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Abstract. For certain properties P of topological T0-spaces, we prove
that a T0-space Y has property P if and only if the function space
CT(X,Y) endowed with a particular topology T possesses P for some
T0-space X.
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1. Introduction

This paper continues [10]. In [10], the interplay of di�erent topological properties
for a T0-space Y and its function space C(X,Y) (endowed with the pointwise
convergence topology) was investigated. Here, we extend some results from [10]
as well as from [9] considering di�erent topologies on the set C(X,Y) of continuous
functions from a T0-space X to a T0-space Y.

Our main results are Theorems 9, 12, 18, 20, 22, 30, 31, Propositions 27 and 32,
and Corollaries 17, 21, and 23.

For all the notions and notation which are not de�ned here, we refer to the
monographs [9, 12, 13] as well as to [10].

2. Topologies on C(X,Y)

Given topological T0-spaces X and Y, let C(X,Y) denote the set of all continuous
functions from X to Y. An arbitrary function f ∈ C(X,Y) can be considered as an
element of the Cartesian power Y X . The pointwise convergence topology on C(X,Y)
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is induced by the Tychono� topology on Y X . Therefore, the collection of all sets of
the form

Vx,U =
{
f ∈ C(X,Y) | f(x) ∈ U

}
, where x ∈ X and ∅ ̸= U ∈ T(Y),

forms a subbasis of the pointwise convergence topology. In what follows, we denote
this topology by P.

If T is a topology on C(X,Y) then we denote the space
〈
C(X,Y),T

〉
by CT(X,Y)

and by C(X,Y) when T = P. The specialization order on CT(X,Y) is denoted by
≤T or just by ≤ in case when T = P. For f , g ∈ C(X,Y), the relation f ≤P g holds
if and only if f(x) ≤Y g(x) for all x ∈ X. We write f ≤ g instead of f ≤P g. It is
clear that f ≤T g implies that f ≤ g whenever P ⊆ T.

We also consider the mapping

ξ : Y → C(X,Y); ξ : y 7→ ξy, where ξy(x) = y for all x ∈ X.

Lemma 1. Let X,Y be T0-spaces. If T is a topology on C(X,Y) such that P ⊆ T ⊆
TA(≤P) then ≤T coincides with ≤P. In this case, the following holds.

(1) Y contains a least element with respect to the specialization order ≤Y if
and only if CT(X,Y) contains a least element with respect to ≤T for some
(equivalently, for each) T0-space X.

(2) Y contains a greatest element with respect to ≤Y if and only if CT(X,Y)
contains a greatest element with respect to ≤T for some (equivalently, for
each) T0-space X.

Proof. The pointwise convergence topology P is �ner than the Alexandro� topology
TA(≤P), see for example Lemma 1.2.8 in [9]. As the specialization order of TA(≤P)
coincides with ≤P, we obtain that ≤T coincides with ≤P; we denote this order
simply by ≤.

(1) Let ⟨Y ;≤Y⟩ have a least element ⊥. It is clear that ξ⊥ ∈ C(X,Y) is a least
element in

〈
C(X,Y);≤

〉
. Conversely, suppose that P ⊆ T ⊆ TA(≤) and o ∈ C(X,Y)

is a least element in
〈
C(X,Y);≤

〉
. Choose arbitrary elements x, x′ ∈ X and suppose

that o(x) ∈ U ∈ T(Y). Then o ∈ Vx,U ∈ P ⊆ T. If y ∈ Y then o ≤ ξy, whence
ξy ∈ Vx,U and y ∈ U . As we can choose y arbitrary, we conclude that U = Y
and o(x′) ∈ U . Thus, we proved that o(x) ≤Y o(x′). Symmetrically, o(x′) ≤Y o(x),
whence o = ξ⊥ for some ⊥ ∈ Y . Since ξ⊥ = o ≤ ξy, we conclude that ⊥ ≤ y for all
y ∈ Y . Therefore, ⟨Y ;≤Y⟩ has a least element.

The proof of (2) is similar but simpler. □

Given topological spaces X, Y, Z, let M(X,Y) denote the set of all functions from
X to Y . We put

λ : M(Z× X,Y) → M
(
Z,M(X,Y)

)
, λ(f) : z 7→ f(z, x);

λ∗ : M
(
Z,M(X,Y)

)
→ M(Z× X,Y), λ∗(g) : (z, x) 7→ [g(z)](x).

It is not hard to verify that λ and λ∗ are mutually inverse mappings. Hence they
establish a one-to-one correspondence between setsM(Z×X,Y) andM

(
Z,M(X,Y)

)
.

For the following de�nition, we refer to [1]. A topology T on C(X,Y) is proper,
if λ

(
C(Z × X,Y)

)
⊆ C

(
Z,CT(X,Y)

)
for an arbitrary space Z. A topology T on

C(X,Y) is admissible, if λ∗(C(
Z,CT(X,Y)

))
⊆ C(Z×X,Y) for an arbitrary space

Z. A topology T on C(X,Y) is exponential, if T is both proper and admissible.
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The compact-open topology K on C(X,Y) is de�ned by the subbasis of open sets

VK,U =
{
f ∈ C(X,Y) | f(K) ⊆ U

}
, where K ⊆ X is compact and ∅ ̸= U ∈ T(Y),

The Isbell topology I on C(X,Y) is de�ned by the subbasis of open sets

VH,U =
{
f ∈ C(X,Y) | f−1(U) ∈ H

}
,

whereH is a Scott-open set in ⟨T(X);⊆⟩ and ∅ ̸= U ∈ T(Y). The core-open topology
C on C(X,Y) is de�ned by the subbasis of open sets

VU,W =
{
f ∈ C(X,Y) | U ≪ f−1(W )

}
, where ∅ ̸= U ∈ T(X) and ∅ ̸= W ∈ T(Y).

Let T be a T0-topology on T(X) such that the specialization order ≤T coincides
with ⊆. Consider the topology on C(X,Y) de�ned by the subbasis of open sets

VO,U =
{
f ∈ C(X,Y) | f−1(U) ∈ O

}
,

where O ∈ T and U ∈ T(Y). We say that this topology is induced by T and denote

it by T♯. It is clear that T0 ⊆ T1 implies that T
♯
0 ⊆ T

♯
1. Moreover, it follows from

the de�nition above that I is induced by the Scott topology on ⟨T(X);⊆⟩.

Lemma 2. Let X, Y be T0-spaces. Then TA(⊆)♯ ⊆ TA(≤).

Proof. It su�ces to show that VO,W ∈ TA(≤) for all upper cones O in ⟨T(X);⊆⟩ and
all open sets W ∈ T(Y). Indeed, let f ∈ VO,W and let f ≤ g in C(X,Y). We prove
�rst that f−1(W ) ⊆ g−1(W ). Indeed, let x ∈ f−1(W ); then f(x) ∈ W . Since W is
an upper cone with respect to ≤Y, we obtain that g(x) ∈ W and thus, x ∈ g−1(W )
which is our desired conclusion.

Since f−1(W ) ∈ O and f−1(W ) ⊆ g−1(W ), we conclude that g−1(W ) ∈ O as O is
an upper cone with respect to ⊆. This yields that g ∈ VO,W and VO,W ∈ TA(≤). □

In what follows, we consider also the Scott topology S = TS(≤P) on C(X,Y).

Lemma 3. Let X, Y be T0-spaces. If T is a topology on C(X,Y) such that P ⊆ T ⊆
TA(⊆)♯ then ξ is a homeomorphic embedding of Y into CT(X,Y).

Proof. It is straightforward to verify that ξ(Y ) ∩ Vx,U = ξ(U) for all x ∈ X and
U ∈ T(Y). Therefore, ξ is open. Moreover, for all W ∈ T(Y) and all y ∈ Y , we have

ξ−1
y (W ) =

{
X, if y ∈ W ;

∅, if y /∈ W.

Furthermore, let O ∈ TA(⊆) and let W ∈ T(Y). Then we have

ξ−1(VO,W ) =
{
y ∈ Y | ξy ∈ VO,W

}
=

{
y ∈ Y | ξ−1

y (W ) ∈ O
}
=

=


Y, if O = T(X);
W, if O /∈

{
T(X),∅

}
;

∅, if O = ∅.

