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ITOJIYVOAHOPOAHBIX BEKTOPHBIX IIOJIEN

N.A. ITPOCKYPHUH

IIpedcmasaerno M. A. TIPOCKYPHUHBIM

Abstract: For any semihomogenous vector field on a real plane
we construct a deformation with a minimal topologically possible
number of singular points.
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fields, curve singularities.

1 Bseaenue

B Teopun IMHAMHYECKMX CHCTEM M3BECTHA 3aJa4a 00 yIaJeHHH 0COOLIX
TOUYEK BEKTOPHOTO MOJISI MaJIoii medpopManneii: mycTh v—rIa Koe BEKTOPHOe
noJsie, onpeaenernoe B obsactu U C R”, mmeroree B 3T0# 06/1aCTH €/TMH-
CTBEHHYIO 0co0yi0 Touky mHiekca (. Ecth sim B Masoit okpectHocT v (B
HEKOTOPOIi TOMOJIOTHHI) BEKTOPHOE oJjie ¥, He mMeroriee B U 0coObIX TOUEK?
Dra 3amaua craBuiack B crarbe Ilsmca u Ileto [1]. Caiimon u Turyc ([2])
JIOKa3a/IM, 9TO TaKoe IpHG/IKenne Bo3MokHo B C - Tomosornn B caydae
n = 2. DHKep nokazan ([3]), 4TO ITO BO3MONKHO JIII HEKOTOPOTO KJACCA
AHAJTUTHIECKAX BEKTOPHBIX TOJIEil HAa MJIOCKOCTH, TaK HA3BIBAEMBIX TIOJIYO/T-
Hoponubix. Koddman u JI66a mokazamu ([4]), aro a1t asrebpandecKux u
AHATUTHIECKUX BEKTOPHBIX TIOJIeH MEXK 1y TOJISMU U ¥ U [IPU OLPeIeTeHHBIX

PROSKURNIN, [.LA.; MINIMAL DEFORMATIONS OF SEMIHOMOGENOUS VECTOR FIELDS.
© 2022 IIPOCKYPHUH WM. A.
Pa6ora nogunepxana PH® (rpant 21-11-00080).
Iocmynuaa 30 cenmabpa 2022 2., onybaukosana 31 dexabpa 2023 e.
1


https://orcid.org/0000-0001-8827-2630

2 N.A. ITPOCKYPHUH

YCJIOBUAX CYIIECTBYET HEIPEPBIBHAA I'OMOTONNS, IIPUUEM BCE IIPOMEXKYTOY-
HbI€ BEKTOPHBIC I[10JId TOXKE HE MMECIOT OCO6bIX TOYEK. AHaHOFI/ILIHaH 3ada4da
JITST TPAINEHTHBIX BEKTOPHBIX TOJIEH CTABUIACH B TEOPUH OCODEHHOCTEH Kak
3asiada o aeopMali aHAJUTUIeCKON (DYHKIUN 6e3 0coOBIX TOUeK, U ObLIA
perera C. M. I'yceiin-3aze ([5]) B caywae n = 2.

Banauy 06 yaasenun ocoboil TOYKU eCTECTBEHHO PACITUPUTDL JI0 33 a9H O
MHUHAMAJIBLHON AehopMalinm: mycTh WHAEKC 0coboit TOUKN v paseH k € Z.
MozkHO Jin TpUGAM3UTE V BEKTOPHBIM IOJIEM V, UMEOIeil poBHO |k| HEBBI-
POKIEHHBIX 0cOOBIX Todek? Takas 3amaua 1JIst TPAMEHTHBIX BEKTOPHBIX TIO-
neit crasmiack B. Bacuipesbim ([6]). B manmoit pabore mokaswpiBaeTcs, 9To
Ji7TsT TI0GOTO TTONYOTHOPOTHOTO AHAJIUTHIECKOTO BEKTOPHOTO TOJIST Ha TLIOC-
KOCTH MHUHHUMAJbHAS JeOpMaliis CYMECTBYeT, TPUIeM OHa MOXKET OBITh
MOCTPOEHA B BHUJE aHATUTHIECKOTO CeMefCTBa BEKTOPHBIX moje. ['oBops
TOYHO, JTOKA3LIBAETCS CACIYIONIAs TeopeMa.

Teopema 1. ITycms v - pocmork noAyoOHOPOOHO20 GHAAUMUNECKOZ0 BEKMOD-
nozo noaa na (R2,0), umerowuti usosruposannyro ocobyro mouxy underca k.
Tozda cywecmeyem cemeticmseo pocmros 6ekmoprux noael v(\),anasumuiecky
sasucawee om napamempa \ , maxoe, 4umo v(0) = v u npu 6cex docmamot-

HO MAABT HeHYaesur N eexmoproe nose v(A) umeem |k| neswpoowcdenmos
0cobBT MOuEE.

JlokazaTeabCcTBO OyeT pa3aeeHo Ha YeThIPe YaCTH: B MIEPBOH MBI JaJIUM
HEKOTOPBIE HEOOXOomuMbIe ompeseiennsd u (haKThl, BO BTOPOH MBI OITHIIEM
METOJ BEIYUCIEHUS WHAEKCA MOJYOHOPOIHOTO BEKTOPHOTO MMOJIS Ha ITIJIOCKO-
CTH, OCHOBAHHbIN Ha aHaJan3e B3aUMHOIO PacCIoyiozKeHnd MHOXKeCTB Hyﬂeﬁ
€ro KOMIIOHEHT, B TPeTbell MbI TOCTPOUM MUHUMAJIBHYIO 1eOPMAIUI0 B BU-
JI€ TIOCJIEIOBATEbHOCTH MAJIBIX IIEBEJIEHNI BEKTOPHOI'O MOJIs, & B YeTBEPTO
MbI JIOKa2KE€M, YTO 9Ta I10C/JI€10BaTEC/JIbHOCTE MaJIbIX 1eBeJIeHUul MoXKeT 6bITb
peann3oBaHa KaK CeMeHCTBO BEKTOPHBIX IIOJIEH.

