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Abstract—In this paper, decidability of the structures will be
examined in several languages. Decidability or undecidability
of mathematical structures is one of the fundamental and
sometimes very difficult problems of Mathematical logic, where
several examples of problems in this field are still open and
unresolved even after decades. One of the goals of Mathematical
Logic is the axiomatization of mathematical theoriesTarski has
proved The decidability of the theory of real and complex
numbers in the language of addition and multiplication, And
it is proved that the theories of natural, integer, and rational
numbers, in the language of addition and multiplication, are
undecidable(Theorems of Godel and Robinson).

We will proof The following problemes:

The Main Problem 1:If the structure (Q;C), where C= |
(divisibility relation) is decidable?

Problem 2: We will give an explicit axiomatization for (Z; x)?
We will study boolean algebras. Boolean algebras are famous
mathematical structures. Tarski showed the decidability of
the elementary theory of Boolean algebras. N this paper, we
consider the different kinds of Boolean algebras and their
properties. And we present for the first-order theory of atomic
Boolean algebras a quantifier elimination algorithm. The subset
relation is a partial order and indeed a lattice order, And I
will prove that the theory of atomic Boolean lattice orders is
decidable, and furthermore admits elimination of quantifiers.
So the theory of the subset relation is decidable. And we will
study decidability of atomlss boolean algebra.

Keywords—Boolean algebras, Decidability, Model Theory,
Quantifier-Elimination.

I. Introduction

A mathematical structure consists of a specific set
(usually a set of numbers, like natural, integer, rational,
real or complex numbers) in a first-order language that
contains some functions, predicates or constants. The
theory of a structure is the set of all first-order sentences
(in the language of that structure) which are true in that
structure.

Structure : A = (4; L) Th(A)={0e L]| A0}

For example the sentence “any number is equal to the
sum of another number with itself” is false in (the domain
of) integer numbers, but it is true in (the domain of)
rational numbers (for e.g., 3 there are no integer n such
that n 4+ n = 3, but the sum of 3/2 with itself is 3).

(Z;4) ¥ forallzTy(z = y+y)  (Q;+) F Vady(z = y+y)

The theory of a mathematical structures is decidable,
when there exists an algorithm such that for each sentence
given in the language of the structure, as an input,
it outputs “true” or “false”, depending on whether the
sentence in is true or false.

In the other words, the theory of a structure is decidable,
when it is possible to algorithmically determine the truth
of the first-order sentences in that structure.

Decidability or undecidability of mathematical struc-
tures is one of the fundamental and sometimes very
difficult problems of mathematical logic, where several
examples of problems in this field are still open and
unresolved even after decades.

One of the goals of Mathematical Logic is the axiom-
atization of mathematical theories. For example, Tarski
has proved the decidability of the theory of real and
complex numbers in the language of addition and multi-
plication, and it is proved thattheories of natural, integer,
and rational numbers, in the language of addition and
multiplication, are undecidable (Theorems of Goédel and
Robinson).

So, the theories of the structures (R; +, x) and (C; +, x)
are decidable, but the theories of the structures (N;+, x)
and (Z;+, x) and (Q;+, x) are decidable.

II. Structure-Decidable Structure-Examples of Decidable
Structures With Proof-Some Examples Of Undecidable
Structures

Quantifier elimination is a very powerful property, and
helps in the proof of decidability.Quantifier elimination
has more applications . In 1927 1927 and 1928 Alfred
Tarski was in charge of the seminar on problems in
logic at the University of Warsaw. He used this seminar
to pursue the development of the method of quantifier
elimination. A theory admites quantifier elimination if
every formula is equivalent, to a formula without any
quantifiers. Tarski and his students at the Warsaw seminar
achieved significant results. Tarski suggested to one of
his students-his names was Mojzesz Presburger-to develop
an elimination-of-quantifiers procedure for the additive
theory of the integer numbers. The student succeded and
submitted the result as his thesis for a master’s degree.
The theory became known as Presburger Arithmetic.
In this paper, we use quantifier elimination to show
decidability of the theory of a certain structure.



Axiomatizing mathematical structure is a goal of mathe-
matical logic. An axiom is a statement or proposition on
which an abstractly defined structure is based. A theory
of a structure is axiomatizable if there is a decidable set
of which are all theorems of T such that every theorem
of T' can be proved from these axioms.

lammal.(The Lemma of Quantifier Elimination) A theory
(or a structure ) admits quantifier elimination if and only
if every formula of the form Jx(A;«;) is (recursively) equal
with a quantifier -free formula , where each «; is either
an atomic formula or the negation of an atomic formula.
Proof:

Every formula 1 can be written (equivalency) in the
prenex normal form, say

Q111Q2x2 - - Quanb(x1, 22,

where Q;s ara quantifiers and 6 is quantifier-free. if
Qn = 3, then let § = 0, and if Q,, =V, then 6 = -,
(note that in the latter case Va, = —3z,0). Now, the
quantifier- free formula 6 can be written in the disjunctive
normal form,say \/; A; a; ; where each a; ; is a literal(i.e.,
an atomic or a negated atomic formula).Noting that

Hx(/\z Bi = \/Z Hwﬁz) we have
Y =Qi1Q2r2 - Qno1zn—1 OV Izn(A; aiy)

where (O is nothing (empty) when @, = 3 and O = -
when @, = V. Nowjif Ju,(A;a;;) is equal with a
quantifier -free formula, 1 is equal with a formula with
one less quantifier; counting this way one can show that
1 equal with a formula which has no quantifier.[11]

‘7In)

A. Decidability of Structure of Natural Numbers
in Different Languages

Godel’s incompleteness theorems are two theorems of
mathematical logic that demonstrate the inherent limita-
tions of every formal axiomatic system capable of modeling
basic arithmetic. These results, published by Kurt Godel
in 1931, are important both in mathematical logic and in
the philosophy of mathematics. The theorems are widely,
but not universally, interpreted as showing that Hilbert’s
program to find a complete and consistent set of axioms
for all mathematics is impossible. The first incompleteness
theorem states that no consistent system of axioms whose
theorems can be listed by an effective procedure (i.e., an
algorithm) is capable of proving all truths about the arith-
metic of natural numbers. For any such consistent formal
system, there will always be statements about natural
numbers that are true, but that are unprovable within the
system. The second incompleteness theorem, an extension
of the first, shows that the system cannot demonstrate its
own consistency. Employing a diagonal argument, Godel’s
incompleteness theorems were the first of several closely
related theorems on the limitations of formal systems.
They were followed by Tarski’s undefinability theorem

on the formal undefinability of truth, Church’s proof
that Hilbert’s Entscheidungsproblem is unsolvable, and
Turing’s theorem that there is no algorithm to solve the
halting problem. We can also have decidable and complete
theories. e.g. Presburger Arithmetic. and We can have
undecidable and incomplete theories. e.g. Peano Arith-
metic Godel (well, actually Rosser building on Gdédel)
showed that any consistent, recursively axiomatizable set
of sentences in the language of arithmetic which contains
a certain (very small) theory is not complete (in your
sense, which is what ”complete” means). In particular,
this means that no consistent recursively axiomatizable
set of sentences in the language of arithmetic proves
every true sentence of arithmetic. Decidability should not
be confused with completeness. For example, the theory
of algebraically closed fields is decidable but incomplete,
whereas the set of all true first-order statements about
nonnegative integers in the language with + and X is
complete but undecidable.

