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ABsTRACT. We study a generalisation of the model of the classical synchronised
multiple access system with a single transmission channel controlled by a
randomised transmission protocol (ALOHA) and additionally equipped

with an energy harvesting mechanism as well as self-discharge mechanism

and suppose that message batteries may receive an unlimited amount of
energy.
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1. BBEJEHUE

HUcnonb3oBanue sneprerudeckoil nonnurku (energy harvesting) nossosser ycrpoit-
CTBaM HEIPEPBLIBHO I10JIyYaTh SHEPIUIO U3 Pa3/IMYHBbIX MCTOYHHUKOB OKpPYzKalolei
CpeJibl, TAKUX KaK, HAIIPIMED, CBET, TEILJIO, BUOpaIys 1 MHO2KecTBO npyrux. Hecmor-
psl Ha TO, YTO KOJIMIECTBO SHEPIUU, MMOJyUaeMOe TaKUM O00pa30M, CPABHUTEIHLHO
HEBEJINKO, JJaHHAs TEXHOJIOTWS HAXOJMT IIUPOKOEe IPUMEHEHUe, HAIIPUMED, CPeJIn
ycrpoiicts ¢ Huskum 1orpediaenueM sueprun (Low-Power Systems). Cuabxenue
YCTPOMCTB MEXaHU3MOM dHEPreTUUeCKOW IOJIUTKU 03BOJIdAeT HCIIONIb30BaTh UX B
TeX MeCTax, I7le KJIACCUIECKHe NCTOYHIKHI SHEPIUHU HEJIOCTYIIHBI. B cury Toro, 4ro
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3apsii baTapeii HEITPEPBIBHO BOCIIOJIHSIETCS, IIPOIOIKATEIBHOCTD "2Ku3Hn" UCIosib-
3yeMbIX YCTPOHCTB MOXKeT ObITh 1pomiena. Hanpumep, B pabore [1] npuseznen upu-
Mep yCTpOMCTBa, UCIOJIb3Yoero Mukpoaekrpomexanndeckue (MEMS) cucrembr
JIUTsl U3BJIEUEHNST SHEPTUN U3 BUOPAIHIT OKPYZKAIOIIEH CPeIbl.

MexaHU3M HEPreTUIecKol MOJANMUTKI TaKyKe UMEET ITHPOKOe IPUMEHEHUE Cpe-
JId CHUCTeM MHOXKECTBEHHOI'O JocTyla. Hampumep, ceHCOpHBIE CeTH, OCHAIIEHHBIE
nepe3apszKalonuMucs darapesMu, KOTopble "moauuTbiBaiorcs" sHeprueil u3 oKpy-
JKAIOIIell Cpelibl, MOI'YT CYIIECTBEHHO MPOIJIUTH CPOK ee CiayKObl (cm. [2]). py-
roii IpUMEP UCIIOJIb30BAHNS JAHHOTO MeXaHU3Ma ObLIT NpeyIoskeH B pabore (3], rie
aBTOPBLI PACCMOTPEIN MHOTIOIIOJIB30BATEIbCKYIO CHCTeMy ¢ 06a30BOi CTaHIUel, wc-
nosb3yoreit rexnosioruio «OFDM» (orthogonal frequency division multiplexing)
1 GeCrpOBOMHON KaHAJ JJIs TepeJadn HH(MOPMAIMA U SHEPTUU TTOTH30BATEISIM.

O 1HOM 13 OCHOBHBIX 38129, BOSHUKAIOIINX TP UCCJIEIOBAHUN CUCTEM CJIyYaifHO-
'O MHOYKECTBEHHOTO JIOCTYIIA, OCHAINEHHBIX MEXAHM3MOM YHEPTEeTHIECKON ITO/IITUT-
KU, SBJISETCS 3aJla9a HAXOXKJICHWs IIPOILYCKHBIX CIOCOOHOCTEl cucteM. Hampumep,
B cTaThe [4] paccMaTpUBaJIach CUCTEMA C OPPAHMIEHHBIM KOJIMIECTBOM II0JIb30BATE-
JIeit, eneHTPaIn30BaHHBIM MEXAHU3MOM SHEPTeTUIECKON TOIMUTKYA U TPOTOKOJIOM
nepenaqdn ganabix Tuna ALOHA. B cratbe Obuta HailijieHa TpOIyCcKHas CIIOCOOHOCTh
JAHHON CUCTEMBI, a TaKKe OBbLT IPOIEMOHCTPUPOBAH 3(PDEKT ee yMEHDIICHUS TPH
OTPAHUYEHUN BMECTHMOCTH Y MEXaHW3Ma JijIsi XPAHEHHUs] SHEPIrUu, KOTOPLIM CHab-
JKEH KaK/[IbIil TT0Ib30BaTe/ b CHCTeMbI. VI3ydeHuio sHeproadh ek TUBHOCTH IIPOTOKO-
JIOB pa3pellieHusi KOHMINKTOB MocBsiIeHa pabora [5].

Kak uzBecTHO, TpaauiuoHHbie (B 9aCTHOCTH, HE UCHIOJIB3YIOIIME MEXAHU3M YHEP-
PEeTHYECKOI OINTKN) CUCTEMBI MHOXKECTBEHHOTO JocTyma (cM. Hampuwmep (6], [7])
¢ GECKOHEYHBIM YUCJIOM ITOJIb30BATENEeHl B U3BECTHOM CMBIC/IE HECTAOUIBHBI HU [IPU
KaKUX 3HAYEHWsIX YIPABJIAEMBbIX mapaMerpoB (cM. [8]) m mMeracTabUiIbHBI IPU Ma-
JIBIX 3HAYEHMSIX BXOJHOTO IOTOKA U BEPOSITHOCTH Tiepesadn coobmiennit (em. [9]).
OnHaxko, Kak ObUTO TOKa3aHo B paborax [10] u [11], orpaHudyeHus Ha OCTYJIEHHE
SHEPrUU U BXOJHOM ITOTOK B CUCTEMY € OECKOHETHBIM YHCJIOM MOJIb30BATEIEH MOKET
CTaOWIIN3UPOBATE €€, He MO3BOJIsIs COOOIEHUSIM B HAKOIUTEJEe HEOIPAHUIEHHO PAC-
tu. B crarbe [10] Gbuia HalizieHa MPOIYCKHAs! COCOOHOCTH MOJIEH KJIACCAIECKOMN
CUHXPOHU3UPOBAHHOM CUCTEMBI CJIYIaiHOTO MHOXKECTBEHHOT'O JIOCTYIIA C OJHUM IIe-
pearonuM TpubopoM, yupasJisiemoit mporokosiom nepegadn tuna ALOHA u cuab-
JKEHHOM IEHTPAIM30BAHHBIM MEXAHU3MOM dHepreTudeckoi noamuTku. OmHako, Kak
OTMEYAalOT aBTOPBI, TaKasi MOJIEJIb JIAJIeKa OT IIPAKTUKH. TeM He MeHee, paCCMOTPEH-
Hasi B pabore [11] Momesb IS JENEHTPAIN30BAHHOIO MEXAHU3MA YHEPreTUIECKOM
MTOJIIIUTKY, B KOTOPO KaXKJIbIil MI0JIb30BaTe/ b CUCTEMbI CHAOXKEH WHIMBULYATbHBIM
MEXAHU3MOM JIJIsl XPAHEHUSI SHEPIUH, NMeeT [IPaKTUIeCKue aHaJorn. B yroMsHy Toi
pabore TIpU ONpeeeHn KOHKPETHOrO Bra (DYHKIMN WHTEHCUBHOCTH O 3aPs/I-
KU COOOITEHN Ha KaXKIOM Iare, 0OpaTHO MPOMOPIIMOHATHLHON 00IIEMY KOJTHIECTBY
MIPUCYTCTBYIONINX B CUCTEME COODINenuii, Oblia HafieHa MPOMyCKHAs CIIOCOOHOCTD
CHUCTEMBI.

B craree [12] n3yuanocs obobienue npeapyymeit Mmozesu. [aBHoe oTyinaune co-
CTOSIJIO B TOM, YTO COOOINEHUST MOTYT MPUHUMATH 0OJIee OJIHOM €IUHUIIBI SHEPIUH.
OjtHolt M3 TpPUYMH M3ydeHusi ODOOIEHHON MOjean sBJsjics 3DdEKT, MTpoIeMOH-
CTPUPOBAHHBIN B paboTe [4|, BOSHUKAIOMHIT IPU yBEJMIEHNN eMKOCTH HAKOITUTEJIST
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SHEPIUU y TMOJb30BaTesel M, KaK CJIeICTBUE, TPUBOAANINN K yBEJUIECHUIO 00JIa-
ctu crabmwibHocTu cucreMbl. OIHAKO PE3yJIbTATHI, Oy YeHHbIe B cTaThe [12], moka-
3BIBAIOT, YTO MAKCHMAJbHAS [IPOITYCKHAsT CIIOCOOHOCTH CHCTEMBI HE MEHSIETCs [IPU
3a/IAHHOI MHTEHCUBHOCTH O/I3aPSIKH.

JIrobasi cucrema, UCIOJIb3YIOIasi MEXaHU3M SHEPreTHIeCKOl HOJIUTKH, TTOMIMO
"coopruka" sHEpTUM, CHAOXKEHA AKKYMYJISITOPOM, KOTOPBIl MMeeT CBOHCTBO caMo-
Pa3psJIKU, TO €CTh MOTEPHU IHEPTUU B MEPHUOJ, IIPOCTOSA. ByJIeT JIOTHIHBIM YIUThHI-
BaTh JIAHHOE CBOWCTBO B MOJIEJISIX, COOTBETCTBYIONIUX OIMCHLIBAEMBIM cHCTeMaM. B
JIAHHOI paboTe MBI 0000IIaeM PE3yJIBTATHI, Oy IeHHBIE B cTaThe [12], Ha ciayuait,
yuuTbiBarouii 3pdeKT caMopa3psiaKu. [1aBHOE OTyInYKe OT MPEIbLIYIIHUX Pe3yJ/Ib-
TATOB COCTOUT B M3MeHeHNN (DYHKIMHA WHTEHCUBHOCTHY MIOI3APSIIKHI JJIsi COXPAHEHUST
MIPOITYCKHON CIIOCOOHOCTU CUCTEMBI.

