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ABsTrACT. For any semihomogenous vector field on a real plane we
construct a deformation with a minimal topologically possible number
of singular points.
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1. BBE/IEHUE

B Teopuu AMHAMMYECKMX CHCTE€M WM3BECTHA 33/a4a 00 yJAJEHUH OCOOBIX TOYEK
BEKTOPHOI'O TIOJIs MaJioii gedopManueil: nycrb v — IJIaJKOE BEKTOPHOE TI0JIE, OIIPe-
nesmentoe B obnactu U € R”, umeromee B 3TOi 007aCTH €IUHCTBEHHYIO OCOOYIO
rouky unzekca 0. Ecrb siu B Masioit okpecraocTu v (B HEKOTOPOIi TOIOJIOIMU) BEK-
roptoe noJie U Ha U, ue umenniee B U ocobbix To4ek? Ira 3aja4a CraBuiach B
crarbe ITsmuca u IIvio [1]. Caiimon u Turyc ([2]) moxasanum, 4ro Takoe mpubIH-
kenne Bo3MoxkHO B C - Tononoruu B ciydae n = 2. Dukep nokazan ([3]), uro
BO3MOKHO JIJIsi HEKOTOPOTO KJIACCa AHATUTUIECKAX BEKTOPHBIX MOJEH Ha IIOCKO-
CTH, TAK HA3bIBAEMbBIX HOJyonHOpoaHbiX. Kodbdmvan u JIé6s nokazamu ([4]), uro
Ui aareOpamvdecKux M AHAJTUTUYECKAX BEKTOPHBIX IHOJEH MeXK/y IOJIAMU U U U
OpU OTIPEJIEJIEHHBIX YCIOBUAX CYIIECTBYET HENPEPLIBHAS TOMOTOINHUs, TIPUYEM BCE
OPOMEKYTOYHBIE BEKTOPHBIE MOJIA TOXKE He MMEIOT 0COObIX TOYEK. AHajioruyHas
3aj1a4a Jyisd TPAJMEHTHBIX BEKTOPHBIX MOJjIell CTaBUJIaCh B TEOPUU OCOOEHHOCTENH
KaK 3a7ada o medopMainn aHaAIUTHIeCKOoi (PYHKINHE 06e3 0COObIX TOUEK, W ObLIa
pemena C. M. Tyceitn-3aze ([5]).
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Sagauy 00 ygaseHun 0Cco00H TOYKYM €CTECTBEHHO DACIIMPUTH A0 33a9d O MU-
HUMAJIBHON medopManum: MyCcTh WHAEKC 0CcoDO0M TOYKU v paBeH k € Z. MoxHO
upubiau3uTh U BEKTOPHBIM 110J1eM U, UMEIOIel POBHO |k| HEBBIPOXK IEHHDBIX 0CODbIX
Touek? Takast 3amada I TPAIUEHTHBIX BEKTOPHBIX TOJIeH cTtasmiach B. Bacuine-
BeIM ([6]).

B nannoit pabore M0Ka3BIBAETCS, YTO JJIs JIIOOOrO TMOJIyOSHOPOIHOTO AHAJIUTH-
YeCKOr0 BEKTOPHOIO MO0JIs HA TJIOCKOCTH MUHUMAJIbHAs aedOpMaIys CyIIecCTBYeT,
[IPUYeM OHA MOXKET ObITh MOCTPOEHA B BUJIE AHAJIUTUIECKOTO CEMECTBA BEKTOPHBIX
nosteit. [oBops TO4YHO, /I0KA3BIBAETCA CJIE/LYIOIAs TeOpeMa:

Teopema 1. ITycmb v — Pocmor NOAYOIHOPOOHOZO GHAAUMUNECKOZO BEKMOPHO-
20 noas na (R%0), umerowut uzoauposannyto ocobyro mouky undexca k. Tozda
cyuecmeyem cemelicmeo pocmkos sexmophuz noaet V(A), anarumusecky 3a6u-
caugee om napamempa A, makoe, wmo V(0) = v, u npu 6cex docmamowHo MAALLT
nenyaeeir A V(X) umeem |k| neswpostcoenumir ocobuir moex.