In any case, ξ−1(VO,W ) ∈ T(Y). Therefore, ξ−1(V ) ∈ T(Y) for all V ∈ TA(⊆)♯,
whence the desired statement follows. □

Let X be a T0-space. If ⟨I;⩽⟩ is an up-directed poset and x = {xi | i ∈ I} ⊆ X
then we say that x is a net in X. If A ⊆ X, then x is eventually in A if there
is i ∈ I such that xj ∈ A for all j ⩾ i. Then x converges to some x ∈ X if
x ∈ U ∈ T(X) implies that x is eventually in U for all U ∈ T(X). Further, if Y is
also a T0-space and f = {fj | j ∈ J} is a net in C(X,Y) for some up-directed poset
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⟨J ;⊑⟩, then f converges continuously to f ∈ C(X,Y) if for arbitrary x ∈ X, the net{
fj(xi) | (i, j) ∈ I ×J

}
converges to f(x) whenever x = {xi | i ∈ I} converges to x.

The natural topology T∗ on C(X,Y) consists of those sets U ⊆ C(X,Y) which
satisfy the following condition for all nets f in C(X,Y) and all f ∈ C(X,Y):

if f converges continuously to f ∈ U then f is eventually in U.

For the following facts, we refer to Chapters 6 and 15 in [9] as well as to Sections
5.3�5.4 in [13] and to Section II-4 in [12].

Proposition 4. Let X, Y be T0-spaces.

(1) If T0 is a proper and T1 is an admissible topology on C(X,Y) then T0 ⊆ T1.
(2) If T0 ⊆ T1 and T1 is a proper topology on C(X,Y) then T0 is also a proper

topology on C(X,Y).
(3) If T0 ⊆ T1 and T0 is an admissible topology on C(X,Y) then T1 is also an

admissible topology on C(X,Y).
(4) P ⊆ K ⊆ I ⊆ T∗ and K ⊆ C.
(5) The natural topology T∗ is the �nest proper topology on C(X,Y).

For the next statement, we refer to [4] and to [9, Theorem 6.2.1], see also [13,
Theorem 5.4.4].

Theorem 5. The following conditions are equivalent for a T0-space X.
(1) ⟨T(X);⊆⟩ is a continuous poset.
(2) ⟨T(X),TS(⊆)⟩ is an α-space.
(3) For an arbitrary T0-space Y, there is an exponential topology on C(X,Y).
(4) There is an exponential topology on C(X,S).

A topological space X which satis�es the equivalent conditions of Theorem 5 is
called a core-compact space. A topological space X is locally compact, if for each
x ∈ X and for each U ∈ T(X) with x ∈ U , there is a compact set K ⊆ X and an
open set V ∈ T(X) such that x ∈ V ⊆ K ⊆ U .

For the next statement, we refer to [2], [12, Lemma II-4.2], to [9, Theorem 6.3.3],
and to [13, Section 5.4].

Proposition 6. Let X, Y be T0-spaces.

(1) If X is core-compact then C = I = T∗ and this topology is exponential on
C(X,Y).

(2) If X is locally compact then K = C = I = T∗ and this topology is exponential
on C(X,Y).

(3) If X is an α∗-space then P = K = C = I = T∗ and this topology is
exponential on C(X,Y).

Corollary 7. For a core-compact space X and a T0-space Y the exponential topology
on C(X,Y) is de�ned by the subbasis of open sets

VU,W =
{
f ∈ C(X,Y) | U ≺ f−1(W )

}
,

where ∅ ̸= U ∈ T(X) and ∅ ̸= W ∈ T(Y).

3. d-spaces CT(X,Y)

The proof of the following lemma repeats the proof of [10, Lemma 2].
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Lemma 8. Let X and Y be T0-spaces, let P ⊆ T ⊆ TA(≤P), and let

F = {fi ∈ C(X,Y) | i ∈ I}

be an up-directed set with respect to ≤P. If a function f : X → Y is such that
f(x) = supY{fi(x) | i ∈ I} and f(x) ∈ clY{fi(x) | i ∈ I} for all x ∈ X, then
f = supF in CT(X,Y).

Theorem 9. For T0-spaces X and Y, let T satisfy one of the following conditions:

(a) T is a proper topology on C(X,Y) such that P ⊆ T;
(b) P ⊆ T ⊆ S.

Then CT(X,Y) is a d-space if and only if Y is a d-space.

Proof. According to [9, Lemma 6.1.9], TA(≤P) is an admissible topology. By Proposition
4(1), we obtain that T ⊆ TA(≤P). Therefore, ≤T and ≤ agree by Lemma 1.

Suppose �rst that Y is a d-space and consider the case when T is a proper
topology �ner than P (condition (a)). According to Lemma 8, each nonempty set
F = {fi ∈ C(X,Y) | i ∈ I} which is up-directed with respect to ≤ has a least upper
bound f . It remains to prove that f ∈ clT F .

We establish that F converges continuously to f . Let a net x = {xj | j ∈ J} ⊆ X
with J being up-directed converge to some x ∈ X and let f(x) ∈ U ∈ T(Y).
Then x ∈ f−1(U) ∈ T(X) and thus x is eventually in f−1(U). This means that
{f(xj) | j ∈ J} is eventually in U . Since f(xj) ∈ clY{fi(xj) | i ∈ I} for all
j ∈ J by Lemma 8 and F is up-directed with respect to ≤, we conclude that
{fi(xj) | (i, j) ∈ I × J} is eventually in U which proves our desired statement.

Let f ∈ W ∈ T. By Proposition 4(5), we conclude that W ∈ T∗. Since F
converges continuously to f , we obtain that F is eventually in W . This yields that
f is a limit point for F and CT(X,Y) is a d-space.

Suppose next that Y is a d-space and consider the case when P ⊆ T ⊆ S

(condition (b)). In the notation above, we have to prove again that f ∈ clT F .
Indeed, if f ∈ W ∈ T ⊆ S then by the de�nition of the Scott topology, we obtain
that fi ∈ W for some i ∈ I which is our desired conclusion.

Suppose now that CT(X,Y) is a d-space. In what follows, we use only the
assumption that P ⊆ T. Let a set D ⊆ Y be up-directed with respect to the
specialization order. Then the set ξ(D) = {ξd | d ∈ D} is also up-directed with
respect to ≤. According to our assumption, there exists f = sup ξ(D) ∈ C(X,Y)
and f ∈ clT ξ(D). We show that f ∈ ξ(Y ). Indeed, let f(x0) ∈ U ∈ T(Y). We
also choose an arbitrary element x1 ∈ X. Then f ∈ Vx0,U ∈ P ⊆ T. Thus, there
exists d ∈ D such that ξd ∈ Vx0,U , whence f(x1) ≥ ξd(x1) = d = ξd(x0) ∈ U .
This yields that f(x1) ∈ U whence f(x0) ≤ f(x1). A similar argument shows that
f(x1) ≤ f(x0). Therefore f = ξy for some y ∈ Y . It is clear that y = supY D.
If y ∈ U ∈ T(Y), then ξy ∈ Vx,U ∈ P ⊆ T, where x ∈ X. As ξy ∈ clT ξ(D), we
conclude that ξd ∈ Vx,U for some d ∈ D. Thus, d = ξd(x) ∈ U and y ∈ clY D. □

The fact that C(X,Y) is a d-space whenever Y is a d-space was established in [5].
The fact that CI(X,Y) is a d-space whenever Y is a d-space is established in [12,
Lemma II-4-3(i)]. Theorem 3.3 in [14] shows that Y is a d-space provided that
CI(X,Y) is a d-space for some T0-space X. For the case T = P, Theorem 9 was
proved in [10], see also [9, Corollary 8.4.2].
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4. Sobriety in function spaces

The proof of the following statement almost repeats the proof of [10, Theorem 6].
Nonetheless, we give it here for the sake of completeness.

Proposition 10. Let X, Y be T0-spaces and let T be a topology on C(X,Y) such
that P ⊆ T ⊆ TA(⊆)♯. If CT(X,Y) is a sober space then Y is also sober.

Proof. Let Z be a T0-space and let a subspace Z0 ≤ Z be such that Z = sobZ Z0.
Consider an arbitrary continuous function f0 : Z0 → Y. By Lemma 3, ξ : Y →
CT(X,Y) is continuous. Thus, the function ξf0 : Z0 → CT(X,Y) is continuous.
As CT(X,Y) is a sober space, there is a continuous function f : Z → CT(X,Y)
such that f |Z0

= ξf0. We prove that f(Z) ⊆ ξ(Y ). Indeed, let z ∈ Z; then z =
supZ(↓z ∩ Z0) and z ∈ clZ(↓z ∩ Z0). It is straightforward to verify that f(z) ∈
clY f(↓z∩Z0) and f(z) = sup f(↓z∩Z0), see Lemma 1.5.3 in [9]. Let x0, x1 ∈ X and
let [f(z)](x0) ∈ U ∈ T(Y). Then f(z) ∈ Vx0,U ∈ P ⊆ T, whence z ∈ f−1(Vx0,U ) ∈
T(Z). Therefore there is z0 ∈ ↓z ∩ Z0 such that f(z0) ∈ Vx0,U . Since the function
f(z0) is constant, f(z0) ∈ Vx1,U ∈ P ⊆ T. But then f(z) ∈ Vx1,U , as f(z0) ≤ f(z).
Therefore [f(z)](x1) ∈ U . Similarly, [f(z)](x1) ∈ U implies that [f(z)](x0) ∈ U ; that
is, [f(z)](x0) = [f(z)](x1), which is our desired conclusion. Inclusion f(Z) ⊆ ξ(Y )
implies that (ξ−1f)|Z0 = f0. In view of [9, Theorem 5.3.2], Y is a sober space. □

For the following statement, we refer to [10, Proposition 16] or to [9, Proposition
6.1.15].