Pabora cocrour u3 5 maparpados u Ilpumoxenus. Bo sBropom naparpade onm-
CBIBAETCS MaTeMaTHIecKasi MOJIEIb U (DOPMYIUPYETCsl OCHOBHOW Pe3yJIbTaT, B TPe-
TheM naparpade IPOBOJUTCS JI0KA3ATEIHLCTBO CTAOUIBHOCTH 1 HECTAOMILHOCTH JIJTsI
YACTHOT'O CJIydasl ONHCAHHOI MOJEJN, KOIJla Kaxk/as b6aTapes UMeeT TOJILKO OJIHY
A9eiiKy JIJisi XpaHeHus suepruu. B uerBepToM naparpade MpoBOAUTCs TOKA3ATE b
CTBO OCHOBHO# Teopembl. B msitoM maparpade paccMaTpuUBaeTCs CIIydail, Korja
KazKJiasi barapesi IMeeT TPOU3BOJIBHOE OTPAHMYEHHOE KOJIMIECTBO siIeeK JJIs Xpa-
nenus sueprun. B Ilpumoxkenun npuBogaTcs (pOPMYIUPOBKH yTBEPKICHUN, UC-
[TOJTb3YEMBIX IIPH JIOKA3aTEIbCTBE TEOPEM.

2. ONUCAHUE MOJIEJIM U OCHOBHBIE PE3VJIbTATHI

MpubI paccMaTpuBaeM CHCTEMY CJIyH9aifHOrO MHOXKECTBEHHOTO JoCTymna (Jasee cu-
cmemy/ modeav) ¢ ONHAM TepeIaloMuM MPUOGOPOM, KOTOpas MPUHAMAET U, MPH
YCIIEITHOI Tepeiade, OTHpaBjseT coolmienus. Bpems ciaoruposano. Ilycts &, —
cJlyqaiiHas BeJIMIMHA, ONPEIENAIONasa KOJMIECTBO COOOIEHN T, MOCTYIMBIINX B Ha-
KOIIUTEJIb CHCTEMBI B TEUEHUN HHTEPBaJa BpeMern [n—1,n) (nanee n-vil epementot
caom), 1 {&n }n>0 06pasyeT ceMeHcTBO HE3ABUCHMBIX OUHAKOBO PACIPEIEICHHBIX
(H.0.p.) HEOTPHIATETLHDLIX IEJOTUCICHHBIX CJIYyIaiiHBIX BEJIMIUH C KOHETHBIM Ma-
TeMATHYECKHM OXKHUmanueM A. MbI IpemonaraeM, 9T0 34 OJUH BPEMEHHOI CJIOT
CHCTEMy MOKET IIOKHHYTBH TOJBKO 1 COOBIIEHHE, TO €CTh B KaXKJOM BPEMEHHOM
CJIOTE BO3MOYKHBI 3 PA3JIMIHBIEC CUTYAIUN:

e Ha nepegarormuit upubop He nocrynasno coobmenuil (nycmot caom).

e Ha mepematomuit mpubop mMOCTYIIMIIO OTHO COODIEHNE M K KOHITY BPEMEH-
HOTO CJIOTa MOKUHYJIO cucreMy (ycnex).

e Ha nepenaromuit mpubop moctynuio 2 u 6ojiee coOOOIEHNIT 1 K KOHITYy Bpe-
MEHHOI'O CJIOTA OHU BEPHYJIMCh B HAKOIUTEJIb CUCTEMbI (KoHpauKkm).

ITycrb p € (0,1) up € [0, 1] — bukcuposanHble TapamMeTpbl cucreMbl. Mbl ipejoa-
raeM, 9TO KaxKjoe coobienne cHabkeHo baTapeeil ¢ HEOrPAHUIEHHBIM KOJIMIECTBOM
sT9eeK JIjIsl XPAHEeHUsI SHEPTrU, MPUOBIBAET B HAKOIUTEh CUCTEMBI C PA3PSIKEHHOMN
GaTapeeit, a TakKe IMeET MEXaHU3M dHepreTudeckoit moanmutku. [Ipu aTom GaTapest
nojipep:keHa 3pdeKTy caMopa3ps K. 11o/HbBI UK pabOThl CUCTEMBI B KaXKJIOM
BPEMEHHOM CJIOTE Pa3bUT Ha CJIEYIONINE 5 MOCIIEI0BATEIbHBIX HHTEPBAJIOB:

(i) Kaxoe coobieHne, MMeoIee B Hauasle BPEMEHHOTO CJI0Ta GaTapero, 3apsi-
2KEeHHYIO Ha ¢ > () g9eeK, HE3aBUCUMO OT OCTAJbHBIX ITapaMETPOB CHCTEMBI
HOCTYTIaeT Ha IIepeJalolnuil Ipubop ¢ BePOATHOCTLIO p; := 1 — p' minm ocTa-
eTcs B HAKOIIUTEJIE C BEPOATHOCTHIO 1 — ;.
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(ii) Kaxkmoe 3apsizkeHHOE COOOIIEHUE, OCTABIIEECs B HAKOIMTEE, HE3ABUCUMO
OT OCTAJILHBIX MAPAMETPOB CHUCTEMbBI TepsieT OJHY €JIUHUILY SHEPIUU C Be-
POATHOCTBIO P.

(4ii) HoBble cOOBIIEHNsI TIOCTYIAIOT B HAKOIIMTEb ¢ PA3PSIYKEHHON Garapeeit.

(iv) Kaxoe coobleHre 13 HAKOIUTEIsI, KOTOPOe He HOTEPSIO 3apsiji B MHTEP-
Basie (i1), mOJIy9aeT eJUHUILY 3apsija ¢ BeposTHOCTHIO i € [0, 1], Koropast
3aBUCUT OT OOIIEr0 KOJUIECTBA COOOIEHNH, HAXOMAUXCS B CUCTEME K Ha-
qaJIy BPEMEHHOIO CJIOTA.

(v) Ecom B maTepBase (1) mpomsoniena KOHMIUKT, TO COOOIIEHUS, MOCTYIINB-
e Ha MePeJIAOIIUil TPUOOP, BO3BPAIIAIOTCA B HAKOIUTEb, TEPsisl OIHY
€JIVHUITY 3apsiia.

Cayuqait p = 0 MBI He paccMaTpPUBaeM, TaK KAK OH 9KBUBAJICHTEH CTAHIAPTHOMY II€H-
rpasm3oBanHoMy poTokosry ALOHA | a nipu p = 1 coobrienust He MOTYT TOKUHYTh
cucTemy. 3aMeThM, UTO BTOpasi CUCTeéMa, PACCMOTpeHHast B pabore [12], coBmazaer
¢ maHHo# cucremoit pu p = 0, TO ecTh pu OTCYTCTBUU 3P PEKTA CAMOPA3PSIIKHI.

IIyctb &, — KOJIMYIECTBO HOBBIX COODINEHUI, KOTOPhie IPUOBLIA B HAKOIUTETH
CHCTEMbI B TE€YEHUM N-I'0 BPEMEHHOI'O CJIOTa B uHTEpBaje (i), a ¢, — KOJIMIECTBO
coobIeHuil, IPUCYTCTBYIOIUX B cucTeMe K Hadaidy (n + 1)-ro BpeMEHHOro ¢JIoTa.
O6o3naunM depes v,(:’ ) kommaecTso coobmiennii, nmeromux ¢ > 0 eUHUI] SHEPTUU K
Hauasy (n + 1)-ro Bpemennoro ciora. O9eBUIHO, UTO

oo
vaf) = ¢y, IL.H.
i=0

OmpeneuM ceMefiCTBO HE3aBHCHMBIX PABHOMEPHO DACIPEIETICHHBIX B €IHHITIHOM
Ky6e [0, 1] ciydaitubx Bemann {U5f7)j}n7i207j21, HE3aBUCUMBIX OT BXOJHOI'O II0TO-
Ka, TO eCTb {&, }n>0. 3aMETUM, UTO JAHHOE CEMEHCTBO CIIydaiiHbIX BEJIMIHH MOXK-
HO pa30UTb Ha TPU HE3ABHCHMBIX CEMEHCTBA HE3aBHCHMBIX CJLyIailHBIX BEJIMYHH,

MMEIONNX PABHOMEPHOE PACIIPe/iesIeHIe HA €INHUYHOM OTPE3KeE, {UX}}, {U,glz} u
r7()
{Un,j} TaK, ITO
@ _ (7@ 770 770)
Un,j - Unyj’ Un»j’ n,g) -

ITycrs 1(A) — nraukaropras dbyaknus cobbitus A, a p: Z, — [0, 1] — mexoTopast
u3MepuMasi HeOTpUIlaTe/ibHasl (QPYyHKIUs. B 3aBUCUMOCTH OT KOJIMYECTBa COOOIIe-
HU, CKaxkeM, K Hauaay (n+ 1)-ro BpeMeHHOro cjiora ¢y, 3HadeHue (i(g,) PaBHO Be-

POSITHOCTH O3PS IKA KazKJ0ro coobinenus B unrepsase (iv) B redenun (n+ 1)-ro
BpeMenHoro cjaota. OnpegeaumM depes

ME2% = [u0] x [4,0] x [@,3] woel0,1];xe{ ,~, ),

COOTBETCTBYIONLYIO0 06acTb B equaudaHoM Kybe [0, 1]% u ciryuaitibie BesuauHb!

