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IIIAIIIKY ®EMHMAHA C IIOTJIOIIIEHUEM

M.J. IMATPUEB

ABSTRACT. We give a new elementary proof of the theorem by Ambainis
et al. that for a quantum walk, the probability amplitudes of absorption
at the initial point after 4n steps are proportional to the Catalan numbers.
We also calculate the absorption probabilities at points close to the initial
one and prove a relation that connects the probability amplitudes along
the diagonal.

Keywords: Feynman checkers, quantum walks, Catalan numbers, reflec-
tion method

BBEJEHUE

"IMMamku QeitnMmana’— 3T0 HAUOOIHEE 3JIEMEHTAPHAS MOIETb IBUKEHUS IJIEK-
rpouna. Mogenb 6buia upemioxkena Pugapnom @eiimanom B 1965 roay [2]. Ona us-
BECTHA TaK’Ke KaK OJHOMEpHOe KBaHTOBoe OiyKaanue [1]. Monenn nanbosee npu-
MeJYaTeIbHA T€M, YTO OHA, HATJISITHO WJIJIIOCTPUPYET MHOTHE OA30BbIE WIeW KBAHTO-
BOIl TEOPUU W SBJISIETCS ONHOI M3 apPXUTEKTYDP YHUBEPCAIHHOIO KBAHTOBOTO KOM-
ubiorepa [11]. Akryasnbubie 0630psl npuBoigrcs B [3, 5, 10, 11].

B ocuoBy pmanHO# paboThl Jier W3BECTHbINA pe3ysbrar AMOAaMHUCA M €ro KOJLIer
[1] o Tom, ¥TO BEpOSATHOCTH BO3BDAIIEHUS OMHOMEPHOTO KBAHTOBOTO OJIYIKIAHMWS
B HAYAJbHYIO TOUYKY PABHA % (reopema 1). HamomuuM, 9TO JJIsi KJIACCHYIECKOTO
CJlydaiiHOro OJIyKIaHus 9Ta BEpOATHOCTH paBHa 1 (Teopema Iloita). Mbl npuBoaum
HOBOE 3JIEMEHTAPHOE T0KA3ATEHCTBO 3TOrO PE3yIbTaTa u 0000IIaeM ero Ha TO9KH,
6JM3KKe K HadaJbHOI (Teopema 2).

Jpyrue KoMOGMHATOPHBIE PE3YIBTATHI 00 ITO MOIeaN MpuBoAsATCs B [4, 6, 7, 9].

Dwmrtriev, M.D., HERE SHOULD BE THE TITLE OF THE PAPER .
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MIATIKY ®EMHMAHA C TTOTJIOIIEHUEM 627

OIIPEJIEJIEHUE MOJIEJIM

Mpbr HagHEeM ¢ HePOPMATBHOTO onpenenenns moaenn mammkn Peiinvana”’, a 3a-
TEM JaJIUM TOYHOE. DTOT PA3Jesl IOYTU LOJHOCTHIO 3aMMCTBOBaH u3 paborst [10].

afsn)

Puc. 1. [10] IIytu marmex

Ha GeckoneuHO# maxmaTHO JOCKe IMAIIKA XOAUT Ha COCEAHIOI IO JAMATOHAJH
KJIETKY BJIEBO-BBEPX myu BIpaso-eepx (puc.l). Kaxaomy nyru s mamku conocra-
BUM BEeKTOD a(S) Ha LJIOCKOCTH Caeiyiomum obpasom. B magase psuxenus sror
BEKTOp HampapjieH BBepX m mMeer JumHy 1. IToka rmarmka aBuKeTcs BIOJIb Mpsi-
MOif, BEKTOp HE MEHSETCs, & MOCJIe KaXKJ0ro MOBOPOTA IAIIKK OH [OBOPAYNBAETCS
Ha 90° mo wacoBoii cTpenke (HE3ABHCHMO OT TOTO, B KAKyl0 CTOPOHY MOBEPHYJA
mraika). B KOHIE JBUKEHNS] BEKTOD CKUMAETCS 20t-1)/2 pas, tae t — obIee Ync-
JIO XOJIOB IMIAIIKK (T.e. 3aMEHsSIeTCs] HA BEKTOP TAKOIO K€ HATPABJIEHUS, HO JJIHHBI
1/2=1/2) Tlonyuennpiii 8 urore sexrop u ects a(s). Hampumep, ais myru na
puc.1 caesa Bexrop a(s) = (1/8,0).

O6ozuaunm a(x,t) = ) _a(s), rle CyMMHPOBaHHE BEJETCH IO BCEM IMyTAM S
mamku u3 kiaerku (0,0) B kierky (x,t), Hauunaowumcs ¢ xoda 6npaso-66€pt.