2 Omnpenesienns n HeoOxouMbIe (PAKTHI

Bech m3maraloTea HeKOTOpbie (haKThl W ONMPEIETeHU U3 TeOPUH 0COOEH-
HOCTel, HeoOXOoaMMbIe I JATBHEHnX mgokazareascTB. [loapobmoe uziio-
JKEHUe 9TUX ToHATHil cM, Hanpumep, B [7], [8]. Mbl Gymem cuurarsb, uro je-
cdopmmpyemoit 0coboil TouKoil BekTOpHOTO NoIA gBagerca (0,0) € R2.

Omnpenenenne 1. Kpamnocmvio pocmeas aGHAAUNUYECKO20 6EKMOPHO20 Ti0-
AR KA NAOCKOCTNU € KOMNOKERNAMU [ U § HAZWBAEMCHA KOPAZMEPHOCTL UOEa-
4G, NOPOAHCOEHHO20 KOMNACKCUPURAUUAMY [ U § 6 KOABUE POCTNKOS KOMNAEKCHO-
anaaumuseckus Pynryut om deyr nepemennnr pn(v) = dime(C{x,y}/{f, g)).

Kparrocts MoxkeT ObITH HecKOHETHA, BOOOIE TOBOPsT, HO /I BEKTOPHBIX
noJieil paccMaTpUBAEMOr0 HaMU THIIA (TIOJIyOJHOPOIHBIX) 3Ta BEJIUIHHA KO-
HeugHa. £é KoHedHoCTh paBHOCHIBHA, H30JUPOBAHHOCTH 0COO0H TOUKU B KOM-
miekcHoit obactu. KparsocTh paBHa 9lC/Iy HEBBIPOXKIEHHBIX KOMILIEKCHBIX
0CODBIX TOUEK, TTOSBISIONTUXCS IPU MaJioil nedopMarun KoMILIeKCubuKamm
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naunoit ocobennoctu. Eciu npu gedpopmalium KpaTHOCTH POCTKA BEKTOPHOI'O
[I0JIsl HE MEHHAETCs, TO 3Ta j1epopMarus HE MOPOZKIAET HOBBIX OCOOBIX TOYEK.
AHAJOTHYHBIM 06pa30M OMPeIeNSIeTC KPATHOCTE OTOOPAYKEHMUSI.

Onpegesienue 2. Bexmoproe noae Hasvieaemcs 0OHOPOOHBIM, €CAU €20
KOMNOHEHTNBL - 0OHOPOOHBIE TLOAUHOMbL (603MONCHO, PA3HOT CTNENEHU,).

Onpegenenne 3. Odnopodnoe sexmoproe noie HEGBLPOHCIEHO, ecal €20
woMmnonenmbL umerom edurncmeennvidi obwud nyav 6 C? (nawaso xoopou-
Ham). B npomuenom cayuae ono vposrcoeno.

Onpenesienue 4. Bexmopnoe noae F noayodnopodno ecau ono npedemas-
aaemea 6 sude (fo+ f1,90+g1), 2de (fo,90) - neswposcdenmnoe odnopoduoe,
a pad Tetinopa f1 (coomseememeenno, pad Tetaopa g1) codeporcum uckaiowu-
MEABHO MOHOMbL CTNENEHU BblULe, Yem cmenenb fo (coomeemcemeenno, go).
(fo, 90) nasweaemea 2aaeHol wacmuvro nosa F

KparHoCTh MOIyoHOPOIHOTO BEKTOPHOTO OIS BCEr/Ia KOHEYHA W DABHA
NPOU3BENEHNIO cTeneneii fo u go (9T0 CcoBHagaer ¢ KPaTHOCTHIO €ro TJIaB-
HO#T wacTn). MHIEKC MoIyoHOPOZHOTO BEKTOPHOTO TIO/Isi PABEH UHJIEKCY €T0
[JIABHON YacTu (JJ0Ka3aTeabcTBO 91X hakToB CM., HaupuMmep, B [7]).

B nokazarenbcrBe HaM MOHAIOOUTCs Caemyromas jgeMMa(eé 1oKa3areb-
CTBO CM., Hanpumep, B [9]):

Jlemma 1. (Jlemma 06 ombope xpuswvixr) Ilycmov mouka ro npunad-
AEHCUM, 3AMBIKAHUIO cybanasumuyeckozo muoocecmea X C R™. Tozda cy-
wecmeyem anaaumuseckad kpusaa vy 1 (—1,1) — R™ maxaa, wmo y(t) €
XVt € (0;1), av(0) = xo.

Ona 03BOIUT HAM MTPEBPATUTH MOCIEN0BATEIBHOCTE TPUOJIMIKEHU B T1a-
pamMeTrprueckKoe CeMeCTBO BEKTOPHBIX ITOJIEH.