B7(lz) (k‘, II? ) E) CJIE Ty FOIIIM 06paSOMZ
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IIycTs

p=1 ZB”( A% 48) =1,

TO €CThb [ — MHJUKATOP COOBITHS, COCTOSIIErO B TOM, 9TO B (n+1)-om BpemeHHOM
CJIOTE TPOU3OILIA YCIIeNHas Iepefada coodbmenns. TakuM 00pa3oM, MbI Oy IUM
CJIEYIOILYIO PEKYPCHUIO.

gn+1 = Qqn — I; +&n,

L))+ B (v + gt § )

1

n ( ™t p pop(gn

(2) (,.(2) 1p1 (2) (2) p2 11 n
+B ( ’szlo)o)+Bn ( 1_[0200) (-1, (M)
NG O (0 g1l 1 (-1 (, (-1 1 u(qn>)
Uni1 = Bn ( ’Hp,:ﬁu(qn))"'B” ( o, 117

(+1) [ (41) — 1 p1 (+1) [ (i+1) prpies 11 n
+Bn (U" ’Hp7,+180)+B" (v" LA 00) (1=1)

rie o) = g, — Z o, B cuty rpomosakocTH Mo (M), MBI 12, 1AM UHTEpIIPeTa-

(@)

IUIO ee cllaraeMbiX. PaccMoTpuM peKypeuio J1jist 371eMeHTOR U, | | TIpu 4 > 2. Tlepsoe
claraeMoe

B(z)( (i)l 1 )

pi p w(gn)

PaBHO KOJIMYECTBY COOOIIEHUIT, KOTOPBIE He Iepe/aBajiCch Ha MEepeJAtoNuii Ipu-

60op, He Pa3psAKAIUCH M HE 3apszKaJUCh B TedeHHH (n + 1)-ro BpeMeHHOro cora
)

COOTBETCTBEHHO B uHTEpBastax (i), (#) u (iv). Cremyiomee ciaraemoe

BE—D (M DR %Mgn))

Pi-1
PABHO KOJIMYECTBY COODINEHUH, 3apsyKEHHBIX Ha § — 1 g4eiiKy, KOTOPBIE IOy YU/In
eJIMHUILY 3apsiia B uHTepBaje (iv) B TedeHun (n + 1)-ro BpemenHoro ciora. st

. 1
ciaydad ¢ = 1, B BBIpaXKeHUU IS Uﬁb _‘)_1, COOTBETCTBYIOIIEE CJIaracMOe UMeEeT CJICLY-
OIUI BAJI,

BO ( © ¢, I} u(qn)) 7

TO €CThb €JUHUILY 3apsi/ia MOIVIO HOJIyUYUTh KarK/i0e HOBOE M Pa3psizKEHHOe cooOIe-
nne. Tperbe ciaraemoe

(i+1) (1) 1 1 Pl
Bn Un, ’prrl 00
PaBHO KOJUYIECTBY COODINEHUI, 3apsAKEHHBIX Ha ¢ + 1 d9eiiKy, KOTOpbIe MOTEePSIN
3ap«gJ] B CJIIEACTBUU CaMOpPa3psAJKN B MHTEPBaJie (’LZ) HOCJ‘Ie,JZLHee cJjiaraemMoe

B (o010 5 8) - (1= 1)

PaBHO KOJIMYECTBY COODIIEHUI, 3apsi?KEHHBIX Ha ¢ + 1 sideiiky, KOTOpble ObLIN TIe-
pellalbl Ha Iepearonuii 1pubop B uHTEpBaJe (i) U MOTEPSId eIUHUILY 3apala B
unrepsase (v). [Ipu 3TOM COOBIEHUST OCTAIOTCA B CUCTEME TOJBKO B CJIy4Yae UX
KOHMTIKTA.
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1 2
3aMeTnM, 9TO CTOXACTUIECKAs IOC/Ie0BaTe/IbHOCTD X, = (qn, vﬁL ), v7(1 )> pu-
HUMaeT 3HA4Y€HUs B IOJIBCKOM IIPOCTPAHCTBE

X=Qz= (q,v(l),v@)...) €ZT : iv(i) <qy, (1)
i=1

u obpasyert 1enb Mapkosa. Beiomy mamee nam ymobHO OyIeT OTOXK IECTBISITH MO~
JIM U COOTBETCTBYIONIAE UM CTOXACTUYECKUE TOCJIEI0BATEIBHOCTH, a TaKKe IIaru
IEeNd U BPEMEHHBbIE CJIOThI pabOThI CUCTEMBI. BylIeM TOBOPHTH, UTO CHCTEMa pa-
6oTaeT CTabUJILHO, €CJIM COOTBETCTBYIONast eii menb MapKoBa CXOAUTCS K CBOEMY
CTAIMOHAPHOMY PACIIPEJIETIEHUIO B METPHUKE TIOJTHOW BAPUALIAHU, CTAPTYS U3 JIIO60r0
HavaJIbHOTO cocTosiHus T € X.

IMocrpoennast Mogens (M) mpeamosaraeT HaJudue y KarxKJOTO MOJB30BATEIIst
MeXaHU3Ma JIJIsl XpaHeHHsl HeOIPAaHMYEHHOrO KOJIMIeCTBa, d49eeK sHepruu. B cyme-
CTBYIOIIMX CHCTEMAX C Iiepejiadell SHEPIUH 10 pajuoKaHaay (cM., Hanpumep, [3])
SHEprus, nepejapaemMas 6a30BON CTAHIMEH, HAKATLINBACTCA Y KaXKJIOT0 abOHEHTa B
CBOEM MHMBHLyAJIHHOM UCTOYHUKE U JTAJIEE UCTIONb3YETCs JIJIst epeadn nHpOpMa-
uu. OTHAKO, KasK Il WHAMBU Ly AIbHBIH HCTOYHUK UMEET TOJIBKO OJHY sTIeHKY J1JIsi
xXpaHeHust sHeprun. Takum obpasoM, Mozesb (M) orpaxkaer paboTy GecpoBOIHBIX
CHCTeM, CHAO’KEHHBIX MEXaHU3MOM SHEPreTUIeCKON MOANMATKA M CAMOPA3PAIKH, C
TEM OTJIMIMEM OT CYINECTBYIOIINX, YTO B HEH JOMOJHUTENHLHO IIPEIIONIAraeTCs Ha-
JITIAE MEXAHU3MAa JIJIsI XPAHEHWs] HEOTPAHUIEHHOTO KOJUIECTBA SIEEK SHEPIHH y
noJsib3oBarenei ceru. B maparpade 5 MbI TOKaykeM, U4TO PacCMATpUBAEMasi HAMU
MOJIEJIb SIBJIsSIeTCsl 0D00IIeHneM MOoeJeil, COOTBETCTBYIONUX YIIOMSIHYTBIM 0eCIpo-
BOJIHBIM CHCTEMAM.

CdopmynupyeMm OCHOBHOIT pe3y/IbTaT JAHHON paboThl. 3ameTuM, 910 06e3 orpa-
Hudennsi obmuoctn A < 1. B mporuBHOM ciydae obiree KOIMYIECTBO COOOIIEHUI
B CHCTeMe HeOorpaHuYeHHO pacreT (cucreMa HecTabWIIbHA) B CHJLy TOIO, YTO 33
OJIMH BPEMEHHOI CJIOT MOXKET OBITh IIepesiaHo Juinh 1 coobrienue. CiiemoBaTesib-
HOo P(§5 = 0) > 0. Takum o6pasom, nens Mapkosa (M) 3a OJUH ImAr ¢ I0JOXKY-
TEJILHOI BEPOSITHOCTBIO HE MEHSIET COCTOSIHHE, TO €CTh SABJISIETCS AllePUOITICCKON.
ITokazkeM, 9TO BCE COCTOSTHUS ITIEMU SIBJISIOTCS COOOIMAIONMMUCH. PaccMOTpuM IBa
npomsBosbHEIX cocrosans = = (q,vM),..) € X u T = (g, 21, ...) € X. Ilycrs nens
HaXOJUTCs B cocTostHUU . IIpesmosokum, 9ro ¢ > q. ZlcHo, 94To HyKHO He GoJiee
JIBYX BPEMEHHBIX CJIOTOB, YTOOBI IIPOU3BOJILHOE COODIIEHNE C TOJIOXKUTEIBHOM Bepo-
SATHOCTBIO MOTJIO IIOKHHYTh cucTeMy. JeficTBUTE/IbHO, B TIEPBOM BPEMEHHOM CJIOTE
JAHHOE COODIIEHNE C TIOJIOKUTEILHON BEPOATHOCTHIO TOJLyYUT €IUHUILY 3apaia (B
unTepBaJie (iv)) U BO BTOPOM BPEMEHHOM CJIOTE COOOIIEHHE C TI0JIOKUTEILHON BEPO-
STHOCTBIO MOKUHET cucTeMy (B mHTepBasax (1) u (v)). Ciie/I0BATEIBHO C IOJIOXKH-
TEJIbHON BEPOSITHOCTBIO ¢ — ¢ COOBIIEHNIT TIOKMHET cucTeMy 3a 2(q — §) BpEeMeHHbIX
csioros. IIpeamonoxkuM, aro ¢ < ¢. B cuity toro, uro P(§; = s) > 0 st HEKOTOPOTO
s > 1, 3HAYHUT ¢ MOJIOKUTETBLHON BEPOATHOCTHIO B CHCTEMY MOCTYIHT IO KpaitHeit
Mepe ¢ — g coobuienuit 3a [(¢ — q)/s| Bpemennbix csoroB. CieoBaTesIbHO Yepe3
[(§—q)/s]| BpemeHHBIX CIOTOB B cuCTeMe OyIeT He MeHee § COOOIIeHnil. Y InThIBast
PACCy KJIeHUs BBIIIE, MOXKHO 3aKJIIOIATh, 9TO J0CTaTo4IHO [(§—q)/s]+2(s—1) Bpe-
MEHHBIX CJIOTOB, 9TOGKI 00IIee KOJIMIECTBO COOOMICHUI B CHCTEeMe CTaJI0 PABHBIM (.
[Ipu 9TOM € MOIOKUTENBHON BEPOSTHOCTBIO 38 JII0O00E 33 JaHHOE KOJUIECTBO Bpe-
MEHHBIX CJIOTOB 00IIee KOJIMYECTBO COODINEHUIl B cucreMe He M3MEHUTCH (B CJIel-
cTBUM KOH(JIMKTOB,/IyCTHIX ¢JIOTOB). Takke KaxKioe coODIIeHre MOXKET 0Ly YUTh
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WA TOTEPATh eJUHUIYY 3apsifia B KaXKJOM BPEMEHHOM cjiore (B mHTepBasax (i),
(i) 1 (v)) ¢ TOJOKUTENBHON BEPOSATHOCTHIO. SHAYUT C MOJIOKUTEILHON BEPOSTHO-
CTBIO 38 HEKOTOPOE KOJIMYECTBO BPEMEHHBIX CJIOTOB OOIIee KOJTMIECTBO COODIIEHM
B CHCTEME HE M3MEHUTCs, a TaKKe JIsl JIIoHoro ¢ > 1 KoJmdecTBO COOOIIEeHUi, 3a-
PSIPKEHHBIX Ha § sraeek, Oyzer pasao U(Y) . Takum 06pasoM, MOKHO YTBEPIKIATh, UTO
BCE COCTOSTHHS II€NH ABJSIOTCs coobmatomumucs. CremoBaTesbHo, s ONpeee-
HUST TIPOITYCKHOM CITOCOOHOCTU CHCTEMBI, TOCTATOYHO MOKA3aTh, 9TO menb Mapkosa
(M) nos102kUTENHHO BO3BPATHA B HEKOTOPOE OIPAHMYEHHOE MHOXKECTBO, Y€MYy U I10-
CBsIIEeHa 60JIbINast YaCTh JAHHON pabOTHI.