The original proof of the decidability of Presburger arith-
metic goes by Quantifier elimination, for example,

(x4 ---+x+b=c)
———
a—times

is equivalent with b =, ¢, and such a congruence statement
is easily decidable. The proof reduces every formula to a
boolean combination of such basic formulas. Surely, by
this reasoning, I see that,

Th(N) ={¢IN = ¢}

is a decidable theory, i.e. for every formula with sum-
mation I can decide if it holds or not when interpreted
in the natural numbers. But what Presburger actually is
doing, is he gives a decidable set of axioms, considers the
closure under deduction of these axioms. And uses the
above arguments to conclude that set of all deducable
formulas from the axioms is decidable The elimination of
quantifier presented for addition theory.

the first complete proof of decidability of the Th(w™;-, 1)
of multiplication of the positive integers. He did not prove
this result by a quantifier-elimination; Skolem chose five
examples illustrating his decision method and declared
the method completely general. the first complete proof
of decidability of the Th(w™;-,1) published was given
by Andrzej Mostowskil952. Mostowski considered the
general problem of relating the decidability of the theory
of a product of structures to decidablities of the factor
structures.As an illustration of one of his results, he
reduced the decidability of Th(w™;-, 1) to Th(w;+,0,1).
This reduction is based on the Fundamental Theorem of
Arithmetic.Let pg = 2,p1,--- be the sequence of prime
numbers.every positive x can be written uniquelly in the
form:

T = (po)no (pl)nl

where each n; € w and all but finitely many n; are 0 if,
moreover



y = (po)™ (py)™ - --
then

2y = (po)" ™ (pr)™ T -

and

1= (po)°(p1)° -

In short , (wt;-,1) is isomorphic to the weak power of
(w; +,0,1)
What Mostowski observed was that (w™;-,1) is weaker
direct power of (w;+,0,1), with 0 becoming 1 and +
becoming - (and < becoming the divisibility relation
when < added to structure). In the late 1950s, Solomon
Feferman and Robert Vaught generalized Mostowski’s
result, but did not specifically apply for their work an
elaborate quantifier -elimination to Th(w™;-,1). This was
done in 1980 by Patric Cegielski, Who transformed the
quantifier elimination for the theory of addition into one
for the theory of multiplication.He was also to supply
an axiomatization for Th(w™;- 1). Both the quantifier
-elimination and the axiomatization are best to under-
stand by thinking of (w™;-,1) as weak direct power of
(w;+,0,1).

the Peano axioms, also known as the Dedekind—Peano
axioms or the Peano postulates, are axioms for the
natural numbers presented by the 19th-century Italian
mathematician Giuseppe Peano. These axioms have been
used nearly unchanged in a number of metamathematical
investigations, including research into fundamental
questions of whether number theory is consistent and
complete. The need to formalize arithmetic was not well
appreciated until the work of Hermann Grassmann, who
showed in the 1860s that many facts in arithmetics could
be derived from more basic facts about the successor
operation and induction. In 1881, Charles Sanders
Peirce provided an axiomatization of natural number
arithmetic. In 1888, Richard Dedekind proposed another
axiomatization of natural number arithmetic, and in
1889, Peano published a simplified version of them as
a collection of axioms in his book, The principles of
arithmetic presented by a new method. The Peano
axioms contain three types of statements. One of the
axioms asserts the existence of at least one member
of the set of natural numbers. The next are general
statements about equality; in modern treatments, these
are often not taken as part of the Peano axioms, The
next axioms are first-order statements about natural
numbers expressing the fundamental properties of the
successor operation. and, a final axiom is a second-order
statement of the principle of mathematical induction
over the natural numbers. A weaker first-order system
called Peano arithmetic is obtained by explicitly adding
the addition and multiplication operation symbols and
replacing the second-order induction axiom with a
first-order axiom schema. It is well-known that Peano
Arithmetic is undecidable.
Theoreml. the theory ThN; where Ny = (N, 0, s) admits

elimination of quantifier.

Proof: [9].

Theorem2. The Theory Ny = (N,0,5,<) admits
elimination quantifier, and so has a decidable theory and
is finitely axiomatizable.

Proof: [9].

The additive theory of natural numbers:

Presburger proof decidability of the theory (N;=,+) with
quantifier elimination. One common way of quantifier
elimination is to extend the language, and we add Fixed
symbols 0 and 1 and an infinite set of binary relations
<, for n > 1. Which is defined as follows:

Ve,ye Nyx <,y (x<y & z=y (modn))

Theorem3. The following axioms at the Language L =
{+,0,1, <, {=,,}>2}, for the structure N allow quantifier
elimination.

(Al) 2+ (y+2)=(x+y) +=2

(A2) z+y=y+=x

(A3) 2+0==z

(A4) s +z=y+z—z=y

(A5) z2+y=0—-2z=y=0

(01) z<y+Tz(z+z=y)

(02) z<yvVy<z

(03) 0£1AVY(0<y<1sy=0Vy=1)
(D1) Vady,z(x=n-y+tAt<n)

Proof:
Step 1: Identify the terms

In structure (N;+,0,<,1,{=,)}n>2), every term
involving «x is equal to,
n-r+t (neN)

where x does not appear in t
Step 2: Identify Atomic Formulas and Delete — if
possible
All atomic formulas are,
u<wv
U =rv
First, we omit the inequality behind the atoms.
Because,

z=y+<c<yNy<czx
rZycr+1<yvy+1<czx
rfyscyt+l<a

T#n Y VocicnT+Hi=ny



formula admits

So, the

elimination.

following quantifier

Je(\;jni-x+ti <mi-x+s; ANk
lj-x+ Uj) (1)
Step 3: Simplify atomic formulas

So the following formula must be eliminated quanti-
fier.

“T U =g

Je(N\;ri Smy x4+ s ANN\jngx+t; <
uj AN\ kv =g, wp) (2)
Step 4:Uniform the coefficients x
Let M is Multiply the coefficients by x

M =[], m:[]; nJHlkl
mm <Mx+—s2
Mx—l—Mt <—uj
Mz+ M klvl

/8
*QI ki wi

So the followmg formula admits quantifier elimination

EIff(/\z ; /
uy AN\ Mz + v =g, wy)
Step 5: Remove the coefficient x
y= Mzx. So we have
(A <y+s AN Y+t <ug AN Y+ =
wl ANy =um0) (4)
We use the following equations
t=s<+ct=cs
t<s<rct<cs
t=, s ct =p CS

ry < Mz +s; AN, Mo+t <
(3)

B: Jx(z<ugAzx<up AbB(x)) =
ugANO(x))]V]ur < upAJz(z < uy
C: Fx(z =4, wo N =4, w1 AO(x

zo A B(z))
Step 8: Identify the states
x(r<zAhz<uiz=,w)=
UAT +i =4 W)
Jx(r<zAhz<u)=r<u
Eq w) = true

= Vi

[u
A
)
ViZo(r +

(Zgu/\fzq w)

w) = true
) = true.[9, 3]

Introduction to Decidability of the Multiplication
Theory of Natural Numbers:

Mostowski deals with the notion of direct product in the
theory of decision problems. This was well-known to
Mostowski, who was able to prove decidability of Skolem
Arithmetic through seeing it as a certain weak direct
product of Presburger Arithmetic. Such that; This was
well-known to Mostowski, who was able to prove
decidability of Skolem Arithmetic through seeing it as a
certain weak direct product of Presburger Arithmetic.