Hanpuwmep, a(1,3) = (0,—1/2) + (1/2,0) = (1/2,—1/2); puc.1 cupasa.

Yucno P(x,t) = |a(z,t)|? naspiBaerca 6epoammocmvio o6HApYHCEHUA SAEKMPO-
Ha 6 Kaemxe (x,t), ecau on ucnywen us kaemxu (0,0).

Bepoammuocmv 00Hapysicenus srexmpona 6 xaemxe (,t) npu nozaowenuy Ha
NPAMOT T = T( OUPEIENIETCS AHAJOTUIHO BeposATHOCTH P(x,t), TOIBKO CyMMHUPO-
BAHUE MPOU3BOUTC IO Iy TAM S, HE MPOXO/AIIMM 96€Pe3 KIETKU BEPTUKAIN T = (),
3a MCKJ/IIOYeHHeM, ObITb MOXKET, HAYAIbHONW u KOHe4HOH kierok. O6o3nadum 3Ty
BeposiTHOCTh uepe3 P(x,t|xg). HanpumMep, Ha puc. 2 KPACHBIH MyTh MBI He OyIem
YUYUTHIBATH TP CYMMHUPOBAHWH, a 3ejieHbri Oyaem. COOTBETCTBEHHO, JIJIsT MOJIEIH C
norsormennem a(1,3|0) = (1/2,0).

Pestomupyem 9Ty KOHCTPYKIHMIO B BUAE TOYHOTO ONPEIETEHUS.

Onpegenenne. Ilymo wawku — dTO KOHEIHAS MOCIEI0BATEIBHOCTD IEIBIX TOYEK
IJIOCKOCTH TaKasl, YTO BEKTOP M3 KaxK0il TOUKU (KpoMe I0CIe Heil) K Cie Ly olei
pasen ju6o (1, 1), smbo (—1,1). ITosopom — 510 Takas TOYKa IyTH (HE [epBas U He
LOCJIE/IHSIs ), YTO BEKTOD, COCNMHSIOWIUIT 9Ty TOYKY C IPEAbLLYIIEH, OPTOIOHAJIEH
BEKTOPY, COeAUMHAIOMEMY eé co caenyomeit. Cmpeaxa (wmm amnaumyda eeposm-
HOCMU) — TO KOMILJIEKCHOE YHCJIO

a(w, t | ,’Eo) = o(1-1)/2 Z(_i)turns(s)’

S
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N

xp=10

Puc. 2. Ilytu gag Mmomenn ¢ IOTTIOIEHAEM

rie cymma Gepércs 110 BeeM myram s mamku u3 Touku (0,0) B Touky (z,t), mpoxo-
aammm gepe3 Touky (1,1) u He TPOXOAAIINM Yepe3 TOUKM MPSMOi & = g, KpoMe,
OBITH MOYKET, HAYAJBHOW M KOHEYHOH TOYKM myTH, a turns(s) obozHadaer obimee
9HCJIO TIOBOPOTOB B S. 3/I€Ch M Jajiee IyCTasd CyMMa IO OIPEIEJECHUI0 CUUTAETCS
pasuoit 0. O6o3HaunM

P(x,t|x0) := |a(z,t|zo)|*

Buavennst a(x,t|0) Npu ManbIX x ¥ ¢ TOKa3aHbI HA PUC. 3.

g o 1-2i i
4 4
4 1 1—3 i
2V2 2V/2 22
3 q i
2 2
2 1 :
V2 V2
1
i
t=0
r=0 1 2 3 4 5

Puc. 3. 3uauenns a(z,t|0) mpu 0 < z,t <5

UccnenoBanme maHHON MOIENTH HAYAIOCH CO CIEAYIOMIETO SPKOrO Pe3yIbTaTa.
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Teopema 1 (AmGannwuc u 1p., [1, reopema 8]). Jaa arbozo yeaozot > 0 svinoanero

I5 t=2
a(0,¢]0) = —CWG) 4 yp 44 2ge k€ Z:
) =\ Grpzree =4rk + 4, 2de k € 4;
0, UHAYE.

Boaee mozo,
> P(0,t]0) =
t=1

ITocnennee BbIpazkeHHE — 3TO BEPOATHOCTD IOIJIONIEHUS TEKTPOHA B HAYAJIBHOM
roure. A jymubl crpesnok a(0,4k 4+ 4 |0) okasbiBaioTCst paBHBI Ynciam Karanana,
JIETEHHBIM HA HEKOTODBIE CTENeHN BOHKH.

