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CTAIIMOHAPHBIE PEIIEHUS KPAEBOW 3ATAYN
JIJIsI YPABHEHU BAPOTPOIIHOT'O TEUYEHNSI
MHOT'OKOMIIOHEHTHBIX CPE/]

A.E. MawmonTos, /I.A. Ilpokyzamu

ABSTRACT. The problem of steady barotropic motion of a multicompo-
nent medium consisting of viscous compressible fluids in a bounded
domain of three-dimensional space is formulated. The solvability of the
problem is proved. Viscosity matrices are assumed to be arbitrary (non-
diagonal).

Keywords: existence theorem, steady barotropic flow, viscous compres-
sible multifluid, viscosity matrix.

Pa6ora mocsimena mpobemMe pa3pemmuMOCTd YPABHEHUI, ONMUCHIBAIONINX IBH-
JKeHNe MHOTOKOMITOHEHTHOM CPEJIhI, COCTOSIIEH U3 BI3KUX CXKUMAEMBIX YKUIKOCTEH.
TTo NoBOIy MPOMCXOXKAEHMS STOI MOJIEIN MOXKHO 0OPATHThCS K MOHOTpadwusiM [11]
u [13], a Tak:Ke, 33 YyTOUHEHNUSIMHE [JIs1 TIOAMOJIEIIH, PACCMATPUBAEMOIT B TaHHON pa-
6ore — k crarbe [8]. CMexKHbBIE MOJEIU PACCMATPUBAJIUCHL B TaKUX paboTax Kak
[1] u [3]. Hecmorpsi Ha umeroniuecs pe3yJbraTbl O Pa3pelIMMOCTH [l MOAEseil
JIMHAMUKK MHOTOKOMIIOHEHTHBIX cpef, Takue kak [5], [6], [8], [9], ocraercsa ne uzy-
YEHHBIM BAPUAHT CTAIMOHAPHBIX TPEXMEPHBIX IBUKEHUH B CIIyYae, eCu MaTPUIIHI
BA3KOCTEll ABJIMIOTCS 3alOHEHHBIMU (HE JUArOHAJIbHBIMU U HE TPEYTOJbHBIMA), &
yDaBHEHUE COCTOAHMA ([1JIsl JABJIEHUsI) UMEET JOCTATOYHO 00wl Bu. ViMenHo sTor
ciaydait 6yer paccMaTpuBaThCsa B mpeiiaraeMoil pabore. OCHOBHBIM Pe3yIbTATOM
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© 2022 MamonToB A.E., ITroxkyaun JI.A.

Pabora BrINOSIHEHA B paMKaX TOCyIapCTBEHHOrO 3a1aHus MUHUCTEPCTBA HAYKU U BBICIIETO 00-
pazoBanus P® o teme «CoBpeMeHHbBIE METOALI TUADOAMHAMUKHY IS 33439 IPUPOIOIOIB30BAHUS,
MH/IyCTPUAJIBHBIX CUCTEM M MOJAPHON MexaHukuy (2020-23) (Homep tembr: FZMW-2020-0008 ot
24.01.2020).

Hocmynuaa 1 aneaps 2022 2., onybaurosana 31 dexabpsa 2022 2.

144



CTAIIMOHAPHBIE PEIEHUSA YPABHEHUN MHOTOKOMITOHEHTHBIX CPE] 145

CTaThH SABJISETCS TeopeMma 4 O CyIIeCTBOBAHUH CJIA0OTO PelIeHHs] KPAaeBOi 3a/atH,
MMOCTaBJIEHHOM B paszjene 1.

1. TTOCTAHOBKA 3AJIAYM U OCHOBHOI PE3YJILTAT

B 3ambikanmm  orpanmdentoii obmacti ) C R? (Q — obracth Tedenus) ¢ rpa-
auteit 0€) € C? Tpebyerca HAfITH CKaJIAPHOE TOJIE IIIOTHOCTH MHOTOKOMIIOHEHTHOM
cpenbl p > 0 W BEKTOPHBIE MOJS CKOPOCTEH w; JJIS KayK/JI0# KOMIIOHEHTBI C HOMe-

pomi=1,...,N (N > 2), yI0BieTBOPIONIKE CJAELYIOIIUM yPABHEHUSIM U KPAEBbIM
YCTIOBUSIM:
(1) div (pv) =0,
(3) Ui‘aQ = 0,
(4) /pdw:m, m = const > 0.
Q

