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CTabujabHOCTb U HECTAOMIIBHOCTH CHUCTEM CJIydailHOTO
MHOXKECTBEHHOTI'O JOCTyla C MEXaHN3MOM HAKOILJIEHUS U MOTepH
IHEeprumn

A.B. PE3JIEP, M.I'. YEBYHUH

ABsTRACT. We study a generalisation of the model of the classical synchronised
multiple access system with a single transmission channel controlled by a
randomised transmission protocol (ALOHA) and additionally equipped

with an energy harvesting mechanism as well as self-discharge mechanism

and suppose that message batteries may receive an unlimited amount of
energy.
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1. BBEJ/IEHUE

Hcnonb3oBanue sneprerudeckoil nonuurku (energy harvesting) nmossossier ycrpoii-

CTBaM HEIPEPBIBHO IOJIYYATh SHEPIUI0 U3 PA3JIMYHBIX MCTOYHUKOB OKPYXKAMOIIEH
CpeJIbl, TAKUX KaK, HAIPUMED, CBET, TEILI0, BUOpAIys U MHOXKeCTBO apyrux. Hecmor-
ps HA TO, 9TO KOJIMYECTBO HEPTUU, TOJYyIaeMOe TAKUM O0Pa30M, CDABHUTEIHHO
HEBEJIMKO, JAHHAsI TEXHOJOTHsI HAXOJUT IIHPOKOe IPUMEHEHHe, HAIPUMED, CPeIn
ycrpoiicts ¢ HusknM mnorpebsennem sHeprum (Low-Power Systems). CraGrkenme
YCTPOMCTB MEXaHU3MOM JHEPreTUYIECKON IOJIUTKY [T03BOJISET MCIIOJIb30BATh UX B
TeX MeCTa, IJie KJIACCHIeCKHe MCTOYHUKN SHEPIUU HeJIOCTYIHBI. B cuiy Toro, 4ro
3apsii, 6arapeil HEMPEPBHIBHO BOCIOJIHSIETCs, TO MPOJOIKUTEIHHOCTL "Ku3uu" wc-
[OJIb3yeMbIX YCTPOHCTB MOXKeT ObITh npojjiena. Hamnpumep, B pabore [1] npuse-
JleH IpUMep yCTPOMCTBa, UCIOJB3YIOMEro MukposiekrpoMexanndeckue (MEMS)
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CUCTEMBI JIJIsl M3BJIEUEHUST SHEPIUU U3 BUOpaluii okpyzKatomiei cpeiasl. Mexanuzm
SHEPreTUIECKON MTOIIMUTKN TAKYKEe UMeeT IMUPOKOe TPUMEHEHUE CPEIU CUCTEM MHO-
JKECTBEHHOTO J1ocTyma. Hampumep, CeHCOpPHBIE CeTH, OCHAINEHHBIE Mepe3apszKaio-
IUMUCS 6aTapesiMi, KOTOpbIe "OANMUTHIBAIOTCA" SHEPI el U3 OKPYKAIOIIEN CPeIbl,
MOTYT CYIIECTBEHHO IPOJIUTD CPOK €e c1yKObI (eM. [2]). Ipyroii nmpumep uCos30-
BaHUsl JJAHHOI'O MeXaHu3Ma ObLT mpejioxkeH B pabore Xun Zhou, Rui Zhang u Chin
Keong Ho (cM. [3]), rue aBTOpbl paccMOTPEIM MHOIOIIOJIB30BATEILCKYIO CUCTEMY
¢ 6azoBoii crannumeii, ucnoassyiomeit rexuosoruto «OFDM» (orthogonal frequency
division multiplexing) n GecnipoBoHO KaHaT [ Iepeaaan MHMOOPMAIIUYT U SHED-
I'UY [I0JIH30BATEISIM.

OcHoBHasT 3aJla4a TIPU KUCHOJb30BAHUN MEXaHU3Ma SHEPreTUYECKON IMOIIUTKA
B CHCTEMAX CJIYyYalHOTO MHOYKECTBEHHOI'O JIOCTYIA COCTOUT, B YACTHOCTH, B Ha-
XOKJIEHUU MPOITYCKHBIX CrocobHocteir cucrem. Hampumep, B pabore J. Jeon u A.
Ephremides (cum. [4]) pacemarpuBascs corydail CHCTEMBI ¢ OMDAHUYEHHBIM KOJIH-
YECTBOM TI0JIb30BaTENIeH, TEIEeHTPATN30BAHHBIM MEXaHU3MOM SHEPTreTUYECKON MTO/I-
IUTKA W IporokosoM mepemadn gaHuabix Tuna ALOHA. B pabore ObuLia Haiime-
HA MPOITYCKHAsI CIIOCOOHOCTD JIAHHON CHCTEMBI, 8 TaKKe ObLI MPOJIEMOHCTPUPOBAH
addeKT ee yMeHbINIEHNUS, IPU OIPAHUYEHIN BMECTUMOCTH Y MEXaHU3MAa JIJIsT Xpa-
HEHUS SHEPTUU, KOTOPBIM CHAOXKEH KaKJbIi IOJIh30BaTe/Ib CHCTEMbI. V3ydeHuIo
3HeproadpHEKTUBHOCTH ITPOTOKOJIOB pa3pelnienns KOHMINKTOB MOCBsAIIEeHa padoTa
A. Bergman u M. Sidi (cm. [5]). Kak usBectHO, TpaauiuoHHble (B 9aCTHOCTH, HE
UCIIOJIB3YIOIIAE MEXaHU3M IHEPreTUIECKON MOANUTKA) CUCTEMbl MHOXKECTBEHHOIO
qocryna (cm. Hampumep [6], [7]) ¢ GeCKOHEIHBIM YHCIOM MOIB30BATENCH B H3BECT-
HOM CMBIC/IE HECTaOWIbHBI HU NPU KAKUX 3HAYEHUSX YIIPABJSIEMBIX HapaMeTPOB
(cMm. [8]) m MeTaCTAGUIBHBI TIPH MAJIBIX 3HAYEHUSIX BXOJHOTO TIOTOKA U BEPOSITHOCTH
nepenaqan coobmennit (eum. [9]). Oxaaxo, kak 6buI0 OKa3aHo B paborax C.I. Doccea,
J.K. Knma u A.M. Tropsaukosa [10] u [11], orpanndenust Ha MOCTYyIJIEHHE SHEPTUN
U BXOJIHOH MOTOK B CUCTEMY ¢ GECKOHEYHBIM YHCJIOM MOJIb30BATE e MOXKeT cTabu-
JIN3UPOBATH €€, TO €CTh KOJIMYECTBO COODINEHN B HAKOIUTEJE CUCTEMBI He OyjeT
HeorpaHuveHHO pactu. B pabore [10] 6bu1a HalieHA TPOIYCKHAS CIIOCOGHOCTE MOJIE-
JI JIJTS KJTACCUYECKON CHUHXPOHU3UPOBAHHON CHCTEMBI CJIYYafHONO MHOXKECTBEHHO-
r'o JIOCTYIA C OJHUM IEPEJAIONIM IPUOOPOM, YIIPABJISIEMON ITPOTOKOJIOM HEPEIadn
tuna ALOHA, cHaGxKeHHO eHTPATN30BaAHHBIM MEXaHU3MOM SHEPreTHIeCKOH Mo/I-
mutku. OJHAKO, KAK OTMEYAIOT aBTOPBI, PACCMOTPEHHAsT MOJIEJNb JTajieKa OT MPaK-
tuku. Tem He MeHee, paccMoTpeHHast B pabore [11] momens must menentpasmso-
BAHHOI'O MEXaHU3Ma HEPIeTHIECKOHN HOMIUTKY, B KOTOPOI KaXKJIbIii TI0JIb30BATE/h
CUCTEMBI CHAOYKEH WHJIMBUJLYAJbHBIM MEXQHU3MOM JIJIsl XPAHEHUs] SHEPTUU, UMEET

OpgHoM N3 OCHOBHbIX
3apa4 ABnAeTcA
HaxoXxpeHue

He N03B0S1AA KON-
4eCcTBY COOOLLEHMI
HeorpaHNYeHHo
pacTtu

Y6patb "gna"
ybpatb "ona"

M cHabXXeHHoM

paKTUYIeCKHe aHajoru. B ymomsiHyTOl pabore, mpu orpejiejieHHH KOHKpeTHoro3ariATad He HY>XHa