Theorem4. Theory (N, x) admites quantifier - elimina-
tion. So has decidable theory and is axiomatizable
Axiomatizing and decidability of the theory of (IN; x):

S0 (A1) Vavyvz (z-(y-2)) = ((z-y) - 2)
Elx(/\in-gxqtsi/\/\ijrtj§uj/\/\l:c+vl£ql (Ay) JaVy z-y=y-x=y
i _wl) (5) (A3) VaVy z-y=y-x
Step 6: Identification Phrases included z
(Ag) VaVyVz (z- 2=y -z = x=1y)

ri<ats ittt <z+si+ti o (A5) VaVy z-y=1—-a=y=1
r+ti<uj<x+s;+tti+u <ujt+s;+u (Aﬁ,n> VaVyz" = y" s x =y (nEN*)
THUV =g w o r+S+ttu =g 8+t +w
P=s;+t;+u (A7) VzIydz (z=n-y+zAz<nAz#n)AVne N*

)

)

)

)

S0 ( Vaedydz(z = y™ - 2 AVYVE(x = g™ - £ — 2z | £))
Jz(A\; 7y <x+P/\/\ x+P<u AN z+ P =g (Ag) VzIp (P(p) A px)
w,) (6) (A10) VpVaVy((PR(p,x) A PR(p,y)) =z |yVy|x)
we put y =x + P (A11) Vavp (P(p) = Jy (y =V(p,z)))
FW(Air; SyAQ v A(/7\)zy—qz VIANYZ (A) e =y oW (P(p) = 3y Vip.w) = Vip,y)
(A1s) VaVyvp(P(p) = V(p,z-y) = V(p,x) - V(p,y))

Thus, it is enough to delete the quantifier in the
following formula:

(A14)

Vavy(Vp(P(p) = V(p,2) | V(p,y) — 2 | y))

(AL, i < m/\/\ 1T S Uy /\/\l 12 =q (A15) VavyIVp(P(p) — (p | = — V(p,2) = V(p,y)) A
wi) N (pz = V(p,2) = 1))
Step 7: Reduce Boolen Combination (A1) YxIyvp (P(p) — (p Yz — V(p,y) = 1) A(p |z —
Vp,y) =p-V(p,2))))
A: Reduce the order (A17) Va:VyEIsz(( )= @lz-yAV(p,z) = V(p,y)) —
Je(ro<axAr;<zAb(x))=[ro <ri AJz(r; < Vip,z) = p) A VVxz-yVV(pz) £, V(p,y) —
e ANO@)| V[ <roATz(rg <aA(ro < Vip,z)=1) meN

z A\ 0(x))] 9)



Proof: in the article [3] ! has been proven. ]
Skolem arithmetic : The theory of the structure
(N, x) is decidable.

Skolem claimed the decidablity of the theory
(N; x,=) by using the quantifier elimination. The
first decidability proof appeared in the work of
Mostowski. Cegielski axiomatized multiplication the-
ory and proved quantifier elimination.[3]

1) Peano Arithmetic: Peano’s Axiomatic System:

1. Vz—(S(z)=0)

2. Vavy(S(z) = S(y) — z=1y)
3. Vz (w +0= ac)

4. VaVy(z+ S(y) = S(z +y))

5. Vm(x 0= O)

6. Vavy(z-S(y) =z y+x)

7. Vz[-(z <0)]

8 VmVyx<S’(y)<—>x<y\/x:y)

9. VmVyx<y\/y<ac\/x=y).

10. ©(0) AVz[p(z) — ¢(S(z))] — Yap(z).
Propostionl: Peano Arithmetic PA is undecidable.

The structures (N; +, x), (N; 4, <) are undecidable.
The decidablity of the structures of natural numbers
in different languages is shown in the following tables
so that the theories that admit QE by 4/ and, the
theories do not admit QE by x is shown.

o [AVz,yFz(z Ca,y AVt Ca,y >tCz2]),z=2MNy
o BV, yFz(x,y C 2z AVtz,yCt —2Ct]),z=a Uy

o [6]V2(1C 2)
Definition 1. An element z of a lattice is join-
irreducible iff it satisfies:
Va,b(x = aVb— (x = aorx = b)) This is denoted by
SI(z) (or SI*(z) if x is not zero).

o [TVz,yVz(SI(z) > [z Cz—=2Cy]) >z LTy

o [8Vz,y,z(ST*(x) A ST*(y) A ST*(2) A [(x C =z C
)N (zEzCy)l 22 CyVyLlux)

o 9Vz,a([SI*(a) Na T z] — ISIb)Aa C b C
x AVe(SI(c) NcE x,a) = cCb])
b is called a valuation of x

o [I0]VAL(z,a) N VAL(y,b) AN(a = b =1)V (a =
Nb # LAVZ[ST*(c) ANb~c] = cZ x)V (laCb)] =

a)

VAL(zNy,a)&VAL(x Uy, a
o [11]Vz(x # 0 — Ja(P(a)&a C x))
o [12)Vz(x # 0 — Ja(P(a)&a Z )

o [13]Vz3sVa(P(a) — (V(a,x) # 0 — V(a,s) #
a)&(V(a,z) =0— V(a,s) =0)))

N . N . .
this s which is unique, is denoted by SUPP(z
E R “ v SUPP()
T —
}x{ éN Xi [14]VzVy3IzVa(P(a) — (¢ € =z — Vi(a,z) =
{<+} [ V,<H) V(a,y))ka Tz = V(a,2) = 0))) _
{<, x} (N, <, X} this z which is unique, is denoted by T(z,y)
{+ x} (N, +, %)
> <} | (N4, %, <) (15 — 1|Va,z(SI(a,z) — Jy(SI(a,y)&z T y&y #
Table (I): The structure Natural numbers at different (E&VZ((SI(G, z)&xz) —yLC Z)))
Language this y which is unique, is denoted by S,(z)
Structures | The decidablity of the structures o [15-2]Va,z(S1(a,x) Az # 0) — Jy(S1(a,y)&S.(y) =

(N; <) v z)).

2 i \\é this y which is unique, is denoted by P, (x)
2113’?1_? \></ o [16]VzIyVa(P(a) — ((a € =z — V(a,y) = 0)&(a C
<N7 +’ ><> X r — V(a7y) = SaV(a,x))))

N+, x, <) < this y which is unique, is denoted by I(zx)
Table (IT) Decidablity of the structure of Natural numbers at
different Language . [17]VxVyﬂzVa( ( ) — ( ( = ora&V(a Z) =

z)
a ¢ ((a C zora C )&V (a,2) C V(a,y)))

Decidability of The theory of (N;C) :
Theoremb.The following completely axiomatizes the
structure (N;LC) and, moreover , its theory admits
quanrifier elimination, and so is decidable.[4]

o [1]Vz(z C x)

e 2Vz,y(zEyCa—a=y)

o BVz,y,z(x CyCz— L z)

proof: [6].

The Quantifier Elimination of the structure of natural
numbers in different languages is shown in the following
tables so that the theories that admit QE by 4/ and, the
theories do not admit QE by x is shown.

LCégielski Table (II11) A Quantifier Elimination Procedure for the Natural



numbers at different Language:

Theory of admit QE
(N, <)
(N, 0, <)
(N’ 07 S’ <)
(N,0,1,+,<)
(N 0,1, +,<, { TL}’H.22)
(N, x)
N, D)

Y X X %

B. Decidability of Structure of Integer Numbers
in Different Languages

Theorem6. The structure (Z;0, s) admits elimination of
quantifier, and it has decidable theory.

Proof:
It suffices to consider a formula,

Jz(owg A+ A ag)

where each «; is atomic or is the negation of an atomic
formula. In the language of Z; the only terms are of the
from S*u where u is 0 or a variable. we may suppose
that the variable x occurs in each «; For if x does not
occur in « then,

Jz(a A B) <> aAJzp

Thus each «; has the form S™x = S™u or the negation of this
equation, where u is 0 or a variable. We may further suppose u is
different from z since S"*a = S™z could be replaced by 0 = 0. if
m=nand by 0£0if m#n .