IIpeanonaratorcs ciemyionme COOTHOIEHNS, OTPAHNYEHNST U ODO3HAYCHMS:

N
o v = E Qju; — CpeJHEB3BelIeHHasd CKOPOCTh MHOI'OKOMIIOHEHTHOH Cpespl,
j=1

N
rﬂ;eozj:const,0<o¢j<1,j:1,...,N,Zajzl;
j=1

e p,=q;p,t=1,..., N — IJIOTHOCTN KOMTIOHEHT;
e ) — JaBJIEHNE B CpeJie, KOTOPOE OIPeIeIsieTCsl IJIOTHOCTBIO P, T. €. QyHKIHs
p(+) npeamnonaraeTcs 3aJaHHOl, IpUYEM

(5) peC'0,+00), p(0)=0,
1
Vs>0 as'y_l —c <p(s)<ers e up(s) =0

C HEKOTOPBIMHU MOCTOAHHBIMY ¢1 > 1, ¢3 > 0 u vy > 3 (upocreiiium npume-
POM CHTyaInu, KO/ HAJIOXKEHHbIE TPEOOBAHWS HA, JABJICHNE BHITIOHEHBI,
ABJIsIETCS TOJUTPONHbBIA 3akoH p(p) = Kp7, K = const > 0);
e S;, i = 1,...,N — TeH30pbI BA3KUX HAMPIKEHUN KOMIOHEHT, KOTOPHIE
OIIPEIEIAIOTCS PABEHCTBAMU
N
(6) Si = (Aij(dive)I+2u;D(u;)), i=1,...,N,
j=1

1
riae T — epunuunbiii rensop, D(w) = 3 (Vow)+ (Vew)") — rensop

ckopocreii medopmaruii BeKTOpHOro 1moJis w (T 03HaYaeT TPAHCIIOHUPOBA-

HUEe), a YHCTOBble KOIDQHUIMEHTHI BA3KOCTEH A;j, Mij, 4,§ = 1,..., N 00-
Pa3yioT COOTBETCTBEHHO MATpUIILI A = {/\ij}g\fj:l, M = {,uij}f-f’j:l Takue,

qTOo

(7 M>0, A+2M>0,
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Ipu 9TOM 0O03HAUMM

N=A+2M, N={}V_;

N
® BEKTOpHBIE oIt J; = E a;;(u; — u;), ¢ = 1,...,N orBevaior 3a WH-
Jj=1

TEHCUBHOCTH OOMEHA WMITYJIbCOM MEXKIy KOMIIOHEHTAMU, T MOCTOSHHBIE
ajj =a;; >0,4,7=1,...,N;
® WU3BECTHBIE BEKTOPHBIE T0JIsi BHEITHUX CHJT

(8) f,eC), i=1,...,N.
Sameuanmne 1. U3 yciosuit (5), B yacrHoCTH, BbITEKAET, 4TO 1pU BCeX s > 0
BEPHBI OIICHKU
1 c
9) 57 — a5 < p(s) < 57 + cas,

Cl’y
13 KOTOPBIX, B CBOIO O4Yepeab, Ciaeayer

Bls’Y—B2<5/]LZ)d77<B3SV+B4’
n

T7e TOJIOKUTETbHbIE TTOCTOAHHbIE By, Be, B3, B, 3aBUCAT TOJBKO OT C1, Co U 7Y
(ycnoBumcs uepes Bg(+), k € N, 0603HauaTh BEIMYUHBI, IPUHUMAIOIIME KOHEYHbBIE
MOJIOKUTETHHBIE 3HAYEHUS U 3aBUCAIIINE OT O0bEKTOB, YKA3aHHBIX B CKOOKAX MJIH
LIEPEYUCIJIEHHBIX B KOMMEHTAPUAX ).