B crenytommem pasgesne Mbl qokaxkeMm Teopemy 1 6osiee MPOCTBIM CIIOCOO0OM, IeM
B crarbe [1]. A UMEHHO, MBI JOKAXKEM, YTO CTPEJIKU YIAOBJIETBOPAIOT PEKKYDPEHT-
HOMY COOTHOIIEHUIO, OUY€Hb IIOXOXKEMY Ha COOTHOIIeHWe aya umcesn Karamana, ¢
AHAJIOTMYIHBIM JIOKA3aTeIbCTBOM (Cp. 3aMedanue 1).

Teneps chopMynIupyeM OCHOBHYIO TeopeMy. DTO yTBepKAeHHe ObLIO IpejozKe-
HO B KadecTse runore3s! I. Munaessiv n U. Pycckux B 2019 (gactHoe coobiuenne).

Teopema 2.

o0 o0

ZP3t|3 = Z —1,t]-1) =

= 8
4y P(2,t]2)-2= - -2
t=1

OCHOBHOIT WHTEPEC TPEICTABIISIET MEPBOE PABEHCTBO, TAK KAK BTOPOE W TPEThE
JIETKO CJIeayioT u3 TeopeMbl 1 u jemM 2 u 3. Iloxoxkne Unciia BOSHUKAIOT JJIs TIPO-
cToro ciydaiinoro 6myxaanusa Ha Z2 [8, Tabnuma 2|.

HOBOE JTOKA3ATEJILCTBO TEOPEMBI AMBAUHNCA U COABTOPOB

st HOBOrO J0Ka3aTeIbCcTBa TeopeMbl 1 HaMm morpedyercs Ciryaylomias JIeMMa,
aHAJIOTUYHAS M3BECTHOMY PEKKYPEHTHOMY COOTHOTIEHUIO s uncen Karamana.

Jlemma 1. Jlasa 4106020 yeaozo n > 2 8bN0AHEHO:

a(0,2n]0) = Z (0,2(n — 7)]0)a(0,2;0).

JHoxazamesvcmeo. Cum. puc. 4. Pacemorpnum myts p mamxkn n3 toukn (0, 0) B ToUKy
(0,2n), KOTODBI# HE MMeeT IPYTUX TOYEK HepecedeHus ¢ mpsamoil © = 0. amernm,
910 Tipu 1 > 1 Takoil myTh nepecekaer mpamy x = 2 B Touke (2,2). Tak kak p
3aKAHYMBAETCA HA IpaMoil £ = 0, To OH mepecekaer IpaMyo = 1 B eme XoTs Obl
onuoit Touke (1,275 + 1), orsmunoii or (1,1). 3aech j MOXKET NPUHUMATH 3HAYEHUS
or 1 10 n — 1. Beibepem cpeau 3tux j HamMmenbiiee. Paccmorpum orobOpazkenwue,
KOTOpOe KaXKJOMy TyTH P COTIOCTABIsIET Tapy myreii (m, 1), crapryomnmx u3 (0,0),
rje myTh | MOBTOPSET BCE XOZABI MyTH p €O BTOporo u jo (25 + 1)-ro, a myrs m
HAYUHAETCs C XOJa BIPABO-BBEPX, & 3aT€M IIOBTOPAET XOZbL IyTH p ¢ (2j + 2)-10 10
MOCJIETHETO.
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(0,2(n — 5)
(0,2n) B

| I

p

L

[]
(1,25 + 1)

| | (0,2)

—_— l
0 1 0 1

Puc. 4. Orobpaxenue mwyreii (cm. jsemmy 1)

ITokaxkem, 4TO 3TO OTOOpaYKEHUE — OUEKINSA MEKIY MHOXKECTBOM IyTel, 1ar0-
mmmu BKaag B a(0,2n|0), u 00beuHeHrEM MHOMXKECTB Tap IyTeil, JAroIuX BKJIal
B a(0,2(n—7)|0) u a(0,2; | 0) coorBercTBenHO, 110 BeeM j ot 1 1o n— 1. JIns sroro
nocrpoum o6parHoe orobparkenue, T.e. 10 Jr000i nape (m,l) BOCCTaHOBUM IIyTh
p. Cnenaem u3 Touku (0,0) cHAUATA XOI BIPABO-BBEPX, 3aT€M BCE XOJbI IIyTH [, &
3aTeM XOIbI MyTH 1M, KPOME TepBOro. JIerko BUIAETh, 9TO TIOCTPOCHHBIH TIyTh TIPH-
xomut B T04Ky (0,2n) u OH BlepBbIe Nepecekaer npamyio x = 1 B Touke (1,25 + 1).
flcHO, ITO TOCTPOEHHOE OTOOparKeHne OOPATHO MCXOTHOMY, & 3HAYUWT, OHH 0Da —
OUEKIIUN.