BUIA (DYHKIINHA BEPOSITHOCTHU TOA3APSAIKH COOOIEHUN Ha KarKIO0M Imare, oOpaTHO
[IPOITOPIINOHAJIBHON OOIIEMY KOJMIECTBY COOBINEHUH, IPUCYTCTBYIOIIUX B CUCTEME,
ObLIa HalifleHa MPOIYCKHasi crocobHOCTh Momenn. B pabore [12] usywanoch 0606-
IEHNe MPebIIyIeil Mojieu. [JIlaBHOe OTJIMYUEe COCTOSIIO B TOM, YTO COOOIIEHUsI
MOI'YyT IPUHUMATH OOJiee OfHOU enuHulbl Heprun. OMHON U3 TPUYUH U3YUEHUs!
0060011eHHOl MOJeu ABJIsIcH 3D DEKT, TPOJEMOHCTPUPOBAHHBIA B padore [4], Bo3-
HUKAIOMINAY [IPU YBEJINICHIN eMKOCTH HAKOIIMTEJIS SHEPIUH Y [TOIb30BATENIel U, KaK
CJIeJICTBHE, IPUBO/ISAINUI K YBEJIUIEHNIO 001acTh cTabuiIbHOCTH crucTeMbl. O THAKO
Pe3YJIbTATEI, IOy IeHHBIE B paboTe [12], MOKa3bIBAIOT, YTO MAKCHUMAJBbHAS TIPOILYCK-
Hasl CIIOCOOHOCTH CUCTEMBI He MEHSIETCsI IPY 33/ IaHHON WHTEHCUBHOCTH IT0/I3APSIIKH.
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JIrobast cucrema, UCIOIb3YIOIIasi MEXaHU3M SHEPreTHIeCKON TOAIUTKH, TTIOMIMO
"coopmuka" sneprun, cHabKeHa aKKyMYJIsITOPOM, KOTOPBI MMeeT CBOHCTBO camo-
pPa3psiIKU, TO €CTh IIOTEPU SHEPIUU B MEPHUOJ] IIPOCTOsI. By/IeT JOTMYHBIM YIUTHI-
BaTh JAHHOE CBOHCTBO B MOJEJSX, COOTBETCTBYIONINX OINCHIBAEMBIM CHCTeMaM. B
JIAHHOI pabore MbI 0000IaeM pe3ysbTaThl, IOoJdyYeHHble B pabote [12], Ha ciyvaif,
yuauTsiBarouii 3pderT camMopa3psiaku. [ J1aBHOe OTyIndre OT MPEIbLIY X Pe3y/Ib-
TATOB COCTOUT B M3MEHEHUHU IIPOITYCKHON CITOCOOHOCTH CHCTEMbI IIPU 33JaHHON WH-
TEHCUBHOCTH Toa3apaaku. [Ipu ToM MakcuMaIbHas MPOITYCKHAS CIIOCOOHOCTH OCTa~ npl/l 3TOM
€TCs IIpezKHel.

Pabora cocrout u3 5 naparpados u npusioxkenus. Bo Bropom naparpade omuch-
BaETCs MaTeMaTHIeCKasi MOJIE/Ib 1 (DOPMYJIUPYETCS OCHOBHOI PE3yJIbTAT, B TPETHEM
naparpade IPOBOJUTCA TOKA3aTEIbCTBO JJIs JACTHOTO CIydas ONMCAHHON Mome-A0Ka3aTeNlbCTBO
JIU, KOTJa KaKas Oarapes UMeeT TOJBKO OJHY sS9eiKy JIisl XpaHeHns sHeprun. BYyero?
4eTBEepPTOM Haparpade MPOBOAUTCH JT0KA3aTEJIHCTBO OCHOBHOM TeopeMbl. B msrom
naparpade pacCMaTpUBaETCs CIIyUail, KOTjia KaxK/iast 6aTapest UMeeT IIPOU3BOILHOE
OrpaHUYEHHOE KOJIMYECTBO sS9€eK Il XpaHeHUs Hepruu. B IpuioKeHuu mpuBo-
aaTcst (GOPMYJIUPOBKYU YTBEPK ICHUIA, UCIOIB3YEMBIX IIPU JOKA3ATEIbCTBE TEOPEM.

2. OIIMCAHUE MOZJEJIN 1 OCHOBHLIE PE3YJ/IBTATHI

Awnasiornuno pabore [12] upusejieM MaTeMaTHIECKOE OIIUCAHUE UCCIIELYEMON MO- Y6patb
nesin. MBI paccMaTpuBaeM CUCTEMY C OJHUM IEPEIAIONTIM IPHOOPOM, KOTOPAast IIPH- npensioXxeHue
HUMaET W, IIPU YCIIENTHOM epejiade, OTIIPaBJIseT COOOIIeHrs. BpeMsi CJIOTUPOBAHO.
IIyctb &, — caydaiiHasi BeJIMUINHA, OIPEIe/IAIoNas KOJIUIECTBO COOOIIEHMIT, TOCTY-
OUBIINX B HAKOIWMTEJIb CHCTEMBI B T€UECHNHM MHTepBaja BpeMenu [n — 1,n). Hamee MpeanonoxXxum
npemmosnaraeM, 4ro {&, }n>0 00pa3yer mOCIeI0BATEILHOCTE HE3ABHCUMBIX OJIMHA-
KOBO DACIIPEJIEJIEHHBIX (H.0.D.) HEOTPUIATEIbHBIX II€JI0UUCICHHBIX CIIyYaliHbIX Be-
JIMYUH C KOHEYHBIM MaTeMaTudecKuM oxkuanueM . Kazkoe coobiienne cHabKeHO
Garapeeil ¢ HEOrPAHMYEHHBIM KOJIMYECTBOM sS9€eK JIJIsi XPAHEHUs SHEPIUU U IPUObI-
BaeT B HAKOIIUTE/Ib CUCTEMBI C IIyCTOI Oarapeeil, 0:KuIast SHEPreTUIECKOH TOJITNT-
k. [TostHbit UK paboOThI CHCTEMBI B Ka2K It BDEMEHHOI CJIOT MO2KET OBITH OITUCAH
caenytomumM obpaszom. Kazkmoe coobienne, nMeromee B Hadaje BpeMeHHoro ciaora JIyHLIEe BBECTU
GaTapero, 3apsaKEeHHYIO Ha ¢ d4eek, rae ¢ > 1, Oymer nepemano Ha nepematomuii P 3apaHee, oo
IpuGOp € BEPOSATHOCTHIO 1 — P! MM OCTAHETCsI B CUCTEME C BEPOSITHOCTBIO p', miaa  dTOMO NMpensiodKeHmnaA
uekoroporo dpukcuposansoro p € (0,1). Caygait p = 0 MbI He paccMaTPUBAEM, Tak
KaK OH 9KBUBAJIEHTEH CTAHIaPTHOMY IeHTpajn3oBannomy mporokosry ALOHA. Tlo- n p=1 TOXeE He
cJie Tiepeady Ha [Iepearonuil mpudop, KaxKI0e 3apsaKeHHOe COODIeHne, KOTOpoe paccmaTpmBaeTcA
He IBITAJIOCH IIEPeIaBaThCsl, HE3ABUCUMO OT OCTAJILHBIX I1apaMeTPOB CUCTEMBI, Te- 3anaTble MNocne
psieT OJ(Hy eIMHUILY SHEPTUM ¢ BEPOSITHOCTHIO P. Jasee Kaxkmoe coobienne (moMumMo "|-|p|/|60p" n nocne "cu-
TeX COOBINEHNH, KOTOPBIE B JIAHHOM BDEMEHHOM CJIOT€ IIOTEePSIIN €/IMHUILY Heprun), cTeMbl" ybpaTb
HE3ABUCHMO OT OCTAJIbHBIX [IAPAMETPOB CUCTEMbI, [TOJIyIAT OJHY €IWHUILY SHEPIUU
¢ BeposiTHOCTBIO L > 0. Ecom B 3a/1aHHOM BpeMEHHOM HHTEpBAJIe Ha MEPEIAIONTH
IpuOOP TMOCTYIIHIO TOJHKO OIHO COOOIIEHWE, TO OHO TMOKHUIAET cucteMy. Ecim Ha
TepeIatonnii MpudOp MOCTYIMIIO JIBA MM OOJiee COOOIEHUit, TO TIPOUCXOIUT Ha-
Jo’KeHne coobIeHnH (KOHMIIMKT) U HepeiaBaBIInecs: COOOIIEeHNs BO3BPAIIAIOTCS B
CHCTEMY, HO TEPSIOT OJHY €IUHUILy JHEPIUU.

IIycts &, — HOBBIE COODIIEHUS, KOTOPhIE TOJBHKO IMPUOBLIN B HAKOIUTEIb CH-

[nnHHOe npeasioxe-
HMe HenoHATHo. W3-
NoXXuTe nydiue

Kaxpoe TepAaeT?

nTam, n Tam --
creMbl K Hayady (n + 1)-ro BpeMEHHOrO €JI0Ta, & ¢, — COODIIEHUs, KOTOPbIe yiKe KONMYECTBO CooblLLe-

HUN, a He coobLleHnA
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HaXO/IMJINCh B HAKONHUTEJIE CUCTEMbI K HAYAJTy JAHHOIO BpeMeHHOro cjiora. Obo3Ha-

i . . .
4uM 4epe3 U,(l) — KOJIMYECTBO COODIIEHU, MMEIOIINX ¢ €INHUIl SHEprud, rjue ¢ > 1, y6paTb TUpe
K Ha4yaJIy JAHHOTO BpeMeHHOro cjora. Q4YeBuIHO, 4TO

oo

Z%(f) < gp TLH.

i=1

Omnpenenum {Ur(fl) ,—oo<n<oo,i>1,1<j< oo}, {(j(j)

n,i ’

—oo<n<oo, it >

1,1<5< oo} u {Afljl), —oco<n<oo,1>1,1<5< oo} He3aBHUCHUMBIE ceMecTBa
HE3aBUCUMBIX OJINHAKOBO PACIPE/IEJIEHHBIX (H.0.P.) CILyYaiiHbIX BEJIMIHH, HMEIOIINX
paBHOMEPHOE pacIpejiesienne Ha orpeske [0, 1].

Mycrs I(A) — unpukaropuas dyHkius coObitusa A. Bemem Takzke HEKOTO-
PYIO M3MEpUMYIO HeoTpurarejbuyo dbyakimuio i : Zi — [0,1], koropas Gyzer
[IO/TI€PKUABATH CBONCTBO AJAITHBHOCTH MOjeau. 10 €CTh B 3aBHCHMOCTH OT KO- HauuHaTb npeaioxe-
JIMYecTBa COOOILIEHMIA, CKayKeM, B N-blii MOMEHT BPEMEHU ¢, 3HadeHue (u(gn,) Oy- HVe ¢ "To ecTb"

JIeT PABHO BEPOSTHOCTH IOJ3aPS/IKH KazKIOro EOQ6HL€HHH B 1-blil MOMEHT Bpe- HeNb3A
menu. Ilycrob B,(Lj)(k,t) = ZLII(UT(L{E < t), B,(LJ)(k,t) = Zlef(U,(f)g <t)m

Eg)(k,t) = Zlef(ﬁy(fz) < t), rnen € Z,t € (0,1), k > 0, 7 > 1, rpu B3aumuo PaBHo, a He 6y'D'eT

Kak (pyHKLUMA MOXKET
nogyepkusaTb??