Onpenesienue 5. Henpusodumvie KOMNOHEHMbL BEULLCTNEEHHOT GHAAUMU-
weckoli Kpusol mu 6ydem Ha3vieamMd S8EMBAMU IMOt Kpusol. FEcau Mo
PACCMATNPUBAEM POCTNOK GHAAUMUYECKOT KPUBOT 6 MOYUKE Tg, MO IMA MO~
xa 6ydem deaums kancdyio 6emed Kpusol Ha dee wacmu. ImMu 4acmu Mot
b6ydem HA3BIBANMD NOAYBEMBAMU KPUBOT.

Onpenesenue 6. Jasa 410600 HeNPUuGoIUMOT GHAAUMUYECKOT KPUBOT 7Y CY-
wecmeyem eQuHCMEeRHas (C MOYHOCTIBI0 00 YMHONCEHUA HA 0OPATNUMDbLE
Pyrryuu) anasumuseckan PYHKUUA G, MAKAA, WIMO ECAU Y — 6EMEb KPU-
eoti {f = 0}, mo f deaumca na g,. Ecau gy exodum s pasaoowcenue f hma
HENPUBOJUMbBIE MHONCUMEAU C KPAMHOCMBIO 1, Mo 6emedb 7y HA3HIEAEMCH
nexpammnot orsn [ (uau das kpusot {f = 0}). B npomusnom cayuae ona
KPATMHAs.

3 BplunciieHue MHAEKCA MOJIYOJHOPOJIHOTO BEKTOPHOTO
moJIs

Onpegnesenue 7. Bydem zosopums, wmo y d8yx pocmros Gynkuui g1 u go
npasuavhoe uepedosanue, ecau muoxcecmea {g1 = 0} NR? u {go = 0} NR?
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UMEIOM 00UHAKOBOE HUCAO HENPUSOOUMBIT KOMNOHEHM, U KAANCOAA KOMNO-
nenwma ceasnocmu donoanenus % {g1 = 0} NR? codeporcum posno 0dny no-
ayeemen mmooicecmea {ge = 0} NR?

Hanpumep, 3% — 52ty u 3zy? — 25 umeror npasuibaoe depesoBaHue.

¢l KpaTKO U3JI0¥KY TEOPUIO UHJEKCA TOJYOIHOPOIHBIX BEKTOPHBIX TTOJIEH,
onmcannyto B Kuure M.A. Kpacrocenbckoro n apyrux “BekTopubie moss Ha
[LJIOCKOCTH .

WNHaekc HEBBIPOKJIEHHOTO MTOJIYO/IHOPOHOTNO BEKTOPHOTO TI0JIsi PABeH WH-
JIEKCY €ro TJIABHOI 9acTH, Tak 4To OyJieM CUUTaTh moJje F' mpocTo omHOpOI-
M. Kommonertsr notst F'(06o3uauny ux f u g) MOTYT OBITH Pa3/I0kKeHbI
Ha HENPUBOANMbBIE HA/[ TIOJIEM BEIIECTBEHHBIX YMCEJ MHOXKUTEJN, T.€. HA JIN-
HefHbIe U KBaJpPaTHYHbIE OJHOPOHBIE MHOTOUJIEHBI.

BaMernm, 4TO KBaAPATUIHBIE MHOKHUTEIN MPH TOJACIETE MHIEKCA MOXKHO
He yuuThiBaTh: ecam hi(x,y), he(x,y) — nonoxkurenbHble BHE Hada a KO-
opaunar GyHKIMK (KAKMMU SIBJISKOTCS HEPUBOIAMMbBIE MHOTOUYIEHBI BTOPOT
CTENeHn), TO UHJIEKChl BeKTOPHbIX nosieit (f,g) u (hyf, hag) coBuanator. Tak
9TO GyJeM CUNTATh, YTO KBAAPATAIHBIX MHOXKUTENEH v f U g HeT.

Hasee, paccMoTpuM n3MeHeHHe NOJIOXKeHUs BeKTopa (f,g) mpu obxofe
BOKDYT HadaJsia KOOpAWHAT (B IJIOCKOCTH-TIpooGpase). List Toro, arobsl 910
BEKTOP CJIeJ1al TOTHBIA 060poT, MBI JIOJIZKHBI [IEpecedb He MeHee JIBYX Ipsi-
MBIX MHOXKecTBa { f = 0} 1 He MeHee AByX npsiMbIX MHOKecTBa {g = 0}. Ecam
[PU 9TOM MbI IIepeceKaeM MOJpsijl JiBe IpsaMble MHOKecTBa { f = 0}, Mex 1y
KOTODPBIMH HET MpsiMbIX MHOXKecTBa {¢g = 0}, TO mOC/e mepecedenust 3TUX
OPSIMBIX BEKTOP BO3BPAIIAETCA B TOT K€ KOODIMHATHBIN KBAaJPAHT, B KOTO-
POM OH OBLT JI0 9TOr0 — 3HAK [ [MOMEHSJICI JIBAXKJIbl, a 3HAK ¢ HE MEHSLICS.
Tosromy napa cocemunx npsiMbix {f = 0}, MexKy KOTOPBIMU HET TPSIMBIX
{g = 0}, He BHOCHT HMKaKOTO BKJAaJA B MHueKC orobpaxkenus (f,g). To xe
caMoOe BepHO, pa3yMeercsi, W Juld map coceanux npsMbix {g = 0}, mexy
koropeiMu HeT npsivbix {f = 0}.