3ameuanne 2. Beuay pasencrsa (cm. (3))

i/si;wm»m

i=1 ¢

N N
= Z /,uij(rot u;) - (rotu;) de + Z /()\ij + 2455) (div w;)(div u;) de,
ij=1% ij=1%
ycoBus (7) 00eCeunBaiOT ONEHKY
N N
(10) Z/si : (V®ui)dm>B5(M,A)Z/|V®ui|2d:c.
i=1) i=1 )

Onpepesienne 3. ITycrs B ypaBHeHusx (2) (¢ yTOYHSIOMIAMN COOTHOIIEHMUSI-
M (6)) naBieHne yIoBIeTBOpsieT orpaHndeHusM (5), KoabHUIHEeHTbI BA3KocTel —
yenosusiv (7), a BXomgHble JaHHBe 337a4du (1)—(4) yaosmerBopsior yciaoBusM (8).
Crabbim pemtenneM 3aga4n (1)—(4) naspiBaerca nabop dyHKImit

o
pelon(Q), p=0, weW;(Q), i=1,..,N,
VIAOBIETBOPSIONMNX (4) ¥ CIEIYIOMNUM YCIOBUSIM:

1) IlnoTHOCTD p YAOBIETBOPSIET YPABHEHUIO HEPA3PLIBHOCTH (1) B TOM CMBICIIE,
uro Vi € W, (Q) BBINOJIHAETCH UHTETPATIHLHOE TOXKIECTBO
5vy—3

/p’v~V¢dw:0;

Q



CTAIIMOHAPHBIE PEIEHUSA YPABHEHUN MHOTOKOMITOHEHTHBIX CPE] 147

2) Ckopoctu u;, i = 1,..., N yIOBJIETBOPAIOT yPABHEHUAM HMILYJIHLCOB (2)

[e]
(¢ onpenensommvm ypasmermsivi (6)) B Tom cmbicie, uto Ve, € Wi (Q),
i =1,..., N BBIIOJIHEHbI UHTETPAJIbHbIE TOXKAeCTBa (pu ¢ = 1,..., N)

/((pw@w) (V@) +appdive; —S; (V®(Pi)+']i'§0i+pifi'90i) dx =0
!

(kpaesble yc10BHs (3) BBIIOIHEHBI ABTOMATHIECKH — B CMBICIIE (DYHKIMOHAILHOLO
]
kmacca W3 (9Q)).
OCHOBHBIM Pe3y/IbTaTOM CTAThU ABIACTCA CIICIYIONIAs

Teopema 4. ITycts ) C R3 — orpanmdennas obmacts ¢ rpamumeit 00 € C2.
Torpma muist 1100BIX BXOIHBIX JAHHBIX KJIACCA, OMMCAHHOTO B ONPE/IEIeHUN 3, U IPHU
OrOBOPEHHBIX B HEM YCJIOBHAX Ha ITapaMeTpbl ypaBHEHUi, CyIIECTBYeT IO KpaiiHeil
Mepe ozHo caaboe perenue 3azxa4du (1)—(4).

JlokazaTesabCTBy TOI TEOPEMbI IOCBAIIEHA OCTABIIAACA YACTh CTATHH.

2. DOPMVYJ/INPOBKA ITPUBJ/INKEHHON 3AJIAYM U EE PA3PEIIUMOCTD

Bynem uckarh ciaboe pemenue 3a1auu (1)—(4) kak mpenes npubnKeHHBIX pe-
[IEHUH, a UMEHHO, DEIIeHUi CJIeAyIomel Kpaesoil 3ama4du (MHIEKC € Yy BEJUYUH,
3aBUCALIUX OT €, MbI TIOKA OIyCKAEM ):

(11) —eAp+div(pv) +ep = E%,

1 1
(12) %piui + g%aiui + §pi(v -V)u; + §div(piv ®u;) +o;Vp(p) =

(13) uilaﬂzoa i:17~"7N7 VP"|8Q:0

3neck ¢ € (0,1] — mapamerp, KOTOPHIi BIMOCJAEICTBUN OyJeT yCTPEMJIeH K HYIIO;
|2] = meas(f2); n — BeKkTOp eAMHMUYHON BHEINTHEH HOpMaH K JS).

Oupegesnenne 5. Cunbabiv perenueM 3amaun (11)—(13) nasbiBaoTcs HeOT-
punarenbHas QYHKIUI p € WUQI(Q) C HEKOTOPBIM 071 > 3, W BEKTOPHBIE MO
w; € W2 (Q),i=1,...,N rakue, uro ypasuenus (11), (12) BeImosnHens! m. B. B 2,
u 0. B. Ha JS) BepHbI Kpaesble ycaosus (13).