IepeiigeM K pacCMOTPEHUIO OCHOBHO TEOPEMbI, JJ0Ka3aTeIbCTBO KOTOPOil OCHO-
BAHO Ha yTBEPXKJeHUsX, chopmymmpobansbix B [Ipusoxkenun (cm. paborst [11], [14]
u [13]). Berogy masiee Mbl 6yieM UCIOIB30BATH CJIEILYIONIE 0003HAYCHUSI:

Po() =P([Xo=2), Ea()=E(|Xo=2),

Izl :||33||:q+zv(z)’ P =T,
i=1

Teopema 1. Ecau pu(q) umeem caedyrowuts eud

min(cp*/q, 1), q€N

wq) = 1, (=0’

20e ¢ > 0, mo cucmema (M) cmabuavna npu 6xodnol unmencuenocmu A < ce™©

U Hecmabuavha npu A > ce”C.

SameTnmM, 9TO pU ¢ = 1 MBI TOJIYIUM MaKCUMAJIBHO JIOITyCTUMYIO OOJIACTh CTa-

GIJILHOCTU CUCTEMBI, TO €CTh A < e 1.

3. CIIYYAl EAVUHUYHON BMECTUMOCTU
B pa6ore [11] 6b110 IOKA3aHO, YTO €CJIN JJI HEKOTOPOIl KOHCTAHTHL ¢ > ()

min(c¢/q,1), ¢€N

w(q) = )

(2)
; q=0

TO JIByMepHast 1ietth MapKoBa, OIUCHIBAIOIIAS CHCTEMY, B KOTOPO ¥ KaXK0ro co0b-
MEHUST AKKYyMYJISITOP HE MoIBepKeH 3D PEKTy caMopas3psiIKi U UMEET TOJIHKO OJIHY
SIefiKy JIJIsi XPaHEHUs SHEPIUH, CTabMIbHA IIPU BXOIHON MHTEHCUBHOCTH \ < ce” ©
u HecTabwibHA TpU A > ce” . B rTekymux obo3HaveHusx gannas ienb Mapkosa
MOXKeT OBITh 3alNCAHA B CJIEJIYIONIEM BH/JIE

dn+1 = 4n — 1 (Bn (07(11)71_[1())1 (1)6) =1 +€n,

(1) W (D) 111 © (.© 11 (M"Y
vy ity = By (vn I, 0 0) + By (Un &, 10 u(gn))
Ecimm B Mmonennu (M ) IIOJIOXKUThH vgf) = 0 juig Bcex ¢ > 2, n > 0, TO oIy4nm
CJIETYIONLYI0 MOJIEIb
Gn+1 = Gn — 1 B7(zl) ('U'gzl)7 p01 (1J (1)) = ]-) +&n,
(M)

Uy(ll-s)q _ BT(LI) (%(11)711 11 1) +B§LO) (%(lo) +§n7H(1) (1) ﬂ(gn))

p1 PO

Mb1 6y1eM UCIOIB30BATDH 3AKCH 2(*), 9TOOBI yKAa3aTh, YTO CUMBOJI 2 OTHOCUTCSI
K Momemn * € {M{' M}, ecim m3 KOHTeKcTa 9TO He ACHO. IIPemoIoxKmM, 9To
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nerm Mapkosa (M?'?) u (M;) cTapTyioT m3 OJHOTO HAMATLHOTO COCTOSHHS, TO
1 1
ectsb qo(My) = qo(MP') u v(() )(Ml) = v(() )(Mfld). MozKHO 3aMETHUTH, YTO B KOHIIE
[EPBOr0 BPEMEHHOI'O CJIOTA BBIIOJIHAIOTCH CJAEAYIOIHE COOTHOIICHHST

v (My) < oD (MP), gy (M) = g (MP'Y) 1w, (3)

Tak Kak B Mogenu (M) upucyrcrByer adbderT caMopaspsiIiKH.

B pa6ore [11] mns nokasarenbcTsa crabmmbnoctu tern (M) ucnommssyercs
0606mennbiit kpurepuit Pocrepa (em. [pusokenus, yreepxaenue 2). Ilyers npo6-
Hast dynknus L(z) = g+ v a dyukms gr,k(T) — cTynenvaras, Takas 4TO

1, v >R,
k, v < R.
(1)

Buauenne R > 0 BBIOMPAIOT Tak, ITOOLL, IpU U~ > R U IPOM3BOJLHOM 3HAYCHUN
o, CHOC Tiel ObLI OTpHIATENEH 32 OuH mar. 3HadeHue k € Z BbIOUPAIOT TaKUM,
4TOOBI, TIPU TOCTATOYHO OOJIBIIIOM (o > ¢, CHOC IIeIH ObLI OTpUIATE/IeH 3a k 1Aaros.
Takum o6pa3oM, BHyTpr KommakTHoro muoxecrsa {x | L(z) < ¢+ R} cHoc menn
OrpaHUYCH, & BHE — OTPHUIATEIICH.

Jlna noxasaTenbersa Hectabuabroctn nerm (M) B pa6ore [11] ncnonbzyercs
cxoxuit Metos (em. Iputoxkenust, yrep2Kienne 3) ¢ npobHoit dyHkimed JIsmyHosa

(4)

gr.k(x) =

L(z) = ¢ u crynenuaroil dyHKueit gﬁ,g(x). Buauerme R > 0 BLIOUPAIOT TaK,
9TOOBL, IIPU vél) >Ru [IPOU3BOJILHOM 3HAYEHUH ¢(, CHOC e ObLI IIOJI0KUTEJIEH 38
OJIMH Iar. SHaYeHe ke Z . BHIOMPAIOT TAKUM, YTOOBI, IIPU v(()l) < Ru JIOCTATOYHO
GOJIBIIIOM (o > (, CHOC IIeNU OBLI HOJOKUTEICH 34 k maros. Takum obpa3om, BHE
umoxecrsa {z | L(z) < §} cuoc nemu (MP') momoxuresnen.

B nokasarenbcTse Crrefyiomeil BCIOMOraTebHON TeOpeMbl MBI OyieM HCIOIb30-

BaTh KOHCTAHTHI R u R u3 paccyKeHuii BbIIIIe.

Teopema 2. Ecau p(q) umeem caedyrowuts 6ud

min(ep*/q,1), ¢ €N

w(q) = )

b
; q=0
2de ¢ > 0, mo cucmema (My) cmabuavna npu 6x00Hol unmencuenocmu A < ce™©

U HecmabuavHa npu X > ce” °.

Jokasameavemeo. HadaneMm ¢ jokazarenbersa crabusibnoctn nenu (My). BeiGepem
npobuyio dyuknuio L(z) = ¢+ vM) u bynxmmo gg i (), KoTopas onpesenena B
(4). I3 coorromennit (3) mosmyanm

E . L(X; (M) < E,L(X1 (M) nnst seex z € X.

CanenoBaresbHo, cHoc nienu (M7 ) 3a ouH mar 6yIeT OTPUNATENbHBIM B 00IaCTH, Te
orpuraresen cuoc nerm (M), o ects npn vél)(M old) > R. Taxum obpaszowm, s
JIOKA3aTeJIbCTBA CTAOUIILHOCTH JIOCTATOYHO HAlTH mojxomsiiee 3uadenue k € Z
Takoe, 9To cHoc neru (M7) cTaHOBHUTCs OTPHUIATEILHBIM 3a k MIAroB, CTaprys U3
HAYaJIBHOTO COCTOSTHHUS X, IIPU KOTOPOM vc(,l)(M 1) < R. TlpoBenem paccyzKjeHue B

HECKOJIBKO 3TalIOB:

1
a) IMokaxkeM, 4TO IOC/IEIOBATETHLHOCTD {v,(l )}nzo MaYKOPUPYETCsl TEIbI0, UMe-
IOIEe OTPaHUYEHHBINA CHOC.
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6) ITokaxkeM, 9TO [OCJIE/OBATEIHHOCTD {U,(LI)},LZO, IPU JOCTATOYHO OOJIBIIOM
3HAYEHUN (o, OJIM3KA K HEKOTOPON BCIOMOTATETHHON TIEIH, CXOISIIEHCS B
MeTPUKE II0JIHON Bapualluu K CJIy4dailHoil Bem4unne, UMeIOIeldl pacipeesie-
uue [lyaccona.