JlokazaTebCcTBO OyIeT Pa3/Ie/ieHO HA YETHIPE YACTHU: B TIEPBOM MBI JTAIUM HEKO-
TOPbIE HEOOXOAUMBbIE OTpe/iesieHus U (PAKThI, BO BTOPOi MBI OIUIIIEM METO]] BhIUHC-
JIEHUd MHJIEKCa [10JIyOHOPOJHOI'O BEKTOPHOI'O I10JId Ha IIJIOCKOCTH, OCHOBAHHDBIN Ha
aHaAJIM3€e B3aMMHOTO PACTOJIOKEHUST MHOXKECTB HYJIeil €r0 KOMIIOHEHT, B TPEThEH MBI
MOCTPOMM MUHUMAJIBHYIO Ae()OpMAINio B BUIE TOCIEIOBATEIHHOCTA MAJIBIX II1€BE-
JIEHUII BEeKTOPHOI'O II0JIS, & B YeTBEPTON MBI JOKazKeM, 9TO 3Ta IIOCJIeJOBATEIbHOCTD
MAJIBIX IIeBETEeHNH MOXKeT ObITH PeaTn30BaHa KaK CeMeHCTBO BEKTOPHBIX MOJIEA.

2. OHPE,Z[E.HEHI/Iﬂ N HEOBEXO/IUMBIE ®AKTDBI

31ech U31araloTCs HEKOTOPhie (GAKTHI M ONPEIEIEHUsS U3 TEOPUH OCOOEHHOCTEIH,
HEOOXOIMMbIE JIJIst JAaJbHENNX HoKa3aTeIbCTB. [101p0o0HOe M3/I0KEeHNe ITUX TOHSI-
Tuit cM, Hanpumep, B [7], [8].

Mgt OymeM cauTaTh, 9TO AeOpMUPYEMOit 0COOO0i TOYUKOM BEKTOPHOTO TOJIS sIB-
aserca (0,0) € R?

Onpenenenne 1. Kpamnocmvpio pocmra GHAAUMUYECK020 6EKMOPHO20 NOAA HA
NAOCKOCU € KOMNOHEHMAMU [ U § HA3BLBAELMCA KOPAZMEPHOCTID UOEAA, TOPONHC-
dennozo f u g 6 KoabUE POCNKOS AHAAUMUNECKUT PYHKUUT 0m 068YT Nepemernbs

p(v) = dimcC{z, y}/(f, 9)

KparHocTs MOXKeT ObITh OeckoHedHa, BOOOIE TOBOPsI, HO JIJIsi PACCMATpPUBae-
MBIX HAMU BEKTOPHBIX TOJIEH ITa BeJWYnWHA, KOHEeYHA. Eé KOHEIHOCTh PABHOCUIIBHA
M30UPOBAHHOCTH O0CODOM TOUKM B KOMILIEKCHO# obactu. KparHocTh paBHA TIHCTY
HEBBIPOXKIEHHBIX OCOOBIX TOYEK, TOSBJISIONIUXCS TP AePOPMAIIAN JAHHONH 0CODEH-
moctu. Eciau npu medopmanyy KpaTHOCTh POCTKA BEKTOPHOTO IMOJIsSI HE MEHSeTCs,
TO 3Ta JedopManus He MOPOXKIAECT HOBBIX O0COOBIX TOYEK. AHAJOTHYHBIM 00Pa30M
OIIPEJIeNIIETCS KPATHOCTh OTOOParKeHUSI.

Onpegenenne 2. Bexmophoe noae Ha3b,.6aeMCA 0OHOPOTHBIM, €CAU €20 KOMNO-
HEHTNBL - 00HOPOOHBLE NONUHOMDBL (B03MONHCHO, PA3HOT CENEHU,).