Case 1: Each a; is the negation of an equation. Then the formula
may be replaced by 0 = 0.

Case 2: There is at least one «; not negated;say ay is,

SMx =t

where the term ¢ does not contain z. Since the solution
for x must be non-negative, we replace ag by,

t£OA---At#£Sm10

Then in each other ajwe replace, say, S¥z = u first by
Sk+m gy — §™y which in turn becomes S*t = S™u We
now have a formula in which x no longer occurs,so the
quantifier may be omitted .[9]

|
Theorem?7. The Theory (Z,0, 5, <) admits elimination quantifier,
and so has a decidable theory and is finitely axiomatizable.
S3. Vy(y # 0 — Jay = Sx)
L1. VaVy(z < Sy <> = < y)
L2. x£0
L3. VaVy(z <yVy<zVz=y)
L4. VaVyle <y =y £ x)
L5. VaVyVz(z <y sy <z >z < 2)
Proof:

We consider a formula,

3z (Bo A+ A Bn)

where each (; is atomic or the negation of an atomic formula. The

terms are of the form S*u Where u is 0 or a variable.There are two (A13)

possibilities for atomic formula,
Sky = Slt, Sku < St

1. We can eliminate the negation symbol.Replace t1ts by
t1 = t2 Vita < t1 and replace t1 # t2 by t1 < ta Via < t1 By
regrouping the atomic formulas and noting that

Jz(op V) <> Jxg V Jzvp (11)

we may again reach formulas of the form,

Jz(og A+ A ag)

(12)

where now, each «; is atomic
2. We may suppose that the variable x occur in each «; This is
because if  does not occure in «o; then

Jr(a A B) & a NIz (13)

Furthermore,we may suppose that x occurs on only one side of the
equality or inequality «;

Casel: Suppose that some «; is an equality. Then we can proceed as
in case 2 of the quantifier-elimination proof Previous theory’
Case2: Otherwise each ¢ is an inequality. Then the formula can be
rewritten

alr:(/\Z t; < S™Mix A /\j Stz < uyj) (14)

we have lower bounds on =

If the second conjuction is empty (i.e., if there are no upper bounds
on z) then we can replace the formula by 0 = 0 If the second
conjunction is empty (i.e., if there are no upper bounds on ) then
we an replace the formula by /\j S™3i0 < u; which asserts that zero
satisfies the upper bounds. Otherwise, we rewrite the formula
successively as,

Hx/\l (t; < SMix AN SN x < uy)
=3z ), ](S"Jt < ST g < SMiyy)
/\ S”J'Ht < S™Miyy) /\/\ S"i0 < uy

(15)
(16)
(17)

In each case, we have arrived at a quantifier-free version of the
given formula.[9]

The additive theory of Integer numbers:
Theorem8.The theory of the structure Z = {+,0,1, <, {=m}>2},
admits quantifier elimination, and this theory is decidablr theory.

(Al) z+(y+2)=(z+y)+2z

(A2) z4+y=y+=z

(A3) z4+0==x

(A4) z4+z=y+z—z=y

(A5) 24+y=0—z=y=0

01) z<y<Jz(z+z2z=1y)

(02) z<yvy<z

(03) 0#1AVY(0<y<1—=y=0Vvy=1)
(D1) VzIy,z(z=n-y+tAt<n)

Proof: [9,3].
The Decidability of The multiplicative theory of Integer numbers:

Main Results Of Part B:

Theorem9.The following theory completely axiomatizes the
structure (Z>9;-,1) and,moreover , its theory admits quantifier -
elimination. and so the Theory (Z,-) is decidable.

(A1) VaVyvz (z-(y-2)) = (= y) 2)
(A2) TaVy z-y=y-z=y

(A3) VaVy z-y=y -z

(Ag) VaVyVz (z-z2=y-z—xz=1y)
(As) VaVy z-y=1—-2xz=y=1

(A6,n) VaVya" =y" —z =y (n € N*)

(A7.n) VzIydz (x=n-y+2zAz2<nAz#n)AVne N*
(Ag) VzIyIz(z =y™ - 2 AVYVE(x = g™ - £ — z | £))
(Ag) Va3p (P(p) Apz)

(A10) VpvaVy((PR(p,x) A PR(p,y)) >z |yVy|=)

(A11) Vavp (P(p) >y (y=V(p,2) )

(A12) ==y« Vp (P(p) = 3y V(p,z) =V(p,y))

VaVyVp(P(p) = V(p,z-y) = V(p,z) - V(p,y))

(A14) VaVy(Vp(P(p) = V(p,x) | V(p,y) = = | y))

(A15) Vavy3zvp(P(p) — (p | © = Vi(p,z) = V(p,y)) A (pr —
V(p,z) = 1)))

(A16) VaIWWp (P(p) = (pV/z = V(py) = DA |z = V(py) =
p-V(p,2))))

(Ar7) Vavy3zVp((P(p) = (p |z -y AV (p,x) =n V(p,y)) = V(p,2) =
APV -yVV(pz)Z. V(p,y) = V(p,z)=1) meN

(A1g) Vadyxz+y=0



Proof:[3].
The structures (Z, +, x) and (Z, +, <) are undecidabile struc-
tures.

Table (IV) :A Quantifier Elimination Procedure for
the integers:

Theory of Language admit QE
Z L= X
(Z, +,5— <) L= (0;1;+;—3<) X
Z. 01, 4. < (=ntnsa) | L= (O 1+ < {=n,550) v
(Z, x) L=C(Cvp) Vv

C. Decidability of Structure of Rational
Numbers in Different Languages

In this part of article, we will show decidability and axioma-
tization of the structure (Q,C). So we know decidability and
axiomatization of the structure (N, C). we review decidability
of atomlss boolean algebra, because the interval algebra of the
rational numbers is atomless .

Theorem10.Theory (Q, <) admits elimination of quantifier.
Proof:
1: Identify the terms
In structure (Q; <), every term involving z is equal to,
n-x+t (neN)
where x does not appear in ¢
2: Identify Atomic Formulas and Delete — if possible
omit all atomic formulas are,
u<v
u=uv
First, we omit the inequality behind the atoms. Because,
rFyor<yhy<cz
rLycr=yVy<cz
3: Simplify atomic formulas
So the following formula must be eliminated quantifier.
Ex(Airi < my -x+si/\/\jn]~ cT i <uj/\/\lkl cx v =
wy) (18)
4:Uniform the coefficients x
Let M is Multiply the coefficients by =
M =TT, m T, m T, b
rid < Mz+ Mg,
Mz + %tj < Muj

n

Mz MZv:A—w
+kll kL

So the following formula admits quantifier elimination
’ ’ ’ ’ ’
Hx(/\iri < Mz +s, /\,/\].Mertj <uy /\/\lMerul =
w,) (19)
5: Remove the coefficient x
y = Mx. So, we have

’ ’ ’ ’ ’ ’
WA i <ytsnA\jytty; <u AN vty =w)
We use the following equations

(20)

t=s5<>ct=cs
t<s<rct<cs
so
Elm(/\l ry < x+si/\/\j x4t < uj /\/\l T+, = wy)
6: Identification Phrases included z
T, < T+ 85 <—>'ri+tj “+ v <$+Si+t]' —+ v
rH+t; <uj<rrtsit+titu <uj+s;+v
sty =w >r+s;+t;+u=s +t; +w
P=s;+tj+u
so
’ ’ ’
Hm(/\iri < a:JrP/\/\j z+P < uj/\/\l x+P = w,)
weput y=z+ P
’ ’ ’
Hy(/\iri<y/\/\jy<uj/\/\ly:wl) (23)
Thus, it is enough to delete the quantifier in the following
formula:

H:c(/\iri <x/\/\].x < uy /\/\lx:wl)
7: Identify the states
l;éOE/\iri <w0/\/\jw0 <uj/\/\lw0:wl = True

(21)

(22)

(24)

leEHw(/\iri<x/\/\jz<u]-)
l:j:OEHaz(/\iri<x)ET7‘ue
l:i:OEHx(/\jm<uj)ETrue
l:O,i,j;éOEH:U(/\iri<x/\/\jx<uj)z/\i/\jri<

uj = True

Decidability Mathematical Structures: Structures The
Theory of Addition (Q, +):

Theorem11.The Theory of Addition (Q,+) admits
elimination of quantifier.