Proposition 11. Let T be an exponential topology on C(X,Y).
(1) If Y is [densely] injective, then CT(X,Y) is [densely] injective.
(2) If Y is sober, then CT(X,Y) is sober.

The following statement generalizes Theorem 6 in [10].

Theorem 12. For a T0-space Y, the following conditions are equivalent.

(1) Y is sober.
(2) CI(X,Y) is sober for each core-compact space X.
(3) CI(X,Y) is sober for some core-compact space X.
(4) CI(X,Y) is sober for some T0-space X.
(5) C(X,Y) is sober for each T0-space X.
(6) C(X,Y) is sober for some T0-space X.
(7) CT(X,Y) is sober for some [core-compact] T0-space X and some topology T

such that P ⊆ T ⊆ TA(⊆)♯.

Proof. (1) implies (2) by Proposition 11(2). (2) implies (3) and (3) implies (4)
in a trivial way. (4) implies (1) by Proposition 10. Statements (1), (5), and (6)
are equivalent by [10, Theorem 6]. Furthermore, (3) obviously implies (7) and (7)
implies (1) by Proposition 10. □

5. Essential completeness in function spaces

As in [6], we consider the following properties of a T0-space X.
(H0) X has a least element 0 with respect to the specialization order ≤.
(H1) X is a join semilattice with respect to ≤; ∨ denotes the join operation in

X.
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(H2) The join operation ∨ : X2 → X is continuous; that is,
〈
X,∨,T(X)

〉
is a

topological join-semilattice.

In [6], the following statement was proved, see also [9, Corollary 10.4.2].

Theorem 13. [9, Corollary 10.4.2] A T0-space X is essentially complete if and only
if X is a d-space with properties (H0)�(H2).

Proposition 14. Let X, Y be T0-spaces and let T be a topology on C(X,Y) such that
P ⊆ T ⊆ TA(⊆)♯. If CT(X,Y) has the properties (H1)�(H2) then Y also possesses
the properties (H1)�(H2).

Proof. According to our assumption, for arbitrary y0, y1 ∈ Y , there is f = ξy0∨ξy1 ∈
C(X,Y). We prove that f is a constant function. Indeed, let f(x0) ∈ U ∈ T(Y);
then f ∈ Vx0,U ∈ P ⊆ T. We may assume without loss of generality that U ̸= Y .
We choose an arbitrary element x1 ∈ X. Since ∨ is a continuous function, there
are V0, V1 ∈ T such that ξy0

∈ V0, ξy1
∈ V1, and V0 ∩ V1 ⊆ Vx0,U . As U ̸= Y , we

conclude that Vx0,U ̸= C(X,Y). There are three possible cases.
Case 1 : V1−i = C(X,Y) for some i < 2. In this case, ξyi ∈ Vi = V0 ∩ V1 ⊆ Vx0,U

and thus yi ∈ U . Therefore, ξyi
∈ Vx1,U . As ξyi

≤ f , we obtain that f ∈ Vx1,U and
f(x1) ∈ U .

Case 2 : V0, V1 ̸= C(X,Y). Since T ⊆ TA(⊆)♯ and V0, V1 ∈ T, we conclude that there
are k0 > 0 and k1 > 0, there are upper cones Hi0, . . . , Hiki in ⟨T(X);⊆⟩, and there
are open sets Wi0, . . . ,Wiki ∈ T(Y), i < 2, such that

ξyi
∈ VHi0,Wi0

∩ . . . ∩ VHiki
,Wiki

⊆ Vi for all i < 2.

Therefore, ξ−1
yi

(Wij) ∈ Hij for all i < 2 and all j ⩽ ki. We put U0 = W00∩. . .∩W0k0

and U1 = W10 ∩ . . .∩W1k1
; then U0, U1 ∈ T(Y). As ∅ /∈ {V0, V1}, we conclude that

Hij ̸= ∅ for all i < 2 and all j ⩽ ki. As V0, V1 ̸= C(X,Y), we may assume that
Hij ̸= T(X) for all i < 2 and all j ⩽ ki. This yields that ξ−1

yi
(Wij) ̸= ∅ whence

ξ−1
yi

(Wij) = X for all i < 2 and all j ⩽ ki. Hence, yi ∈ Wij for all i < 2 and all
j ⩽ ki and therefore, y0 ∈ U0 and y1 ∈ U1.

Since ξy0 , ξy1 are constant functions, we have ξy0 ∈ Vx1,U0 and ξy1 ∈ Vx1,U1 .
Therefore f ∈ Vx1,U0

∩ Vx1,U1
= Vx1,U0∩U1

, whence f(x1) ∈ U0 ∩ U1 ∈ T(Y).
Moreover, if y′ ∈ U0 ∩ U1 then

ξy′ ∈ VH00,W00 ∩ . . . ∩ VH0k0
,W0k0

∩ VH10,W10 ∩ . . . ∩ VH1k1
,W1k1

⊆ V0 ∩ V1 ⊆ Vx0,U ,

whence y′ ∈ U . We have therefore proved that f(x1) ∈ U0 ∩ U1 ⊆ U . This means
that f(x0) ≤ f(x1). A symmetric argument shows that f(x1) ≤ f(x0). We obtain
that f = ξy for some y ∈ Y , whence y = y0 ∨ y1 in Y. Thus, Y has the property
(H1).

Finally, we prove that Y has the property (H2). Suppose that y = y0 ∨ y1 ∈
U ∈ T(Y). Then ξy0 ∨ ξy1 = ξy ∈ Vx,U for each x ∈ X. Since ∨ is a continuous
function on CT(X,Y), there are open sets V0, V1 ∈ T such that ξy0

∈ V0, ξy1
∈ V1,

and V0 ∩ V1 ⊆ Vx0,U . As T ⊆ TA(⊆)♯, we conclude that there are k0 > 0 and
k1 > 0, there are upper cones Hi0, . . . , Hiki

in ⟨T(X);⊆⟩, and there are open sets
Wi0, . . . ,Wiki

∈ T(Y), i < 2, such that

ξyi ∈ VHi0,Wi0 ∩ . . . ∩ VHiki
,Wiki

⊆ Vi for all i < 2.
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Therefore, ξ−1
yi

(Wij) ∈ Hij for all i < 2 and all j ⩽ ki. In particular, Hij ̸= ∅ for
all i < 2 and all j ⩽ ki. We put

U0 =
⋂{

W0j | j ⩽ k0, H0j ̸= T(X)
}
and U1 =

⋂{
W1j | j ⩽ k1, H1j ̸= T(X)

}
.

Then we have that U0, U1 ∈ T(Y). Moreover, ξ−1
yi

(Wij) ̸= ∅ whence ξ−1
yi

(Wij) = X
for all i < 2 and all j ⩽ ki such that Hij ̸= T(X). As above, we obtain that y0 ∈ U0

and y1 ∈ U1 and U0 ∩ U1 ⊆ U . Therefore, Y has the property (H2). □

The following statement has quite a straightforward proof and is to �nd as Proposition
3.2 in [3].

Proposition 15. Let X be a core-compact space and let B ⊆ T(X) be an additive
basis of T(X). If open sets U,U ′, V0, . . . , Vn ∈ B, n < ω, are such that U ≺ U ′ ≺
V0 ∪ . . . ∪ Vn then there are W0, . . . ,Wn ∈ B such that

Wi ≺ Vi for all i ⩽ n and U ⊆ W0 ∪ . . . ∪Wn ⊆ U ′.

Proof. For each x ∈ U ′, there is i ⩽ n such that x ∈ U ′ ∩ Vi ∈ T(X). As X is
core-compact and as B is a basis, there is Wx ∈ B such that x ∈ Wx ≺ U ′ ∩ Vi.
Hence, U ≺ U ′ ⊆

⋃
x∈U ′ Wx. This yields that U ⊆

⋃
j⩽k Wxj

⊆ U ′ for some

x0, . . . , xk ∈ U ′. For each i ⩽ n, we put Wi =
⋃
{Wxj

| j ⩽ k, Wxj
≺ U ′ ∩ Vi}.