Takum 06pa3oM, HHIEKC OJTHOPOIHOTO OTOOPAKEHNA ¢ HEBBIPOXK JEHHBIMA
KOMIIOHEHTAMM MOXKHO BBIYHC/IUTD 110 CJIEYIOIIEMY PEeLENTy:

1)Mckirouaem u3 passioxkeHusi 060MX KOMIIOHEHT 0TOODaKeHUsl BCe KBa/l-
paTUYHbIE MHOXKUTEJIH.

2)Uckmrouaem u3 pasIoKeHUst KOMIOHEHTHI [ Maphbl IHHEAHBIX MHOKUTE-
Jieli, OTBEYAIONINX 33 Tapbl cocemunx mpsiMbix {f = 0}, MexX Iy KOTOPBIMU
Her npambix {g = 0}.

3)Uckrouaem u3 pa3/IoKeHrsl KOMIIOHEHTHI ¢ TTAPhl JIHHEHHBIX MHOKUTE-
Jieli, OTBEYAIONINX 33 Hapbl COCeTHUX MpAMBIX {g = 0}, MeXKIy KOTOPBIMHU
Her npambix {f = 0}.

4)ITosropsem mmraru 2 u 3, MOKa TAKUX Hap TPSIMBIX HE OCTAHETCS.
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5)ITocsie 31oro Mbl 16O TPUAEM K 0TOOPAKEHUIO, OJIHA U3 KOMIIOHEHT KO-
TOPOro — KOHCTaHTa( M TOIJA MHJEKC PABEH HYJI0), JMOO K OJHOPOJHOMY
orobpaxkenuto (f,g), y KOTOporo o6e KOMIIOHEHTBI OJTHOW CTENEHU U WMEROT
npaBUIbHOE depeoBanre. Bo BTOpOM ciydae, OY€BUIHO, WHIEKC C TOUHO-
CTBIO JI0 3HAKA COBMAIAET CO CTEMEHBI0 KOMITOHEHT.

4 MuaumanabHbIE nedopManmumn

ITpumenum Terneph TeOMeTPHIECKHIl MeTO/T BHIYUCICHUT HHIACKCA, OTTMCAH-
HBII B TPONLION YaCTHU TJIABHI, K MOCTPOEHUIO Aedpopmariuii moig F' ¢ 3agan-
HBIM 9HCI0M Hyqei. JTedopMannst BEKTOPHOTO MoJst HWHAyImEpyer aedopMa-
IO KPUBBIX YPOBHHA €ro KOMIoHeHT. Hysnn npoaedopMupoBaHHOrO BEKTOD-
HOTO [0JIs1 — TOYKH Nepecederus mpoiebOpMUPOBAHHBIX KPUBBIX YPOBHSA €ro
KOMITOHEHT. EC/in Mbl XOTMM, 9TO0BI YUC/I0 HYJIeH PABHIIOCH (C TOUHOCTHIO
JI0 3HAKA) MHJIEKCY BEKTOPHOTO 10JIsl, TO HEOOXOMMO CKOHCTPYUPOBATD Jie-
dopMaInIo KPUBLIX YPOBHS, JJIsT KOTOPOil m1edopMaliuu BeTBell MHOXKECTBA,
YPOBHS, HE BHOCSIIINX BKJIAJ B MHIEKC, HE TepeceKaanch Obl. T.e. , MBI XO-
TUM TIOCTPOUTH 1ebOPMAIAIO, B UHCA0 HyJaeill KOTOpoil He OyayT BHOCHTH
HUKAKOro BKJIaJAa kpuBble { f = 0}, Mex 1y KoTopbiMu HeT Kpubbix {g = 0},
u kpusble {g = 0}, mex 1y KoTOopbiMEu HeT KpuBbiX {f = 0}. Bymem Hasw-
BaTh TaKWe KPWBbLIE (T.e. Te, OT KOTOPHIX M30ABJISINCHL Ha Tnarax 2, 3 u 4
BBIUUC/ICHNST WH/IEKCA,) JIMIIHUMMU.

BameTnM A8 HaYaga, 9TO MAJLIM IIEBEJCHHEM MOXKHO H30ABATBHCA OT
[OJIOZKUTEMLHBIX MHOKUTEIEH KOMIIOHEHT BEKTOPHOIO IOJL: ecan | = fiu,
e u(z,y) > 0 mpw 22 + 32 > 0, To mecdbopmanms fr = f1(u+ A), A > 0, ne
POKIaEeT HOBBIX Hyﬂeﬁ 1 HE MEHACT MHICKCaA OTO6pa}KeHI/IH.

Tak:xe 6e3 orpanmueHmnst OOITHOCTH MOXKHO CUMTATH, UTO TJIABHAS JaCTh
BEKTOPHOTO TI0JIA 00pa30BaHa OJHOPOAHBIMHI TOTHHOMAaMN 663 KPaTHBIX KOP-
weli. B mpotuBHOM CiTyduae mX MOYKHO HEMHOTO IOIIMEBEINTDb, TAK YTODBI BCE
KOPHU CTa/H Pa3/naHbl. [[0CKOIBKY KPATHOCTH OTOOPAXKEHNS 3aBUCHAT TOJIb-
KO OT CTEIeHU I'JIABHON 4acTu, TO [PU TAKOM IEBEJEHUN OHA HE UBMEHUTCH.