Proof:

Step 1: Identify the terms
In structure (57 +), every term involving x is equal to,

n-x+t (n € N)

where x does not appear in t

Step 2: Identify Atomic Formulas
All atomic formulas are,

U ="v

u F# v

Step 3: Simplify atomic formulas
So the following formula must be eliminated quantifier.

Hx(/\iki~z+vi :wi/\/\jmj “x +n; # 55)(25)
Eﬂx(/\iki-z:ui/\/\jmj-:v;étj) (26)

Step 4:Uniform the coefficients x
Let M is Multiply the coefficients by x

M:Hikinjmj

So the following formula admits quantifier elimination
’ ’
Elx(/\iM-w:ui/\/\jM~myétj) (27)

Step 5: Remove the coefficient x
y = Mz. So, we have

3y(/\,-y=u;/\/\jysfﬁt;)

We use the following equations

(28)

t=s<>ct=cs
t#s+>ct#cs

SO

Er(/\im:ui/\/\jzitj) (29)

Step 6: Identify the states

i;éOE/\iuozui/\/\qu;étj
1=0,7 #0="True

Theorem12. the Theory (Q;+, —.0, <) admites quantifier
- elimination. and so has decidable theory . Proof:
The following formula must be eliminated quantifier.

Elx(/\ini.x:ti/\/\j0<mj-a:+3j) (30)

Likel previous proofs, admites quantifier - elimination.
and so has decidable theory .

Theorem13. the Theory (Q1; x,1.071 {R, }n>2 <)
admites quantifier - elimination. and so has decidable
theory .

Proof:[11]



like previous proofs, admites quantifier - elimination.
and so has decidable theory .

Main Results of Part C:

We will express the axioms of rational numbers as
follows:

Positive rational numbers are formed from two parts, the
integer part whose denominator is one, and the Intrevel
Algebra of rational numbers. The positive part of all the
properties of natural numbers .So we have the axioms of
(N, ) and atomless Boolean Algebra and the axioms of

(QF, ).

A rational number is a number that can be in the form
L where p and ¢ are integers and ¢ is not equal to zero.
Kll fractions, both positive and negative, are rational
numbers. A few examples are 45,—78,134,and—203 Each
numerator and each denominator is an integer.Are
integers rational numbers? To decide if an integer is a
rational number, we try to write it as a ratio of two
integers. An easy way to do this is to write it as a
fraction with denominator one. 3 = %, 0= %, -8 = ’TS
Since any integer can be written as the ratio of two
integers, all integers are rational numbers. so

(NT,E) = (Q*,C)— the interval algebra of the rational
numbers. Therefore, we have:

We know Theory Ny, = (IV,0,5, <) admits elimination
quantifier, and so has a decidable theory and is finitely
axiomatizable.

S3. Vy(y # 0 = Jzy = Sx)

L1. VaVy(z < Sy < z < y)

L2. x L0

L3. VaVy(ze <yVy<azVz=y)
L4. VaVy(z <y =y £ x)

L5. VaVyVz(z <y sy <z = x < 2)
Proof:

We consider a formula,

Jx(Bo A+ A Bn)

where each ; is atomic or the negation of an atomic
formula. The terms are of the form S*u Where u is 0 or
a variable. There are two possibilities for atomic formula,

Sky = S't, S*u < St
1. We can eliminate the negation symbol.Replace t1t5 by

t1 =to V ity < t1 and replace t1 # to by t1 < to Vis < it
By regrouping the atomic formulas and noting that

Fz(¢p V) < Jxd V Jap
we may again reach formulas of the form,
Fx(ag A AN ay)

where now, each «a; is atomic
2. We may suppose that the variable x occur in each «;
This is because if © does not occure in «; then

Jx(aAB) <> aA3xp

Furthermore,we may suppose that & occurs on only one
side of the equality or inequality «;

Casel: Suppose that some «; is an equality. Then we can
proceed as in case 2 of the quantifier-elimination proof
Previous theory’

Case2: Otherwise each «; is an inequality. Then the
formula can be rewritten

Je(A\;ti < S™MaAN; ST < uy)

we have lower bounds on z
If the second conjuction is empty (i.e., if there are no
upper bounds on z) then we can replace the formula by
0 = 0 If the second conjunction is empty (i.e., if there
are no upper bounds on x) then we an replace the
formula by A ;90 < u; which asserts that zero satisfies
the upper bounds. Otherwise, we rewrite the formula
successively as,
Jx A, ;i < S™a ASMr < uy)(l)
Jo N\, ;(SMt; < ST < STy (2)
(/\i,j Snj+1ti < S’"luj) AN /\j STl < Uj

In each case, we have arrived at a quantifier-free version
of the given formula.[7] [
And we Let P(I) is denote the power set of I. We have

(P(I),C,N,U," ) is Boolean Algebra.

Proof:

For P,Q,RCI,P,Q,R € P(I),

we have:

PNQ=QnNP, PUQ=QUP

PNn(QNR)=(PNQ)NR, PU(QUR)=(PUQR)UR
PN(QUR)=(PNQ)U(PNR), PU(QNR)=
(PUQ)N(PUR)
PNnI=P, PuUp="r
PnP =0, PUP =1
(P(I),C), is an atomic complemented distributive lattice
and the theory of it is a finitely axiomatizable complete
theory.This theory simply is the theory of C- based
set-theoretic mereology.
And (AtomicBA,N,U,°,0,I,=) is an atomic Boolean
Algebra, and this theory satisfies the elimination
Quantifier.

Proof:

Quantifier-Elimination is proof next partes.

and The following theory completely axiomatizes the
theory of natural numbers with divisibility relation and
, moreover , the structure (NT;C) = (Q1;C) admits
quantifier elimination ,and so the theory of the structure
(NT;C) = (Q*,C)— the interval algebra of the rational
numbers is decidable theory. Rivew on decidableility:

Stepl: We can assume that W be a model
D = Th(NT;C) = Th(Q",C)— the interval algebra of
the rational numbers ,and a an atom of W . Such that
aeW & W E SI(a,z). And W, = (A4,,C) such that
A, ={x € A;W = SI(a,x)} and C is restricted to A, .
We claim W, is a model from (N, <).

Proof:
The following theory completely axiomatize the
(N,<) = (QT,<)— the interval algebra of the rational



numbers and, moreover, the structure (N, <) =

(Q+7S)_

the interval algebra of the rational numbers admits
quantifier eimination .

L1 Va(z < x)
L2 VaVy(z <y <z — z=vy)
L3 Va,y,z(x <y <z—x<2)
L4 V(0 < x)
L5 VaVy(z <yVyVz)
L6 VaJy(z # 0 — Jly(z = sy))
W, &= (N,<) = (QT,<)— the interval algebra of the

rational numbers , to prove the claim, we will examine
some examples.