Then it is clear that Wi ≺ Vi for all i ⩽ n and that U ⊆ W0 ∪ . . . ∪Wn ⊆ U ′. □

Proposition 16. Let X be a core-compact space and let Y possess the properties
(H1)�(H2). Then CI(X,Y) also possesses the properties (H1)�(H2).

Proof. Let f0, f1 ∈ C(X,Y). For each x ∈ X, we put

g(x) = f0(x) ∨ f1(x).

We prove that g ∈ C(X,Y). Indeed, let V ∈ T(Y) and let x ∈ g−1(V ). As f0(x) ∨
f1(x) ∈ V and ∨ is continuous in Y, we conclude that there are open sets V0, V1 ∈
T(Y) such that f0(x) ∈ V0, f1(x) ∈ V1, and V0 ∩ V1 ⊆ V . But then

x ∈ U = f−1
0 (V0) ∩ f−1

1 (V1) ∈ T(X).
If z ∈ U then g(z) = f0(z) ∨ f1(z) ≥ f0(z) ∈ V0 and g(z) ≥ f1(z) ∈ V1, whence
g(z) ∈ V0 ∩ V1 ⊆ V which implies that x ∈ U ⊆ g−1(V ). The fact that U ∈ T(X)
proves that g−1(V ) ∈ T(Y). Therefore, g is continuous and g = f0 ∨ f1 in CI(X,Y).
Hence, CI(X,Y) has the property (H1).

To prove that CI(X,Y) has the property (H2), we consider two functions f0, f1 ∈
C(X,Y) and open sets U ∈ T(X), W ∈ T(Y) such that

g = f0 ∨ f1 ∈ VU,W .

This means that U ≺ g−1(W ). Since Y possesses (H2), for each element x ∈ g−1(W ),
there are open sets V0x, V1x ∈ T(Y) such that f0(x) ∈ V0x, f1(x) ∈ V1x, and
V0x ∩ V1x ⊆ W . We claim that

g−1(W ) =
⋃{

f−1
0 (V0x) ∩ f−1

1 (V1x) | x ∈ g−1(W )
}
.

Indeed it is clear that g−1(W ) ⊆
⋃{

f−1
0 (V0x) ∩ f−1

1 (V1x) | x ∈ g−1(W )
}
. To

prove the reverse inclusion, we consider an arbitrary element x ∈ g−1(W ) and
establish that U(x) = f−1

0 (V0x) ∩ f−1
1 (V1x) ⊆ g−1(W ). Indeed, let z ∈ U(x). Then

g(z) ≥ f0(z) ∈ V0x and g(z) ≥ f1(z) ∈ V1x, whence g(z) ∈ V0 ∩ V1 ⊆ W which
implies that z ∈ g−1(W ).



ON FUNCTION SPACES. II 9

Furthermore, since U ≺ g−1(W ) =
⋃{

U(x) | x ∈ g−1(W )
}
, we conclude that

there are x0, . . . , xk ∈ g−1(W ) such that U ≺ U(x0) ∪ . . . ∪ U(xk). As X is core-
compact, there is V ∈ T(X) such that

U ≺ V ≺ U(x0) ∪ . . . ∪ U(xk).

Taking B = T(X) and applying Proposition 15, we obtain that there are open sets
S0, . . . , Sk, T0, . . . , Tk ∈ T(X) such that

Si ≺ Ti ≺ U(xi) for all i ⩽ k and U ⊆ S0 ∪ . . . ∪ Sn ⊆ V.

For each i ⩽ k, we have Ti ≺ U(xi) = f−1
0 (V0xi

) ∩ f−1
1 (V1xi

) whence

f0 ∈ W0 = VT0,V0x0
∩ . . . ∩ VTk,V0xk

∈ I;

f1 ∈ W1 = VT0,V1x0
∩ . . . ∩ VTk,V1xk

∈ I.

To establish (H2), it su�ces to prove that W0∩W1 ⊆ VU,W . Indeed, if h ∈ W0∩W1

then h ∈ VTi,V0xi
∩ VTi,V1xi

for each i ⩽ k. This implies that

Si ≺ Ti ⊆ h−1(V0xi
) ∩ h−1(V1xi

) = h−1(V0xi
∩ V1xi

) ⊆ h−1(W )

for all i ⩽ k. Hence, U ⊆ S0 ∪ . . . ∪ Sk ≺ h−1(W ) yielding h ∈ VU,W , which is our
desired conclusion. □

Corollary 17. For a T0-space Y, the following statements are equivalent.

(1) Y is a topological semilattice with respect to ≤Y.
(2) CI(X,Y) is a topological semilattice with respect to ≤ for each core-compact

space X.
(3) CI(X,Y) is a topological semilattice with respect to ≤ for some core-compact

space X.
(4) CI(X,Y) is a topological semilattice with respect to ≤ for some T0-space X.
(5) C(X,Y) is a topological semilattice with respect to ≤ for each T0-space X.
(6) C(X,Y) is a topological semilattice with respect to ≤ for some T0-space X.
(7) CT(X,Y) is a topological semilattice with respect to ≤ for some [core-com-

pact] T0-space X and some topology T such that P ⊆ T ⊆ TA(⊆)♯.

Proof. (1) implies (2) by Proposition 16. (2) implies (3) and (3) implies (4) in
a trivial way. (4) implies (1) by Proposition 14. Statements (1), (5), and (6) are
equivalent by [10, Proposition 9]. Furthermore, (3) obviously implies (7) and (7)
implies (1) by Proposition 14. □

The next theorem is a generalization of Theorem 10 from [10].

Theorem 18. For a T0-space Y, the following statements are equivalent.

(1) Y is essentially complete.
(2) CI(X,Y) is essentially complete for each core-compact space X.
(3) CI(X,Y) is essentially complete for some core-compact space X.
(4) CI(X,Y) is essentially complete for some T0-space X.
(5) C(X,Y) is essentially complete for each T0-space X.
(6) C(X,Y) is essentially complete for some T0-space X.
(7) CT(X,Y) is essentially complete for some [core-compact] T0-space X and

some topology T such that P ⊆ T ⊆ TA(⊆)♯.
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Proof. If X is a core-compact space and Y is an essentially complete space, then Y
is a d-space and possesses the properties (H0)�(H2) by Theorem 13. By Theorem
9, CI(X,Y) is a d-space. By Proposition 16, CI(X,Y) has the properties (H1)�(H2).
By Lemma 1 and Lemma 2, CI(X,Y) has the property (H0). Applying Theorem 13
again, we obtain that CI(X,Y) is essentially complete. Therefore, (1) implies (2).

It is straightforward that (2) implies (3), (3) implies (4), and (3) implies (7).
Suppose now that CI(X,Y) is an essentially complete space for some T0-spaces

X and Y. According to Theorem 13, CI(X,Y) is a d-space and has the properties
(H0)�(H2). By the proof of Theorem 9, Y is also a d-space. By Proposition 14, Y
has the properties (H1)�(H2). By Lemma 1 and Lemma 2, Y has the property (H0).
By Theorem 13, Y is essentially complete and (4) implies (1). Then (7) implies (1)
in a similar way.

Statements (1) and (5)�(6) are equivalent by [10, Theorem 10]. □

6. A-spaces

De�nition 1. A T0-space X is an A-space [an f -space] if it has a basic subspace
X0 [consisting of compact elements, respectively] which is a parus with respect to
the specialization order ≤X; that is, if x, y ∈ X0 and x, y ≤ a for some a ∈ X, then
there exists x ∨ y ∈ X0. In this case, X0 is called an A-basic subspace of X [an
f -basic subspace of X, respectively].

The following theorem was established in [9].

Theorem 19. [9, Theorem 7.3.4] Let X be an α∗-space and let Y be an A-space
with a least element. Then C(X,Y) is also an A-space with a least element.

The next statement shows that the requirement in Theorem 19 on Y to have a least
element can be weakened under certain circumstances. The proof of Theorem 20
follows the same lines as the one of Theorem 7.3.4 in [9]. In the proof, we also use
some ideas from [15].

Theorem 20. Let X be a core-compact space and let Y be a T0-space such that ↓y
has a least element for all y ∈ Y . Then ↓f has a least element with respect to ≤P

for each f ∈ C(X,Y). Moreover, if Y is an Ad-space then CS(X,Y) is an Ad-space.

Proof. As usual, we write ≤ instead of ≤P for the sake of simplicity. For each y ∈ Y ,
let ⊥y denote the least element of the set ↓y in Y and let Y0 be an A-basic subspace
in Y.