Torga npu j < n — 1 umeem

2@( ) _ _i(_i)turns(p)zl—n —
— Z( ,L)turns(m)21/2 n+j ( )turns(l)21/2 J a(m)a(l),
TaK Kak IyTh p UMEET TaKylO YKe JJIMHY W Ha OJWH MOBOPOT OOJIBINE, 9eM | U M B
cyMMe.

Ecm e j = n — 1, To v/2a(p) = a(l)a(m), Tak kak myTh p UMeeT TAKYIO e
JUIMHY W HA OJMH IIOBOPOT MEHbIIE, 9eM | U M B CyMMe.

Torpa, cyMMupysi 110 BCEM IyTSAM P, HOJIYHYAEM:

—2a0%ﬂ0=§: (0,2(n — 7)[0)a(0,27 | 0)—

—MQ% —)I@(QQW)

n—2
=Y a(0,2(n — j)|0)a(0,25 | 0).
Jj=2
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Tenepp MbI MOXKEM JIETKO /I0KAa3aTh Teopemy 1.

Iepsoe dokaszamenvcmeo meopemovr 1. Jl0CTATOMHO JOKA3ATH yTBEPIK/ICHUE [IJISI
yerHoro t = 2n. CuenaeMm 3TO 110 MHAYKIHHN.

Basy unaykuuu (n = 1 u 2) aerko nposeputh u3 onpejesnenuii. JTokazxkem mepe-
X0/,

Ecan n — gernoe 6osbiie IByX, TO

n—2
a(0,2n]0) = \[Z a(0,2(n — 7)]0)a(0,25]0) =

(=1)n=9)/2= 1((n";§722 1) (_1)3‘/2—1(;2121)

(n—j)/2)2n=i=12 (j/2)20-1/2

M |

(_1)71/2—1 (nr/LZ_El)
(n/2)2n=1/2
31ech mepBOe PABEHCTBO CJIEYET U3 JIEMMBI 1, BTOpOE — U3 MPEIIOJIOKEHUS
WHIYKIUHA, & TOCIeTHee — U3 PEKypeHTHOH dhopmyssl ajist yuces Karamana.
Ecmm ke n — mederHOe OOJBINE IBYX, TO

a(0,2n]0) = —Z (0,2(n — 5)]0)a(0,25]0) =

Lo 2 (PR
‘ﬂz NI

=0.

Pasencrso Y .o, P(0,|0) = 2 noxaspiBaercs Tak e, KaK B [1, 10Ka3aTeIbCTBO
TeopeMbl §]. O

[IpuBengem Takke APyroe JI0KA3ATEIHCTBO TEOPEMBI 1, KOTOPOE TOKA3BIBAET, OT-
Kyga 6epercs ¢opmyia.

Bmopoe dokazameavcmeo meopemv. 1. Bremem npomssomsimyo Gyukmuio A(g) =
> 1a(0,2n]0)g". Toraa u3 seMMBbI 1 JIETKO MOLyYUTH CJIEAYIONEe COOTHOIICHNE
s A(q):

Ag) = \%A(q)Q +qA(q) + %-

Pemas nojiydenHoe ypaBHeHue OTHOCUTEIbHO A(q), nojydaem:

q—1%+/1+¢>
Ag) = T
_ q=14+4/14¢2

Bamerum, 9ro Ham noxxogur A(q) = — 5 TAK KaK A(0) = 0.

PacknaunpiBag A(q), nosydaeM uCKOMOE PaBEHCTBO. a
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Bameyanue 1. B craree [1, (19)] ncnonb3oBanochk 6oiiee CIOKHOE COOTHOIIEHHE
[(2)=2z—2(2f(2)+ 2f(2)*+ 2f(2)> +...), rue f(z) = %2322). s ero momyde-
HUSI UCTIOIH30BAJIACh TTOXOXKAS UIesl, HO PACCMATPUBAINCH BCE TOYKH TIEPECETCHUS
C BepTUKAIbI0 = 1 u myTh pa3duBaJIica Ha kK MEHBIINX IyTei, Tae k - YUCI0 TOIEK
nepecedenusd. s Haxoxaenus f(z) U3 COOTHONIEHUS TPEOOBAJIUCH JOMOJIHUTE b
HBIE IIard, KOTOPbIE B HAIEH CUTYAIIUN HE TTIOHATOOMIUCE.