Ompenenenne 3. Odnopodnoe GeKMOPHOE NOAE HEBBLPOHCIEHO, ECAU €20 KOM-
nonenmal, umerom eduncmeenmwii 06wyt nyav 6 C2 (nanano xoopdunam). B npo-
MUBHOM CAYHAE OHO BBLPOHCIEHO.
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Onpegenenne 4. Bexmoproe nose F noayodHopodHo ecau ono npedcmasas-
emcs 6 eude (fo + f1,90 + g1), 2de (fo,g0) — meswpooicdernoe odnopoduoe, a fi
(coomsememeenno, g1) cOOEPAHCUM UCKAIOUUMENDHO MOHOMDYL CIETLEHY 6BIULE, %M
cmenens fo (coomsememeenno, go). (fo, go) Has3veaemes 24068HOT HACMBIO NOASL
F.

KparHoCTh MOJIyOqHOPOIHOTO BEKTOPHOTO MOJIST BCETIA KOHEYHA W PABHA, MPOM3-
BeseHnIo creneneil fo u go. KparHOCTh MOIyOmHOPOIHONO BEKTOPHOTO TOJIsT PABHA
KPATHOCTH €ro TJIABHON YacTu. AHAJOIMYHO, WHIEKC MOJIYOIHOPOIHOINO BEKTOPHOTO
[I0JIsI PABEH MHJIEKCY ero IJIaBHOM JacTu.

B nokasarenbcTBe HAM MOHATOOUTCA CIEAYIONIAS JTEMMA:

JIemma 1. (Jlemma 06 ombope kpuswxr) IIycmv mouxa xo npunadiescum
3AMBKEAHUIO 02PAHUYEHH020 cybanasumuveckozo muoocecmea X C R™. Tozda cy-
wecmeyem anaaumuueckan kpusas vy : [0,1] — R™ maxas, wmo y(t) € X Vit €

[0;1), av(1) = xo.

OHa MO3BOJIMT HAM TIPEBPATUTH TOCJIEIOBATEIHLHOCTD MPUOINKEHWH B MapaMer-
pHUHeCcKoe CeEMENCTBO BEKTOPHBIX IOJIEIt.

Omupenenenne 5. Henpugodumvie KOMNOHEHMY, 6EULLCMEEHHOT GHAAUMUYECKOT
Kpusol Mol 6ydem HaA3bL6aMb BEMBAMU IMoT Kpueol. Ecau mvl paccmampuea-
eM POCMOK AHAAUMUYECKOT KPUBOl 8 mouke Tg, Mo ama mouka 6ydem deaums
Kaocdyro 8emeb Kpusol Ha dee wacmu. Imu wacmu Mol bydem HA3BLEAMb TLOAY-
eemeamu kpueol.

Onpenesienne 6. [Tycmov v —eemes xpusoti {f = 0}, u v asasemca muooice-
cmeom nyaelt gynwkuyuu g. Ecau g exodum e pasaoocenue [ wa nenpusodumovie
MHOHCUMEAY C KpamHocmvlo 1, mo eemes vy Hasweaemcs Hekpammot. B npo-
MUBHOM CAYUGE OHG KDAMHAS.

3. BBIUNCJAEHUE MHAEKCA TTOJIYOJHOPOJJHOTO BEKTOPHOI'O MOJIS

Onpegenenne 7. Bydem zoeopums, wmo y 06yxr pocmxos GyHkuul g1 u go Npa-
suavHoe wepedosanue, ecau muoxcecmea {g1 = 0} N R? u {go = 0} NR? umerom
00UNAKOBOE “UCAO HENPUBOOUMBT KOMNOHEHM, U KAHCOAA KOMNOKEHNG CEAZHO-
cmu donoanenus x {g2 = 0} NR? codeporcum poeno odny noayeemenv muosicecmea
{91 = O} N R2,

Hanpuwmep, y3 — 5zty u 3xy? — 2°

91 KpaTKO U3/I02KY TEOPHIO HHEKCA, OJTYOHOPOIHBIX BEKTOPHBIX IOJIEH, ONUCaH-
uyio B kaure M.A. KpacHoceancKOro u OIpyrux “BeKTOPHBIE TOJS Ha TLIOCKOCTH

([9D)-

WHeke HEBBIPOXKIEHHOTO TOIYOIHOPOIHOIO BEKTOPHOTO TOJIsi PABEH WHJIEKCY
€ro IJIaBHOI YacTH, TaK ITO Oyaem cuurarh mose F' mpocto omnopomubiM. Kommo-

HUMEIOT IIPAaBUJIbBHOE YepeaoBaHue.