W, EVa(zCa)  (L1)
Wo EVz,yx CyCao—a=y (L2

W, EVa,y,2(e CyCz—aCz)  (L3)
W, = Va(r # 0 — Ja(P(a)&a C z))  (L4)

W, EVz,y,z(ST* () ANST*(y) AST*(2) AN[(z C
2C2)ANzCzCy)]—=a2CyVyLCx) (L5)

Step 2:

We can assume that W be a model D = Th(N™T,C
) = Th(Q%,<)— the interval algebra of the rational
numbers ,and theory

F is the class of structures (P¢(I),C). We claim
W is a model from ((Pf(I),<,N, U, {Cr}n>0,%).
to prove the claim, we will examine some examples.
Proof:

a) Wp E=Ve(x C x) (x Cx)

b) WrEVs,ycCylo —sa=y (x C
yCaz—z=y)

c) Wr |E Va,y,2(c C y £ 2z - x C
z)  (xCyCez—xC2)

d) Wrp E Ve(z # 0 — Ja(P(a)&ka C

z)) (D<=

Proposition2: Let W be a model of DIV, p an
atom of W | a1, ---,a, elements of domain
and b; = V(p, a;) for 1 <i <n Then:

w ':qsp[al""’an} HWP ):
¢[U(p’ (11), e [U(pv an)]
Proof:[4]
So, we consider that every formula
¢(x1,-+,x,) s in  (N,C) equivalent
to a DBoolean combinaion 2 of formulas
Ylv(p,r1),- - [v(p,r,) Where lyr,---,yn)

is a formla of (N, <), where it is equivalent

to a formula without quantifiers in
the language. W, = (N,<,0,5) and
WF = ((Pf(]),Q,m,U, {C’I’L}HZO?C)' SO7

any sentence of (N,C) = (QTt,<)— the
interval algebra of the rational numbers
is equivalent to a Boolean combination
ofsentences  of  structures (N, <,0,5)
and ((P¢(I),S,M U, {Cp}n>0,°). So,
(N,C) = (Q",<)— the interval algebra
of the rational numbers admit Quantifier
Elimination ,and it is complete. [ |
case2:if we have the interval algebra of rational
number . the intrval algebra of the rational number
is aomless. Thus the proof is desidability and axiom-
atizibility of atomless boolean algebra.
Proof:[Theorem 20 og part F]
so we have the following axioms for (QT, C):

[1]Va(z C )

2V, y(zxCyCa—a=y)
BlVz,y,z2(e CyC z = x C 2)
C is a strict partial order.

number theory | T [ M | U
set theory ClNnjuloel| X ’
logic <|A|lVIO0O] 1|~

Ve, y3z(z Cz,y AVIt Cx,y >t C z]),z=zMNy
[BVz,yFz(z,y C 2 AViz,yCt = 2Ct)),z=xzUy
Axioms 4 and 5 are equal to the following axioms in set
theory:

[4)VA, B3C(C C A,BAVT[T C A,B - T C ()),C =
ANB
[5)VA, BAC(A,BC C AVT[A,BC T — CCT)),C =
AUB

Definition: x is p-primary and denoted by PR(p,z) iff
we have P(p) AVq((P(q) Ap # q) — qr)v =p"

[1Vz(z C )

2]Vr,y(r CyCa =z =y)

[B]Vz,y,2(z EyE 2 =z C 2)

Ve, y3z(z Cz,y AVIt Cx,y >t C 2]),z =z Ny
[5]Ve, y3z(z, yEz/\Vt[z yCt—=2Ct),z=aUy
We don’t say that the lattice is distributive because
this follows from other axioms. The lattice has a least
element.

[6]Vz(1 C )

Definition:An element z is join-irreducible iff it satisfies
Va,b(x =alUb— (x =a)V (z =0>)). This is denoted
by SI(z) or SI*(z) if x # 1

results of Mostowski



lemma 2: z is p-primary number why?
If z is not p-primary number then we have:

IL;»}”

=[], p‘”=pz
(TR}

=i
then z is not join-irreducible .

[7IVz,y[Vz(SI(2)[zEx — 2z Cy]) = = C y]
Propostion 1: Vz,y < Vz(SI(2)[z C z <> z C y])

BV, y, 2(ST*(x) A ST*(y) AN SIT*(z) A
z,y)l 2z EyVyCa)
Propostion 3: zy & x CyvVyCx

[(z,yCzVvzL

OVz, a([ST"(a) Aa C z] — I(SI(D)* Na
x AVe(SI(c) NeC z,a) — ¢ C D)
Propostion 4: (1)Vz,y(z C y <> VaVAL(z,a) — a C y)
(2)Vz,y(x =y <> VaVAL(z,a) = VAL(y,a))
Proof:
1)z Cy <« VaVAL(z,a) >aCy
For only if —
direction is trivial.Because:

zCy—Va(VAL(z,a) 2 aCx) > a L y)
For other direction, We consider that VYa(VAL(z,a))
then by axiom (7) we show: Vz(SI(z)[z C z — z C y])
S0,

CoC

for the z arbitrary, we suppose that SI(z),z C z by (9),

3b,S1(b),zCbAVc(SI(c)NzEcCxz—cLCb)
then we have, VAL(x,b). so, bC y then zCb=2z2LCy
so,  C y.

[10)VAL(z,a) N\VAL(y,b) AN[(a=b=1)V (a = Ab #
1 AVz[ST* (¢ )Abwc]—)c@l’)\/( Calb)=
VAL(zxNy,a)&VAL(x Uy, a)
Propostion 4:

Va,y,z(xM(yUz) = (zMNy) U (xMz))

Atom: a # OVz(z < a — (x =0V x = a)), we denotes
by A(a).

[11]Vz(z # 0 — Ja(P(a)&a C x))
[12]Vz(z # 0 — Fa(P(a)&a £ x)
Propostion 5: Vz(SI*(z) — 3la(P(a)a C x))

lemma3d. 3la(P(a)a C z) — SI*(a)
Proof:
a=bUc=bCa=b=a/Vb=1
b=1l=a=1=c¢y/

so we have the following axioms for (QT, C):

1V (z C x)

QVz,yx CyCx — x=y)

Ve, y, 2 CyCz > C 2)
ANVz,yFz(z Cz,y AVttt Ca,y >t C z2]),z=a My
5|Va,y3z(z,y C 2 AVtz,y Tt = 2z Ct]),z =z Uy
6]Vz(1 C x)

TV, y[V2(SI(2)[zCx — 2z C y]) - x C y]

8V, y, z2(ST*(z) AN SI*(y) A ST*(2) A

z,y)] > rCyVyLCx)

9)Vz, a([ST*(a) Aa T x] — 3b(SI(b)* Aa
x AVe(SI(c) NcC z,a) = cC b))

[
[
[
[
[
[
[
[ [(z,yCzVzLC

CboC

[10)VAL(z,a) A\VAL(y,b) Afla=b=1)V (a = Ab #
IAVZ[ST*(c)ANb~c] = cZz)V(I1CaCb)| =
VAL(x Ny, a)&VAL(z Uy, a)
[11]Vz(x # 0 — Ja(P(a)éa C x))
[12Vz(z # 0 — Ja(P(a)&a £ x)
[13]VzIsVa(P(a) — (V(a,z) # 0 —
@)&(V(a,2) = 0 — V(a,5) = 0)))
s = SUPP(z)
[14]VaVyTzVa(P(a) = (e Z z — V(a, z) =
7= V(a,2) = 0)))

z="T(z,y)