HE3aBUCUMBIX CEMECTBa CIy9IalHBIX BEJIMYIWH, UMEIOIINX OUHOMHUAIBHOE PacIpe- paBHO
JIeJIEHUe W HEe3aBUCHMBIX OT OCTAJBHBIX MapaMerpoB cucrembl. OGO3HAYMM depes
Dﬁf)(k, 1—t)=k-— Bf«bj)(k;, t). OueBnHO, UTO CirydaiiHasi BEJMINHA Dg)(k, 1-1)
nMeeT GMHOMUAJIBHOE paclipesieieHne ¢ mapamerpamu k, 1 — t. Anajgoruano ompe-
JeIgeTcs U CIIydaiiHas BeJIMInHA, DY )(k, 1 —1t). Iycrs
o0
no_ i i AN
=1y BﬁL)(vghl—p) —1),
i=1

TO ecTb []) — MHJMKATOD COOBITHSA, COCTOSINErO B TOM, YTO B N-bIil MOMEHT Bpe-
MEHHM IPOU3OIILIA YCIIENIHAA Iepeaada coobmenns. Takum o6pa3zoM, Mbl MOy UM
CTIETYTOTIYIO PEKYPCHIO.

dn+1 = qn — I: +&n,

'”51,14)-1 = 5&1) Dﬁll) vgll)J’ 1—p ) + ES) (qn - (L'Dil 'Uv(:) + fn’#(qn))

—B® (DM (DM (v, p),1—5 ,u(qn)) +B® (Dy(f) (v;z)’pz) ,ﬁ)

o (484-2) - () .

W2, = DO (D (0,9) 1 - 5) + B (DY (DD, 5,1~ 5 ) man)

_ET(LHI) 5511) <Dni) (vﬁf>7 1 pi) 11— 5) 7M(q7b)) n B\SLH»I) (DELi+1) (v£i+1),pi+1> 75>

e (1) (1)

B cuty rpomosaxocTu popmyiabt (1), MbI OIUIIIEM HHTEPIPETAIMIO €€ CJIAraeMbIX. npennoXxmm

(2) ;
Paccmorpum pekypceuio Jjis 3jIeMenTa v, 4 1, Ipu ¢ > 2. Ilepsoe craraemoe

BY (0 (o9.57)1-5)



"cnaraemoe Bbl
paxkaeT"

BBIPAYKAET KOJUIECTBO COOOIIEHMIT, OCTABIINXCS TOC/IE TIePeIad U CAMOPa3psiaIkn XOHETCA
BblIpa3nTbCA
B KoHiie (n + 1)-ro Bpemennoro unrepsasa. Cielyomye 1Ba CJIaraeMbIX

]_?37(11‘) (ﬁg—l) (Dg—l) (vr(li—l)7pi—1) 1 —ﬁ) “u(qn)) ’
BG+Y (ﬁﬁf) (fo) (vff), 1- pi) 1 ,5) ,u(qn))
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0003HATAIOT KOJUIECTBO COODITEHMI, 3apsI?KEHHBIX Ha § — 1 1 4 T9eeK COOTBETCTBEH-

HO, KOTODbIE IOJIyYUJIM €UHUILY 3apsja B Tedenun (n + 1)-ro BpeMeHHOro uHTep-
. 1

Baja. s ciaydas ¢ = 1, B BhIpasKeHUU i v,(I le, COOTBETCTBYIOIIEE CJIAraeMOe

OyIeT MMeTh CJICYIOIINil BU,

00
BS) <Qn - Z Uﬁf) +&n, M(Qn)> ,

=1
' OQOVH 1 TOT Xe

TO €CTb 3apsL OYIyT MMOJIyIaTh HOBBIE U PA3PsIKEHHBIE COOOIEHNs. deTBepToe Ciia- 3apﬂ,u,?
raeMoe

B(i+1 i+1 i+1) i1\ =

B (D) (w.+) 7)
BBIPaYKaET KOJIMIECTBO COODINEHUIN, 3apsi?KEHHBIX Ha i + 1 s4deiiKy, KOTOpbIE T0Te- Bblpa>kaeT
PN 3apan B cleAcTBAN caMopadpanku. [lociennee ciaraemoe

i+1 (i+1) i+1 n
BEHY (00,1 - p ) - (1 17
n 3anecb

BBIPA’KAET KOJUICCTBO COODIICHU, 3apAKEeHHBIX Ha ¢ + 1 A9eiiKy, KOTOpBIE MoTe-
PsLIN 3apsijT B CJIEICTBUAN TIepeiadn Ha nepearorniuit mpubop. [Ipu aTom coobrenmst
OCTAIOTCS B CHCTEME TOJIBKO B CJydae ux Hajoxenus (kondumkra). Bmecto asyx
HE3ABUCUMBIX CEMEHCTB cirydainbix Beamant {U, T(L] 2} I {Uff Z)} MBI Oy/IEM PacCMaTpH-
- ’ El - n

BAThH CeMeiiCTBO HE3aBUCHMBIX PABHOMEPHO DACIPEICIeHHLIX cuydaiinpx semmann | IOACHUTD
{U gf)z}, NPUHUMAIONTHX 3HaueHus B KBaspare [0, 1]2. JIpyrumu ciioBamMu, MBI Gy1em
OTOKJIECTBJIATH HNOTEPIO 3apsia IIPU HAJOKCHHH COOOIIECHMI U IPU CAMOPa3psal-

ke. OmnpesesuM cirydaifHble BeJTMIUHbBI DY )(k,tl,tg) u BS )(k,tl,tg) CJIEJTYFOIIM

obpazom:

DY) (k,ty,ty) = ZI( Y eo, t1] [07t2])7
BY) (k, 11, ) ZI(U(” [0, t1] x [1—t2,1]),

rue ti,to € (0,1), k > 1. SdlcHo, 94TO OHU UMEIOT GUHOMMAJILHBIE PACIPEIE/ICHUs HeAcHo
¢ mapamerpamu k, t1te coorsercrenno. Iepenmmem dbopmyry (1) B cienyromem
BUJIE:
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dn+1 =(Qqn —I; +£n,

’U,Ell_,?_l = D1('L1) vsll)apa 1- ﬁ + é'r(Ll) (qn - Zfil 1057‘7') + én, )u‘(qn))
_E’S?) D’gll) ’Ugll)7p7 1- 1/)\ 7/"L(qn)) + Bgf) (07(12)ap2,§>
B (01— 21) - (1 1)

vv(’biil = D%) vsf)7pi7 1- 1/7\ + E'gll) D'(fli_l) (Ug_l)7pi_1: 1 _ﬁ) 7/~l’(q7l))
_BU+Y (p) (v;i)7pi7 1 —ﬁ) 7M(qn)) + BU+D (v;iJrl),piJrl,ﬁ)
+BIY (oD, 1 p 1) (1- 1)

1 2
BameTnM, 94TO CcTOXacTHYecKas IOCIeI0BaTeIbHOCTL X, = (qn,'vgl ),’USL )) u3
ITOJIBCKOT'O ITPOCTPAHCTBA

X = (q,v(l),v(z)...) €LY : iv(i) <q,, (2)
i=1

NPUHUMAaET 3Have-
HWA B... N obpasyeT

"onA NpocToTbl N3110-
XXeHua" 3aMeHunTb Ha

obpaszyer 1ens Mapkosa. JIjis TPOCTOTEI N3/I0KeHNs, Jajee Oy1eM OTOXKICCTBIATL "HaMm 6y nety N0O06HO"

MOJIEJIH M COOTBETCTBYIOIIUE UM CTOXACTHIECKHUE TIOC/IEI0BATEILHOCTH. BymeM rogo-
PHUTB, 9TO cUCTeMa paboTaeT CTabUIIbHO (Ielb CTaOUIIbHA), ECIN COOTBETCBYIOMIAsT
eit nerb MapKoBa CXOIUTCS K CBOEMY CTAIMOHAPHOMY DPACIPEIEICHUIO B METPHUKE
HOJIHON BapuaIlyu, CTapTys U3 JI0O0ro HAYAILHOTO COCTOSHUS.

IMocrpoennas momens (Mo) mpemmosaraer Hagmaue y KasKIOTO MOJNB30BATEsS
MEXaHU3Ma JIsd XPAHEHUs HEOrPAHMIEHHOrO KOJMYECTBA S9eeK 3Hepruu. B cyime-
CTBYIOIIAX CHCTEMAX C Iepejiavell SHEPIUu 10 paJnoKaHaty (cM., Hampumep, [3])
SHEprus, nepejaBaeMaga 06a30BOl CTaHIUEH, HAKAIIMBAETCS Y KaXKJI0ro abOHEHTa, B
CBOEM MHMBUYAJIbHOM UCTOYHUKE U JAJIee UCIIOJIb3yeTCs JJIsl epeiadn nHdopMar-
mun. OIHAKO, KayK bl WHIUBH Ly aJIbHBI HCTOYHUK HMEET TOJLKO OJIHY TYeHKY 115
xpanenus sHepruu. Takum obpazom, moieias (M2) orpaxaior pabory GecupoBo-
HBIX CHCTEM, CHAOXKEHHDBIX MEXaAHU3MOM IHEPreTHIECKON MOJIMUTKA U CAMOPa3PaI-
KH, C T€M OTJIMYUEM OT CyNIECTBYIOIIAX, YTO B HEll JIOMOJHUTE/ILHO IIPEIIIOIAraeTCs
HAJIMYME MEXaHU3Ma JJisl XPAHEHUs] HEOIPAHUYEHHOIO KOJMYECTBA S9E€EK SHEPIUn
y Tosb3oBaTesteil cetr. Kak MoxKHO OyleT yBUAETD Jajiee, PaCCMaTpUBaeMas HAMI
MOJIEJT SIBJISIETCsT OOOBIIEHNeM YIOMSTHY THIX GeCIPOBOAHBIX cucTeM (CM. 3aMeTanme
006 OrPAHUIEHHON BMECTHMOCTH ).