HeHTbl 1045t F'(0603Hauum ux f u g) MoryT ObITb PAa3/I0XKEHbl HA HELPUBOJMMbIE
HAJ, TIOJIEM BEIIEeCTBEHHBIX UNCEJ MHOMKHUTEJN, T.€. Ha JIWHEHHbIE U KBAIPATUIHBIE
OTHOPOJHBIE MHOTOUIEHBI. Mbl OyZIeM CIATaTh, 9TO MOBTOPAIONINXCS MHOKUTEIEH
HeT, T.e. 9TO f ¥ g — HEBBIPOXKIEHHBIE OJHOPOIHbBIE TIOJUHOMBI (B CJIELYIOIEM Pa3-
zesie ByJier moka3aHo, 4To OOLIMii Caydail MOXKHO CBECTH K 9TOMY ).
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3ameTnM, YTO KBaAPATUIHbIE MHOXKUTEJIN TIPU HOACYETE MH/IEKCA MOYKHO HE YUu-
ThiBaTh: ecau hi(z,y), he(x,y) — nonokurenpHble BHE HaYala KOOPAMHAT (DYHK-
uuu (KAKMMU sBJISIOTCS HENPUBOIMMbIE MHOIOYJIEHbI BTOPOH CTEIIeHH), TO UHIEK-
cbl BeKTOpHBIX mostedt (f, g) n (hyf, hag) cormamator. Tak uro GymeM CIUTATh, YTO
KBaIPATUIHBIX MHOXKHTEJEH y f n g Her.

Hasiee, paccMoTpum u3MeHeHue moJoxkenus Bekropa (f,g) npu obxome BOKpYT
Hadaja KoopauHar (B 110ckocTu-11poobpase). i Toro, 4robbl 370 BEKTOD Caesiall
HOMTHBIH 060POT, MBI JJOJIZKHBI IIEPECEYb HE MEeHee ABYX BeTBell muoxkectsa { f = 0} u
He MeHee JIBYX BeTBeil MHOXKecTBa {¢g = 0}. Ecsin mpu 9T0M MBI TIepeceKaeM TopsiT
JBe BeTBHM MHOXKecTBa {f = 0}, Mexky KOTOpbIMH HeT BeTBeil MHOKecTBa {g = 0},
TO TOC/IE UX MEPECEYEHUsl STUX NPSAMbBIX BO3BPAINIAETCA B TOT K€ KOODAWHATHBIA
KB3/IPAHT, B KOTOPOM OH OBLT JI0 3TOr0 — 3HAK [ MOMEHSJICS JBaXK/bl, a 3HAK § HE
menscs. [Tosromy mapa cocemanx npsaMbix { f = 0}, MEKIy KOTOPBIMHE HET MPSIMbBIX
{g = 0}, He BHOCHT HMKAKOrO BKJIaJa B HHIEKC oToOpaxkenus (f,g). To ke camoe
BEpPHO, pa3yMeeTcs, W JUIs Tap cocemHuX mpsiMbix {g = 0}, MeKy KOTOPBIMH HET
npsmbix {f = 0}.

Takum 0O6pazoM, HHIAEKC OIHOPOIHOIO OTOOPAXKEHUSA C HEBBLIPOXKICHHBIMH KOM-
[IOHEHTAMU MOKHO BBIMHCJIUTH 11O CJIEAYIOIIEMY PELEenTy:

1)Uckmogaem u3 pasiokeHus 060MX KOMIIOHEHT OTOOPAYKEHUS BCE KBAIPATHY-
HbIE MHOYKUTEJIH.

2)UckrouaeM U3 pas3jioKEHUsl KOMIIOHEHTHI f Iapbl JIMHEHHBIX MHOXKHUTEJEH,
OTBEYAONIMX 33 Hapbl cocequux HpaMbix {f = 0}, MexkK/y KOTOPbIMU HET HPSIMbIX
{g =0}

3)UckiiouaeM u3 pa3yioKeHust KOMIIOHEHTHI ¢ Iaphl JTUHEHHBIX MHOKUTEIEH, 0T-
BEYAIOIINX 3a Mapbl coceqHnX MpaMbix {g = 0}, MeKIy KOTOPBIMH HET MPSMbIX
{f =0}

4)ITosropsiem maru 2 u 3, MOKa TAKUX AP IPAMBIX HE OCTAHETCH.