According to Theorem 9, CS(X,Y) is a d-space.

Claim 1. Let Z be an arbitrary α-space and let z ∈ Z be such that ↓Zz has a least
element ⊥z. Then ⊥z ≺Z ⊥z.

Proof of Claim. Indeed, let a ∈ ↑⊥z. Since a ∈ Z and Z is a basic subspace in
Z, we conclude that there is b ∈ Z such that b ≺ a. But then b ∈ ↓a and thus
⊥z ≤Z b ≺ a. This implies that a ∈ int ↑b ⊆ ↑⊥z which yields that ↑⊥z ∈ T(Z). □

It follows from Claim 1 that ⊥y ∈ Y0 for all y ∈ Y .

Claim 2. ↓f has a least element with respect to ≤ for each f ∈ C(X,Y).

Proof of Claim. Consider the mapping

⊥f : X → Y, ⊥f : x 7→ ⊥f(x).
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It is straightforward that ⊥f ≤ g for each g ≤ f . So, it remains to prove that ⊥f is
continuous. Indeed, let V ∈ T(Y); then applying Claim 1 and using the continuity
of f , we have

⊥−1
f (V ) = {x ∈ X | ⊥f(x) ∈ V } =

⋃{
f−1(↑⊥y) | y ∈ Y, ⊥y ∈ V

}
∈ T(X),

which completes the proof. □

Similarly to the proof of [9, Theorem 7.3.4], we consider the set

W =
{
⟨f,∅,∅⟩ | f ∈ C(X,Y)

}
∪

∪
{〈

f, {U0, . . . , Un}, {y0, . . . , yn}
〉
|

f ∈ C(X,Y), n < ω, U0, . . . , Un ∈ T(X)\{∅}, y0, . . . , yn ∈ Y0

}
,

where each
〈
f, {U0, . . . , Un}, {y0, . . . , yn}

〉
∈ W possesses the following properties:

(∗) the set {U0, . . . , Un} is closed under nonempty intersections;
(∗∗) if Ui ⊆ Uj for some i, j ⩽ n then yj ≤Y yi.
(∗∗∗) ⊥f(x) ≤ yi for all x ∈

⋃
j⩽n Uj , where i ⩽ n is such that Ui =

⋂
{Uj | j ⩽

n, x ∈ Uj}.
For each W =

〈
f, {U0, . . . , Un}, {y0, . . . , yn}

〉
∈ W, we de�ne a mapping fW : X →

Y by the following rule:

fW (x) =

{
yi, if Ui =

⋂
{Uj | j ⩽ n, x ∈ Uj};

⊥f(x), if x /∈
⋃

j⩽n Uj .

It follows from the de�nition that fW (X) ⊆ Y0.

Claim 3. fW ∈ C(X,Y) for each W ∈ W.

Proof of Claim. LetW =
〈
f, {U0, . . . , Un}, {y0, . . . , yn}

〉
. Since Y0 is a basic subspace

of Y, it su�ces to show that f−1
W (int ↑a) ∈ T(X) for all a ∈ Y0. Indeed, for a �xed

element a ∈ Y0, the following three cases are possible.

Case 1 : ⊥f(x) ∈ int ↑a for some x ∈ X. We have in this case that a ≺ ⊥f(x)

whence a = ⊥f(x) as ⊥f(x) is a least element in ↓f(x). We claim that f−1
W (int ↑a) =

f−1(int ↑a).
Indeed, let x′ ∈ f−1

W (↑⊥f(x)) = f−1
W (int ↑a). This means that ⊥f(x) ≤Y fW (x′).

There are two subcases.

Case 1.1 : x′ ∈
⋃

i⩽n Ui. Let j ⩽ n be such that Uj =
⋂
{Ui | i ⩽ n, x′ ∈ Ui}.

Then ⊥f(x) ≤ fW (x′) = yj . As ⊥f(x′) ≤ yj by (∗∗∗), we conclude that a = ⊥f(x) =

⊥f(x′) ≤ f(x′). This implies that x′ ∈ f−1(int ↑a).
Case 1.2 : x′ /∈

⋃
i⩽n Ui. In this case, ⊥f(x) ≤ fW (x′) = ⊥f(x′) whence a = ⊥f(x) ≺

⊥f(x) = ⊥f(x′) ≤ f(x′). Therefore, x′ ∈ f−1(int ↑a) again.
Thus, f−1

W (int ↑a) ⊆ f−1(int ↑a). To prove the reverse inclusion, suppose that
x′ ∈ f−1(int ↑a). This yields that a = ⊥f(x) ≤ f(x′) whence ⊥f(x) = ⊥f(x′). If
x′ ∈

⋃
i⩽n Ui then there is j ⩽ n such that Uj =

⋂
{Ui | i ⩽ n, x′ ∈ Ui}. Thus,

a = ⊥f(x) = ⊥f(x′) ≤ yj = fW (x′) by (∗∗∗). If x /∈
⋃

i⩽n Ui then a = ⊥f(x) =

⊥f(x′) = fW (x′) and x′ ∈ f−1
W (int ↑a) in any case.

Therefore, f−1(int ↑a) ⊆ f−1
W (int ↑a) and f−1

W (int ↑a) = f−1(int ↑a) ∈ T(X) in
Case 1.
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Case 2 : {x ∈ X | a ≺ ⊥f(x)} = ∅ and I = {i ⩽ n | a ≺ yi} ̸= ∅. We put

U =
⋃

i∈I Ui; then U ∈ T(X). We show that U = f−1
W (int ↑a). Indeed, if x ∈ U

then x ∈ Uj for some j ∈ I. But then fW (x) = yi for some i ⩽ n such that
x ∈ Ui ⊆ Uj . Applying (∗∗), we obtain that a ≺ yj ≤ yi = fW (x). This means

that x ∈ f−1
W (int ↑a) and U ⊆ f−1

W (int ↑a). Conversely, let x ∈ f−1
W (int ↑a). As

{x ∈ X | a ≺ ⊥f(x)} = ∅, we conclude that yi = fW (x) ∈ int ↑a whence i ∈ I. It

follows that x ∈ Ui ⊆ U . Therefore, f−1
W (int ↑a) ⊆ U which is our desired conclusion.

Case 3 : {x ∈ X | a ≺ ⊥f(x)} = {i ⩽ n | a ≺ yi} = ∅. In this case, f−1
W (int ↑a) =

∅ ∈ T(X). □

The following statement is a corollary of the de�nition of fW .

Claim 4. For f ∈ C(X,Y) and W =
〈
f, {U0, . . . , Un}, {y0, . . . , yn}

〉
∈ W, we have

fW ≤ f if and only if yi ≤ f(x) for all x ∈
⋃

j⩽n Uj , where i ⩽ n is such that

Ui =
⋂
{Uj | j ⩽ n, x ∈ Uj}.

Claim 5. Let f ∈ C(X,Y) and let W =
〈
f, {U}, {y}

〉
be such that y ∈ Y0,

U ∈ T(X), and U ≺ f−1(int ↑y). Then fW ≪ f .

Proof of Claim. First of all, we notice that W ∈ W provided that y ≺ f(x) for all
x ∈ U . Indeed, for each x ∈ U , we have ⊥f(x) = ⊥y ≤ y ≺ f(x) which implies that
W possesses the property (∗∗∗). The conditions (∗)�(∗∗) are satis�ed in a trivial
way. Moreover, it is straightforward to see that fW ≤ f .

Suppose that f ≤ g =
∨

i∈I gi for some family {gi ∈ C(X,Y) | i ∈ I} which is up-
directed with respect to ≤P. According to Theorem 9, h(x) =

∨
i∈I gi(x) exists for

all x ∈ X. It is clear that h(x) ≤ g(x) for all x ∈ X. Conversely, if g(x) ∈ U ∈ T(Y)
then g ∈ Vx,U ∈ P ⊆ S. Since CS(X,Y) is a d-space, we conclude that gi ∈ Vx,U for
some i ∈ I, whence h(g) ≥ gi(x) ∈ U . Therefore, h(x) ∈ U and g(x) ≤ h(x); that
is, g(x) =

∨
i∈I gi(x) for all x ∈ X. Hence, we have by our assumption that

U ≺ f−1(int ↑y) ⊆ g−1(int ↑y) =
⋃
i∈I

g−1
i (int ↑y).