CdopmyupyeM 0OCHOBHbIE PE3YJILTATHI JIAHHON PaboThI. IIpeaoaokun, 9ro A <
1. Kak GyzeT BUIHO HUXKE, JAHHOE JIONYIIECHIE HE OrPAHUIUBACT OOIIHOCTD PE3YJIb-
raros. Cienosarensuo P(€; = 0) > 0. To ectb nens Mapkosa (Ms) 3a opun mar
C TIOJIO?KUTEIBHON BEPOATHOCTHIO He MeHgeT cocroguue. CleIoBaTe/IbHO, paccMaT-
pUBaeMas Helb ABJIACTCA allePUOJANYHON. Bojee TOro, MOXKHO 3aMETHTh, 9TO HA
KaXKJIOM Iare ¢ MOJIOKUTEIbHON BEPOATHOCTHIO U3 CUCTEMBI yXOJUT U B HEE IOCTY-
HAIOT COOOIIEHUSI, 8 TAKIKE B CHCTEME C MOJIOXKUTE/IHHON BEPOATHOCTHIO COOOIIEHUS
HO/3APAKAIOTCS HA IIPOU3BOJILHOE KOJMIECTBO SI9€EK IHEPIUHU 38 HEKOTOPOE KOJIU-
4ecTBO Mmaros. TakuM 06pa3oM, MOXKHO yTBEPXKIATh, 9TO BCE COCTOSHUSA SBJIAIOTCS
coobmatomumucsd. Clie10BaTeIbHO, U3 SPTOANICCKON TEOPEMBI, JJI ONpPEIe/ICHUs

ybpaTthb "uenb ctabunbl

KTO €€ "oTpaxaroT"?

mogenb obobuaeT
CUCTEMDbI??

YT1o-TO Npegnonarae-
Te N cpasy rosopuTe,
YTO 3TO HEHYXXHO...

HeakkypaTHO Ha-
nucaHo
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) " He onpepneneHo
TIPOITyCKHOU CHOCO6HOCTI/I CHCTEMBbI, JOCTATOYHO HaUTHU KOMIIAKTHOE IIOJIO?KUTECJIb-

HO BO3BpaTHOE MHOXKecTBO iyist nenu (Mg), uemy u nocBsiieHa GoJiblIas 4acTh
JIAHHOI pabOTHI.

Ilepeiimem K paccCMOTPEHHUIO OCHOBHOI TEOPEMBI, JI0KA3aTE/ILCTBO KOTOPOi OCHO-
BAHO Ha yTBEPXKJIeHUsX, chopmynmmpobansbix B [Ipusoxennn (cm. paborst [11], [14]
u [13]). Beroay jiasee Mbl Gy/1eM HCIOJIB30BATH CJIEJYIONE 0OO3HAYEHNUS:

T = (q,v(l),v@),...>,
E.() =E(| Xo =12),
P.(-) =P(| Xo = =),

oo
Iz, = llll = g+ ) o®.
i=1

Mexxay oBymA cpopmynamm

Teopema 1. Ecau, das nexomopot koncmarmo: ¢ > 0, u(q) umeem eud
JO/MKHO 6bITb CNOBO

1, =0
1 TO

2de ¢ = (1 —p(1 —p))(1 — p)~te, moeda cmozacmuueckas nocaedosamenvrocm,
npedcmasaseman maprosckoti yenvio (Ms), cmabuavra npu 6xodnol unmencue-

nocmu A < ce” ¢ u necmabuavra npu A > ce”C.

3anATble He HY>XHbI
Samerum, 9TO, TP ¢ = 1, MBI MOJyINM MAKCHUMAJIBHO JOMYCTUMYIO 0OJIACTH

crabuibHoCTH cuctembl (A < e~ 1).
3. CIyYANl EAMHUYHON BMECTUMOCTHU

B pa6ote [11] 6pu10 0Ka3aHO, YTO €CJIU JJisi HEKOTOPOi# KOHCTAHTBL ¢ > ()

pla) = {rlnir;(c_/qo’ 1), g€ Z:\{0} 5

TO JIByMepHas Ilenlb MapKoBa, OIuChIBaIOIIas CUCTEMY, B KOTOPOI y KaXKJIOro CO-
OOIIeHNsT AaKKYMYJISTOP UMEET TOJIBKO OJIHY sTYeHKY i XPAHEHUs] SHEPIUH,

dn+1 = 4dn — I(Bn(’UTB 1 _p> = 1) +€n7
Un4+1 = Dn(vmp) + B, (Qn —Up +&n, H(Qn))

cTabuJIbHA [IPU BXOJHONW MHTEHCUBHOCTUA A < ce” ¢ 1 HecTabuibHa 1Ipu A > ce™ ©.

(M)

TO

Eciu B Mmogenu (Ms) monoxxurhb U,(f ) =0 st Beex 1 > 2, n > 0, Torga oLy auM

CJICIYTONTYIO MOJCID
qn+1 =qn — I (Bn(v’sll)71 - D ]-) = 1) +§n7
vgll-i)-l = Dgll) (’Ug“bl)apa 1- ﬁ) + En (Qn - 'U’SLI) + €n’M(Qn))

BaMeTI/Il\I7 Y9TO BBIIIEYIIOMSAHYTBIE JBYMEPHBIE 1IN MapKOBa OTJINYaI0TCA TOJIb-

(M)

uenn oTin4aroTcA
B ypaBHEHUAX...

1
KO B yPaBHEHUAX JJI KOMIIOHEHT Up41 U U IIePBBIM CJIaraeMbIM, OIIPeIe/IAIOIIM
mt ntl ’ TakK He NMUuyT

KOJIMYECTBO 3apsi?>KEHHBIX COODINEHNUI, He yIACTBOBABININX B mepemade. He TpymaHO
IIOHATH, YTO CTAPTYs U3 OJHOI'O HAYAJBbHOI'O COCTOSAHMS, B KOHIIE IIEPBOIO BPEMEH- "Hepr HO" NULLETC
Horo unrepsaJa y nenu (M) Gyjer MeHblIle 3apAKEHHBIX COODIIEHNN, YeM Yy IIeIn CAINTHO
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(M1), B cuity nanudus y nepsoit adpdekra camopaspsiaku. Takum 06pa3oM, HCIIOJIb-
3ysl €CTECTBEHHBI! KAIJIMHT, IOy IUM CJIEIYIOIIHEe COOTHOIIEHNUST

vgl) <1, ¢q1 =1 ILH.
BV (0{",1~p,1) = By(v1,1 - p) m. @

B pabore [11] ayist nokasaresnsersa crabuibHocTr nenu (M) ucnonb3yercs: 0606-
niennblii kpurepuit ®ocrepa (em. [Ipunoxenus, yreepxienue 2). [lycrs 2 = (g, v)
u upobuas Gyukus L(z) = g+ v, a byuknus g(x) — cryneHdaras, Takas 4To

gry=1 "7 )
k,v<R.
Suadenne R > 0 BuIOMpAIOT Tak, 9TOOBI, U Uy > R ¥ IPOU3BOJILHOM 3HAYCHUH
qo, CHOC TIenn OBLT OTPUIATESICH 33 OJIUH TIar. 3uadueHue k € 7 BbIOUPAIOT TaKUM,
9TOOBI, TIPU JIOCTATOYHO BOJIBITIOM (o > (¢, CHOC TIeNu ObLI OTPUIATESIEH 38 k IIAroB.
Taxkum 06pa3oM, JIsi HEKOTOPOTO JOCTATOYHO 00JibnIoro K, BHYTPH KOMIIAKTHOI'O
muOkecTBa {2 | L(z) < K} cHOC 1enn orpaHuteH, a BHE — OTPHIIATEJICH.
I mokaszatenserBa HectabmabaOocTH 1ienn (M;) B pabore [11] memosbsyercs
cxoxuii Meton (em. ITpusoxkenus:, yreepxkiaenue 3). Ilycrs npobuas dyrkuus Jls-
nyHoBa L(x) = ¢, a dyHknus g(x) — cTyneHuaras, Takasi ITo

].,’U>§,

o =1 0 ©)

Buauenne R > 0 BBIOMPAIOT TaK, YTOOBI, IIpA Vg > Ru [IPOU3BOJILHOM 3HAYEHUN
qo, CHOC TIETTH OBLIT TTOJIOXKUTEJIEH 3a OJIUH Iiar. 3uatdenne k € Z, BbIOUPAIOT TaKHUM,
9T00BI, IpH Vg < Ru JIOCTATOYHO OOJIBIIIOM (o > ¢, CHOC I ObLIT MTOJIOKUTE b
HBIM 3a k 1maros. Takum oOpa3oM, Jjisi HEKOTOPOTO JTOCTATOTHO OobIoro K, BHE
muOo)kecTBa {2 | L(z) < K} croc nenm (M) mosioxkuresies.

JlokazkeM cJieJlyronyto Teopemy st tierm (M)

eCTeCTBEHHbIN Kaniu

4YTO 9TO Takoe?