CyiecTBoBaHMe CHJIBHOIO pemnieHust Kpaesoil 3amadn (11)-(13) noxasbiBaercs
CTaHJAPTHBIMU PACCY?K/IEHUSIMUA HA OCHOBAHUM TEOPEMbI O HEIIOIBUZXKHBIX TOYKAX
Jleps>—Ilayuepa, Kak 9T0 CUEIAHO, HALPUMED, B AHAJIOIMYHON CUTYyALUU B CTa-
the [10]. Jusi mokasaTesabcTBa Pa3perimMOCTH MCXOJHON Kpaepoil 3amaun (1)—(4)
(cM. ompejiesieHue 3) COBEPHIMM TPEETbHBIN MEPEX0/] 0 MapaMeTpy &, OTIHYAI0-
meMy 3agady (11)—(13) or ucxoguoit 3amaaun (1)—(4). Jyst aroro cHaYama mOIyIuM
OLIEHKH, PABHOMEDHbIE 110 aPAMETPY €.
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3. OUEHKU PEUIEHUN ITPUBJIMKEHHOW 3AJIAYM

Ymuoxkum (12) ckansgpho Ha w;, npourrerpupyem o 2 (1oJb3ysach FPAHUYHBIMU

ycaosusivu (13)) u upocymmupyem 1o @ = 1,..., N, BbiBegem
al e o em
. ) b g |2 . |2
Z/Si (Veuw;)de + QZ/M%' dx + 20 Za,/|uz| dx+
i=1 Q i=1 Q =1 Q
(14)

N N
1 .
+§ Z aij/|ui—uj|2dw:/p(p)d1vvdm+2/pifi.uid:c.
Q

i,j=1 e i=1¢
ITpounrerpupyem renepsb ypastaenue (11) mo obiacru €, m01y4uM paBeHCTBO
(15) / pdx =m.
Q

YuvHoxkas nanee ypasuenne (11) wa dynkimio G'(p), rne G : R — R — mpons-
BOJIbHAS BAXKIbI HEMpPEPBbIBHO auddepenimpyemas GbyHKIHs, TOCTE JIEMEHTAP-
HBIX MPeo0pPa30BaHMIT TPUXOAUM K PABEHCTBY

(16) G (p)IVpl* = ediv(G'(p)Vp) + (pG'(p) — G(p))div v+

+div (G(p)v) +pG (p) = eﬁcm.

p+l

Ionaraz 8 (16) G(p) = (p + 1) / ]Lg)dn ¢ upoussosbubim | € (0,1], BoiBeaem
n
PaBEHCTBO !
l p+l
/p(pH)divvdw:z/p(p:l)divvdxﬂ/ /ILZ)dn div v da—
Q Q P Q 1 K
F o) (p+1) (p+1)
r(n pp(p + /p p+ 2
- S ldy | de—¢ | P de — e | V)2 dat
6/p / VR €/ PR Y Vol do
Q 1 Q Q
F o) (p+1)
m p(n m [ p(p+
+e— /—dn de +e— dx,
€2 ) n? €2 Sl

U3 KOTOPOTO TIOCJIE 3JIEMEHTapHBIX OLEHOK (¢ yueToM (5) u 3amevanus 1) u mocie-
JYIOIIEro MPeIeJIbHOrO Iepexoa 1o | — +0 cieyer HepaBeHCTBO

(17) p(p)dive de <
/

g_

N ™

1
<Bl + C’V) /p’y dm + B6(B1,BQ,Bg,B47017CQ7m7’}/,Q)-
1
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U3 coornomenus (14), B cuy (10) u (17), ciaemyer cooTHOMIEHME

2 2
B5Z/|V®ul| dx + = Z/pl|uz| dw+2|Q|Zal/|ul| dx+

719

N
13
+5 <B1+>/ Vdx + = Za”/m‘ u;|? de < Z/pifi.’u,idm+36,

7,7=1 1=1 Q
U3 KOTOPOIo BBUAY HEPABEHCTB

N
BsZ/|V®ui|2dw 7(Bs, ZH%HWl(Q),

i=lq

N N
Br
. [ ot usde < 50 il @ + Bs (B £ llo@ ) 2) ol o
i=1¢ i=1 °
noJiy4aeM OIEHKY
(18) Zuuznwl < Ba (50,5 50) (1ol o +1).