B) Ioxbepem k Tak, 4robbI IIPU JIOCTATOYHO GOJILIIIOM 3HAYEHUU (g, CHOC IEIU
CTaJl OTPUIATEJILHBIM 3a K IAroB.

a) IIycts {Y,}n>0 — HOCTEIOBATENBLHOCTD H.O.p. CIyUAfHBIX BEJIHTIHH, I€MEHTHI
KOTOPOIi HE 3aBUCAT OT &, M UMEIOT CJIEIYIOIIee PACIPEICICHAC

1 7
P(Y, >y) = sgpIP(Bg g, 1L Ly > ). (5)
a>
Wcnons3yst nepaBencTtso MapkoBa, MO2KHO 3aKJIIOYNATh, 9TO Jjd y > 0 u mjrs Jio-
6oro « > 0, mpaBasi 4acTh paBeHCTBa (5) HE MPEBOCXOIUT

eBi(q,¢/q) N
supE —— = sup(l + (e* — 1)7> e Y =Cle ™,
q>c ey q>c q
a
rie C] KOHeYHa, TakK Kak (1 + (e* — 1)5) — exp(c(e® — 1)) < oo, mpu ¢ — 0.

Takum o6pa3om, pacupejenenne Y3 — cobcrBerHoe, 1o ecth P(Y, < 00) = 1 jyuist
Bcex n > 0 u, 6ojee TOro, UMeeT KOHEUHBIN SKCIOHEHITNAIbHBIA MOMEHT.
Temepb paccMOTPUM BCIIOMOTATEIBHYIO TTOCTEIOBATETHHOCTD

280 = Y0 4 6, W = BO (WO, L) + 20, =) (o)

W3 ceoiicrs (IV) u (V) yreepxaernst 1 (em. ITpusoxkenust)

E (o of”) <E (W0 wi?) <o+, (7)
e
o) — E(Yl + fl) _ EY; + A

1-p(1-p) 1-p(1-p)

6) PaCCMOTpI/IM BCIIOMOT'aT€JIbHYIO IIOCJI€JO0BATCJIbHOCTDH

‘7n+1 = B’I(LI) (‘7an . 1) + M, (8)

p1 PO

rae {Nn tn>0 — ceMeficTBO H.0.p. CIIy<IalHLIX BeJIMTHH ¢ pacipeneierreM Ilyaccona
¢ napamerpoum cp*. Ucnonbzys (I1I) u (VI) nmyukrsr yrBepxkuenus 1 (cm. Ilpuioxe-
HUsl ), MOZKEM 3aKJIIOYUTh, YTO HOCJIEI0BATEILHOCTD V. CXOJUTCS K PACIIPEIeIeHIIO
ITyaccona ¢ mapamerpom cp*/(1—p(1—p)) = ¢/(1—p) B MeTpHKe 1IOJIHOI BApHAIIUHL.
Tora, 10 ompe/Ie/IeHnIo, MbI MOXKeM BBIOpaTh | > 0 Tak, 4TO Jjsd Bcex n > [

sup |P, (B,(Ll) (f/n,H%1 (1)(1)) = 1) —ce ¢ <4/2, (9)
Vo<R

rae 6 > 0 rakas, 9To A+ 0 < ce” €. OueBuaHO, 9TO I JI0O0ro 3HAYECHNUS Kk MOXKHO
BBIOpaTh KoHCTaHTY C TaK, 9TO BEPOATHOCTH COOBITHS

A (k,C) = {W,(ll) < C pnsBeex 0 < n < k:}
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He Menbine, dem 1 — §/2. Tlo ussecrroit Teopeme Ilyaccona mMbl MOXKeM BBIOPATH
q Tak, 4TO JJIs JII0OOrO (DUKCUPOBAHHOTO N, TPUA G, > (, PACCTOSTHUE MEXKJLy

By(ll) (q (1 + &, 10 ! 1 “(q” )) u pacupenenenueM [lyaccona ¢ mapamerpom cp* He

IPeBOCXOIUT §/2 B METpUKE IMOJIHONW BapUalud PABHOMEPHO IO oV e € (0,1,...,0).
Bosee TOro, MBI MOXKEM CUUTATDH, TITO

P, ({B,(}) (qn o g, bl Mg”) = i, V€ {1, ., k}} N As(k, C)) >1-4/2.
CJregoBaTeabLHO

P, ({vg) =V, ¥ne {l,...k}} N A (k, c>) >1-5/2. (10)

B) Boibepem k > [ Tax, aro
—e=kAN+COW — (k= 1)(ce™® = 6)
= k(A — (ce ©—=0)) +1(ce ¢ —0) +CY <0. (11)

Bamerum, uro, B cuity (9) u (10), upu Becex n € {l,1 + 1,...,k}, cupasemBo uepa-
BEHCTBO

sup ‘]P’m (B,(ll) (vfll),H%l (1)(1)) = 1) —ce” | <. (12)

oM <R

Haxkowner, u3 (11) u (12), moayunm
E (L(Xk) L(z)) =E.(q — q0) + E »(vx — vo)

k= >R, (BY (o5 43) =1) + ¥
i= l+1
k
<EA= D (e =08)+CY =kA—(k—1I)(ce = 6)+CM < —¢

i=l+1

s nokazaresberBa HecTabmibHocTy tenu (M), Mbl Gy1eM HCI0Ib30BATh yTBED-
xKiaenune 3, cpopmyaupoBanuoe B IIpunoxkenun. Ilycth n, — HekoTopas mocJieno-
BaTEJIbHOCTh HATYPAJbHBIX YHUCEJI TaKas, YTO M — 00, IpU k — 00, a TakxkKe
[ng1 — ni| < C < oo st aroboro k > 0. B cuity HepaBeHcTBa

Gn > qn, — C 1.H. quist Beex ng, <n <ngy u k>0, (13)

MOKHO yTBEPIKJATh, ITO, €CIH gy, — 00, IPH k — 00, TO g, — 00, IPH 1 — OO.
Taxnm obpasom, nonoxum L(z) = q u g(z) = 9% 7(®), T1€e KoHCTAaHTDI k, R Gynyr
3aJIaHbl Jlasee noaxoadmumM o6pazom. Ciie[0BATEIbHO, DU 33JaHHBIX B YCJIOBUU
YTBEDXKJEHNs 3 OrPAHUYEHUSX, JOCTATOYHO OKA3aTh, 9TO MAPKOBCKAsl [eIlb NMeeT
IIOJIO?KATEJILHBIA CHOC

E.(A501(Age) = M)) 2 &, (14)
rae Aggy = L, (X)) — L(z) u ceMeficTBO CIryHafiHbIX BEIMUHIT

(Ag(x))Z = (min(0, Aﬁ(f)))z (15)
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pasHOMepHO uHTerpupyemo. Torma u3z yeaosuit (13), (14), (15) u uz yrBepKaeHus
3, Oyzmer cie10BaTh

P, (L(X,) — co) = 1.
B cuy HepasercTsa (13), MOXKHO yTBEPXKIATD, ITO, IPU BBIOPAHHBIX (DYHKITHSIX L
u g, Bepuo 0 > Ag(w) > —k n.u. u, Takum obpasom, yciosue (15) Bbimosneno. B
cuiy Toro, uro E&; = A < 1, yenosue (14) sKBUBaJIeHTHO

Em(Ai(fﬂ)) 2 6,7 (16)

mas Hekoroporo £ > 0. CiiemoBaresbHO, JJIs JOKA3aTeIbCTBa HECTAOUIHHOCTH,
HY?KHO [I0Ka3aTh, YTO BBIIOJIHsIETCs HepaseHCTBO (16).

JlanbHelimme pacCy>KAeHusT MPOBEIEM aHAJOTMIHO JOKA3ATENbLCTBY HECTAOMIIb-
nocru nierm (M), B cumy (3) n paccysiennii, MPOBeIEHHBIX I CIydast HeCTa-
ombrOCTH Tierm (MP'Y), MOXKHO yTBep:KIaTh, ITO

R(M) = R(M{™)
Taxum obpazom, Tpu vél) >R

Em(Ql - QO) > 0.

Yrob6bl 3aBepIIUTH JOKA3aTENbCTBO HecTabmibHocTu nenu (M), 10CTaTouHO BbI-
O6parTh HEKOTOPBII MOMEHT BPEMEHU %, KOTJIa CHOC TIENH CTAHOBUTCS IIOJIOYKUTEJIb-
vbIM. J[JTs 9TOrO cHaYa a 3aMeTUM, 9YTO U3 PACCYKICHUI, TPOBEICHHBIX TP JOKa-
3aTeJIbCTBE CTAaOMJILHOCTHU IIeH clipaBeaauBo coorHomenue (12). Takum obpaszom,
CYIIECTBYET HEKOTOPBII MOMEHT BPEMEHH [, KOIJIa BCIOMOTATEJbHAS TeMb J0CTa-
TOYHO OJIM3KA K CBOEMY CTAIlMOHAPHOMY pacupeiesennio. Boibepem 3HaueHme k
TaK, YTO BBIIOJHSIETCS CJIEIYIOee HEPABEHCTBO

e =kA—1— (k—1)(ce® + )
= k(A —(ce ®+8)) +1(ce = 38) —1>0, (17)
riae § Takasl, 9To

0<d<A—ce "