[15 — 1|Va, x(SI(a,x) = Ty(SI(a,y)&x C y&y #
x&Vz((SI(a,z)&x C z) — y C 2)))

= V(a,s) #

Via,y))&a C

y = Sa(z)
[15—2]Va, z(SI(a,z) Az # 0) — Jy(SI(a,y)&S.(y) = x)).
y=Pgy()

[16]VzIyVa(P(a) = ((a Z x — V(a,y) = 0)&(a C = —

V(a,y) = SaV(a,z))))

y = 1(z)

[17)VaVy3zVa(P(a) — (V(a,z) = 0ora&V(a,z) = a +
((a £ wora C y)&V(a,z) E V(a,y)))

[B8lzNy=yNz sUy=yUx

[19]zM(yMNz) = (xMNy)Nz zU(yUz) = (zUy)Uz
20](zNy) Uy =1y (@Uy)Ny=y
2lzN(yUz)=(zNy)U(zMz2) xU(y) =
(xUy)M(xU2)

22z Mzt =1 rUr =z

[23]-P(a)

24)Va,y, 2(z - (y - 2) (2 - y) - 2)

[25]Vz,y(0 <z <y — F2(2?" < 2z < y*")),n > 1

[26]

-, v dzVz /\Lzl(xn v # 2T

The axiomatization is a modeling in the first order
language L, (Q*,C), will be a model of this language.

Theorem14: The theory of the rational numbers (Q,C)
is decidable, and moreover axiomatizable.

Proof:
Decidablity for the theory of the rational numbers

(Q*,5):

pCg+>ImeNT(p-m=yq)

Structure (Q*,C) is equal to structure (QT, x) First,We
conclude decidablity (QT, x) of paper [11] so, the
structure (Q*, C) Based on the article [11] is decidable .
The decidability of the structure of rational numbers in
different languages is shown in the following tables so
that the theories of decidable by y/and, undecidable

theories by x is shown.
The structure of rational numbers in different languages T'ableV’

L Q
{<} (@, <)
{+} (Q,+)
{x} (Q, x)
{<7+7_7O} <Q7 7+>
T} Q.0




TableV I:The decidablity of the structure of rational numbers in
different languages
The decidablity of the structures

Structures
Q;<)
Q+)
(Q; x)

Q;<,+)
(Q;C)

SO OSGSIN

D. Deciability of structures of real numbers at
different Language

Theorem14.The structure (R; <) admites quantifier
elimination , so has a decidable theory.

Proof:

Quantifier Elimination Procedure for (R; <)

>3

n p
x| x:xi/\/\zj<x/\/\x<uk]
j=1 k=1

i=1

©
If m>0:

REgo= Na=ai NN\ 1z <z AN 21 <
Uk

If m = 0 then we distinguish 3 subcases:
If n =0, then R |= ¢ <= true, because R has no
minimum. If p =0, then R | ¢ <= true, because
R has no maximum.If n > 0 and p > 0, then
R /\?:1 Nezr 7 < uk
Proof:
" "< is transitive.
" <" there exists x € R with
mazx;z; < T < mingug.

Theorem15.The structure (R; <, +) admits quantifier
elimination,and so is decidable. [1]

Proof:

It suffices to prove that the following formula is
equivalent to a formula without quantifier.

Ha:(/\i<ltipi~ac/\/\j<mqj < SN Ny Th T =
ug) (31)

Consider the coefficients p;, g;, 7k
are equal. As a result, we have the following equivalence

Ely(/\i<l ti < y/\/\j<m y < 5j /\/\k<n Y= uk) (32)
Now the quantifier of this formula is easily removed.

Theorem16.The structure (R;+) admits quantifier
elimination,and so is decidable. [11]

Proof:
Each term included z is equivalent to k -z + t. So each
atomic formula contains z equal to k- x = t. For term ¢

without x and positive integers k It is enough to delete
the suras of the following formula:

Jx(N\jcy iz =t AN pmy - # 55)

We can assume all of n;s and m}s are equal to each
other. As a result, we show the following equivalence

(33)

3x(/\i<lq'x:ti/\/\j<lcq'-737'ésj) (34)
We consider y = ¢ - x so, we have
3y(/\i<z y=1tAN /\j<k y# Sj) (35)
If I > 0 so we have
Nicito =t A N\jopto # 55 (36)

If I = 0 so we have /\,_, y # s; and so is equivalent with
the quantifier-free formula 0 = 0

Theorem17.The structure (R; x) admits quantifier
elimination,and so is decidable. [11]

Theorem18.The structure (R; x,071,0,—1, P?) admits
quantifier elimination,and so is decidable. [11]

Table (VII) :A Quantifier Elimination Procedure for the
Reals Numbers at different Language:

Theory of Language admit QE
R, <) L=(<) v
(R,0,+,—) L=(0+;-) v
(R707+7_7<) L= (07+7_7<) \/
(R, X) L= (x,0"1,0,1,—1,P) v/

E. Deciability of structures of complex numbers
at different Language

The additive of theory of the complex number is similiar
to the additive theory of real and rational number, and
so has a decidable theory. It is interesting , we know
that the proof desidability of thr theory of (C;+) and
(R;4) and (Q;+) is easire than (Z;+), (N;+).
Theorem19.The theoty of (C; x) admits quantifier
elimination , and so has a decidable theory.[11]

Table (VIIT) :A Quantifier Elimination Procedure for
the complex Numbers at different Language:

Theory of | admit QE
(C,+) i
(C,x) v

F. Deciding Boolean Algebras:

Boolean algebras was to begin with intoduced by Boole
in an effort to automate reasoning.Since that they have
been extensively studied, and have proved fundemental

3postivity property



in numerous application areas. At the consider of
Boolean algebras, we show decidability and
undecidability questions for the class of Boolean
algebras,And We describe an algorithm for deciding the
Boolean algebras. A basic result of Tarski is that the
elementary theory of Boolean algebras is decidable. Even
the theory of Boolean algebras with a distinguished ideal
is decidable. On the other hand, the theory of a Boolean
algebra with a distinguished subalgebra is undecidable.
Both the decidability results and undecidablity results
extend in various ways to Boolean algebras in extensions
of first-order logic.
¢ Definition:Atoms are exactly the minimal nonzero
elements, i.e. a is an atom iff 0 < a and
O<r<a=—z=a.
An algorithm for deciding the theory Atomic Boolean
algebras: We present an algorithm and show how
decide.We have some definitions:
o L={C,NU,A\B,=,0,Cy,E,,ne€NT}
e Ala)>Vz[zrCa—oz=0Vz=aAa#0
o Cu(z)=3ar-an(\;cjai #
aj A NiZy Alai) NNZ ai € X)
° En(ac) = Cn(x) A n-‘rl(‘r)
e The next step of the algorithm is eliminate =:
Because: a=b<—=a CbAbCa
o ecliminate C
Because: a Cb<=a\b=0 <« FEy(a —b)
e And eliminat: —:
Because: =C,,(z) <=/, Ei(z)
~Ep(2) <= Cny1(z) V'V, Ei(z)
Quantifier-Elimination for Boolean formulas is as follows:
s L= {mv U, \7 = {Cn}v {En}a n e N+}
We have the following
° R= {: HCn}nZO‘ c |{En}n20}
F = {A|Fy N F3|Fy V F5|-F|3F|VF}
A={By = Bs|B; C B3|C,(B),E,(B)}
B = {.’E|@|I|Bl n BQ|Bl U BQ|BC}
n={0[1[2[--}
So it is enough to consider only the following formulas:
Cpn(x) = |z| > n, E,(z) = |z| = n. Contradictions of
liters are eliminated according to the above definitions.