IIycts h(z,y) — dyHKIus, 3aga011as mapy JUIIHAX BETBEH MHOXKECTBA
{f = 0}, mexny koropeimu Het Betseit {g = 0}, f = hf;. Eciu(6e3 orpa-
HUYeHHsT oOImHOCTH) Touek MHOXKecrBa {g = 0} mer B MHOXKecTBe h > 0,
to Torga gedopmanus F\ = (fi(h — A),g), A > 0 He TOPOXKTaeT HOBBIX HY-
qeii. Takum 00pa3oM MOXKHO yOupaTh W3 Havaja KOODJAMHAT JIUIIHIHE BETBU
MHOKECTBa HyJIeli KOMIIOHeHT orobpaxkenus. [Ipu sToM BekToproe noJe F,
[OJIyY€HHOE TIOCIe 1epOPMAIUH, OCTAHETCST TIOIYOTHOPOIHBIM.

DTy TPOIEIYyPy HEOOXOINMO, KOHEIHO, TIOBTOPUTH HECKOJBKO pa3: TMOCTe
n30aBJIeHNs OT BETBEH, MEXK Iy KOTOPBIMU HET Hy/el aApyro#i pyHKImm, Mo-
ZKeT 0Ka3aTbCd, YTO Telepb MEXX/Jy KaKUMH-TO U3 OCTABIINXCA BETBEU HET
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HyJieit, U T.J1. Pazymeercsi, CKa3aHHOE BBIIIE OMUCHIBACT JIUIIb ODIILYIO HIEH0
KOHCTPYKIMKU Heobxomumoit nam necdopmarmu. HyKHO 10Ka3aTh, 9T0 MOXK-
HO BBIOpATL mapaMeTpbl AedOpMAIMU TakK, 9TOOBI CABUTAEMbIE KPHUBLIE HE
IEePECEeKANNCH, U TAKOH BBIOOP MOXKET OBITH COeIaH B paMKax OZHOIApaMeT-
pudeckoil gedpopMarnun. 1o OYIET CAETAHO B CAEIYIONNX ABYX JEMMAX.

PaccmoTpum cragana caydail 0JHOPOTHOTO BEKTOPHOTO ITOJIS.

Jlemma 2. Jlaa 4106020 00nopodnozo sexmoprozo noas F wa naockocmu cy-
wecmeyem odnonapamempuueckas deopmarus O(x,y, ), O(z,y,0) = F(x,y)
MaKas, 4mo

1)IIpu xaosrcdom A pocmor sexmoprozo noas O(xz,y, \) 6 nauase Koopou-
HAT, NOAYOIHOPOOH BT,

2)IIpu Kascdom A muoscecmea nyaet PocmKos KOMNOHNEeHm 6EKMOPHO0
noas O(z,y, \) ne umerom avwrur semeed.

Joxasamesavcmeo. Ilycth mapbl JTUITHUX TPAMBIX 330af0TCA KBAIPATHIHBI-
vu popmamu Q1, ...., Q, Tpuuém HOPMBI YKA3aHBI B TOM TTOPSIKE, B KOTO-
POM MBI XOTHM OT HMX M30aBUTHCS: (J1 334a8T JBe COCeLHUE BETBU, MEXK-
Ay KOTOPbIMU M3HAYAJIbHO HET Hyﬂeﬁ ,ZprI‘OI'?I KOMIIOHEHTDBI, MEXKJy BETBsI-
Mu Qo subO HET HyJIEH JPYroit KOMIIOHEHTHI, b0 uxX He Oyjer mocie To-
ro, Kak Mbl ybepém nysm Q1 u 1.7. [pennonoxum takxke 6e3 orpanude-
HUsI OOIIHOCTH, UTO HYJW JAPYTUX KOMIIOHEHT OTCYTCTBYIOT B MHOMKECTBAX
Q; > 0. Kpusaa {@Q1 = 1} ne nepecekaercst ¢ xpusoit {fg = 0}, mosro-
My cymecrByer Ttakoe 1 > Cp > 0, uro Q2 He mpunuMmaer Ha {Q; = 1}
3HAUeHni, paBHBIX mwin MeHbmx Cf. Ilo omHOoponHocTH Torma (Qo He TpH-
auMaeT Ha {Q1 = A} 3Hauennii, paBHBIX win MeHbimux C1A. Torma mpu
Bcex 3HaueHMAX A > 0 xpusele {Q1 = A} n {Q2 = C1\} He mepecekyT-
csi. Amanormuno, cymecrsyer 1 > Cp > 0 Taxoe, uro ()3 HE TPUHUMAET
ma{@Q1 = 1} U {Q2 = 1} 3uaqennii, meubmmx au6o pasupix Co. Torna kpu-
Beie {Q1 = A}, {Q2 = C1A} n {Q3 = C1C2\} 1onapHO HE TEPECeKATCS:
TO, 9TO HE TIEPECEKATOTCST TIEPBhIE TBE KPUBDIE, YKe JTOKA3aH0, (J3 TpUHIMAET
Ha {Q1 = A} 3Hauenwus, crporo Gosbime, uem Co\ > C1Co\, a Ha KPHBOi
{Q2 = C1\} Q3 npunumaer 3uadenus, crporo Gosbime, dem C1CoA. DToT
MPOTIECC MOYKHO UTEpUpOBATH: cymecTByeT Ttakoe 1 > Cpy, > 0, 910 Qi1

m
ne npunumaer Ha |J{Q; = 1},7 < m 3nauennii, paBabix wiu merbmx Cp,.