JOKABATEJTBCTBO OCHOBHOT'O PE3VJIBTATA

Temnepp m0KakeM OCHOBHOM pe3yabrar paborel — Teopemy 2. Ham morpebyercs
HECKOJIBKO JIEMM.

Puc. 5. Orobpazkenne myreii (cMm. gemMmy 2)

Jlemma 2. Ilput > 2 eepro pasencmeo a(—1,t| —1) = v/2a(0,t 4+ 1]0).

Joxazamesvemso. Tlocrponm Guekiuio Mexk 1y myTamu, garoimmmu Bkiaasi B a(0, t+
1]0), u nyramu, naomumu Braan B a(—1,¢|—1). Paccmorpum nyrb s, aaroummit
Bkyaq B a(0,t+1|0), u mocTpoum mo Hemy mwyTh $', marommii Bkaag B a(—1,¢ | —1),
capuHyB s Ha BekTop (—1,—1) m ymamus mepsbiii X0 (Kak Ha puc. 5). 3amernm,
9TO My t > 2 TOCTPOEHHOE OTOOpaskeHme s —> s’ — OMeKIus, TaK Kak eCau Obl
HNOCTPOEHHBIN IIyTh § HAYMHAJICH C XOJa BJEBO-BBEPX, TO § MPOXOAUJ Obl 4Yepe3
rouky (0,2) u me mor 661 gaBarb Bka1an B a(0,¢ + 1]0). 13 roro, uro myts s" Ko-
pode Ha OJMH IIar, ciieayeT paseHcTBO v/2a(s) = a(s’). CymMmupys Mo BeeM myTsM,
MOJIy9a€EM yTBEPKIEHUE JIEMMBI. O

JIemma 3. Ilput > 2 sepro pasencmeo a(2,t|2) = —ia(0,t]0).

Joxazamesvemeo. Tloctpoum Guekmio MexK ty myTsamu, natommmu Bkian B a(0, ¢ | 0),
W TyTSMH, JAONMME BKIan B a(2,t]2). PaccMorpum myTh s, maommii BRI B
a(0,t]0), m mocTpouM 1o HeMy myTh §', Jaromuii BKaas B a(2, t | 2), mosyvaromuiics
U3 § OTPaKEHWEM OTHOCHTENBHO TPAMO z = 1, HaumHas co BTOPOro xoa (Kak Ha
puc. 6).
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Puc. 6. Orobpaxenue myreii (cMm. jgemmy 3)

Ouesnno, 1TO 910 GHekIms. Bosee Toro, Bepuo —ia(s) = a(s’), ecim s u s’ He
3aKaHIMBAJIUCH Ha ropu3oHTamn ¢ = 2. CyMMHUpOBaHUE TIO Ty TAM S U s’ 3aBepIiaer
J0Ka3aTeJabCTBO JIEMMDIL. O

Jlemma 4. Ilput > 3 sepHo pasencmeo

a(3,t]3) = V2a(2,t —1]2) —ia(-1,t]| -1).

Puc. 7. Orobpazkenne myreii (cMm. semmy 4)
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Joxasamenvcmeo. Pazobbem nyrtu, matorue Bkaaj B a(3,t|3), Ha jaBa MHOKeCTBA:

R — MHOXKeCTBO IIyTeii, KOTOpble HAYMHAIOTCA C JIBYX XOJIOB BIPaBO-BBEPX;

L — MHOXKecTBO IIyTeil, KOTOpble HAYMHAIOTCA C XOJa BIPABO-BBEPX, a 3aTeM
UIET XOJ BJIEBO-BBEPX.

IocToprM GHEKIINIO MHOKECTBA R M MHOXKECTBA My Teil, TAIOmuX BKAAT B a(2,t—
1]2), ybupas nepsblii X014 u casuras myTh Ha BekTop (—1, —1).