Hasee ymuoxkum ypasrenus (12) ckajspHO Ha @, T (@ — pelleHue 331a4u

dive =p” - \QI pYdz,  plog =0,

¥ TIPOMHTErpuUpyeM 1o ), 3TO JACT TOXKIECTBA

@ /P(P)PW dr =
Q
Q5 1
:@ /p(p)d:c /p”da: +/(Si—2piv®ui> (Vo) de+
(19) Q Q Q
1 €
+3 /[Pi(v'v)ui]'<Pdﬂf—/(Ji+p¢fi)'90d$+§/muz'-90d93+
Q Q Q
€ may .
- i pdr, =1,...,N.
270 u; - pdr 1
Q
Biiarozapsi paBHOMEPHBIM 110 € OlleHKaM (BepHbIM Jyjisd Beex ¢ = 1,..., N)

1l zater + 1V @ @l < Bro@lpl}, o
||Si||L2(Q) < Bll(BQa Aa M7 N77a Q) (1 + ”p”LQ»Y(Q)) ’

o0 @il g0y +llpi (0 V)il @) < Bra(Bo, N,y Dol oy (14 1912, )

1Ji + pifillLo) < Bis (39’ {Ifille@ s {aij},N,v,Q) L+ lloll., @) -
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u3 (19) creayer, uro (cm. (9), (15))

4v(y—=1)

2 3 —
10127 @ < Bus <|p|z;(m ol + 1) |

rae B4 3aBucur ot By, Big, B11, B2, Bis, {ai}, m, c1, ca, v u Q. Orcrona nosydaem
OLIEHKY

(20) ol Lo, () < Bis(Bia,7)s

u BBuy (18), Tak:Ke U OLEHKA

(21) lwillwp () < Bie(By, Bi5,7,9), i=1,..., N.
Haxkower, u3 (11), (13), (20) u (21) caenyer, 9To

)
(22) VellVpllr, ) < Bir (Bis, Big, N,m,~,9Q).

4. [IPEAEJBHBIA IEPEXO BCIOAY KPOME JABJIEHUA

Haustee pemenus 3aga4 (11)—(13) 6yaem obo3HagaTh ¢ ynoTpebIeHneM HHIEKCA &.

B cuny onenok (20)—(22), u3 cemeiicrBa p°, us, i =1,..., N, ¢ € (0, 1], pemtexnit
KpaeBbix 337134 (11)—(13) moxkeT GBITH BbLIE/IEHA HOCIEA0BATETLHOCTD (KOTOPYIO
MBI 0003HAYUM TaK K€), I KOTOPOi npu € — +0 UMET MECTO CXOIUMOCTH

(23) u$ — u; cmabow Wy(Q), i=1

...N,
(24) p° — p caabo B Loy (), p>0 m B. B Q,
(25) eVp® — 0 cunbho B Lo (Q),
(26) p(p®) — p(p) cmabo B Lo(f2), p(p) >0 m. B.B €,
e p(p) obo3nadaer caabbril mpenen nocienoarenbHocTh p(p) B Lo (). Bamernm,
410 U3 (23) cpa3y CIeLyIOT CHIBHBIE CXOAUMOCTH U5 — Ui, ¢ = 1,..., N B Ly, (£2)
pu Beex o3 € [1,6).
Takum obpa3om nosrydaem, 4To Hpegesbibie GyHKIuu p, U, ¢ = 1,..., N, yao-

BJIETBOPAIOT YPABHEHUIO

(27) /pv-Vz/de:() Vl/JEWls%(Q)
Q

N
— 910 cnabas ¢dpopma ypasuenus (1), B KOTOpOM v = E QjUj; YPABHEHUSM
Jj=1

/ ((Pz"U ®ui): (Vo) +aplp)dive, +J; @, +pif; - ‘Pi) de =

:/Si;(vai)dw Vo, e WH(), i=1,...,N
Q
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N

— 910 cnabas dopma ypasuenuii (3), B KOTOPBIX p; = a;p, J; = E a;j(u; — u;),
Jj=1

N
S; = Z (Aij(divu )T+ 2p;;D(u;)), ¢ = 1,..., N, a BMecTo p(p) moKa crout p(p);
j=1
a TakyKe WHTETPATHHOMY YCIOBHUIO (4) IS TIOTHOCTH.
ITpu nepexone k npexaeny 1o € — +0 B ypaBuenusax (12) UCHONb30OBAIUCDH CJIe-
JLYIOIIUe TOXKIeCTBa (MepBoe u3 KOTOpbIX onupaercsd Ha (11)):

1 1
SPul + e+ f (e V)l £ Sdiv(pfe” o uf) =
(29)
= epfuf + divipiv® @ uf) — S(Apfuf, i=1,...N,
(30) (Apf ) = div (Vo) @ us) — (Vpi - V)ug, i=1,...,N.