Takwum ob6pazom, Ipu gy > ¢ + ku vél) <R, HOJIy YUM
_ _ _ k
o (fox) - T) 2T 1 35 e (00 (45 1) 1)
i=l+1

k
>EA—1— Y (ce®+9)

i=l+1
—kA—1—(k—1)(ce ™ +06) > ¢,

rue € onpenenena B (17). O

4. CJIYYAN HEOITPAHUYEHHON BMECTHUMOCTHU

Il moKasaTeabCTBa TEOPEeMbI 1 MBI OyJieM HCIOJb30BATH PE3YJLTATHI U Pac-
cyxuenus u3 paborst [12], riae mbl pacemarpusasau Mogenb (M) Ge3 adbdexra ca-
MODa3pAJIKI, TO eCTh MOJIeNb, B KoTopoit p = 0. O6oznaunm ee yepes (M), Mur
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JIOKA3aJId, ITO ee 00JIaCTH CTAOMIBHOCTH M HECTAOMILHOCTH COBIAIAIOT C COOTBET-
crBytomumu obmactavu mogeau (M), Ilna nokaszaTenbcTBa CTabUIBHOCTH HC-
I0JTb30BaJTaCh MPOobHAsT PYHKITAS

L(z)=q+ Zp_i/zv(i). (18)
i=1

Mber1 ucniosibzoBasu yreepzkiaenne 2 (O6o6uiennsiii kpurepuii Pocrepa) ¢ GyHKimed
g(z) caenymorero Buua

1, L(x)—¢> R

9@ =k L) —g<R

Suadenne R orpejessieTcss B MPOIecce T0Ka3aTeIbCTBA TaK, YTO CHOC IENU, CTap-
TYIONIEe U3 MHOXKECTBa

{reX|L(x) —q> R},

OTpHUIATEICH 38 OIUH INar. 3HaYeHne k OmpeaesIsieT KOJINIEeCTBO IaroB HeoOXoau-
MBIX, 9TOOBI, I[P JOCTATOYHO OOJIBIIOM 3HAYEHUH (g > ¢, B JOIOJHEHUU K yIIOMSI-
HYTOMY MHOYKECTBY, CHOC IIEII CTAHOBUJICS OTPHUIATEJbLHBIM. B uUTOre, Mbl UMeeM
MHOKECTBO

{zr € X| L(z) < ¢+ R},

BHYTpPHU KOTOPOTO CHOC IEIU OIpaHWdYeH, a BHe — orpurnaresieH. /st qokazaresnb-
ctBa HectabubHocTH Tierm (M'4) mbr ucnosbzoBam yreepxenue 3 (cM. Ipuo-
kenus) ¢ pyuaknueit Jlsamynosa

L(z) = q (19)
U CTyIeHIaTol PyHKIHei
o(x) = 1, z€H,
k, zeH,
e H = {z € X | P,(I) =1) < ce”“}. MuoxkecrBo H TakoBo, 9TO CHOC TICIIH,

CTAPTYIOMIE]t 13 HEro, IOIOKUTEeH 3a O/IHH [ar. SHadenue k BHIGUPAIOT TAaK, UTo-
6b1, npu © € H 1 10CTATOMHO GOJIBIIOM ¢y > {, CHOC IeIH GbLI IIOJIOXKHTEICH 32,
k maros. Taxum o6pasom, Bre muoxkectsa {z € X | L(z) < §} cuoc nerm (M)
TIOJIOYKUATEJIEH.

Hasnee noaraem, uto nens (M4) crapryer m3 MHOKecTBa

Hu{zeX|L(z)—q<R}.

B sTom cirydae obimee KOJTHMIECTBO M3HAYAIHHO 3apPS?KEHHBIX COOOIIEHUN OrpaHu-
9€HO, TaK KaK JINOO OrpaHWYeH M3HAYAIbHBIN CyMMAPHBINA 3apsiJl B CUCTEME, JINOO
OTpaHUYeHa BEPOSITHOCTH KOH(JIUTKA B IEPBOM BPEMEHHOM CJIOTE.

OcrasibHbIe pacCyKieHnsl ObLIA MTOCBSAIIEHBI CBEJIEHUI0 PACCMATPUBAEMOM MEITN
(M°') k ee mBymepHOMY "acTHOMY ciy4aro (MP!?). Bo-iepBbIxX, Mbl TIOKa3a/IM, ITO
CHOC COOOIIeHMI, 3apsi?KEHHBIX 00Jiee YeM Ha, OJHY sTYEiKY, MOXKEeT ObITh CKOJIb YIOJI-
HO Osim3KuM K 0 IyTeM BBIOOPA JIOCTATOYHO OOJIBIIOrO 3HAYEHUS (. BO-BTOPBIX, MBI
OTIPEIeJIIIA HEKOTOPBII MOMEHT BPEMEHH, IIOCJIe KOTOPOTO, MPU JOCTATOYHO OOJIb-

[IOM 3HAYEHUU (o, YIOMSIHyThIe Ienu "BeayT cebst OJUHAKOBO" C BEpOATHOCTHIO,
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JIOCTATOYHO GIM3KOH K 1, B TeYeHne HEKOTOPOro KOJMYEeCTBa maros. Takum oOpa-
30M, TP JTOCTATOYHO GOJIBIIOM 3HAYEHHN (o, 38 HEKOTOPOE KOJMYECTEO IMAroB, CHOC
nerm (M) onpenenserca crocom merm (MP').

ITposenem anasoruunble paccyxaerust nyst neneit (M) u (M;). OcHoBHOE OTIIH-
une cucrembl (M) or cucrembr (M) zaxmouaercs B Hauauu B 1epBoit addexra
camopaspsiaku. Clie10BaTeIbHO, €CJIM CUCTEMBI CTAPTYIOT U3 OJHOIO HAYAJILHOrO
COCTOSIHUSI, TO CyMMAaPHBIii 3apsii Bcex coobiienuil B cucreme (M) B KOHIE IEPBOTO
BPEMEHHOI'O CJIOTA MAXKOPUPYETCst CyMMAPHBIM 3aPsIIOM BCEX COOOINEHNH B CUCTEME
(M°'?) B KoHITe TIepBOTO BpeMEeHHOTo cioTa. B onpesenenun bynkimun L(z) coob-
IeHus1, uMmerorue Gosbmil 3aps, uMeror 6osbmuii Bec. [loaromy byrkuus L(x)
MOHOTOHHA 110 CYMMAapHOMY 3apsiily BceX coobuienuii B cucreme. Takum obpasom,
croc mierm (M) 3a ojuH mar Mazkopupyetca cHocom mer (M), o ectn

E, [L(X) (M) - L@)] < B, [L(X (M) - L))

CreioBaTeIbHO, MBI MOzKeM ToJtokuTh R(M) = R(M°4). Takum obpasom, Beiogy
JaJiee 6yeM CIUTaTh, ITO

L(Xo) —qo < R.

Bosee Toro, Tak kak o0Iee KOJUIECTBO COOOIEHUI B CHUCTEME B KOHIIE MEPBOTO
BPEMEHHOI'O CJIOTa HE 3aBUCUT OT HAJUYNA B cucTeMe 3h@deKTa caMopaspsiiKi, TO

B, [L0X (M) - L@)| = B, [L(X (M) - L)) .

CrnesioBarenbio, Mbl MozkeM nostoxkuts H(M) = H (M), 3amernwm, uto nafigercs
TaKoe 3HadeHHe R, UTO CIPaBEIINBO CJIEYIOIiee BKIIOYCHNE

{zex| || >R} CH.

TaK Kak MpHU OOJIBITOM KOJUYIECTBE 3aPi?KEHHBIX COOOINEHUI BHICOKA BEPOSITHOCTH
koudmKTa. Belony matee 6ymeM cIuTaTh, ITO

Xo=r€HU{zeX | L(z) —q¢< R}.

Hepeiinem x cBegenuio nenu (M) k (M;). Ilokaxkem, 910

a) CHOC COODIIEHMI, 3apsi?KEHHBIX 60Jiee YeM Ha OJHY d4elKy, CTPEeMUTCs K
HYJIIO ¢ POCTOM 3HAYEHUS g,

6) TpHU JAOCTATOYHO GOJIBIIOM 3HAYEHUN (o, Mogern (M) u (M7) coBnanaor ¢
BEPOSITHOCTBIO, CKOJIb YTOMHO 6m3Koi K 1.

a) 3amerum, uro 1 — I' < 1. CresoBaTebHO

ol < B (0T b ) B (o0, )

n 9 4 p; populgn) 1 pio1 P

pi+1 00

+BED (I, L B+ B (0, e ). (20)
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Paccmorpum cHOC Tienu 3a n maros. Bocnosb3yemcs HepasenctsoM (20) u BHeceM
MaTeMaTHIECKOe OXKUJIAHAE TI0J] 3HAK CYMMBI, Tak Kak - € X u |lv,|| < ¢, < 0o m.u.,

o0
Sop Pl =) Zp—“? (v = of? vfﬁh)}
=2
o0
—3 i —~ ) 1
x[zp 21 =)0 = plge )l 40 (1= B)p(ge-)el )
=2
+pz+1i)\v(l+1)+(1 P (z+1)) ZP—Z/Z (Z)} —E, {Zp—zﬂ (Ufﬁl—v((f))
=2
N Pa-pll, + pri/g(l —p ity
=2 1=2
,ipz/% (@) +sz/2+u (i+1)

+3 7 1 = Py lgn) Zp”z — Pl (- n}
1=2

3amernm, 9TO

oo
D AR +ZP Y1 p Y <o,
=2

_ ipZ/ZA (2 L+ sz/2+1/\ (z+1) <o.

