H(X,D),H(F2(z), F3(z)))
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ÿâëÿåòñÿ êîíóñîì ïðåäåëà ôóíêòîðà H ◦ F23. Â ÷àñòíîñòè,

H(X,D) = rXD = lim(H ◦ F23).

Ïî òåîðåìå 4 î ôóíêòîðå H èìååòñÿ êàíîíè÷åñêèé ãîìîìîðôèçì ôóíêòîðîâ
V : F → H ◦ F23 è, òàê êàê ïî óñëîâèþ êàæäîå F (z) ÿâëÿåòñÿ ïîëíûì îòäåëè-
ìûì ïðîñòðàíñòâîì ×ó, òî V ÿâëÿåòñÿ èçîìîðôèçìîì ôóíêòîðîâ è, ñëåäîâà-
òåëüíî,

{V (z)−1 ◦H(φ23(z)) ∈ HomChu(SS−Act)(rXD, F (z)) | z ∈ Ob(Z)}

ÿâëÿåòñÿ êîíóñîì ïðåäåëà ôóíêòîðà F , îòêóäà limF = rXD. Ïîñêîëüêó

V (z) = (r̂(z), 1F2(z), 1F3(z)) ∈ HomChu(SS−Act)(r(z), rF2(z),F3(z)),

òî

V (z)−1 = (r̂(z)
−1

, 1F2(z), 1F3(z)) ∈ HomChu(SS−Act)(rF2(z)F3(z), r(z)),

ò.å.

V (z)−1 ◦H(φ23)(z) = (r̂(z)
−1

· φ3(z)
φ2(z), φ2(z), φ3(z)).

�

Èç äîêàçàííîãî ñëåäóåò, ÷òî ñóùåñòâóåò ïðîèçâåäåíèå ïîëíûõ îòäåëèìûõ
ïðîñòðàíñòâ ×ó.

Òåîðåìà 6. Ïóñòü ri ∈ HomSS−Act(Ai ×Xi, Di) (i ∈ I) � ïîëíûå îòäåëèìûå
ïðîñòðàíñòâà ×ó. Ïðîèçâåäåíèåì ïðîñòðàíñòâ ×ó ri, i ∈ I, ÿâëÿåòñÿ ïîëíîå
îòäåëèìîå ïðîñòðàíñòâî ×ó rX0D0

âìåñòå ñ ïðåîáðàçîâàíèÿìè ×ó

((r̂i)
−1 · pqii , qi, pi) ∈ HomChu(SS−Act)(rX0D0

, ri),

ãäå X0 =
∐
i∈I

Xi, D0 =
∏
i∈I

Di, qi(s, xi) = xi, pi(s, d) = d(i) äëÿ ëþáûõ xi ∈ Xi,

d ∈
∏
i∈I

Di, i ∈ I.

Äîêàçàòåëüñòâî. Ðàññìîòðèì äèñêðåòíóþ êàòåãîðèþ Z, îáúåêòû êîòîðîé �
ýòî ýëåìåíòû ìíîæåñòâà I. Òîãäà ñåìåéñòâî {ri ∈ HomSS−Act(Ai×Xi, Di) | i ∈
I} � ýòî òî æå ñàìîå, ÷òî ôóíêòîð F : Z → Chu(SS − Act), îïðåäåëÿåìûé
ðàâåíñòâîì F (i) = ri, à ïðåäåë ôóíêòîðà F � ýòî òî æå ñàìîå, ÷òî ïðîèçâåäå-
íèå óêàçàííîãî ñåìåéñòâà. Ïîýòîìó äîêàçûâàåìûé ðåçóëüòàò ÿâëÿåòñÿ ÷àñòíûì
ñëó÷àåì òåîðåìû 5 î ïðåäåëàõ. �

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî êîïðîèçâåäåíèÿ â êàòåãîðèè Chu(SS−
Act) ñóùåñòâóþò äëÿ ëþáûõ ïðîñòðàíñòâ ×ó.