Teopema 2. Ecau, das nexomopoti xoncmanmos ¢ > 0, p(q) umeem sud KopaBo HanucaHo

min(¢/q,1), ¢ € Z,\{0}

Mo =31 2o

2de ¢ = (1 —p(1 —p))(1 — p)~te, moeda cmozacmuneckas nocaedosamenvrocm,
npedcmasasemas maprosckol yenvio (M1), cmabusvna npu 8rodnoll uHMEHCUG-

nocmu A < ce” ¢ u necmabuavHa npu A > ce” €.

Hoxazamenvemeo. Haanem ¢ jokazarenbcTBa crabmibHOCTH 1ienu. [lasee B pac-
CyKJIeHUsX OyJIeM UCIoJb30BaTh obo3nadenus X, = (qk, Vi), e k > 0. Ananorng-
HO JI0Ka3aTesibeTBy crabusbaoctu nemu (My), BoibepeM Ty ke HpobHyt0 (DYHKIUIO
L(z) = q+v, rue x = (g,v), a Takxke GyjieM npe/mosarars, 4ro ¢(x) yaoBierBopser
ypasrenuio (5). YunrbiBas coorHomenus (4), MokHO 3ameTuth, 410 R < R. Ta-
KM 00pa3oM, JIIsl JIOKA3aTeIbCTBA CTAOUIBLHOCTH, JIOCTATOMHO HANTHU MOJIXO/ISIIEe
gnadenue k € Z,. IIpoBenem paccykjenne B HECKOJIBKO 3TAIOB:

a) ITokakeM, 9ITO IOCIIENOBATEILHOCTD {Up, }r,>0 MAYKOPUPYETCS IEIbIO, HMe-
IOIEel OrPaHUYEHHBINA CHOC.

TO
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6) IlokaxkeM, UTO MOCIEZOBATEIBHOCTL {Vp }n>0, IPH JOCTATOUHO GOJIBIIOM
3HAYEHUN ((, OJN3Ka K HEKOTOPOIl BCIOMOIATEJbHON IEIHU, CXOISAIIEcs B
METpHUKe IIOJIHOU Bapualud K CJaydaiiHOl BeJIM4YnHe, UMEIOIell pacipeesae-
une Ilyaccona.

B) Ioxbepem k Tak, 4To0bI IpU HOCTATOUYHO GOJIBIIOM 3HAYECHUH §(, CHOC IENU
cTajl OTPUIIATEHHBIM 3a k I1aros.

a) IIycts {Y,}n>0 mociaemoBaTebHOCTD H.O.p. CIIy<aiHBIX BEJIWUHH, KOTOPLIE He
BaBUCAT OT &, ¥ UMEIOT CJIEJIYIONIEE PACIPEICTICHIE
P(Yy > x) = supP(Bi(q, u(q)) > ). (7)
q=
Ucnonp3yst HepaBeHCTBO MapKoBa, MOXKHO 3aKJIIOYAThL, 9TO g T > 0 n ajis Jiro-
6oro o > 0, paBas 9acTb paBeHCTBa (7) HE IPEBOCXOIUT

eaBl(Q7C/q) c\4q
supE = sup(l + (e* — 1)7) e = Cre”
a>c er q>c q

c

q
rge C1 KOHe4Ha, TaK Kak (1 + (e* — 1)6) — exp(c(e® — 1)) < oo, pu g — 0.

Takum obpazom, pacupezesenue Y3 — coberBennoe, o ectb P(Y,, < oo) = 1 g
Bcex n > 0 u, Gosiee TOro, MMeeT KOHEUHBIH 3KCIOHEHIIUAILHBI MOMEHT.
Tenepb pacCMOTPHUM BCIIOMOTATEIBHYIO MOCIEI0BATEILHOCTD

ZV =Y 4 g, W = DO (W, p1 = 5) + 20, Wi =iV (8)

U3 coiicts (IV) u (V) yrBepxkaenus 1 (cm. [Ipuioxkenust)

(o) [0§") <B (W |0) < ofl) 4 00, o)
re
o — EY1+&)  EYi+A

1-p(1-p) 1-p(1-p)

6) PaccMoTpuM BCIIOMOTaTeIbHYIO MOC/IEI0BATEIHLHOCTD
Vn+1 :Dn (Vnapalfﬁ) +nn; (10)

rae {Nn}n>0 — CceMeiicTBO H.0.p. CilyYaiiHBIX BeJUYUH ¢ pacupeseenueM Ilyacco-
Ha ¢ mapamerpom ¢ (IIz). Ucnomssyst (III) u (VI) myHkTH yTBEep:KmeHus 1 (cM.
ITpusoxkeHnst), MOKEM 3aKIIOIUTh, UTO MOCJIEI0BATEIHHOCTD V,, CXOIUTCH K T —
pacnpenenennto Ilyaccona ¢ mapamerpom ¢/(1 — p(1 —p)) = ¢/(1 — p) B MmeTpuke
nosHOl Bapuanuu. Torma, Mo ONpeAeseHuio, MbI MOXKeM BBIOpaTh | > 1 Tax, 4ToO
s BceX n > |

sup |P, (B%l) (17", 1-—0p, 1) = 1) —ce ¢ < d/2. (11)

V,<R

OueBuHO, 9TO It JIFOOOTO 3HAYEHUs k MOXKHO BBIOparTh KOHCTaHTY C' Tak, 4To
BEPOSITHOCTE COOBITHST

Aqi(k,C) = {W,(ll) < C jmaBeex 0 <n < k:}
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Gyaer ne Mmenbiie, yeM 1 — §/2. Tenepn BoiOepeM ¢ Tak, 9TO mjist JOGOro (bUKCH-

> 5 BW _ 1 _
POBAHHOTO M, IPU ¢y, > ¢, paccrosiaue Mexkay Br ' (qn — vy’ + &n, 11(gn) ) u pac
upegenenneM [lyaccona ¢ mapamerpoMm ¢ He IPEBOCXOAUT 0/2 B METPHKE IOJIHOM

(1)

Bapualuu paBHOMEPHO 10 vy~ € (0,1,...,C). Tak MOXKHO czenaTh 10 U3BECTHOMH
Teopeme Ilyaccona. Bosee Toro, Mbl MOYXKeM CIUTATH, ITO

Po ({BD (a0 =0 + 60, 1(@n) ) = 1y Y0 € LU+ 1,000k} N AL (R, C) ) 21— 6/2
CremoBaTesIbHO

P, ({vgp =V, Vne{l,1+1,..,k}} N Al(k:,(])> >1-4§/2 (12)

B) Boibepem k > | tak, 4To
—e=kA+CY — (k—=1)(ce ¢ =)
= k(A= (ce = 8)) +1(ce ¢ —0)+CWY <. (13)

Takke 3ameTnM, 4T0, B cuity (11) u (12), npu Beex n € {l,1+1, ..., k}, cupaseymso
HEepaBeHCTBO

sup |P, (BS) (v;U, 1—p, 1) = 1) —ce ¢ <6 (14)

x<R

Haxkomuer, u3 (13) u (14), momyanm
E . (L(Xk) — L(z)) = E(gk — go) + Ez(vk —vo)

< kA - Zk: P. (B (V1 -p1) =1) +CO

i=l+1
k
<EA= Y (™= 0)+ CW = kX — (k= 1)(ce™* = 6) + C) < —e.
i=l+1

g mokazaTenbeTBa HecTabunbHocTH et (M 1), MBI GyleM HCTIOB30BATh yTBEP-
»Kaenue 3, chOpPMyJIUPOBAHHOE B HPWJIOKEHUH. 1lycTh Ny — HeKoTopas MO0Cse10-
BaTeILHOCTh HATYPAJIbHLIX UHCENI TaKasg, ITo Nj — 00, Ipu k — 00, a TakwxKe
[ng+1 — nk| < C < oo mast moboro k > 0. B cuty HepaseHcTBa

qn > qn, — C 1wH. s Beex ni < n <mnpy1 u k>0, (15)

MOKHO YTBEPKJIATb, YTO, €CJIU ¢y, — 00, IPH kK — 00, TO ¢, — 00, IIPH 1 — 0O.
Takum obpaszom, ecyu noaoxuTh L(x) = q u

(@) 1,U>R
xTr) = ~ ~
g kE, v<R

rie KOHCTaHThI k, R OyayT 3a/aHbl Jajiee MOAXOISIIUM 00pa30M, TO IIPH 3aJaHHBIX
B YCJIOBUH yTBEP:KJIEHUs 3 OIPAHUYEHUSIX, JIOCTATOYHO MTOKA3aTh, YTO, BO-IIEPBHIX,
MAapKOBCKas IIEMb UMEET MMOJIOXKUTEIbHbINH CHOC

E o(Ag() I (Aga) < M)) > &, (16)



10 A.B. PE3JIEP, M.I'. YEBYHUH

rie Ag) = L(X () — L(z). Bo-BTOpBIX, 9TO CIEYIONEe CeMEACTBO Iy SafiHbIx
BEJIMYUH

(Ag(x))Z = (min(0, Aa’(x)))2 (17)

paBHOMepHO uHTerpupyemo. Torga u3 yesnosuii (15), (16), (17) u u3 coorBeTcTByIO-
MIEro yTBeP:KAeHHs, OyIeT CIe0BaTh

P.(L(X,) = o0) = 1.

B cuiy mepasencrsa (15), MOXKHO yTBEPKIATH, 9TO, IPU BLIOPAHHBIX (DYHKIHUIX L
u g, Bepuo 0 > A?;(w) > —k m.H. u, TakuM 06paszom, ycaosue (17) pbrmosHeno. B
cuiy Toro, uro E&; = A < 1, yeaosue (16) sKBuBaJIe€HTHO

nnsg Hekotoporo £ > 0. CiiemoBarenbHO, I JOKA3aTEIbCTBA HECTAOUIBHOCTH,
Hy?KHO [OKa3aTh, YTO BBIIOJIHIETCS HepaseHcTso (18).