5)IIocsie 3roro Mt JibO HPUAEM K OTOOPaXKEHUTO, OJHA U3 KOMIOHEHT KOTOPOIO
— koHcTauTa( U TOrJA WHIEKC PABEH HYJIO), Jub0 K OJTHOPOIHOMY OTOOPAKEHUIO
(f,9), y KOTOpPOro 06e KOMIIOHEHTBI OJHOW CTEIEeHN U MMEIOT NPABUILHOE Yepeo-
BaHue. Bo Bropom ciydae MHIEKC C TOYHOCTHIO /10 3HAKA COBIIA/IAET CO CTENEHHIO
KOMIIOHEHT, [IOCKOJIbKY IPU KaxKJIOM Hpoxoje uepes mapy npsambix {f = 0} u napy
upsiMbix {g = 0} BeKTOp coBepuIaeT noJHbIil 06OPOT.

4. MUHUMAJILHBIE JE@OPMAIINI.

[IpumennM Teneph TeOMETPUYECKUN METO/ BHIYUC/ICHUS WHIEKCA, OMUCAHHBIN B
MPOIILION YaCTH TJIABBI, K TIOCTPOEHWIO Aedopmariuit mois F' ¢ 33JaHHBIM 9HCIOM
myneit. Jledpopmarusa BEKTOPHOTO OIS HHAYIEPYET AedopMaIinio KPUBLIX YPOBHS
ero komnouent. Hymu npoaedopMupoBaHHBINO BEKTOPHOTO MOJIsi — TOYKH IIEpece-
YeHus [POJAeOPMUPOBAHHBIX KPUBBIX YPOBHS €r0 KOMIIOHEHT. Ecjmm Mbl XOTHM,
9TOOBI YUCJIO HyJIell PABHSAIOCH (C TOYHOCTBIO JI0 3HAKA) UHJEKCY BEKTOPHOTO TO-
JIsi, TO HEOOXOIMMO CKOHCTPYHPOBATH 1eOPMAINI0 KPUBBIX YPOBHS, /IJIsi KOTOPO
nedopMaliy BeTBeil MHOKECTBA YPOBHS, HE BHOCSIIUX BKJIAJ B WHIEKC, HE TIepece-
Kauch Ob1. T.e. , MBI XOTUM TOCTPOUTD JAedopMaIiuio, B IUCI0 Hy/€H KOTOPO# He
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Oy/yT BHOCUTH HUKAKOIO BKJaa Kpusbie {f = 0}, MexKy KOTOPbIMH HET KPUBbBIX
{g = 0}, u xpusbie {g = 0}, mexx 1y KoTOpbIMU HeT KpuBbIX { f = 0}. Bysem Takue
KpuBbie (T.e. Te, 0T KOTOPbIX U30aBJISIUCH HA arax 2, 3 u 4 BbIYUCIeHUs UHIEKCA)
JUANTHUMA.

BaMmeTnm 171 HaYasa, 9TO MAJIbIM MIEBEJIEHHEM MOXKHO M30ABUTHCS OT ITOJIOMKH-
TeJIbHBIX MHOXKHUTEJIEHl KOMIOHEHT BEKTOPHOTO moJis: ecau f = fru, rae u(z,y) > 0
npu z2 + y? > 0, To nedopmamua f = fi(u+ \), A > 0, He poKIaeT HOBLIX HyJleif
U HE MEHSAET WHJEKCA.