This yields that U ⊆ g−1
i (int ↑y) and gi(U) ⊆ ↑y for some i ∈ I. We claim that

fW ≤ gi. Indeed, if x ∈ U then fW (x) = y ≤ gi(x). Suppose now that x /∈ U . Since
f(x) ≤ g(x) and gi(x) ≤ g(x), we conclude that ⊥f(x) = ⊥g(x) = ⊥gi(x). Therefore,
fW (x) = ⊥f(x) = ⊥gi(x) ≤ gi(x) and fW ≤ gi which proves that fW ≪ f . □

Claim 6. We have

f =
∨{

f〈
f,{U},{y}

〉 | y ≺ f(x) for some x ∈ X, U ≺ f−1(int ↑y)
}

for each function f ∈ C(X,Y). In particular,
〈
C(X,Y);≤P

〉
is a continuous poset.

Proof of Claim. According to Claim 5, f is an upper bound for the family

Ff =
{
f〈

f,{U},{y}
〉 | y ≺ f(x) for some x ∈ X, U ≺ f−1(int ↑y)

}
.

Let g be another upper bound for Ff . It su�ces to establish that f ≤ g. Indeed,
let x ∈ X. As Y0 is a basic subspace of Y, we conclude that f(x) =

∨
{y ∈ Y0 | y ≺

f(x)}. Fix an element y ∈ Y0 such that y ≺ f(x). Then we have x ∈ f−1(int ↑y) ∈
T(X). As X is core-compact, the poset

〈
T(X);⊆

〉
is continuous. Therefore, there

is a nonempty set Uy ∈ T(X) such that x ∈ Uy ≺ f−1(int ↑y). We put W (y) =
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f, {Uy}, {y}

〉
. Then we have fW (y) ∈ Ff and thus, y = fW (y)(x) ≤ g(x). This

implies that f(x) =
∨
{y ∈ Y0 | y ≺ f(x)} ≤ g(x). Hence, f ≤ g which is our

desired conclusion.
The last statement follows from Claim 5. □

From Claim 6 and Lemma 1.10.5 in [9], we obtain the following statement.

Claim 7. Let f ∈ C(X,Y) and let W =
〈
f, {U}, {y}

〉
be such that y ∈ Y0,

U ∈ T(X), and U ≺ f−1(int ↑y). Then fW ≺S f .

We put C0 = {fW | W ∈ W}.

Claim 8. If Y0 is a parus in ⟨Y ;≤Y⟩ then C0 is a parus in
〈
C(X,Y);≤P

〉
.

Proof of Claim. We consider arbitrary sequences

W0 =
〈
g0, {U0, . . . , Um}, {a0, . . . , am}

〉
∈ W,

W1 =
〈
g1, {V0, . . . , Vn}, {b0, . . . , bn}

〉
∈ W

and assume that f0 = fW0 , f1 = fW1 ≤ h for some h ∈ C(X,Y). As Y0 is a parus
in Y, for all x ∈ X, there is f0(x) ∨ f1(x) ∈ Y0. We put

U ={U0, . . . , Um} ∪ {V0, . . . , Vn} ∪ {Ui ∩ Vj | i ⩽ m, j ⩽ n, Ui ∩ Vj ̸= ∅} =

={Z0, . . . , Zk};
F ={y0, . . . , yk};
W =⟨h, U, F ⟩,

where yi, i ⩽ k, is de�ned in the following way. For each i ⩽ k, we have
⋂
{Uj |

j ⩽ m, Zi ⊆ Uj} ̸= ∅. Hence,
⋂
{Uj | j ⩽ m, Zi ⊆ Uj} = Umi for some mi ⩽ m.

Symmetrically,
⋂
{Vj | j ⩽ n, Zi ⊆ Vj} ≠ ∅, whence

⋂
{Vj | j ⩽ n, Zi ⊆ Vj} = Vni

for some ni ⩽ n. Thus for each element x ∈ Zi, we have ami
≤ f0(x) ≤ h(x) and

bni
≤ f1(x) ≤ h(x). As Y0 is a parus in Y, there is an element yi = ami

∨ bni
∈ Y0.

By our de�nition, W possesses the property (∗). Suppose that Zi0 ⊆ Zi1 for
some i0, i1 ⩽ k. For each j < 2, let mj ⩽ m and nj ⩽ n be such that

Umj =
⋂

{Ut | t ⩽ m, Zij ⊆ Ut} and Vnj =
⋂

{Vt | t ⩽ n, Zij ⊆ Vt}.

Since Zi0 ⊆ Zi1 , we obtain that Um0
⊆ Um1

and Vm0
⊆ Vm1

. We have therefore
by our de�nition that yi0 = am0

∨ bn0
≥ am1

∨ bn1
= yi1 as W0 and W1 have the

property (∗∗). This yields that W possesses the property (∗∗). To establish that W
also possesses the property (∗∗∗), we consider an arbitrary element x ∈

⋃
i⩽k Zi.

Let j ⩽ k be such that Zj =
⋂
{Zt | t ⩽ k, x ∈ Zt} and let

Umj =
⋂

{Ut | t ⩽ m, Zj ⊆ Ut}; Vnj =
⋂

{Vt | t ⩽ n, Zj ⊆ Vt}.

If x ∈ Us for some s ⩽ m, then Zj ⊆ Us as Us ∈ U . This implies that x ∈ Zj ⊆
Umj

⊆ Us. Similarly, x ∈ Vs for some s ⩽ n implies that x ∈ Zj ⊆ Vnj
⊆ Vs.

Therefore, we obtain that

Umj =
⋂

{Ut | t ⩽ m, x ∈ Ut}; Vnj =
⋂

{Vt | t ⩽ n, x ∈ Vt}.
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As W0 and W1 possess the property (∗∗∗), we obtain

yj = amj
∨ bnj

≥ amj
= f0(x) ≥ ⊥g0(x);

yj = amj
∨ bnj

≥ bnj
= f1(x) ≥ ⊥g1(x);

h(x) ≥ f0(x) = amj
;

h(x) ≥ f1(x) = bnj .

Hence ⊥g0(x) = ⊥h(x) = ⊥g1(x) and

h(x) ≥ yj = fW (x) ≥ ⊥h(x) = ⊥g0(x) = ⊥g1(x).

This proves that W also has the property (∗∗∗).
Finally, we prove that fW = f0 ∨ f1 in C(X,Y). We prove �rst that f0, f1 ≤ fW .

Indeed, let x ∈ X. Two cases are possible. In what follows, we use the notation
introduced above.

Case 1 : x ∈
⋃

i⩽k Zk. In this case, f0(x) = amj
, f1(x) = bnj

, fW (x) = yj =

amj
∨ bnj

≥ amj
= f0(x). Similarly, fW (x) ≥ bnj

= f1(x).

Case 2 : x /∈
⋃

i⩽k Zi. This implies that x /∈
⋃

i⩽m Ui ∪
⋃

i⩽n Vi. Therefore,

⊥g0(x) = f0(x) ≤ h(x); ⊥g1(x) = f1(x) ≤ h(x),

whence f0(x) = f1(x) = ⊥g0(x) = ⊥g1(x) = ⊥h(x) = fW (x).
Therefore, fW is indeed an upper bound of f0 and f1. Suppose that f0, f1 ≤ f

for some f ∈ C(X,Y); we have to establish that fW ≤ f . Indeed, for x ∈ X, two
cases are possible.

Case 1 : x ∈
⋃

i⩽k Zk. According to the considerations in Case 1 above, we have

fW (x) = yj = amj ∨ bnj = f0(x) ∨ f1(x) ≤ f(x) in this case.

Case 2 : x /∈
⋃

i⩽k Zi. This implies as in Case 2 above that fW (x) = ⊥g0(x) =

⊥g1(x) = f0(x) = f1(x) ≤ f(x).
Therefore, fW = f0 ∨ f1 and the proof of Claim is complete. □

Claim 9. C0 is a basic subspace in CS(X,Y).

Proof of Claim. Let f ∈ V ∈ S. According to Claim 6, f =
∨
Ff , where

Ff =
{
f〈

f,{U},{y}
〉 | y ≺ f(x) for some x ∈ X, U ≺ f−1(int ↑y)

}
.

According to Claim 8, for each �nite nonempty subfamily G ⊆ Ff , there is W (G) ∈
W such that fG = fW (G) =

∨
G ≤ f . Thus, the family

D =
{
fG | G ⊆ Ff , 0 < |G| < ω

}
is up-directed with respect to ≤P and f =

∨
D. This implies that fG ∈ V for some

�nite nonempty family G ⊆ Ff . Moreover, f ∈ intS ↑g for all g ∈ G according to
Claim 6. Therefore,

f ∈
⋂

{intS ↑g | g ∈ G} = intS ↑fG,

which implies that fG ≺S f . □

The desired statements follow from Claims 2, 8, and 9. □

Corollary 21. The following statements are equivalent for a T0-space Y.
(1) Y is an Ad-space such that ↓y has a least element for each y ∈ Y .
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(2) For each core-compact space X, CS(X,Y) is an Ad-space such that ↓f has
a least element for each f ∈ C(X,Y).