=1
Torma mpu Beex A > 0 kpusble {Q1 = A}, {Q2 = C1A}, {Q3 = C1C2} ...,
{Qm+1 = C1Cs...C, \} moOmapHO HE TEPECeKAIOTCs.
O

Teneps paccMoTpuM Cydail TOJTYOTHOPOTHOTO 1T0JIst. [laps! aumanX Kpu-
BBIX Oy/IyT 331aBAThCA MOTYOIHOPOIHBIMU (PYHKITUSIMU Ql, eeny Qk, TPUIEM
MIaBHOH acTeio Q; Oyer KBagparuaaas dopMa Q;. [To-peskHeMy MBI Gy-
J€M CUMTATh, 9TO (J; YKA3aHLI B TOM IODSIKE, B KOTOPOM MBI HX GyeM
BO3MYINATD, W YTO HYJIH APYTUX KOMIIOHEHT OTCYTCTBYIOT B MHOMKECTBAX
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Qé > 0. Paccmorpum kpussie {Q1 = A}, {Q2 = C1)}, {Q3 = C1CoA ...,
{Qm+1 = C1C5...Cp N}

( C1,...,Cpyy1 OTIPENIEIEHBI BHIIIE Tt KBAIPATUIHBIX (HOpM @1, ..., Qk) -
H?MMa 3. Ilpu A > 0 {Ql = )\}, {QQ = Cl/\}, {@3 = 0102)\},....,
{Qm+1 = C1Cs...C, A} nonapro ne nepecexaromea 6 docmamouno Masot

oOKpecmurocmu HYynA.

Joxasameavcmeo. Paccmorpum, nanpumep, kpusbie {@Q1 = A} u {Q2 =

L Q1= A
C1\}. Pemenus cucrembl ypaBHEHUI ¢ ~ SBISIOTCS TaKZKe PeIlIe-

Q2 = C1A
Q2 = C1QO1

HUSIMU CHCTEMBbI Oy >0 . Ecan npeionioxkuts, 410 pemnienus 3moit
1
BTOPO¥i CHCTEMbI TIPUCYTCTBYIOT B JIO0O OKPECTHOCTH HYJIs, TO TOT/IA MHO-
JKECTBO ITUX PeIeHnil COMepKUT apaMeTPU30BaAHHY 0 aHATUTHIECKYIO KPHU-
BY10, BXOJISIIIYIO B HAUaJI0 KoopauHar. Ilycts 3o kpusas ¢(t), ¢(0) = (0,0),
a po(t) — KommonenTa HauMeHbIieil crenenu B psaje Teiinopa p(t). 3amerum,
9TO He MOXKeT ObITh Tak, 4To Q2(po(t)) = C1Q1(po(t)) = 0 npu Beex t, no-
CKOJIbKY Yy KBagpaTnaHbix popm Q1 u Q2 HeT obiux Hysel BHe Hadassa KOOp-
quHar. [Tycrs 6e3 orpanuuenus obmuocTn Muorodien Q2(po(t)) Henysesoii.
Ho rorpa obsi3an 6b1mb HenystesbiM u Muorowien C1Q1(po(t)): crenennbie psi-
a6t Qo(0(t)) m C1Q1((t)) coBmamaoT, a WieHb HAMMEHBIICH(0IMHAKOBOM B
000X psAZIax) CTEleH: B 9TUX PsAAax HOPOXKTA0TCs nounomamu Q2 (¢o(t)) u

C101 (0 (). Brarr, 4 L2(P0(1) = CL@(po(t))

. Ho Torma 6n1 npu moa-
Q2(po(t) >0

L Q1= A
xomsammx A > 0 mMeeT perreHre CUCTeMa yPaBHEHUIR , 4ero,
Q2 = C1A
KaK yXKe J0Ka3aHo, ObITh He MOkKeT. JlokazareabcTBO [yid JI000# mpyTroit
napbl KPUBBIX aHAJOTUYHO. [l

TTocste n3baBIeHNS OT BCEX JUITHUX BETBEH, MBI IPUAEM, KAK U B C/IyIae
WHIEKCA, JrO0 K BEKTOPHOMY ITOJIIO, MOCTOSIHHAS YaCTh KOTOPOTO — HEHY-
neBag (T.e. K IOJIKO, BOBCE HE MMEMOIIEMY HMKAKOTO Hy/d), JUOO K TOJII0,
OJHOPOAHBIEC YaCTH KOTOPOro MMCIOT IIPABUJIBHOE YepeOBaHUEC. B IIepBOM
caydae J0Ka3aTeIbCTBO 3aKOHYEHO: TOTAA Y WCXOIHOTO BEKTOPHOTO TIOJIS
ObL1 HYJIEBOW MHAEKC, W 1IOCJ€ AePOPMAINA Mbl OJIYYUIN BEKTOPHOE I10-
Jjte 6e3 myaeit. Ocrajoch paccMOTpeTb BTOPOil ciydaii. Jlokakem HECKOJIBKO
BAYKHBIX B 9TOM CJIyUae JIEMM:

Jlemma 4. I[Iycmo F : (R?0) — (R2,0) - xoneunoxpammuviti pocmok omob-
pasicernua naockocmu ¢ Komnonenmamu (f,g). Pacemompum dedpopmaruro
Fy=(f+)\g). Ee nyau aesrcam na xpusoti {g = 0}. Toeda npu docmamon-
HO MAABIT N\ Me U3 HYAET, KOMOPbIE ACHCAT HA HEKDATMHLLT 6EMEAT MOt
KpUGoli - HEGBIPOHCIEHHDIE.
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Joxazameavemeo. Iycrs ¢ @ (R,0) — (R?,0) — napamerpusarus Kaxoii-
Huby/ b HeKpaTHOW BerBu MHO)KecrBa {g = 0}. @yHKIMsL 0/IHON LEPEMEHHO
f(e(t)) He MOXKET MMETH KPUTHIECKUX TOYEK B JOCTATOTHO MAJOH IIPO-
KOJIOTOJ OKPECTHOCTHM HYJs, T.K. uHaue f ObL10 OBl MOCTOAHHO (M PAaBHO
Hy/10) Ha HekoTopoit BerBu {g = 0}, a Torma orobpaxenue F He GbLIO
6b1 KOHeYHOKpATHBIM. 1lycrh (v1,v2) — KacarenbHbIH BekTOp K {g = 0}.
Yeqosue orcyrersusa yof(p(t)) KpUTHIECKHX TOYEK O3HAYAET, YTO B HEKO-
TOPOII MPOKOJIOTOH OKpecTHOCTH HyIa B R? ma mHOxecTBe {g = 0} Besm-
YUHA %vl + %’02 He obpaiaercss B HOJMb. BekTop (v1,v2) yIOBIETBOpSIET
pPaBEHCTBY g—gvl + g—gvg = 0, IpuYeM BEKTOp (g—g, g—z) (B crsly HEKpPaTHOCTH
BBIODAHHON HAMu BeTBH) He 0OpAIIAaeTCst B HEKOTOPOH TPOKOJIOTON OKpeCT-
HOCTH HYJIA. 3HAYNT, BEKTOPHI (%, %’;) (%, g—g) B HEKOTOPO# MPOKOJIOTOMR
OKPECTHOCTH HyJIsl Ha BBHIOpAHHON BETBH JMHEHHO He3aBUCHMBI. Marpura,
cocTaBjeHHasl W3 KOMIIOHEHT 3THX BEKTOPOB — sKoOWaH orTobpakenust F
(paBHBI sikoOwany Fl ), moaromy Bee Hyau F) Ha HEeKpaTHOH KpUBO HEBBI-
POXKIEHHBIE.

O

B wactrocTr, eciin {g = 0} - npuBejierHas Kpupas (MK, 9TO TO JKe CaMoe,
dyHKIME ¢ nMeeT B Hyse KOHeUHOE uncao MwuaHopa), o medopmanms Fy
Oy/1eT NMeTh TOJBKO HEBBIPOKACHHBIC HYJIN.

Jlemma 5. I[lycmo f,g - dee meswvipooicdennvie noayodnopoduvie GyHryUL
00UHAKOBOT CMENEHU T € BEULECTRECHHBMU BEMBAMU, U 0OHOPOIHBIE UACTIU
fy g umerom npasusvroe wepedosanue. Toeda axobuan omobpancenus (f, )
8 HEKOMOPOTE MAAOT BEULLCTNEEHHOT, NPOKOAOMOT, OKPECIHOCTIY HAYAAL KO-
opdunam He 06pawaemcsa 6 Hyab.

Hoxaszameavemeo. 3amerum, 9o f U g MOXKHO CIUTATH TPOCTO OTHOPOIHBI-
MU: GKOOMAH TOIYOSHOPOTHOTO 0TOOPaYKeHUsT ¢ TOYHOCTRIO 70 IIEHOB DoJiee
BBICOKOT'O TIOPA/IKa, OyIeT COBIIAAATE ¢ AKOOMAHOM €ro OJHOPOJIHOM JacTn, a
SHQUUT, 3HAK B AOCTATOYHO MaJIo¥ OKPECTHOCTU HYJIA OIIpeaesaeTCda MMEH-
HO OJTHOPOJIHO# 9acThio. HaMm gocTaTovHo J0Ka3aTh, 4TO JOCTATOYHO MAJTBIE
sHavyenus (a,b) ABAAIOTCA HEKPUTHUECKUMH Jiig oToOpaxenus: (f, g).

Ecmu a = 0 mwim b = 0, 1o 3nadenne Hekputudeckoe mo jgemme 3. Ecam
onm 00a HEe paBHBI HYJIFO, TO cUCTeMa ypaBHenwit f = a,g9 = b,ab # 0 pas-
HocuibHa cucreme bf —ag = 0,9 = b. Orobpaxkenue (bf — ag,g) umeer
TOJTHEKO M30JUPOBAHHBIE HYJIN, €CJIH U30JUPOBAHHBIE HYJIH UMEET 0OTODparKe-
ure (f, g), MO3TOMY, €CJim MBI CMOYKEM JIOKa3aTh, UTo KpuBas {bf —ag = 0}
— MpUBEJEHHAS, TO HEKPUTHIHOCTE 3HadeHust (a, b) mist orobpaxkenus (f, g)
OyzeT, OIATh Ke, CJIeI0BATh U3 JeMMbl 3. bf — ag - omHOpOaHAS (DYHKIUS
CTETNIEHN T, TIO9TOMY TIPUBEIEHHOCTD KPUBOH PaBHOCUIHLHA TOMY, UTO Y Heé T
BeTBeii. IlycTh 6e3 orpamnnmyenust obmHocT @ u b oaHOTO 3HaKa. PaccMoTpum
KaKyto-HUOY/ b CBSI3HYI0 KOMITOHEHTY jonoJiHeHus K { fg = 0}, Ha KOTODOii
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fg > 0. Ha 510#1 KOMIIOHEHTE OTHOIIEHIE £ SIBJISIETCS HEITPEPBIBHOMN (hyHKITHU-