—lzl=nejz|=0V---V]zgl=n—-1V]z|>n+1
Sl >2nejz=0V---Vi]zl=n—-1

So at this step we’ve removed some of the relationships
as follow :
1.Eliminate equality

a=b<aCbAbCa

2. Delete inclusion
aCb+ |landé|=0
3.Eliminate contradictions

—Cp () <+ Vi<n Ei(x)
—E(z) < Cpyr(z) vV V., Ei(z)

Language to Quantifier-Elimination

ﬁa Uac ) 07 {Cn}nZOa {En}nzo
term:
€, wv ﬁ? U7c

Quantifier Elimination:

In the resulting formula, each set variable x occurs in
some term |t(x)|. each set expression |t(x)| as a union of
cubes (regions in the Venn diagram). The cubes have
the form (), z{"" where z{" is either x; or z§ ; there

i
are m = 2" cubes . The resulting formula is then
equivalent to

3(NiCu, (t:(2)) N (N, (t(2)))
for example:
Jx(lzNe >3AlzNc| >TA|lc—x] =2)

Jx(Cs(xNec) ANCr(zNe) A Ezx(c—1x)) = Co(c)
Fz(Cs(xnNc) ACr(znd) A Eg(c—z)) = Cri(c) A Cr(d)

TABLE(IX):More explained of quantifier elimination in
atomic boolean algebras

The main formula Deleted form
dz-clanz|>kAjznz| >0 | Jz|>k+1
Jz-rlanzl=kAlznz| >0 | Jz|>k+1
dz--rlznNz|>kAjznz=1--- |x| > k+1
Jz-rlanzl=kAlznz|=1--- | Jz|=k+1

A Boolean Algebra is atomless if it has no atoms.Every
atomless Boolean algebras with more than one element
must be infinite.Indeed,the unit 1 is different from zero,
so there is a non-zero element p; strictly below
1;0otherwise, 1 would be an atom. Because p; is not
zero,there must be a non-zero element py strictly below
p1; otherwise, p; decreasing sequence of elements
1>pr>pa>---.

atomless boolean algebra: we have the interval algebra of
rational number . the intrval algebra of the rational
number is aomless.

lemmad. We have in every Boolean algebra:

pCPqCQPNQ=0P - Q=0—=p+q+Q

Proof: p+qC P+ Q.

To show:

p+q# P+ Q We assume

p+q=P+Q so.

(P+Q) p=P-p+Q-p

Because QNp=0 we have =P -p+Q = (p+4q)-p
ppt+q-p

=q (¢gnp=0)

Which contradicts with the assumption
lemmab. The following formulas are equivalent:

Jr(re =0A sz =0A AL wx #0AN_v;T #
0) (37)

rs = 0Ay(AL wiry # 0 AN/ v;55 # 0) (38)



Proof:
for only direction,
If there is x such that,

re=0AsT=0AAL 1ua:7éOA/\?:Ujf7éO)
re=0ArsT=0=rs(x+Z)=0=rs(1)=0=rs=0
wx 0= wz(r+7)£0
= u;xr + u;xF # 0
u;x” # 0
= Jz(AiL, wirz # 0 A /\ v;5% # 0)

for other direction,we Suppose rs = 0 , there is y such
that |

Nizy ity # 0N Nj_ ;55 # 0

We put,
r=T-(s+vy)
T=r+38y=(r+35(r+9)
5-(r+9)
We show,

Nizy wiz # 0N Nj_ vz #0
wix = wiT(s +y) = wiTs + w;Ty 2wy # 0
;% =v;8(r+§) = v;5r +v;57 D v;55 # 0

Theorem20. The theory of atomless Boolean algebra in
the language L = (0,1, A, V,—, =) is accepts the
quantifier elimination , so has a decidable theory. And is
axiomatizable.

o [llxAy=yAx xVy=yVz
o [2JzA(ynz) = (xAy)Az zV(yVvz) = (zVy)Vz
« BllzAy)Vy=y (zVy) Ay =y
e [AlzA(yVz)=(zAy)V(xAZz) zV(yAz) =
(zVy)A(zVz)
o [Blz At = zVat=1
o [6]0AL(x) 0#1
Proof:
F = {A|Fy, A Fy|Fy V Fy|~F|3F|VF}

A={t1 =t}
T = {.T|0|1|t1 V t2|t1 A t2|_\t}

we have:
t=sand t#s so

t= Uie](ﬂjej Za])
such that ¢, 7 Is variable or complement variable.
. Terms included z:

r-r+2I-Ss
Atomic formulas:

t=s5s<1t-5+t-5=0
t£set-5+t-s#£00

Atomic formulas include z:

r-x+s-r=0
—r-rxe=0As-2=0

SrxCiAsCaresr=10
Contradiction of atomic formulas include z:
rr+sT#0r-x2#0Vs-2#0

so it is enough to eliminate quantifiers of the folloeing
formulas:

Jr(re =0 sz =0A AL wz # 0N N_ 0T #

0) (39)
=rs=0AJy(AZ, wiry 0NN

becuase:

v;8y # 0)

if the left-side holds then we have:
if there is z such that

rs=0AJy(A" 1ury;«féO/\/\ v;5y # 0)

SO

rst =0,1sT=0—=>7rs(x+2)=0—rs=0
wx # 0= wx(r+7) #0
= u;xr + u;xr # 0

= u;xF # 0
v;Z#0—=v;T(s+5)#0
— v;T5 +v;25 # 0

— VTS #£0

=oAL wirz #0 AN
if the right-side holds. so,

v;5% # 0)

we assume there was rs # 0 and y such that

A 1uzryszféO/\/\ vj5y #0
we put
x=7(s+y)
T=r+s5y=(r+3) (r+7)
=5-(r+9)

so rx = 0,5 = 0 it is enough to show

Nizy iz # 0N Nj_v; T #0
uz:v—ur(s—l—y)—urs-l-UTyQUify
;& =v;8(r+9) =v;5r +v;57 2 v;55 #0

so it suffices to eliminate the quantifier of the formula

(AL aiy #0 A N;_b;g # 0) (41)
= AT i £ OANb; £0 (42)

The only if = direction is trivial.

For the other directon , we consider all cells C, includin
a;, bj

both cells are distinctly distinct Co, NCs =0,C, - Cs =0
each set is equall tocommunity of cells contained in it

7 = ZCQCZ C, for all Z and any cell C' we have C' C Z
with C C Z.

Z 40 3a(Cy CZACy #0)

for any cells is not equall zero C,, from being atomless
d,, there is such that



0+#£d,Cy #0
if C,, =0 put d, =0 we put it now y:ZC(ﬁéoda'

ay £ 0: ay = ay an;&o do = Zcﬁéo aidg
Daidg Dcgdg =dg #0
07 ai =3 0,4, Cs
38 : Cga; NCg #0
0#dgCs #0 ~ ~
by #0:b;5 =b;1c, 20da =1l 20bjda
forall C, we have Cy, C b; with Cy, Cb; = Cy 2 b;
if Co # 0 then doCo — do 2 Cy 2 bj 50 bjds = b;
bjy = llc, cp, bida = ozc, cb, bida
Co=0—=dy=1
Co#0—=0#doCq C b
Zo;eqagbj da ZO#Cagbj Coa = bj
bjz dapha 7é 0
bj [loc, cb, datpha 7 0
by #0
The above proof we proved theory of Boolean algebras
by the quantifier-elimination is decidable.
The first-order theory of Boolean algebras, established
by Alfred Tarski in 1940 (found in 1940 but announced
in 1949).
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