Òåîðåìà 7. Ïóñòü ri ∈ HomSS−Act(Ai × Xi, Di), i ∈ I. Êîïðîèçâåäåíèåì
ïðîñòðàíñòâ ×ó ri, i ∈ I, ÿâëÿåòñÿ ïðîñòðàíñòâî ×ó r ∈ HomSS−Act(

∐
i∈I

Ai×∏
i∈I

Xi,
∐
i∈I

Di) âìåñòå ñ ïðåîáðàçîâàíèÿìè ×ó (fi, gi, hi) ∈ HomChu(SS−Act)(ri, r),

ãäå r(s, (ai, x)) = ri(s, (ai, x(i))), fi(s, ai) = ai, gi(s, x) = x(i), hi(s, di) = di äëÿ
ëþáûõ ai ∈ Ai, x ∈

∏
i∈I

Xi, di ∈ Di, i ∈ I.
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Äîêàçàòåëüñòâî. Ïóñòü óñëîâèÿ òåîðåìû âûïîëíåíû è i ∈ I. Êîððåêòíîñòü
îïðåäåëåíèÿ ïðåîáðàçîâàíèÿ ×ó (fi, gi, hi) ñëåäóåò èç ðàâåíñòâ:

hi(s, (ri(s, (ai, gi(s, x))))) = ri(s, (ai, x(i))) = r(s, (ai, x)) = r(s, (fi(s, ai), x))

äëÿ ëþáûõ ai ∈ Ai, x ∈
∏
i∈I

Xi.

Ïóñòü t ∈ HomSS−Act(B×Y,D), (f ′
i , g

′
i, h

′
i) ∈ HomChu(SS−Act)(ri, t). Ïî óòâåð-

æäåíèþ 1 ïîëèãîí
∐
i∈I

Ai âìåñòå ñ ìîðôèçìàìè fi, i ∈ I, è ïîëèãîí
∐
i∈I

Di

âìåñòå ñ ìîðôèçìàìè hi, i ∈ I, ÿâëÿþòñÿ êîïðîèçâåäåíèÿìè ïîëèãîíîâ Ai

(i ∈ I) è Di (i ∈ I) ñîîòâåòñòâåííî, à ïîëèãîí
∏
i∈I

Xi âìåñòå ñ ìîðôèçìàìè gi,

i ∈ I, ÿâëÿåòñÿ ïðîèçâåäåíèåì ïîëèãîíîâ Xi (i ∈ I) â êàòåãîðèè SS − Act. Òî-

ãäà ñóùåñòâóþò è ïðè÷åì åäèíñòâåííûå ìîðôèçìû f̃ ∈ HomSS−Act(
∐
i∈I

Ai, B),

g̃ ∈ HomSS−Act(Y,
∏
i∈I

Xi), h̃ ∈ HomSS−Act(
∐
i∈I

Di, D) òàêèå, ÷òî f ′
i = f̃ · fi,

g′i = gi · g̃ è h′
i = h̃ ·hi äëÿ ëþáîãî i ∈ I, ò.å. f̃(s, ai) = fi(s, ai), g̃(s, y)(i) = g′i(s, y)

è h̃(s, d) = h′
i(s, d) äëÿ ëþáûõ ai ∈ Ai, y ∈ Y , d ∈ D, i ∈ I.

Ïîêàæåì, ÷òî (f̃ , g̃, h̃) ∈ HomChu(SS−Act)(r, t), ò.å. äëÿ ëþáûõ a ∈
∐
i∈I

Ai,

y ∈ Y èìååò ìåñòî ðàâåíñòâî h̃(s, r(s, (a, g̃(s, y)))) = t(s, (f̃(s, a), y)). Òàê êàê
(fi, gi, hi) ∈ HomChu(SS−Act)(ri, r), òî r(s, (fi(s, a), g̃(s, y))) = hi(s, ri(s, (a, (gi ·
g̃)(s, y)))) äëÿ ëþáûõ a ∈ Ai, y ∈ Y . Òàê êàê h′

i = h̃ · hi è g′i = gi · g̃, òî
h̃(s, r(s, (a, g̃(y)))) = (h̃ · hi)(s, ri(s, (a, (gi · g̃)(s, y)))) = h′

i(s, ri(s, (a, g
′
i(s, y))))

äëÿ ëþáûõ a ∈ Ai, y ∈ Y . Òàê êàê (f ′
i , g

′
i, h

′
i) ∈ HomChu(SS−Act)(ri, t), òî

h′
i(s, ri(s, (a, g

′
i(s, y))) = t(s, (f ′

i(s, a), y))) äëÿ ëþáûõ a ∈ Ai, y ∈ Y . Ïîñêîëü-

êó f̃(s, a) = f ′
i(s, a), òî t(s, (f ′

i(s, a), y)) = t(s, (f̃(s, a), y)) äëÿ ëþáûõ a ∈ Ai,
y ∈ Y . Òàêèì îáðàçîì, äëÿ ëþáûõ a ∈

∐
i∈I

Ai, y ∈ Y èìååò ìåñòî ðàâåíñòâî

h̃(s, r(s, (a, g̃(s, y)))) = t(s, (f̃(s, a)× y)). �
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