CyMMHpy4 110 BCeM TaKHM IIyTAM, II0JIydaeM

a(2,t—1|2)
Z a(s) = ————.
sER \/5
ITocTponm GMeKIMI0O MHOXKECTBA L ¥ MHOKECTBA, Iy Tei, HAYMHAIOIIAXCS JTBY MST
XOJIaMU BIIPABO-BBEPX U Jaroummu BriIad B a(—1,¢| —1). g sToro orpazum nyrhb
u3 L, HaunHas CO BTOPOro X0/a, OTHOCUTEJNbHO npamoit £ = 1 (1o orobpazxenue
obarno m3obpazkennomy Ha puc. 6). s sorancnenus ) o, a(s) ocraerca mocdu-
TATH CyMMY IO IIyTsiM, KOTOpBIE AafoT BKaad B a(—1,t| — 1) u Haumnatores ¢ xona
BIIPABO-BBEPX, & 3aT€M MIET XOJ BJIEBO-BBEPX. DTH TyTH MbI 0TOOPa3WM B TYTH,
KOTOpbIE Jal0T BKIa B a(2,t — 1|2), yOpas nepBblii X0/ U CIeIaB CABUT HA BEKTOD
(—=1,—1), a 3arem orpazkeHue OTHOCHUTEJHHO Hpsimoii * = 0 (kak wa puc. 7). B
pe3yabTaTe MOy aeM
> a(s) = —ia(-1t|-1)+ ia(zt —11]2).
seL ﬂ
[IpubaBnsst BpramciieHHyI0 panee cymmy 1o s € R, mosydaem Tpebyemoe yTBep-
JKJICHUE. ([l

IIpeagyoxkenue 1. Ilput > 3 sepro caedyrouee pasencmeo
a(3,t]3) = —-iv2a(0,t+1|0) —iv2a(0,t —1]0).
Jlokxazameavcmeo. Ilo memmam 2 — 4 umeem

a(3,t]3) =vV2a(2,t —1]2) —ia(-1,t| 1) =

— —iv2a(0,t+1]0) —iv2a(0,t —1]0).
O

Joxazameavcmseo meopemo, 2. VI3 reopembr 1 nomygaem, uro a(0,4k + 4|0) =

ﬁ%, a a(0,4k + 2|0) = 0 upu nenpix & > 0. Torna u3 upenyoxenus 1
HoJTyJaeMm
P(3,4k + 1]3) = 2|a(0,4k | 0)|?
, a
P(3,4k 4 313) = 2[a(0,4(k + 1) | 0) .
Tak Kak

o

2
3 P(0,t]0) = =

™
t=1

> P(3,t]3) =

teEL

= "2a(0,t+1]0)[*+ ) 2[a(0,t — 1]0)* + P(3,33) =
t>3 t>3

1o Teopeme 1, T0o
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o0
=2( > P(0,£|0) — P(0,2]0) — P(0,4]0) | +
t=1

+2 iP(O,t|O)—P(O,2\O) +P(3,3|3) =

t=1

— g, 1 1 <+2 g, 1 +_1<_A§ 2
- T 2 8 T 2 4 7 '

OcrasbHble DABEHCTBA B TEOPEME MPSIMO CJIEIYI0T W3 Teopembl 1 u jiemMMm 2 u

3. ]

BAruArinm
B 3akmogenune mokaxkeM erne OnHYy PeKKYPEHTHYIO (POPMYITy.

Teopema 3. Jlas a06vx yeanz o < 0 u n > max{l — xg,2} swnosnero

a(zo,2n + xo | z0) = Z 27%/2Im a(xg +x,2n —x + x| x0) =

=2
n—1
= —Z27I/2*1Rea(mo +2,2n — 2 —x + 20| 20).
=2

Bameuanue 2. [Ijia momenu 6e3 norsomenus (cM. Hadaio paszaena "Onpegenenne
MOzie/n”) YUC/IEHHBIA YKCIEPUMEHT MOJCKA3bIBAET MOXOKEE PABEHCTBO, OTIMYAIO-
meecs JIUITb CTETeHbIO IBOWKW BO BTOPOM CyMMe W TIpefesaMu CyMMUPOBAHUS:

n n—1
a(0,2n) = Z 27% 2 Ima(x,2n — x)) = — Z 27%/?Rea(x,2n — 2 — x).
=2 =2

OTO0 MOKA3BIBAET, 9TO TEOPEMAa 3 HE MOXKET ObITh HANPSAMYIO BHIBEIEHA W3 PEKKY-
perTHOrO coorHomenus [10, [Tpenoskenne 5], Tak Kak 9TO COOTHOIIEHHS OAUHAKOBO
JJIsL Mozesel 6e3 IOrJIONIEHUs. ¥ C IOLJIOMIEHUEM. 31eCh IEPBOE PABEHCTBO JIOKA3bI-
BAETCsl AHAJIOTMYHO JIeMMe 5, & BTOPOe Mbl HE YMEEM JIOKA3bIBATb.

IlepBoe paBeHCTBO TEOpPEMbI 3 TIOYTH OYEBUTHO.