Proof. (1) implies (2) by Theorem 20. Let T be a trivial (one-element) topological
space; T is obviously core-compact. If (2) holds, then Y ∼= CS(T,Y) is an Ad-space
such that ↓f has a least element for each f ∈ C(X,Y). Hence, (1) also holds. □

Theorem 22. If X is a core-compact space and Y is an A-space with a least element
then CI(X,Y) is an A-space with a least element.

Proof. The proof is very close to the one of Theorem 7.3.4 in [9]; we use certain
parts of it here.

Let ⊥ denote the least element in Y and let Y0 be an A-basic subspace in Y; in
particular, ⊥ ∈ Y0. It follows from Lemma 1 that CI(X,Y) has a least element.

Similarly to the proof of [9, Theorem 7.3.4], we consider the set

W =
{
⟨∅,∅⟩

}
∪
{〈

{U0, . . . , Un}, {y0, . . . , yn}
〉
|

n < ω, U0, . . . , Un ∈ T(X)\{∅}, y0, . . . , yn ∈ Y0

}
,

where each
〈
{U0, . . . , Un}, {y0, . . . , yn}

〉
∈ W possesses the following properties:

(∗) the set {U0, . . . , Un} is closed under nonempty intersections;
(∗∗) if Ui ⊆ Uj for some i, j ⩽ n then yj ≤Y yi.

For each W =
〈
{U0, . . . , Un}, {y0, . . . , yn}

〉
∈ W, we de�ne a mapping fW : X → Y

by the following rule:

fW (x) =

{
yi, if Ui =

⋂
{Uj | j ⩽ n, x ∈ Uj};

⊥, if x /∈
⋃

j⩽n Uj .

We put C0 = {fW | W ∈ W}.
Claims 1�3 were established in the proof of [9, Theorem 7.3.4]

Claim 1. fW ∈ C(X,Y) for each W ∈ W.

Claim 2. For f ∈ C(X,Y) and W =
〈
{U0, . . . , Un}, {y0, . . . , yn}

〉
∈ W, we have

fW ≤ f if and only if yi ≤ f(x) for all x ∈
⋃

j⩽n Uj , where i ⩽ n is such that

Ui =
⋂
{Uj | j ⩽ n, x ∈ Uj}.

Claim 3. If Y0 is a parus in ⟨Y ;≤Y⟩ then C0 is a parus in
〈
C(X,Y);≤P

〉
.

Claim 4. C0 is a basic subspace in CI(X,Y).

Proof of Claim. Suppose �rst that U ∈ T(X), W ∈ T(Y), and f ∈ C(X,Y) are
such that f ∈ VU,W ∈ I; then U ≺ f−1(W ). Since Y0 is a basic subspace in Y,
f−1(W ) =

⋃
y∈Y0∩W f−1(int ↑y). Therefore, U ≺ f−1(int ↑y0) ∪ . . . ∪ f−1(int ↑yn)

for some y0, . . . , yn ∈ Y0 ∩ W . Since X is core-compact, there is U ′ ∈ T(X) with
U ≺ U ′ ≺ f−1(int ↑y0)∪. . .∪f−1(int ↑yn). We put B = T(X) and apply Proposition
15. According to it and the fact that X is core-compact, there are W0, . . . ,Wn,
S0, . . . , Sn ∈ T(X) such that

Wi ≺ Si ≺ f−1(int ↑yi) for all i ⩽ n and U ⊆ W0 ∪ . . . ∪Wn ⊆ U ′.

We claim that
⋂

i⩽n VWi,W ⊆ VU,W . Indeed, if g ∈
⋂

i⩽n VWi,W then Wi ≺ g−1(W ).

Hence, U ⊆ W0 ∪ . . . ∪Wn ≺ g−1(W ) which implies that g ∈ VU,W .
For each i ⩽ n, we put fi = f⟨{Si},{yi}⟩; then fi ∈ C0. Moreover, if x ∈ Si then

fi(x) = yi ≺ f(x) as Si ≺ f−1(int ↑yi). Furthermore, yi ∈ W whence Wi ≺ Si ⊆
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f−1
i (W ) and fi ∈ VWi,W . Therefore, fi ≤ f for all i ⩽ n by Claim 2. According to
Claim 3, there is h = f0 ∨ . . . ∨ fn ≤ f . As fi ∈ VWi,W for all i ⩽ n, we conclude
that h ∈

⋂
i⩽n VWi,W ⊆ VU,W .

Finally, f ∈
⋂

i⩽n VSi,int ↑yi
as Si ≺ f−1(int ↑yi) for each i ⩽ n. Suppose that

g ∈
⋂

i⩽n VSi,int ↑yi
; then for all i ⩽ n and all x ∈ Si, one has fi(x) = yi ≺ g(x),

whence fi ≤ g by Claim 2. This implies that h ≤ g. Summarizing, we obtain that
f ∈

⋂
i⩽n VSi,int ↑yi ⊆ ↑h; that is, h ≺I f .

To complete the proof, we assume that f ∈ V ∈ I. Then there is k < ω and there
are open sets U0, . . . , Uk ∈ T(X) and W0, . . . ,Wk ∈ T(Y) such that

f ∈ VU0,W0
∩ . . . ∩ VUk,Wk

⊆ V.

According to what we have just proved, there are h0, . . . , hk ∈ C(X,Y) such that
hi ≺I f and hi ∈ VUi,Wi

for all i ⩽ k. By Claim 3, there is h = h0 ∨ . . . ∨ hn ≤ f .
In particular, h ∈ VU0,W0

∩ . . . ∩ VUk,Wk
⊆ V and h ≺I f . □

The desired statement follows from Claims 3�4. □

We notice that Theorem 22 generalizes Theorem 7.3.4 in [9] (see Theorem 19) as
I = P on C(X,Y) by Proposition 6(3) whenever X is an α∗-space.

Corollary 23. The following statements are equivalent for a T0-space Y.
(1) Y is an A-space with a least element.
(2) For each core-compact space X, CI(X,Y) is an A-space with a least element.
(3) For each α∗-space X, C(X,Y) is an A-space with a least element.

Proof. (1) implies (2) by Theorem 22. (1) implies (3) as I = P for an α∗-space
X. A trivial (one-element) topological space T is obviously an α∗-space and thus
core-compact. If (2) holds, then Y ∼= CI(T,Y) is an A-space with a least element.
Thus, (1) also holds and each of (2) and (3) implies (1). □

7. Injectivity in function spaces

We will make use of the following results.

Theorem 24. [9, Theorem 4.2.3] A topological T0-space X is injective if and only
if the following conditions hold:

(1) X is a d-space;
(2) X is an α-space;
(3) ⟨X;≤X⟩ is a complete lattice.

Theorem 25. [9, Theorem 4.2.4] A topological T0-space X is densely injective if
and only if the following conditions hold:

(1) X is a d-space;
(2) X is an α-space;
(3) X is a bc-domain.

Corollary 26. A topological T0-space X is [densely] injective if and only if X is a
Ad-space with a least and a greatest element [with a least element].

Proposition 27. Let X, Y be T0-spaces and let T be a topology on C(X,Y) such
that P ⊆ T ⊆ TA(⊆)♯. If CT(X,Y) is an α∗-space [an α-space] for some space X,
then Y is also an α∗-space [an α-space].
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Proof. Let CT(X,Y) be an α∗-space. Suppose that y ∈ U ∈ T(Y) and �x an element
x ∈ X; then ξy ∈ Vx,U ∈ P ⊆ T. According to our assumption, there are continuous
functions f0, . . . , fm ∈ Vx,U and a set V ∈ T such that ξy ∈ V ⊆ ↑f0 ∪ . . . ∪ ↑fm.
Since V ∈ T ⊆ TA(⊆)♯, there are upper cones H0, . . . , Hn in ⟨T(X);⊆⟩ and open
sets W0, . . . ,Wn ∈ T(Y) such that

ξy ∈ VH0,W0
∩ . . . ∩ VHn,Wn

⊆ V ⊆ ↑f0 ∪ . . . ∪ ↑fm ⊆ Vx,U .

Therefore, ξ−1
i (Wj) ∈ Hj for all j ⩽ n. In particular, Hj ̸= ∅ for all j ⩽ n. We put

W =
⋂{

Wj | j ⩽ n, Hj ̸= T(X)
}
.