eif, mensomeiicst ot 0 J1o +00, a, 3HAYUT, TPUHAMaET u 3Hadenue ;. [losromy
B 9TOH KOMIIOHEHTE JIEKUT KAK MUHUMYM OJIHA TIOJTYBeTBb MHOXKECTBA HyJTeit
bf —ag. B cuny npaBuibHOro uepesoBaHus f U ¢ CBA3HBIX KOMIIOHEHT C

fg > 0 posuo 2r mryk, a 3uauur y {bf —ag = 0} r Berseii.
([

Ocraoch 3aKOHIUTH JT0KA3ATETHCTBO TeopeMbl. 11ocsie NCKIIIOYeHnst JINTII-
aux serseit { f = 0} u {g = 0}, Mbr npuaém k moso Oy = (fy, g)), HHAEKC KO-
TOPOro paBeH WHAEKCY ToJisa F'. Kro KOMIIOHEHTHI SIBASIOTCS TIOJTYOAHOPOTHBI-
MU (DYHKIIUAME, TTOCKOIBKY MbI 0€3 OrpaHu<uenns OOITHOCTH TPEAIIO0TOXK I,
UTO KOMITOHEHTHI MCXOQHOTO o F OBLIH TOTYyOHOPOIHBI, & TJIaBHAS JaCTh
nosig ©) OTIMYAETCs OT TJIABHOHN YacTu 1ot F' TOJBKO MCKIIOUEHNEM HEKO-
TOPBIX MHOXKUTEJIEH 1, BO3MOXKHO, JOMHOXKEHNEM Ha HEKOTOPYIO CTEIeHb .
ITo nemme 4 skobuan ©) B HEKOTOPON IIPOKOJIOTON OKPECTHOCTH HAYAJIA,
KOOPJMHAT UMeeT MOCTOSTHHBIN 3HAK, PaBHBIN 3HaKky uHjekca F. Torpa mpu
JIOCTATOYHO MAJIBIX (3aBUCSIIHX 0T \) @, B orobpaxkenue F = (fy—a, gx—f)
ABTOMATUYECKN UMEET TOJTHKO HEBBIPOXKICHHBIE HY/IU (10 JieMMe 3), UUCII0
KOTODBIX PABHO IO MOYJI0 WHIeKCY Fy, T.e. u unmekcy F.

5 TIlocrpoenme medopmaiiuu B BUAEe aHAJIUTAIECKOTO
ceMelicTBa

B npeapiaymem paspene gedpopmanus ObLaa IOCTPOEHA B BUJIE IIOCJIEI0-
BATEALHOCTH MaJIBIX TIEBEJeHUN BEKTOPHOTO TT10JIA, a HE B BUJIEC daHAJIUTHUYIEC-
CKOTO CeMeiiCTBa BEKTOPHBIX TMOJIEH. 374eCh MBI JIOKAKEM, 9TO 3Ta MOCIeI0-
BAaTEALHOCTE MIEBEJEHUN MOXKET 6LIT]:) peasm30BaHa B BUIAE AHAJINTUYECKO
romorormu. Mbr paccmarpuBasu derbipe tuna mesenenuii: 1)I1lesenenns
fo m go, nematomme ux wesbpoxkaenabivu. 2)[Ilesenernus fo u go, ymams-
OIme KBaJAPAaTUYIHbIE MHOXKUTE/IN B PAa3JI0XKCHNUN f() "u g(] Ha HEIIPpHuBOJIM-
mble MuOrouteHbl. 3)I1leserenne, yaagornee BCe INITHIE KOMIIOHEHTHI f( 1
go- 4)OxoH9aTEIbHOE TIEBE/IEHNE, JIEIAIOIee BCE 0COOBIE TOUYKHN BEKTOPHOTO
TI0JIA HEBBIPDOXK ACHHBIMM. Bce 9THU MIEeBCJICHUA MOXKHO OYeBHIHLIM O6pa3OM
BKJIFOUHATH B UETHIPEXITAPAMETPUIECKYIO

nedopmarmio v(A1, A2, Az, Ag),v(0,0,0,0) = v, rae i-ThIi nApamMerp ocy-
mecTBaser aedOpMarmio i-Toro Tuma. Tormaa pe3yabTaThl MPeIbIYIIero pas-
JleTa 03HAYAIOT, 9TO B YETHIPEXMEPHOM HPOCTPAHCTBE MApaMETPOB CyIIe-
CTBYET 110C/Ie10BATE/ILHOCTD 3HAaYeHui napamerpos, cxogasmasicst K (0, 0,0, 0),
npu KOTOpBIX gedopmarust v(A1, A2, A3, \g) uMeeT |k| HEBBIPOKJIEHHBIX OCO-
Ob1X Togek. C apyroii CTOPOHBI, MHOXKECTBO 3HAUCHUI MapaMeTpoB, IPH KO-
Topbix gedopmarmst v(A1, A2, A3, \g) uMeeT |k| HEBBIPOKIEHHBIX OCOOBIX TO-
Y€K sIBJIfeTCs CyOaHATUTHIECKUM, a, 3HAUUT, M0 JeMMe 00 0THope KPUBBIX
OHO CONEPKHUT AHAJATHICCKYH) KPHUBYI), MIPOXONAIIYIO 9€pe3 HATAI0 KOOp-
IAHAT. DTa aHATUTUYICCKAA KPUBAs U 3a1a6T HCKOMOE CEMECTBO BEKTOPHBIX
OJIel.
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