Jlemma 5. Jlaa 4106020 to < 0 un > —rg 66iN0OAHEHO
n
a(xo,2n + xo | xo) = Z 27%/2Im a(xg + x,2n —x + xo | xo).
=2

Joxazameavcmeo. HazoséM 24a6M10T7 0UG20MAADBI0 MHOKECTBO TOYEK, U3 KOTOPLIX
MOXKHO TIOTIACTh B TOUKY (g, 2n + X(), IBATAsSCH BCE BPEMS BJIEBO-BBEPX, TO €CThH
MHOYKECTBO TOUYEK C KOOpAWHATAMU (Zg + &,2n — & + xq), TAe = Npoberaer mesbe
HEOTPUIATEIbLHBIE YnuCaa. I JOKa3aTeahecTBa JOCTATOYHO 3aMETHTh, 9TO MYTh
HIAIIKY, JAIOMMil BRI B a(xg, 2n+xg | o) npuxoqur B 104Ky (xo, 2n+xo) copasa-
CHM3Y, a 3HAYUT OH O0s3aH [IPOXOUTH [0 IJIABHOM JuaroHasu. JIerko BUJIETh, YTO
KaK TOJIbKO Iy Th MOMAIAET HA TJIABHYTO JMATOHAJD, OH IBUKETCA B TOUKY (T, 2n+
Zo) B OMHOM HampasieHuu. [Ipm 3TOM O4eBUIHO, 9TO B TOUKY (z¢ + 1,2n + 29 —
1) omMCAHHBIN TyTh TPHHATH CJIEBA-CHU3Y HE MOMKET, TaK KaK B TAKOM CJIydae OH
OPOXOIUT Yepe3 TOUKY (X, 2n + xg — 2). OcTaercs 3aMeTUTh, YTO IPU T > N Iy Tel
gyepe3 TOUKy (T + x,2n — & + To) He CymecTByer, a upu £ < n u n > —Igy BCe
claraeMble B IIPABOi 4aCTU Olpejie/eHbl. O
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s moKazaTebCTBa BTOPOTO PABEHCTBA B TeOpeMe 3 HaM MOTPEOyeTcst HECKOJIb-
KO HOBBIX 0bo3HadeHuil. Kaxk1oMy myTH $ MIAIIKHA MBI COITOCTABUM TIOCJIEI0BATE b~
HOCTb U3 HyJiell U eJuHMIl, 3anucbiBasg 1" mocie KazkI0oro xoja BIPaBO-BBEPX U
"0" mocse xoma BIEBO-BBepX. HazoBeM COMOCTABIEHHYIO TMYTH § TOCTIEIOBATETb-
HOCTB €r0 080UYHOT 3aNUCHIO.

O6o3naunm yepe3 M (x,t) MHOKECTBO MyTeil INANIKK, HAYUHAIOIIUXCA B TOYKE
(0,0) ¢ xoma BOpaBO-BBEPX, 3aKAHUYUBAIOIIUXCA B TOUKE (X,t) U He IIepPeceKaromx
OpAMYI0 & = I, KPOMe OBbITh MOYKET, HAYAJbHON M KOHEYHON TOYKH, JIBOUIHAS
3alliChb KOTOPbIX He cogepxkuT noiocieroparesibaocreit 11000 uim 10100.

JIemma 6. Ilpu awbwvx x,t >0 uxg < 0 eepro, wmo a(z,t|xg) = ZseM(m) a(s).

Jloxazameavcmeo. Obo3naunM yepe3 Ay MHOXKECTBO IyTeil IIAIIKI, HAYUHAOIINX-
ca B Touke (0,0) ¢ X012 BIpPaBO-BBEPX, 3aKAHYUBAIOMIUXCA B TOYKe (X,t) U HE Ie-
PECEKAOINX MPSIMYI0 T = X, KPOME OBITh MOYKET, HAYAJIHHOW W KOHEYHOW TOYKH,
B JIBOMYHOM 3aIlUCH KOTOPBIX BCTpedaeTcda mofanocienopaTeabHocTh 11000, mpuaém
BIIEPBbIE OHA BCTpedaercs He mo3xke 10100, eciin guTaTh CaeBa HATPaBO. AHAJIOTUY-
HO 0003HAaUYKMM 4yepe3 Ay MHOXKECTBO IIyTel, B JBOMYHON 3alUCU KOTOPBIX BCTPEYa-
ercs nognocyaenopareabHocTh 10100, mprdéM BriepBble OHA BCTPEYAETCS HE IMTO37Ke
11000.