3ameuanue 6. IIpu Boisoge dbopmyn (27) u (28) caavana 6epyTcs GECKOHEUHO
riaaKue npobHbie (byHKIMHU, a 3areM (MOCJe MPEJEIBLHOr0 IEePexoa MO €) CTaH-
JAPTHBIM 00PA30M JTOKA3BIBAETCS CIIPABETABOCTD 3THX (POPMYJT I BCEX MPOOHBIX
GyHKIHH yKa3aHHOTO KJIacca.

3ameuanme 7. Kak uzsecrno uz reopun ypasnenuii neperoca u Hasbe—Crokca
(cMm., mampumep, [12], Paznen 3.1.3, ctp. 159-163), Bce pemenusi ypasuenusi (27)
(m. e. (1)) paccMaTpuBaeMoOro Kjacca aBTOMATHYECKH SIBISIOTCS TaK HA3bIBAEMbI-
MU PEHOPMATH30BAHHBIMA PEIIEHUsIMH, T. €. YAOBIETBOPSAIOT PEHOPMATA30BAHHOMY
ypasrernuto (1), bopmanbro monywaromemcs u3 (1) ymuozkernem ua b’ (p) ms Beex
dyukuuit b oupesgenennoro kiacca (a uMEHHO, 06/1a1AI0LIUME JOCTATOYHON V1 /1KO-
CTBHIO ¥ CBOWCTBAMM POCTA B HYJIE W HA GECKOHETHOCTH — GOJIee TOTHO 3TH CBOICTRA,
OyayT copmynupoBanbl B pasaene 5.4).

5. IIPEAE/BHBIN TEPEXO/ B JTABJIEHUU

st 3aBepiienns IpesebHoro mepexona mno € — +0 ocranoch A0Ka3arb, YTO
(31) p(p) =p(p) m.B. B Q.

5.1. IIpenBapuTeapHble TOcTpoeHUsI. Paccmorpum Tak HasbiBaembie 3ddek-
TUBHBIE BS3KHE [MOTOKU KOMIIOHEHT CMECH

N
a;p(p) — E vijdiva;, 1=1,...,N,
j=1
COOTBETCTBYIONINE BEJIMYWHBI JIJIST PEryIsspU30BAHHON 3a1a9u
N
£ : € N
a;ip(p®) — g vijdivus, 1=1,...,N,
i=1
u ux caabele npenessl B La():

N
OZiP(P)—ZVijdiVUj, i=1,...,N.
j=1
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Bymem wmcmomp3oBaTh —omepatop ATl gefictByrommii  mo  dopmyie
3
(A7) ()

= —— y, npuMensist ero K GyHKImaM v € Ly, (), o3 > —,
dr | |z — y] 2
R3

IPOJOJIZKEeHHBIM HyleMm 3a npegenst 2. Ipu stom A~ 0 Lo, () — W2, (), u
AoA~l =1

YuvHoxkuM ypasaenns (12) (mus dysrmmit us, p5, ¢ = 1,...,N) ckaasgpHO Ha
dbyaxumo 7r¢, toe r® = VAT1p%, u

(32) T € C5° (),

u upounrerpupyem 1o 2. Torpa, yuursiBas (29) u (30), upuiem K paBeHcTBam

[ (rasntor)o =555 (9 5 (7)) o =

Q

= —q; /p(pE)VT -r°de — /7’(,0;?'08 @ui): (Vers)de—

Q Q

(33) - /(Pf’vs @ui): (Vr)@r)de — /T(Jf +pif,) vt do+

Q Q

—1—5/7',0 ~rfdr + — 5 /((fo) @ui): (Ve (rr®))de+
Q Q

+

N ™

/T[(fo-V)uﬂ -r°de, i=1,...,N.
Q

C apyroit cropoHbl, npunsis B (28) B KauecTBe TECTOBLIX (DYHKIMI BEKTOPHbIE
nons @; = 77 (cm. (32)), rae r = VA~p, BeBOIMM TOXKTeCTBA

/ (Taim;) -Si: [V® (77‘)]) de =

Q

(34) /TV’T rde— | T(pv@u;): (VOT)de—
Q

7(Ji+pif;) -rde, i=1,...,N.