C‘JIG,QOB&TGJH)HO7 BBITIOJIHACTCA HEPaBEHCTBO

S =) <2 35 (2, )
=2 =2

Takum 06pa30M, TOJIYIUM CJIEIYIONIYIO OIEHKY

o'} n—1 ')
S 2 (v o) | B pla) Yoo, (21)
=2 =0 i=1

SameTuM, UTO 3a OJMH BPEMeHHOIi cJor, ckaxeM (I + 1)-blif, obinee KOJIMIeCTBO
3apsIKEHHBIX COOOIIEHUH B CpeJHeM BbIpacreT He Gosee uem Ha cp* + Au(q). B
Ha4YaJIbHOM COCTOSIHUU IIEIU ODIee KOJMYECTBO 3apsi?KEHHBIX COODIIEHUil He IIpe-

+ > Eavy) i(gn-1).

i=1

Boimaer max (R, R), cienoBarebHO 3a N MIAroB 00IIee KOJUIECTBO 3apPszKeHHBIX
COOOTIEHNIT He MTPEBBICUT

max(R, R) + (cp* + Mu(go)) + (ep* + Mu(@r)) + oo + (0" + Ma(@n1))-

3a OJMH BpPEMEHHOI CJIOT M3 CHUCTEMBI MOXKeT yiTu He 0oJjiee OJIHOTO COODIIEHUs,
mo3TOMY ¢ > ;1 — 1 .H. JIpyrumu cjioBamu, CIipaBeJJIuBa CJIeyIoInas OleHKa,

wlg) <ep*/(go—n+1) nu, mpul <n—1wu g > n.
Takum 06pa3oM, IpaBast 9acTh HepaBeHCTBa (21) He TMpeBoCXOIUT
cp*n(maX(R, E) + n(cp* + Au(go —n+ 1)))
go—n+1 .
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Cure1oBaTesbHO, ¢ POCTOM 3HaYeHUs Go (Mpu (DUKCUPOBAHHOM 1) CHOC COODIIECHMIA,
3apsi?)KEeHHBIX 00Jiee YeM Ha OIHY S9eiKy, CTPEMUTCH K HYJIIO.

6) PaccmorpuM citeyronue coObITHsI
Ap(n) = {nocze (n — 1)-oro mara Bce H3HAYAIBHO 3apsiZKeHHbIE COOGIICHHT

[OTEPSIJIA BECh CBOM 3apsii NN MOKUHY/IA CI/ICTeMy},
Aslao, k) = {BO (00,11, 140 ) =0
st Bcex 1> 1 u O§n§k}.

3amernM, 9TO, IPU HEKOTOPBIX k U ng < k, BHYTpH cobbitust Ag(ng)NAz(qo, k) mens
(M) Bener cebst Kak 1iensb (M7) Ha BpeMEHHOM OTpe3Ke [ng, k], TAK KAk HadaJbHbIe
COOOIIEHUsT IO MOMEHTa BPEMEHU N MOTEPsIN BECh CBOW 3apsiy U 3a k IIaroB He
OBLIO 3aps?KEHO Ha boJIee YeM OIHO JIeJIeHre Hi OHOT0 coobimenns. CiemoBaTe/bHo,
C MOMEHTa BPEMEHUM My MO0 MOMEHT BpeMeHW k B cucTeMe He OBLIO COODITEHWUIA,
3aps2KEHHBIX OoJiee €M Ha, OJHO JiejieHre. Takum obpas3oM, s J0Ka3aTeIbCTBa,
JIAHHOTO IyHKTa HEOOXOJUMO MOKA3aTh, 4TO

Pm(Ao(nO) N As(qo, k;)) — 1, upu gg — 0o. (22)

o 1
HOK&}KGM, 9TO 3apdA2KE€HHbIE Ha OJIHY AYCUKY COO6HL€HI/I§{ {U7(L )}nzo OI'PaHNY€HbI
SPPO,HH‘IQCKOﬁ I10CJIe10BaTEJIbHOCTBIO

{Wr(Ll) + maX(R7 E)}nzm Wél) = U(()l)(M)v

WiV

e mocsenosaressHocts { W'’ >0 onpegenena B (6). st sroro gocrarodno 3a-
METHUTD, YTO BCJIEICTBIE KOH(MIINKTOB U CAMOPa3PsAI0K COOOIIEHM, 3apsizKEHHBIX Ha
2 u Gosee s1uefiknu, obuee KOIMIECTBO COOONIEHNH, 3aps?KEHHBIX Ha OJHY s4efiKy,
yBeauauTcs He 6osiee uem Ha max(R, R). Torga sicHO, 9TO BEPOATHOCTH COOBITHUS

A (C k) = {v) < C st Beex 0 < n < k}

upu Jiobom dukcupoBannoM k u gocrarouno Gosbimiom C = C(k) ckoab yromuo
6sm3ka K 1. Beibepem mekoropoe mpoussosibaoe 3uadenne ) < § < 1 u mapamerpbl
C, k Takue, 910

P,(Ai(C k) >1—6/4.
BameTnM, UTO BEpHa CJIe/IyIONAsl IIEH0YKA HEPABEHCTB
P, (Az(qo, k) N A1 (C, k) > P (Az(qo, k) | A1(C, k) (1 —5/4)
>P, ({Bfll)(max(R, R)+C,I1} 1@y = 0 nyus Beex 0 < n < k}) (1-46/4),

IJie MOC/Ie/IHee HEPABEHCTBO CIPABEJINBO B CUILY TOTO, YTO B HAMAIBLHOM COCTOSTHHUH
He Gosiee, yeM max(R, R) 3apszKeHHBIX COODIIEHU, a TaKyKe BEPOATHOCTD 038~
PSIIKA OJTHOTO COOOINEHNUST B TIPOM3BOJILHBI MOMEHT BPEMEHU HE 3aBUCHT OT 3apsijia
JIAHHOTO COOOIIEeHUs. SICHO, ITO BBIpAKEHHe CBEpXY OOJIbINe, YeM

(1 — (g0 — k)) 1—4/4).
Takwum o6pazom, myTem BHIOOPA JOCTATOYHO OOJIBIIOTO 3HAYEHUS ((, HOJLYIUM

P, (As(qo0, k) N AL (C k) > 1= 6/2.

(max(R,§)+C)k(
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Ocraioch 3aMeTHTD, 9TO ¢ POCTOM T, BEPOSTHOCTEL cOObITHs Ag(ng) cTpemmTest K
1. HeiicrBurensho, B ciayudae x € {x € X | L(z) — ¢ < R} yTBepx/eHue 04eBUIHO,
TaK KaK HAYAJLHBIA CyMMApPHBINA 3apsJl B CHCTEME OTPAHWYEH. SHAYHT, CYIIECTBY-
€T HEKOTOPOE 33JaHHOE KOJUYECTBO BPEMEHHBIX CJIOTOB 711, HEOOXOIUMBIX, ITOOBI
U3HAYAIBLHO 3apsKeHHbIE COODIIEHUsT HOTEePSLIN BeCh 3apsi]] C BePOSTHOCTBLIO, CKOJIb
yroauo 6imskoit K 1. B cayuae 2 € H MOXKHO 3aMETHTB, UTO HAYAJIBHBIH 3apsi
KazKJIOrO COOOIIEHUs, 38 HMCKJIOUYCHHEM BO3MOXKHO JIMITL OJHOTO, He HPEBBLINIAET
HekoToporo 3uadenus b = b(p). Takum o6pas3oM, CyliecTByeT HEKOTOPOE 3a/IaHHOe
KOJIMYECTBO BPEMEHHBIX CJIOTOB 712, HEOOXOIUMBIX JIJIST TOTO, YTOODI ¢ BEPOATHOCTHIO,
CKOJIb yTOJIHO 6IM3KO0M K 1, 0JJHO cOObIIeH e, N3HAYAIBHO 3apsizKeHHoe (MHOro) 60-
Jlee "eM Ha b siueeK, IOKUHYIIO creTeMy 1 R — 1 coobrennit notepsiin sapsi. IlycTs
ng = max(n, ny), TOrIA

P,.(Ao(ng)) >1-6/2, tnex € HU{z € X | L(z) — ¢ < R}.
Crie10BaTeIHbHO BBEIIOTHAETCA CICAYIONAS IeNOYKa, HepABEeHCTB
+(Ao(no) N As(go, k) = P, (Ao(rng) N AL(C, k) N As(qo, k) > 1 —6.

B cusy npoussoibHOCTH 3HAaYeHUs 0, (22) BBIIOJIHEHO.

Taxum o6pazom, cuoc nerw (M) onpegensierca caocom nenu (M ). CrnegoBaress-
HO, 06J1aCTH CTa0UIBHOCTH U HecTabmIbHOCTH Tiern (M) COBIAIAIOT ¢ COOTBETCTBY-
oMy obstactsamu renu (My).

5. SAMEYAHUE OB O'PAHUYEHHO! BMECTUMOCTH

[IpescraBiisitor MHTEPEC MOJEJN, B KOTOPBIX Y KaXKJOr0 MTOJI30BATEIIS [IPEIIIIOo-
JlaraeTcs HaJmuue 6aTapefiku JIUIIb ¢ OrPAHUYEHHBIM YUCIOM S9€€eK JJIsd XPAHEHUs
suepruu. [Ipu srom Monens (M), B ciaydae Haguuusa Gartapeiiku ¢ m sdefikamu,
OyJIeT BBITVISIUTH CJEIYIONUM 00pa30M:

dn+1 = qn — Ig +§n,

1 1 1 0 0 11 n
U1<1<£1:B’$1) (>Hp1p,u(qn B()<(>+f H #(Q))

+B2 (o211, 85 ) + BY 2 P Go) - (1- 1)
)+

(M)
V@ Z B® (, qp1

1 1 n
Upnt1 = By, Un 'U7L> H H(q )

p2 D u(qn "

B9 (6, 0 ) B (0t 3 - (1

m m m 1 11 m—1 m—1 1 1 u(gn
fl+)1_B( Do) B8) 4+ B (v, )

Bamerum, uro TeopeMa 1 BepHa u jyisi JaHHON Mojenu. [leficrBurenbHo, aHao-
[UYHO PACCYKJEHUsIM B JJOKasarebeTse jiist ienu (M), Bbibepem npobHble hyHK-
muu (18), (19) u nokaxkewm, uro nens (M,,) cBogaurest K nenu (M). dyst sToro jo-
€TaTo9YHO "3amycTuTh" YIOMSHYTBHIE MEMU U3 OJHOIO HAYAJBLHOTO COCTOSIHUS U 3a-
METHUTb, YTO U3 IYHKTA (&) J0Ka3aTeJbCTBA OCHOBHOM TE€OPEMbI, CHOC COODINEHUIA,
3apsKEHHBIX OoJiee 9eM Ha m svueek, crpeMuTcs K 0 ¢ pOCTOM 3HAYEHHs o U U3
nyHkTa (6) BCe cOOOIEHNUs, N3HAYAIBHO 3apsizKeHHbIEe 6oJiee YeM Ha M s9eeK I10-
TEPSIIOT BECh 3apsi/] WM MOKUHYT CHCTEMY C BEPOSITHOCTHIO, CKOJTb YTOTHO OJIN3KOM
K 1, a Tak>Ke, IPHU JOCTATOYHO OOJIBIIIOM 3HAYECHUH (g, COODIEHNS HE OYIyT 3apsi-
J)KaThes Hojiee UeM Ha OJIHY SUeHKY C BEPOSTHOCTHIO, CKOJIb YTOMHO OJM3KoN K 1.
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Takum 06pa3oM, Ha HEKOTOPOM BpeMeHHOM orpeske nerb (M) Gyner "Bectu ceba"
Kak 1enb (M,,) ¢ BEpOATHOCTBIO, CKOJIb YrogHO Osm3koil K 1, u cHoc nenu (M,,)
Gyer onpejensaTbes cHocoM tenu (M).