JasbHeiinme pacCy>kKAeHus IPOBEJIEM AHAJOTUIHO JOKA3ATEIHCTBY HECTaOM/Ib-
Hoctu 1iern (My). B cuity (4) m paccy»KaeHuil POBEJEHHBIX HUKE ISl CIIydast
necrabuibHocTy neru (M), MOXKHO yTBEPKIATH, 9TO

R=R
Takum obpazom, mpu 'v(()l) >R

E.(q1 —qo) > 0.

Yro6BI 3aBEPIINTH JAOKA3ATENLCTBO HecTabusibHOCTH Tienu (M), TOCTATOYHO BbI-
OpaTh HEKOTOPBIA MOMEHT BPEMEHH K, KOTJIa CHOC IEIU CTAHOBUTCS IIOJIOXKUTEJIb-
HbIM. J[J1s 9TOrO cHadYaja 3aMeTUM, 9YTO U3 PACCYKICHUI, IPOBEIEHHBIX TP JOKa-
3aTe/IbCTBE CTAOMILHOCTH TIEIH, MOXKHO 3aKJ/IIOUNTD, ITO CIPABEIIMBO COOTHOIIIE-
uue (14). Takum obpasoM, y HAC, B TOM YHCJI€, €CTh HEKOTODBI MOMEHT BPEMEHU
[, Korza BcroMorare/ibHasl LEelb JOCTATOYHO OJIM3Ka K CBOEMY CTAIMOHAPHOMY Pac-
npeeseHnio. BeibepeM 3HaueHne k TaK, 9TO BBIIIOJIHSIETCS CJIEAYIONIee HEPABEHCTBO

e =kA—1— (k—1)(ce +6)
= k(A — (ce™®+8)) +1(ce™ = 8) —1>0, (19)
rae 0 Takasl, 9To
0<d<A—ce "

Takum obpazom, ipu qg > q + ku 'vél) < }NZ, TIOJIY UM

copmyna HeBepHO

N N - R LleHTpMpoBaHa
E, (L(X:)—L(z)) > kA1 — P, (B (v, 1-p1) =1
(Fox o) 2Br- 1 3 2, (B8 (o1 1) 1)
N k
>EA—1— > (ce™*+96)
i=l+1

—kA—1—(k=1)(ce +8)>¢,

rae €' onpeznenena B (19). O
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4. CJIYYAN HEOI'PAHUYEHHON BMECTUMOCTHU

ﬂ.HSI JIOKa3aTeJIbCTBa TEOPEMbI 1 MBI 6y,aeM HCIIOJIB30BaThb PE3YJIbTAThI U PACCY K-

JleHust u3 paboTel (12|, B KOTOPOW MBI DACCMATPUBAIN CJIEIYIONLYI0 MAPKOBCKYTO
1enb

dn+1 = 4dn — I;L + fn,

o)y =) - B (vﬁf), 1- p) +BY (qn — 2 o) + én, u(qn))

~BD (o = B 0,1 = p),lan)) + B (oD, 1-p%) - (1- 1)
(Mz)

i)y = ol = B (o)1= pt) + BE (o) = BUTY (o870 15 ) L an))

7§£li+1) (vﬁf) . Bg) (vﬁf), 1 7pi) ’“(qn)) + BT’(LiJrl) (Ugi-&-l)’l 7pi+1) . (1 _ I;l)

U JIOKA3aJid, ITO ee 0DJIACTU CTaOUIBHOCTA U HECTAOMJIBHOCTH COBIAJAIOT C CO-
orBercTByIommMu obactamu mogenn (My). s 1oKa3aTeibeTBa UCIOIb30BAIACh
ceyroriast mpobHas OyHKITHsT

L(z)=q+ Zpﬂﬂv(i), T = (q,v(l), v?), ) . (20)
i=1

OcHoBHasg ujiest 3aKinodaiach B ceefennn Mogean (Ma) k momenn (My). Mer uc-
nosib3oBasn yreepxKenne 2 (O6o6mennbiit Kpurepnit Pocrepa) u yTBepKaeHne 3
(cm. TIpustozkenus) Jyist JOKA3aTEIbLCTBA CTAOUIBHOCTA U HECTAOUIBHOCTH ¢ (DyHK-
uueit g(x) caenyromero Buia

1, L(z)-q¢>R . (q,v(l),v(z), ) ’

9=k L) — g < R

Suadenne R onpenessieTcs B IMPOIECCe JI0KA3aTEIbCTBA TaK, 9TO, CTaAPTYs U3 MHO-
2KeCTBa

{reX|L(z)—q> R},

CHOC IIEIIU OTPUIATEJIEH 3a OJMH IIar. JHaYeHue k OIpejesieT KOJIMIeCTBO MIAaroB
HEOOXOIMMBIX, YTOOLI, IIPU JOCTATOYHO OOJILIIOM 3HAYEHUU (o > (¢, B JOIOJHECHUU
K YIOMSHYTOMY MHOYKECTBY, CHOC IIE€II CTAHOBUJICA OTPUIIATEJIbHbIM. B utore, mis
HEKOTOPOTO JOCTATOYHO OOIBINTOTO 3HavueHnsa K, MbI IMeeM MHOXKECTBO

{reX[L(z) < K},

BHYTPH KOTOPOI'O CHOC TIeNU OrpaHUYeH, a BHe — orpuriarejied. OcrajbHbe pac-
Cy2KJleHNsI OBUIN TIOCBSAIIEHBI CBEJIEHUIO paccMarpuBaeMoit e (Ms) K ee aByMep-
HOMy vacTHOMY ciydaro (Mj). Bo-nepsbix, MBI HOKa3aJdM, 9TO CHOC COOOIIEHUI,
3apsKEHHBIX 00Jlee 4eM Ha OJHY sA4eiiKy, CTPEMUTCS K HYJIIO ¢ POCTOM 3HAYEHUS
qo- Bo-BTOPBIX, MBI ONpPEEIMIN HEKOTOPBI MOMEHT BPEMEHHU, ITOCJI€ KOTOPOTO, IIPU
JIOCTATOYHO OOJIHIIIOM 3HAYEHUH ¢, YIIOMSIHYThIE [EIH COBIAAIOT C BEPOATHOCTHIO,
JIOCTATOYHO OJIM3KOM K 1, Ha HEKOTOPOM BpPeMEHHOM oTpe3ke. Takum oOpa3oM, mpu
JIOCTATOYHO OOJIBIIIOM 3HAYEHHUN (o, HA HEKOTOPOM BPEMEHHOM OTPE3Ke, CHOC TN
(My3) onpenensiercs: caocom e (My ).

ITpoBesem aHamorngnble paccykaenus st neneit (Ms) n (M1). Byaem ncmoss-
3oBaTh Ty 2Ke 1pobuy dbyskimmo (20). Kak 6buio ynoMsHyTO paHee, OCHOBHOE
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orsmane cucreMbl (Ms) or cucrembr (Mz) 3akioyaercst B HAJIMUUK B 11epBoil 3¢b-
dekTa camopazpsaku. Takum 06pa3oM, ecyii CUCTEMBI CTAPTYIOT U3 OJTHOTO HAYAJIb-
HOIO COCTOsiHMs, TO 3HadYenne Gyukuuu L(z) mius mogenun Mo B 1iepBblii MOMEHT
BPEMEHU MarKOPHUPYeTCsl 3HAMEHUEM 3TOU yKe QyHKIMA st Mouean My B mepBbIit
MOMeHT BpeMmeHu. [leficTBuTesibHO, B onpesenernu GyHkmn L(x) coobiieHns, nve-
fomue 6oJIbIIuiA 3apga, uMeoT 6osbimii Bec. [lostomy dyukuusa L(z) MOHOTOHHA
[0 UMEIoNUMYCs 3apsay B cucreme. Takum obpasom, cuoc nenu (M) 3a onun mar
Mazkopupyercs cHocoM tienu (Ms). CieroBaresibHO, Mbl MOXKEM HOJIOKUTH R := R.
Takum obpazom, BCIOY jJaJiee OyaeM CINTATh, ITO

L(XO)—QO SR, X0: (qO7’U(()) (()2),) .