/
"

—/(piv®ui) (Vr)®r)d
Q

U3 (24) u xommaxrrocrn saoxenns Wy () B C(Q) creayer, uro 7€ — 7 npu
e — +0 B C(Q).
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Beranras u3 (33) paseHcrBa (34) u nepexozs K npeneny npu € — +0, moaydnm
COOTHOIIEHHST

(35) lirn0 (Ta,;p(pg)pe -S5: [V (7'7'5)]) dx—

e+
Q
— / (TaiMp -5 [V® (T’I‘)]) dx =
Q
= 61_15_10/7—((@'11 Ru;): (Vor)—(pv°eu;): (V ®r8)) de, i=1,...,N.

Q

5.2. Amamms (35). [dokaxkem, 4To Tpasas vactb (35) pasHa Hysmo. Jjgg 3roro
BBeJIeM B paccmorpenue orneparop Comm, neficTByrommuii 1o (hopmyiie

Comm(B, () = ((VdivA™'8) — (V& VATI()B,

o KoropoMm m3BectHO (cM. [2], [7], [12], [14]) cremytomee: ecnu (3, — B ciabo B
Ly, (), ¢ — ¢ camabo B L, (), nae Jiﬁ—ai < 1, ro Comm(B8y,, ¢x) — Comm(S3, ¢)
4 05

1 1

1
cnabo B Ly (), rne — = — + —.
06 04 05

ITpeo6pasyem npasyio yacrb (35) (yuurbiBas pasercrso (27)):

lim T((piv Du): (Var) — (pfo° @ud): (Ve rf)) do =

e—+0
Q
(36) = ElﬁiIEO v® - Comm(Tpius, p°) dx — /v - Comm(7p;u;, p) de—
Q Q
— lim [ 7pfus - VA~ iv(p*v®)de, i=1,...,N.
e—+0
Q

N3 (23) u (24) cmenyer, 9o pfus — pu;, @ = 1,..., N caabo B L, () mpu Bcex

2y 6~
o7 < , & CJIeJIOBATE/IbHO IPHU BCEX 07 € —— | UMeeM

Gy
+3 2y-1"~v+3
Comm(7pius, p°) — Comm(rp;u;,p), i=1,...,N, ciabo B Ly, (),

20
re og = =0T Hockompky Biaoxkenne L, () B Wy 1 (Q) kommakrro (mpw 10-

2y 4 o7

IIOJIHUTEJBbHOM YCJIOBUU 07 > 3aBE€JOMO COBMECTHOM C HaJIO?KEHHBbIMHU BbI-

6y
5y —3’
me), o Comm(7pius, p) — Comm(Tpius,p), i = 1,...,N cumbro B Wy H(Q).
IMonyyenunbie coornolenus BMecre ¢ (23) BleKyT PABEHCTBA
lim [ v®- Comm(rpius, p®)de = /v -Comm(Tp;u;, p)de, i=1,...,N.

e—=+40
Q Q

U3 ypasuenus (11) mosy4um To2K1€cTBO
VA~ div(p®v®) = eVAT Ap® + VAL (g' — 5) ,

U3 KOTOPOTO $ICHO, UTO MOCTEIHee ciaaraeMoe B mpasoil wactm (36) obpamaercs
B Hyb. [Ipm 3TOM Hcnomb3oBano mpeactasaenne eVA~IAp = V@ VAT (eV ),
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coorHomenue (25) u orpannyeHHoCTH oneparopa Pucca V @ VA~ B Ly(Q) (cm.,
Hanpumep, [4], crp. 348).
Taxum obpasom, u3 (35) u (36) crenyer, 9410

(37) sl—ig-lo (Taip(pg)pe -S5: [V (7‘7“6)]) de =
Q

:/(mip(p)p_si;w@(rr)]) de, i=1,...,N.