Then we have thatW ∈ T(Y). Moreover, ξ−1
y (Wj) ̸= ∅ whence ξ−1

y (Wj) = X for all

j ⩽ n such that Hj ̸= T(X). This implies that y ∈ W . If y′ ∈ W , then ξ−1
y′ (Wj) = X

for all j ⩽ n such that Hj ̸= T(X). Therefore,
ξy′ ∈ VH0,W0

∩ . . . ∩ VHn,Wn
⊆ V ⊆ ↑f0 ∪ . . . ∪ ↑fm ⊆ Vx,U

and thus y′ ∈ U . We established therefore that y ∈ W ⊆ ↑f0(x) ∪ . . . ∪ ↑fm(x) and
f0(x), . . . , fm(x) ∈ U . This implies that Y is an α∗-space.

If CT(X,Y) is an α-space, we use in the argument above with m = 0. □

Proposition 28. Let X, Y be T0-spaces and let T be a topology on C(X,Y) such
that P ⊆ T ⊆ TA(⊆)♯. If CT(X,Y) is a densely injective space then Y is also densely
injective.

Proof. According to Theorem 25, CT(X,Y) is an α-space, a d-space, and a bc-
domain. According to Proposition 27, Y is an α-space. According to the proof of
Theorem 9, Y is a d-space. In view of Theorem 25, in order to prove the dense
injectivity of Y, it su�ces to show that Y is a partial join-semilattice with respect
to the specialization order ≤Y.

Let y0, y1 ≤ y in Y. This means that ξy0
, ξy1

≤ ξy in CT(X,Y). As CT(X,Y)
is a bc-domain, there is a continuous function f = ξy0

∨ ξy1
. We prove that f is

constant. Indeed, let f(x0) ∈ U ∈ T(Y) and let x1 ∈ X be an arbitrary element.
Then f ∈ Vx0,U ∈ P ⊆ T. By Corollary 26, CT(X,Y) is an Ad-space. By [10, Lemma
7], there are open sets V0, V1 ∈ T such that ξy0 ∈ V0, ξy1 ∈ V1, and V0 ∩V1 ⊆ Vx0,U .
Using the assumption that T ⊆ TA(⊆)♯ and applying the same argument as in the
proof of Proposition 14, we obtain that f = ξy for some y ∈ Y , whence y = y0 ∨ y1
in Y.

Applying Theorem 25 again, we conclude that Y is densely injective. □

Proposition 29. Let X, Y be T0-spaces and let T be a topology on C(X,Y) such
that P ⊆ T ⊆ TA(⊆)♯. If CT(X,Y) is an injective space then Y is also injective.

Proof. According to Theorem 24 CT(X,Y) is an α-space, a d-space, and a complete
lattice with respect to the specialization order ≤. By Proposition 27, Y is an α-
space. By the proof of Theorem 9, Y is a d-space. Since CT(X,Y) is an Ad-space
having a least and a greatest element by Corollary 26, it possesses the properties
(H0)�(H2) by [10, Lemma 7]. By Lemma 1 and Proposition 14, the space Y also
possesses the properties (H0)�(H2). This means that Y is a complete lattice with
respect to the specialization order ≤Y. Applying Theorem 24 again, we conclude
that Y is an injective space. □

The following statement generalizes Theorem 19 in [10].
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Theorem 30. For a T0-space Y, the following conditions are equivalent.

(1) Y is densely injective.
(2) CI(X,Y) is densely injective for each core-compact space X.
(3) CI(X,Y) is densely injective for some core-compact space X.
(4) CI(X,Y) is densely injective for some T0-space X.
(5) CS(X,Y) is densely injective for each core-compact space X.
(6) C(X,Y) is densely injective for each α∗-space X.
(7) C(X,Y) is densely injective for some α∗-space X.
(8) C(X,Y) is densely injective for some T0-space X.
(9) CT(X,Y) is densely injective for some [core-compact] T0-space X and some

topology T such that P ⊆ T ⊆ TA(⊆)♯.

Proof. (1) implies (2) by Proposition 11(1). (2) implies (3) implies (4), (6) implies
(7) implies (8), and (3) implies (9) in a trivial way. (4) implies (1) and each of
(8) and (9) implies (1) by Proposition 28. Furthermore, (2) implies (5) as I = S

whenever CI(X,Y) is densely injective, see [9, Lemma 1.8.6].
Let T be a trivial (one-element) topological space; T is obviously core-compact.

If (5) holds, then Y ∼= CS(T,Y) is a densely injective space. Hence, (1) also holds,
and (5) implies (1).

Statements (1), (6), and (7) are equivalent by [10, Theorem 19]. □

The following statement generalizes Theorem 20 in [10].

Theorem 31. For a T0-space Y, the following conditions are equivalent.

(1) Y is injective.
(2) CI(X,Y) is injective for each core-compact space X.
(3) CI(X,Y) is injective for some core-compact space X.
(4) CI(X,Y) is injective for some T0-space X.
(5) CS(X,Y) is injective for each core-compact space X.
(6) C(X,Y) is injective for each α∗-space X.
(7) C(X,Y) is injective for some α∗-space X.
(8) C(X,Y) is injective for some T0-space X.
(9) CT(X,Y) is injective for some [core-compact] T0-space X and some topology

T such that P ⊆ T ⊆ TA(⊆)♯.

Proof. (1) implies (2) by Proposition 11(1). (2) implies (3) implies (4), (6) implies
(7) implies (8), and (3) implies (9) in a trivial way. (4) implies (1) and each of
(8)and (9) implies (1) by Proposition 29. Furthermore, (2) implies (5) as I = S

whenever CI(X,Y) is injective.
Let T be a trivial (one-element) topological space; T is obviously core-compact.

If (5) holds, then Y ∼= CS(T,Y) is a injective space, which yields (1).
Statements (1), (6), and (7) are equivalent by [10, Theorem 20]. □

The fact that (1) implies (2) in Theorems 30 and 31 was established in [12, Proposition
II-4.6]. The fact that (3) implies (1) in Theorems 30 and 31 was established in [14,
Theorems 4.6, 4.7].

8. ∆-spaces C(X,Y)

De�nition 2. [7] A continuous function δ : X → X from a topological space X into
itself is a de�ation, if the set δ(X) is �nite and δ(x) ≤X x for all x ∈ X.
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A T0-space X is a ∆-space, if there is an up-directed family {δi : X → X | i ∈ I}
of de�ations of X with the property that for every U ∈ T(X) and every x ∈ U , there
is i ∈ I such that δi(x) ∈ U .

A space X is a ∆d-space, if X is a ∆-space and a d-space simultaneously.

The following partial generalization of Theorem 23 from [10] holds.

Proposition 32. Let X, Y be T0-spaces and let T be a topology on C(X,Y) such
that P ⊆ T ⊆ TA(⊆)♯. If CT(X,Y) is a ∆-space [∆d-space] then Y is also a ∆-space
[∆d-space].

Proof. Let D be an up-directed family of de�ations of the space CT(X,Y) which
satis�es all the requirements of De�nition 2. We �x an element a ∈ X. For each
δ ∈ D, consider the mapping

κδ : Y → Y, κδ : y 7→ δ(ξy)(a).

The set κδ(Y ) is �nite as the set {δ(ξy) | y ∈ Y } is �nite. Moreover, for every
y ∈ Y , we have κδ(y) = δ(ξy)(a) ≤ ξy(a) = y, since δ is a de�ation of CT(X,Y).
Let U ∈ T(X); then

κ−1
δ (U) = {y ∈ Y | δ(ξy)(a) ∈ U} = {y ∈ Y | δ(ξy) ∈ Va,U ∈ T} =

= {y ∈ Y | ξy ∈ δ−1(Va,U ) ∈ T} = ξ−1δ−1(Va,U ) ∈ T(Y)
as ξ is continuous by Lemma 3 and δ is continuous by De�nition 2. Thus, κδ is
continuous, whence it is a de�ation of Y. Moreover, if δ, δ′ ∈ D are such that δ ≤ δ′,
then κδ(y) = δ(ξy)(a) ≤ δ′(ξy)(a) = κδ′(y) for all y ∈ Y . Therefore, {κδ | δ ∈ D} is
an up-directed family of de�ations of CT(Y,Y) by Lemma 1. Finally, if y ∈ U ∈ T(Y)
then ξy ∈ Va,U ∈ P ⊆ T. In view of the choice of D, there is a de�ation δ ∈ D such
that δ(ξy) ∈ Va,U . Then κδ(y) = δ(ξy)(a) ∈ U , and the proof is complete.

The statement about ∆d-spaces follows with the use of Theorem 9. □

Proposition 32 was established for the case T = I in [14, Theorem 5.5].
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