IMepeitnem x ceenenuto nenu (M) k (M1). TlokaxkeM, 9T0

a) CHOC COODIIEHM, 3apsi2KEeHHBIX 60Jiee YeM Ha OJHY S4eiiKy, CTPEeMUTCs K
HYJIIO C POCTOM 3Ha4deHHs qo,

6) 1pu J0CTATOYHO GOJIBIIOM 3HAYECHUU o, Mojein (M2) u (My) coBnagator
C BEPOSITHOCTBIO, CKOJIb YIOJIHO OJIM3KOM K 1.

a) IIpeofbpasyem pekypcuBHOE BbIpazKeHue, onucbiBaomee mozenb (Mo), oneHus
1-1 p €uHAIEH. CrenoBarTesibHO, TOJIYIUM

0, < DY (0,51 5) + B (DG (o541 5) )
B+ (D(z ( @ pi1— ) ﬂ(qn)) + BUHD (Ug+1)7pi+1’ﬁ>
FBUH (o0 -p ) (21)
PaccMorpuM cHoc mienn 3a o maros. Bocnonbsyemcst HepaseHCTBOM (21)
[ZP’”Q )~ o)) < ZP*’/Q( V- =P =),
(1— )

+p (1 =5l gn-1) — 0" (1= P j(gnn)

+p1+1ﬁv511+11) + ( z+1 (Z+1)> Zp—z/2

C [OMOIIIBIO MTPOCTHIX MIPEOOPA30BAHUI TOJIYIUM CJIEJIYIONIEE BhIPayKeHHe

oo
[ k)
*Zpilﬂ(l i _1 Jrzpﬂm z+1) girll)
i=2
sz/zp,u L+ sz/Z-HA z+1)

+Zpl/2 Y1 =0l (gn-1) Zp”z v (g 1)}

DopMybl HEBEPHC
LEeHTPUPOBaHbI
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Torma scHO, 9TO BhIpaXKeHWe CBEpXy HE MPEBLIIAET
E, | pi/? (1,5;11 — 1,((;)) + 3 B0l u(gn-1).
=2 =1

Takum 06pa30oM, TOJYIUM CJIETYIONIYIO OIEHKY

e} n—1 0o
Eu | Y72 (o) o) | <E. Y nla) Yol (22)
=2 =0 i=1

3amernM, UTO 3a ONUH BpEMeHHOW mHTepBa, ckaxeM [[,1 + 1), obmiee KoamaecTBo
3apsIKeHHBIX COODIEHNH B CpeJTHeM BbIpacTeT He Gostee deM Ha ¢+ Ap(q;). Tak xak B
HaYaJbHBIA MOMEHT BPEMEHHU KOJUIECTBO 3aPs?KEHHBIX COOOIEHNI He MPEBLIIIaeT
R, 10 3a n maros o0I1ee KOJUIECTBO 3aPAXKEHHBIX COOOIIEHI He IPEBLICUT

R+ (¢ + Mu(go)) + (€ + Au(gqr)) + ... + (€ + Aplgn-1))-

B cuity Toro, uTo 3a ouH BpeMeHHON MHTEPBAJ U3 CHCTEMbI MOXKET YiTu He OoJiee
OJIHOTO COODIIEHNS, CEI0BATENbHO q; > q;—1 — 1 m.H. Ipyrumu ciioBaMu, crpasei-
JINBa CJIeIyIOasl OIleHKa

plq) <¢/(go—n+1) mm, mpul<n-—1ugo>n.
Takum 06paszoM, HEpaBeHCTBO (22) He IPEBOCXOIUT

En(R+ n(¢+ Au(go —n + 1)))
g —n-+1

ITosTomy ¢ pocTom 3HAUEHUS ¢(, CHOC COODIEHNIT, 3aPAKEHHBIX DOJIee YeM Ha OJIHY
ST9eKy, CTPEMUTCST K HYJIIO.

6) Beezsem s1Ba MHOXKecTBa cobbtuii. IlycTs

Ap(n) = {nocne (n — 1)-oro mara Bce H3HAYAIBLHO 3APSIKCHHBIC COOOIICHILS

[IOTEPSIIA BECh CBOM 3aps UM MOKAHYJIA CI/ICTeMy},
Aslgo, k) = { B (DL (0670, 1= b)  ulgn)) = 0
1 Beex 2 < 4 < 00 I/IOSnSkJ}.

BameTuM, 9TO, IpU HEKOTOPBIX k U ng < k, BayTpu cobbirus Ag(ng) N A2(qo, k)
nenu (M) u (M) coBnajaoT Ha BPEMEHHOM OTpe3Ke [ng, k|, Tak KaK HadaJbHbIE
coO0IIeHns IO MOMEHTa BPEMEHHU 7 IIOTEPAIN BeCh CBOW 3apsz W 3a k IIaroB He
OBLIIO 3aPsizKEHO Ha 0oJIee YeM OIHO JieJIeHne H 0JHOro coobinerust. CienoBare/ibHO,
¢ MOMEHTa BPEMEeHH 7y 10 MOMEHT BpeMeHHu k B cucTeMe He ObLIO COOOIIEHMIA,
3apsXKEHHBIX 0oJiee 4eM Ha OJHO JeseHue. TakuM oOpa3oM, I JOKA3aTeIbCTBA,
JIAHHOTO ITyHKTA, HEOOXOIMMO MOKA3aTh, ITO

]P)z<A0(7’Lo) n Ag((]o, k)) — 1, mpu g9 — oo. (23)

. 1
TTokazkem, 9TO COODIIEHNS, 3aPAKEHHBIE HA OJHY AICHKY {v; )}nZO — CODCTBEHHBIE
ciryJaliHble BEeJUYIUHbL. J[Jisi 9TOro J0CTaATOYHO 3aMETHUTD, 9TO 33 OJIMH BPEMEHHOM



14 A.B. PE3JIEP, M.I'. YEBYHUH

cjior, ckaxkeM [n,n + 1), ycJIoBHOE MATEeMAaTHIECKOe OXKUJIAHUE KOJUIECTBA 3apsi-
JKEHHBIX COOOIIeHuil He npupacraer Gosibiie yeM Ha ¢ + Au(g,). Takum obpaszom,
BEpHA CJIEJIYIONasi OIEHKA

E.vf) <n(¢+Au(go—n+1)) +R

" 1
Cre1oBaTe/IbHO, CIyYaiiHbIe BETMIMHbI ’01(1) n>0 — cobcrBeHHBIE. Tora sicHO, 9TO
9 = 9

BeposaTHOCTb cobbiTus Ap (C, k) = {'vsll) < C, upu 0 < n < k}, upu yobom duxcu-

pOBaHHOM 3HadeHUHu k, myTeM BBIOOpA JTIOCTATOYHO GOIBIIOro 3Haderus: C', MOXKeT
OBITH CKOJIb YyrojHO Om3koit K 1. BeibepeM HEKOTOpOe MPOU3BOJILHOE 3HAMEHUE
0 < 6 < 1 u mapamerpst k, C' Takue, 9T0

IP’;C(Al(C, k)) >1-4/4.
3amMeTnM, 9TO BEPHA CJIEIYIONAsl IEIT0YKA HEPABEHCTB

P, (A2(qo, k) N A1(C, k) > P, (A2(qo, k) | A1(C,k))(1 —6/4)
>P, ({E,&l)(R—I— C,1(gn)) =0 st Beex 0 < n < k‘}) (1-46/4),

rJie IocjleJHee HePaBEeHCTBO CIIPaBeIINBO B CULY TOI'O, YTO B HAUAJIbHOM COCTOSHUHI
He 6osiee yeM R 3apsKeHHBIX COOOINEHUI, a TaKyKe BEPOATHOCTD MOJI3APSAJKU O]l-

HOTO COOOITIEHNS B IPOM3BOJIBHBINI MOMEHT BPEMEHU HE 3aBUCUT OT 3aps/ia JAHHOTO
coobrreHns. fIcHO, ITO BbIparXKeHHe CBEPXY OOJIbIe, IeM

R+QCO)k
(1~ nlgo — 1)1~ /4).
Taxum 06pazom, myTem BbIOOPA JOCTATOYHO OOJIBIIOTO 3HAYEHUS ((, MOy IUM
]P)m(AQ(qu k) N Al(cv k)) > 1- 5/2

Ocraioch 3aMeTHTh, YTO € POCTOM Mg, BEPOSITHOCTH coObiTust Ag(ng) cTpemMuTest
K 1. IIycte ng Takoe, aro P ,(Ag(ng)) > 1 — §/2. CiemoBaresbHO, BBIIOJHIETCS
CJIeLyIOIAs IEN0YKa HEPABEHCTB

P, (Ao(no) N Az(qo, k) > P . (Ao(no) N Ai(C k) N Aa(qo, k) > 1 - 6.
B cusy npoussoibHOCTH 3HAaYeHUs 0, (23) BBIIOJIHEHO.

Taxum o6paszom, caoc nenn (M) omnpenensiercsa caocoM nenu (M1). Crenosa-
TeJIbHO, 0BJacTu crabuiabHOCTU U HecTabmibHOCTH Henu (Mo) coBHAIAIOT ¢ COOT-
BeTCTBYOIMME obsactsivu nenn (M ).

5. SAMEYAHUE OB OT'PAHUYEHHOI BMECTUMOCTH

Taxke UHTEPECHBI MOJIENIN, B KOTOPBIX ¥ KaXKJI0T0 IMOJIb30BATEIS IPEIIIOIATaeT-
cs HaJImure GaTapeiiku JIMIIb ¢ OIPAHUYEHHBIM YUCJIOM sIY€EK JIJIsl XpAHEHUsT SHep-
ruu. IIpu sTom, Mmonens (My), B ciyuae Hasmaus 6arapeiiku ¢ m sdeiikamu, Oyer
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BBITVISIIUTD CJIEYIOIIM 00pa30M:

qn+1 =(qn _IZ +&n,s

’US_,)_I = D7<’L1) ’U’Ell)7p7 1- ﬁ + §7(11) (qn - Zzoil ’U'E:) + 'Snnu/(qn))
~B2 (DI (v, p. 1 =), ul@n)) + BY (vi?),5%, )
+BY (vl 1 - p?, 1) -(1-1p)

v, =D (v?,0%,1-p) + BY (D (v8,0,1 - ) , ulan))
7§”S13) D’Elz) ’USE),pQ,l*]/Q\ :H(‘In))JFBS) (’USL‘S),p37ﬁ)
B (o1 - p21) - (12 1)

vim =D (’v%m),pW 1- ﬁ) + B (Dﬁb’”*l) ('v%mfl),p’"’ﬂ 1 —ﬁ) 7u(¢1n))

Bamernm, 4TO Teopema 1 BepHa W g JaHHON Mozesau. JleficTrBuTebHO, aHa-
JIOTUYHO DPACCy’KJIEHUSIM B JIOKaszaresibcTBe st Tenn (Ms), BeIGepeM mpobHYIO
dyukuumio (20) u nokaxkem, aro nenb (M,,) cBomurca k nenu (Ms). g sroro
JocTaTodno "3amycTuTh" yIOMSHYTBIE [ENU U3 OJJHOTO HAYAJIBHOTO COCTOSTHUS U
3aMeTUTH, YTO U3 IYHKTa (a) JOKAa3aTesbCTBA OCHOBHON TEOPEMbI, CHOC COOBIIe-
Huil, 3apsKeHHBIX 0oJiee 9eM Ha M A9eeK, cTpemMuTcesa K 0 ¢ pocToM 3HAYEeHUs go 1
u3 1yHKTa (6) BEPOSITHOCTH MOA3APSIKU 3aPsi?KEHHBIX COODIIEHUH, IIyTeM BbIOOpa
JIOCTATOYHO GOJIBITIOrO 3HAYEHUST ¢g, MOXKHO CJeJaTh CKOJb YrogHo 6m3koit x 0.
TakuMm 06pa3oM, Ha HEKOTOPOM BPEMEHHOM OTPE3Ke I’ OYyAyT COBIAIATHL C BEPO-
ATHOCTBIO, 6yu3KoM K 1, u croc nenu (M, ) 6yzer onpenessaTbest caocom nemu (Mo).