5.3. CoorHomenus: njiast 3 dEeKTUBHBIX BSI3KUX MOTOKOB. BBHIy TOrO, 9ITO
opu i =1,..., N nmeem (cm. (7))

lim [ 5[V (rr) de / S, : [V @ (rr)] da =

e—+0
Q
_61_1}2021/”/7;) div u’ dw—Zz/ij/Tpdivuj dx+
=l 9 =19
(38) + lim ZVU/ (divu$) <2r VT + (AT)AT! )dgg_
6%+0]_
= Q

N
Z Vij / (div u] -V1 4+ (AT)Aflp) dz—
Jj=1 Q

- Egnﬁo (v ® [(Vr)A ]) dx + /S,- : (v ® [(W)A*lp}) da,

Q

U TIOCKOJIBKY TIOCJIEHIE YeThipe HHTerpasa B (38) B3aUMHO yHUUTOXKAIOTCS, PABEH-
crBa (37) IpeBpaIlAIOTCA B CJEAYIONIUE COOTHOMEeHus st 3DMEKTUBHBIX BI3KUX
IIOTOKOB KOMIIOHEHT CMECH:

(39) lim [ 7p° [ aip(p Z vijdivuj | de =

e—+40
Q

N
/Tp ozzp Z vijdiva; T,
Q ':

i=1,...,N. Tem cambiM, MbI MOKeM BbiBeCTH U3 (39) Takoe ClieiCTBUE:

4 li e £\ i€ _ ( )

(40) Jim [ 7p (vop(p®) — dive®) de /Tp vop(p) — dive ) de,
Q Q

rie vy = (N ta,a) > 0 (em. (7)), a a = (aq,...,an)T.

Beuny npoussosnbHocTH T (cM. (32)), paBeHcTBo (40) BBIpasKaeT COOTHOIIEHHE

(41) vopp(p) — pdive = vopp(p) — pdive  m. B. B Q.
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5.4. 3aBepmiaromuii aHaan3. CoryiacHo 3aMEYUaHUIO 7, BHITOJHEHBI PEHOPMAJIH-
sosannble ypasuenus (1). B uactmocru, mis dymkmuit b € C[0,00) () CL(0,0)
TaKUX, ITO

b'(s)| < Bigs™ 7 Vse(0,1], o9<1,

b/(S)‘ < Bygs?® Vs>1, —-1<op<y—-1,

seimosHensl B D' (R3) ypasnenus div(b(p)v) + (pb (p) — b(p))dive = 0, orkyma mpu
b(s) = sln s creayer paBeHCTBO

(42) /pdivv dx = 0.
Q

()

P
pe+1
pys pe3yJbTaT mo §2, 3aTeM MPOBOJSA 3JIEMEHTAPHBIE ONEHKHU, W HAKOHEI IEPexX0Isi
K npezeny (cHadana mo | — +0, a 3arem no € — +0), nojayyaeMm HEPABEHCTBO

C npyroii croponsl, ymHoxkaga (11) wa In(p® + 1) + , L € (0,1], uarerpu-

(43) /pdivv dx < 0.
Q

Kom6uuupyst (42) n (43), IpUXOaUM K HEPABEHCTBY

(44) / (p dive — pdivv) dx < 0.
Q

BBuzay monoronuoctu GyHKiuu p(-) BEPHO MOTOYEUHOE HEPABEHCTBO

(p° = p)(p(p°) — p(p)) =0,

Guarogapst koropomy u dopmyiaam (24), (26) BbiBogUM

(45) liminf / (p(0°)6" — plo°)p) dax =

e—+0
B

—timipt [(0(6") ~ o) (5" ) da + Ly [ p(p)(o° — p)do >0,
B B

rae B — npoussosibublii map B ), nosromy p(p)p = p(p)p u. B. B L.
JlampHeiimme paccyKAeHns CAeAyI0T TaKOH MemovKe:

u3 (41), (45) Bbirekaer, yro pdive — pdive > 0 1. B. B ()
npusiekas (44), nonyuaem pdive — pdive = 0 . B. B Q;

renepb u3 (41) BeBomuM p(p)p = p(p)p 1. B. B ;

HAKOHETI, BDEMEHHO TPOIOIKAS HEYETHBIM 00pa3oM (DYHKIHIO p HA TPO-
MexkyToK (—o00,0] (coxpanss 3a Heil npexHee 00O3HAYEHUE), T. €. IPUHU-
mas, 9410 p(s) := p(|s|)sign(s), ¢ menpio upumenenus gemmst 3.39, crp. 188
u3 [12], mpuxomum K TpeGyemomy cooTHormenuio (31).

Nrak, mokazano, 410 GYHKINA p, Ui, i = 1,..., N ABASIOTCS cIaObIM pellleHneM
zagaan (1)—(4) (cm. onpenenenue 3). Teopema 4 goKa3aHa.
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