ABTOpBI BRIpazKatoT 6JIArOAAPHOCTD 3a ocTaHOBKY 3ajadu Poccy C.I.; a Takxke
AHOHUMHOMY PEIIeH3eHTY 33 KOHCTPYKTHUBHBIE 3aMEYaHUsi M PEKOMEHIAIIH.

6. IIPUJIOXKEHUS

CdopmymupyemM BCHOMOTATEIbHBIE YTBEPKJICHUsI, UCIOJIb3yeMble MPU JTOKa3a-
TEJILCTBE OCHOBHOH Teopembl. [Ipusenem gemmy 1 u3 pa6orst [11]. Mer 6ymem maee
HCIIOJIb30BATh CJIEJIyTorne 0003HAYEHUS

k

Dy(k,p) :=k — By(k,1 —p) = > 1(U,; > 1-p),
i=1
rie {Uni|n € Z,i > 1} ceMeHCTBO HE3aBHCHMBIX PABHOMEPHO DPACIPEJICJICHHBIX
Ha orpeske [0, 1] cayvaitnbix Besmunn. fcuo, uro D, (k,p) umeer GuHOMHAIBHOE
pacIpe/ie/IeHue ¢ ITapaMeTpaMu k 1 p.

Vrepxxaenue 1. ITycmo {Z,},>0 nocaedosamessrocms .o.p. HEOMPUYAMEN-
HOT YEAOWUCAEHHBIT CAYHATHOLT BEAUNUH € KOHEUHLM MAMEMAMUYECKUM 0HCU-
darnuem E Zy < oo. Ipednosooicum, wmo ona ne 3a6ucum om cemeticmea H.o.p.
caynatno seausun {Uy, ;| n € Z,i > 1}.

(1) Jasn a106020 nauwarvnozo snaverus Wy u das aobozo napamempa p € (0,1),
no0cACI08AMENEHOCTIIL

Wn+1 = Wn - Bn(Wny 1- p) + Zn = Dn(me) + Z’n (23)

apeodurna.

(IT) Jlaa m < n onpedeaum cAywatinble SeAUNUHDL

Dopon(kyp) = Dy (Dya (o (D1 (Din (K, p), D) ) (24)

U 3aMEMUM, 4MO CAyuaiinas seausuna Dy, (k,p) umeem bunomuasvroe pacnpe-
deaenue ¢ napamempamu k u p"~ "™+, Tozda cmayuonapras nocaedosamenvrocms
W) | onpedenernan credyrowum o6pasom

W(n) = anl + ZD(nfj):(nfl) (anjflyp)a (25)

Jj=1

umeem xoneunoe mamemamureckoe osicudarue EW™ = EZy/(1 —p) u obpazyem
CMOYUOHAPHOE PeUeHUE OAA PEKYPCUBHO20 YPAEHENUA,

W) = p (W™ p) + Z,. (26)
(III) Iycmv Q — pacnpedeaenue WO . Tozda, das a106020 Hamaivhozo 3Hadenus
Wo
P(W,, = W) =P(W, =W VI >n) > 1 (27)
U, 8 YACMHOCTU,

sup |P(W, € A) — Q(A)| < P(W,, # W™) =0, npu n — . (28)

ACZ,
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B wacmuocmu, ecauy Wo u ZO UMEIOM, KOHEYHBLE IKCNOHEHUUANANDHDLE MOMEHINBL, 110
P(W, # WM) < Kje K (29)
n = 1 9

ons nexomopur K, Ko >0 u das ecex N > 0.
(IV) Jas amobozo n > 0,

W, < Wo+ W™ non. (30)
u
E Z,
EW, <EWo+ 1 2. (31)
(V) Iycmo Zn — abas dpyzas NocaedosamesvbHOCTG HE3ABUCUMDBLT HEOMPULG-

MENLHOIL UCAOYUCAEHHBIT CAYHATUHDLT 8eaudun, makux wmo 0 < Z, < Z, n.H.,
das ecex n. Paccmompum pexypcuro

Wn+l = Dn(anp) + En (32)
C ULAOHUCAEHHDIM HAUAALHBLM 3Hareruem 0 < Wo < W,. Tozda
Wn < W, n.n., oaa ecex n > 0. (33)

(VI) B wacmuocmu, ecau Zy NYacCoOHOBCKAA CAYUATHAA BEAUNURG C NAPAMEMPOM C,
mo waotcovii W™ umeem nyacconoscroe pacnpedeserue ¢ napamempom c/(1 — p).

Cdopmynupyem BTOpOE BCIIOMOraTesbHOE yTBEp:KAeHne u3 pabors [13]. Tlycrs
X,, — OJIHOpOJIHAA IO BpeMeHH! Ienb MapkoBa, IPUHUMAIOMAS 3HAYEHUsS] B HEKO-
TopoM TosibckoM mpoctrpancTse X. Ilycts L ¢ X — R, — HekoTopass mamepumast
dbyurnus Jlamynosa. [Iycte g : X — Nu h : X — R — usmepumbie QyHKINHN TaK7e,
qT0:

1) h orpanuveHa CHU3Y: igih(m) > —00;
2) h acumnrormyecku nojioxkureabua: sup inf  h(z) > 0;
K>0 L(z)>K

3) g JIOKAJIBHO OrpaHUueHa cBepxy: sup g(x) < oo just Beex N > 0;
L(z)<N

4) g acumirrorudecku orpanundena gynkuumeii h: inf  sup % < 00.
K>0 pa)>x ™

s usmepumoro muoxkecrsa B C X onpenesum 75 = inf{n > 1 : X,, € B}.
MmuoxkectBo B Ha3bIBaeTcCs 6038pammvim, ecin P, (1p < 00) = 1 1 nosoosrcumenvro
6o3epammvim, ecau sup E .75 < 0o. CopmysmpyeM yTBepKIeHEE.

zeX
YrBepxkaenue 2. (o6obwennodi kpumeputi Pocmepa) Ipednososcum, wmo cy-
wecmaylom mecmosas Pynkuyua («pynruyus Jsnynosas) L(x) > 0, u dynkyuu g
u h, ydosaemsopsowue ycaosuam 1) — 4) maxue, wmo

E(L(Xg(xy)) — L(X0)| Xo = x) < —h(z). (34)

Tozda cywecmsyem Ny € N maxasn, wmo das ecex N > Ny u ecex x € X umeem

E.,7<ocou sup E,7<o0,2der=7(N)=inf{n>1:L(z) <N}
L(z)<N

Cdopmynupyem TpeTbe BCHOMOraTesIbHOE yTBepxKieHue u3 pabors! [14]. Jaxuoe
yTBepKieHne 0ojiee aKKypPATHO M3JI0KEHO, a TaKKe JOKA3aHO IpHu OoJiee OOIIMX
ycaoBusx B pabore [15]. st HpoCcTOTHI U3/I02KEHUsT MBI IPHBEJIEM TOJIBKO YaCTHBIH
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ciydait [ omHOponmHbLIX memedt Mapkosa. Ilycrs mocmemoBarensHocTs { X, }n>0
obpazyer menb MapkoBa Takyio, 9TO

Xn+1 = f(Xm an)

¢ HavaJIbHEIM 3HadeHueM X = &, e {ay, >0 00pasyer mocaes0BaTe/IbHOCTD He3a-
BUCHMBIX PABHOMEPHO PACIpe/ieJieHHbIX Ha orpeske [0, 1] cayuaitHbix BeauduH, a f
— u3mepumag dyukius. [lycrs ganee A = L(X;) — L(X,), tne L — usmepumas
dbyukusa. Onpegennm

7(N)=inf{n >0 : L(X,) > N}

Masee nosaraem, uro h(t) — nekoropast Bemectsennast bynknus Takas, aro (h(t)) !
uHTEerpupyeMa Ha npomexyrke (1,00).

YrBepxkaenue 3. [lycmo cywecmeyrom maxue wucaa N > 0, > 0, M >0 u
maxasn gynryus h(t), wmo

1) 7(N) < 00 N.H. 0% NPOU3BOABHOZ0 HAMANEHO20 COCTNOAHUSL UETU;

2) Jaa scex x € X maxuzx, wmo L(z) > N, sunosnsemca:

E(A-1(A < M) >e

3) Cemeticmeo cayuatinor seauwun {h(—min(0,A)), Xo = x, L(x) > N} pasho-
MEPHO UNTNEZPUPYEMO.
Tozda dns ecex x € X

P,(lim L(X,)=o00)=1.

n—oo
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