ABTOpPBI BBIpazkaroT 6JaroJlapHOCTD 3a MOCTaHOBKY 3ajadu @occy C.I.

6. ITPUJIOXKEHUS

CdopmymupyemM BCHOMOTATEIbHBIE YTBEPKJICHUsI, UCIOJIb3YeMble MPU JTOKa3a-
TEeJILCTBE OCHOBHOM Teopembl. CHavana npusesem jemmy 1 u3 paborst [11]. Mer Gy-
JIeM JlaJiee MCHIOJIb30BaTh cyeayonue obosnadenus D, (k,p) :=k — Bp(k,1 —p) =

k ~ = E o

Yoici I(Unyi > 1~— p), Dy(k,p) :=k — By(k,1—p) =3, I(Un; >1—p). fcuo,
aro Dy, (k,p) u D, (k,p) umeior GuHOMUAJILHBIE PACIIPEIEJICHNS] ¢ TIapaMeTpaMu k
up.
VYreepxkaenue 1. ITycmo {Z,},>0 nocaedosamesbrocms 1.0.p. HEOMPUYUATIEAD-
HUL YEAOUUCAECHHBLT CAYUATHDIT BEAUNUH ¢ KOHewHvm cpedrum B Zy < co. Ilpeo-
NOAOAHCUM, YO OHU HE 3ABUCAT 0T CEMETUCME H.0.D. CAYUAGTHBIT SEAUNUH {Ur(ljz ;
—oo<n<oo,i21}u{ﬁ7(fg;—oo <n <oo, t>1,1<j < m}, umernwur
pasromeproe pacnpedenenue wa unmepsane (0, 1).

(1) Jasn mo6o20 navarvrozo snavernus Wy u das arobozo napamempa p € (0,1),
n0cAe0084MENLHOCTID

Wn+1 - Wn - Bn(Wny 1-— p) + Zn = Dn(Wnap) + ZTL (24)

apeoduina.
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(I1) Tas m < n onpedeaum CAYHAtHbIE BEAUNUHDL

Dm:n(kvp) = Dn(Dn—l(-~-(Dm+1(Dm(k7p)ap)'"ap) (25)
U BAMEMUM, YMO CAYHATHAA eaudund Duy.n(k,p) umeem bunomuasvroe pacnpe-
deaenue ¢ napamempamu k u p" =™+ Toeda cmayuonapnas nocaedosameavnocmy
W) | onpedeaennasn caedyrousum obpazom
+oo
W = Z, 3+ Dinejptn-1)(Zn—j-1.p); (26)
j=1
umeem xomeunoe mamemamuseckoe oxcudanue EW ™ = EZy/(1 —p) u obpasyem
CMOYUOHAPHOE PeUeHUE OAA PEKYPCUBHO20 YPABHENUA,

W — p.(W™ p) + Z,. (27)
(III) IHyemv Q — pacnpedeaerue WO Tozda, dnsn 4106020 HawaALHO20 BHAMEHUSA
Wo
P(W, = W™) =P(W; = W VI >n) > 1 (28)
U, 6 YaACMHOCU,
sup |P(W,, € A) — Q(A)| < P(W,, # W™) =0, npu n — co. (29)
A€z,

B wacmmuocmu, ecau Wy u Zy umerom KoHeunvle IKCNOHEHUUAALHBLE MOMEHMDL,
mozda
P(W,, # W) < Kie "o, (30)
oas nexomopuir K, Ko > 0 u daa ecex N > 0.
(IV) Jas mo6ozo n > 0,
W, < Wo+ W™ n. (31)

E Z,

(V) Hyemov Z,, — aobas dpyeas nocaedosamesvHOCmb HEOMPUUAMEALHBIT UEAO-

YUCAEHHDIT CAYHAUHDT eeaudun, markuxr wmo 0 < Z, < Z, n.n., 0aa 6cex n.
Paccmompum pexypcushnoe ypasrenue

Wn+1 = Dn(Wn,p) + Zn (33)
C UEAOYUCAEHHBIM HAUANDHBM 3Havenuem 0 < Wo < Wy. Toeda
Wo < W, n.n., dan ecex n > 0. (34)

(VI) B wacmmuocmu, ecau Zy NYaccono8Ckas CAYHATHAA BEAUNUNRG C NAPAMEMPOM C,
mo kaorcdvis W™ umeem nyacconosckoe pacnpedenenue ¢ napamempom c/(1—p).

Cdopmymupyem BTOpOe BCIOMOTaTebHOE yTBEpKAeHne u3 paborsr [13]. Tlycrs
X, — omHOpOJHAs 10 BPeMeHH Iieb MapkoBsa, IpuHUMAIOIIAs 3HAYEHIS B HEKO-
TOpoM noJsibcKOM mpocrpancTBe X. Ilycrs L : X — R, — HekoTopas m3mepumast
dbyukius Jlanynosa. Ilycts g : X — Nu h : X — R — usmepumsle dynkimn
Takue, 9To:

1) h orpannvena cuHusy: h(z) > —oo;
reX
2) h «B koHIE» mojokuTesnbHa: sup  inf  h(x) > 0;
K>0 L(@)>K
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3) g JMoKaaBHO orpanuyeHa cBepxy: sup ¢(x) < oo mus Bcex N > 0;
L(z)<N
4) g «B KoHne» orpanndena dbyuxmueit h: inf  sup % < 00.
K>0 p(2)>K
Hua usmepumoro muokecrsa B C X onpememum 75 = inf{n > 1 : X,, € B}.
MHoxkecTBo B HasbIBaeTCs 6036pammbim, ecii P, (Tp < 00) = 1 u noroorcumenvro
6o3epammbim, ecan sup E .75 < co. Chopmyaupyem yTBEpKIeHIE.
reEX
VYrBepxkaenue 2. (obobwennwvili xpumeputi Pocmepa) Ipednososcum, wmo cy-
wecmeyrom mecmosas ynrkuua («Pynryus Janynosas) L(xz) > 0, u dynruyuu g
u h, ydosaemeopsowue ycaosuam 1) — 4) maxue, wmo

E(L(X,(x,) — L(X0)| Xo = 2) < —h(z). (35)

Tozda cywecmeyem Nog € N makas, wmo dan ecex N > Ny u ecex x € X umeem

E,7r<oou Eu7 <oo,2deT=7(N)=inf{n >1:L(z) < N}.
L(z)<N

CdopmynmupyeM TpeTbe BCHOMOTATEILHOE YTBEPKIECHNE, KOTOPOE OBLIO UCCIIET0Ba-
HOo B pabore C.I. @occa u JI.E. enucosa [14]. TanHoe yTBepKueHue Gosee ax-
KypaTHO U3JIOKEHO, a TaK¥Ke JIOKa3aHo 1pu Gojiee obmux ycuosusx B pabore JI.E.
Henucosa [15]. st mpoCTOTHI N3JI0XKEHUsT MBI IPUBEJEM TOJIBKO YaCTHBI CJryvaii
It omHOponHbIX nemeif Mapkosa. Ilycts mocienosaresnsaocts { X, },>0 obpasyer
nenb MapKkoBa Takyro, ITO
Xny1 = f(Xna an)

C HAUAJIbHBIM 3HaYeHueM X = &, 1€ {Qy, }n>0 06pasyeT 1mociej0BaTeIbHOCTD He3ar-
BUCHMBIX PABHOMEPHO PaCIpejieJieHHbIX Ha orpeske [0, 1] cayuaitHbix BesauuuH, a f
— u3mepuMasi dyukus. [Tycrs gamee A = L(X;) — L(Xp), rae L — usmepumast
dbyuxnus. Onpemeanm

7(N)=1inf{n >0 : L(X,) > N}.

Takzke masiee nojaraeM, 9o h(t) — HEKOTOpas BellecTBeHHAs (DYHKIMSA TAKAsL, YTO
(h(t))~! marerpupyema ma mpomexyTke (1,00).

YrBepxkaenue 3. Ilycmov cywecmsyrom maxue wucaa N > 0, € > 0 u maxas
dynxyus h(t), wmo

1) 7(N) < 00 N.H. 0% NPOUZBOABHO20 HAMAAEHO20 COCTNOAHUSL UETIU;

2) Jana scex x € X makuz, wmo L(z) > N, sunosnsemca:

E.(A-I(A < M)) > ¢
3) Cemeticmso cayuwatinor seauvun, {h(—min(0,A)), Xo = x, L(x) > N} pasno-

MmepHo urmezpupyemo. Tozda das kaorcdozo © € X

P.(lim L(X,)=00)=1.

n—oo
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