IMocTponm Oueknmio MHOXKECTBA A1 1 MHOXKeCTBa, Ag. IlycTh myTh s € A1 mmeer
JBOWYHYIO 3aIUCH a1...a;11000a;4¢...a;, ¥ TOCIETOBATENBHOCTD @ ...Q; HE COTEPIKUT
nognocaenosareabroctr 11000 mm 10100. Torma oTobpasuM s B Iy Th S, IMEIOITIIA
3amuch aj...a;10100a;16...a¢. Jlerko nonsTs, uaro s’ € Ay. Ilokazkem, 9To 31O Como-
crassenne — 6bueknus. [Ipeanosnoxum, 9o myTu S € 3anuchio aj...a;11000a;4¢...a;
U So € 3amuChIO b1...b; 11000y 6...by 0OTOOPA3UIUCH B OMWH TyTh §', mpuuéM i < k.
Torma B 3amucy MyTH s’ €CTh ABE MEPECEKAIOIINXCs noanocaenosarenasroctn 10100,
unaqe by ...by cogepxut 11000, 9To nporuBopednT nocrpoennio. O1HAKO OYEBUIHO,
410 ABe nojanocaenoBarenbHoctr 10100 B oHOM ABOUYHON 3aITUCU TTEPECEKATHCS
me MoryT. Takzke m3 TOro 4ro g < 0 09E€BHIHO, UTO B KaXKJIbIA IIyThb COMEpKa-
it 10100 mepexoguT Kakoi-anb0 myth comepsxkamuii 11000. 3uaunT, mosydeHHoe
corocraByienne — Ouekmus. s 10Ka3aTeIbCTBA JIEMMbI OCTAeTCS 3aMETUTh, UTO

a(s) = —a(s’), Tak Kak s’ comepKuUT Ha JABa MOBOPOTA GOJIbINE, 8 3HAYWT,
a(z,t, |, xg) = Z a(s) + Z a(s) + Z a(s) = Z a(s).
seM (z,t) s€A s€Aop sEM (z,t)

]

Jlemma 7. Jlas a06020 xg > 0 un >1—x9 uaun > 2 npu xg = 0 deouunas
3anucey 106020 nymu uz muooicecmea M (xzg,2n + o) 3axanwusaemcs nocaedosa-
meavnocmouro 0010...0, 6 Konue komopot dea uau boavuie Hysed .

Jokazamesvemeo. 3aMeTHM, YTO €CIH MyTh MPHUINET B TOYKY (Zq,2n + Zg), TO,
Tak Kak xg < 0, oH mpwuines cupaBa, a 3HadyuT uMeeT Kouell 0..0 comep:karmit
xot1s 6b1 1Ba 0, uHAYE MyTh MPOXOAUI Obl Yepe3 TouKy (zo,2n + xo — 2). Ecau nyrb
3aKaHuuBaeTcs XoTs Obt Tpems 0 u upu 3rom jexur B M (zg, 2n+ xq), TO ero Kouerr
nmeer Bug 0010...0, unade on cogepzkast 661 11000 mwau 10100, 910 HPOTHBOPEIUTIO
661 ocTpoennto MHOXKecTBa M (g, 2n + xg), nam umesn 61 Bua 10...0, HO Torma n =
1 — xp, 9TO TPOTUBOPEYMJIO OBl yCa0BHIO JeMMbl. OCTaeTCs PACCMOTPETh CJIy4aif,
Korga myTh 3akamuduBaercs apyms 0. Torma ero xomerr mHe moxker mMerh Bum 1100,
TaK KaK B TAKOM CJIy4ae [yTb [IPOXOIUT Yepe3 TouKy (zo,2n+ xo —4). Takxke myTh
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He MoxkeT 3akaHumBarbesa 10100, a 3maunt, 3akamunBaerca 00100. Mbr nmosmaraem,
49TO BCE paccMarpuBaeMble Bbiiie Touku orauddbl or (0,0), yro BepHO npu o # 0
i n > 2. O

Jloxasamenvcmeo meopemo, 3. Tlo nemme 6 nvmeem

a(xo,2n + xo | 20) = Z a(s),

s€EM (zo,2n+xzq)

a mo JjleMMe 7 JBOMYHAs 3amuch Jjoboro myta u3 M(xg,2n + xg) 3akaHInBaETCSA
nocienoBareabaocTbio 0010...0. Torna nyru s € M (g, 2n + xg) ¢ ABOMYHOI 3aru-
CBIO @1...G2n—z—z—30010..0 comocraBum myts s’ € M(xg + 2,2n —x9 —x — 2) ¢
JIBOMYHOH 3aIUCHIO A1 ...A2n—z,—z—30. CyMMUDYyst IO BCeM IIyTsiM, [OJIyIaeM BTOPOe
paBencTBo u3 Teopembl. [lepBoe paBeHcTBO ciiemyer u3 JIEMMBL 5. (]
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