Taxake 6e3 orpanuvenusi OOITHOCTHA MOXKHO CIUTATh, 9TO fo U gy HE UMEIOT KPaT-
HBIX KOpHEH, IIOCKOJIbKY OJHOPOAHYIO (PYHKIMIO BCEra MOXKHO HEMHOI'O IOIIEBe-
JINTH TaK, 4TOObI OHA CTaja HEBBIPOXKIEHHOH, OCTaBasCh IPU TOM OIHOPOIHOMN
TO ke crenerr. KpaTHOCTh 1OJLyOIHOPOSHOIO BEKTOPHOIO IIOJIs 3aBUCUT TOJIBKO
OT cremeneil fo u gp, & OHM TIPU TAKON He(OpMAINN HE MEHSIIOTCS, TaK 9TO MPHU
Takoi m1epopMaIHi He TTOSBUTCSA HOBBIX OCOOBIX TOYEK.

IMycrs h(x,y) — dyukuus, 3anamomas napy auimnaux serseit muoxkecrsa { f = 0},
mexkay KoropbiMu Her Berseit {g = 0}, f = hfi. Eciu(6e3 orpanuuenus obuiHo-
cru) Touek MHOkecTBa {g = 0} mer B muoxecrse h > 0, To Torma medopmarys
Fy = (fi(h=2X),g), A > 0 He mopox maer HOBbIX Hysei. TakuM 06pa3oM MOKHO yoOu-
paTh U3 HaYaja KOODJAUHAT JIUIIHUE BETBU MHOXKECTBA, HyJIell KOMIOHEHT OTOOpa-
skenus. IIpu 3T0M BekTOpHOE nose F), momydeHnoe nocie 1epOpMalin, OCTAHETCS
HOJTYOTHOPOTHBIM.

DTy mpoIeaypy HEOOXOANMO, KOHEYHO, MOBTOPUTH HECKOJIBKO pPa3: mocje n3dban-
JIGHUsI OT BETBEIl, MEXK Iy KOTOPBIMU HET HYyJIei IpyTroil (DyHKINH, MOXKET OKa3aThCH,
9TO Temnepb MeXK/y KaKHMHU-TO W3 OCTABIIMXCA BeTBell HeT Hyseil, u T.1. Pazywme-
€TCs1, CKa3aHHOe BBIIIE OMUCHIBAET JIUIIL OOIIYI0 M0 KOHCTPYKITMH HEOOXOIMMOM
mam gedopmarun. HyKHO moka3arb, 9TO MOXKHO BBIOpATh mapamerpsl gedopma-
MU TAK, 9TOOBI CIBUTAEMBIE KPUBBIE HE TIEPECEKAJINCEH, U TAKON BHIOOP MOKET OBIThH
CIe/IaH B pAMKaX OJHOMapaMeTpudecKoil medopMaruu. ITo OyIeT CIEeJIaHO B CJe-
AYIOUIUX IBYX JIEMMaX.

Paccmorpum cHagasra cirydaii 0IHOPOIHOIO BEKTOPHOTO IOJIS.

JIlemma 2. Jaa 2106020 00nopodrozo sexmophnozo noada F na maockocmu cyuse-
cmeyem odnonapamempuyeckas dedopmayusn O(xz,y, \), O(x,y,0) = F(x,y) ma-
K@, Mo

1)IIpu xascdom X pocmox sexmoprozo noss O(xz,y,\) 6 navare Koopdunam no-
AYOOHOPOOHDLL.

2)IIpu KasHcoom A MHOMHCECTNBA HYALT POCTNEG 6€KMOPHO20 Noas O(x,y, \) He
UMEIOTM AUWHUT 6emeet.

Jlokazameavcmeo. IlycTb mapbl MUITHAX MPSIMBIX 33JAI0TCS KBAIPATHIHBIME (HOp-
Mamu Q1, ..., Qk, Ipuaém (POPMbI YKAZAHBL B TOM [OPSIJIKE, B KOTOPOM MbI XOTHM OT
HUX n30aBUTHCA: (1 33/1a6T JIBE COCETHIE BETBH, MEK/Iy KOTOPHIMY N3HAYATIHHO HET
HyJIe#t Ipyro#t KOMIIOHEHTBI, MEKy BeTBSIMH (Jo MO0 HET HyJIeil IPYTroif KOMITOHEH-
TBI, TUOO0 WX HE OyIeT MOoce TOro, Kak Mbl yoepém mynu Q1 u T.4. I[Ipemamonoxum
TakKe 0e3 orpanwdeHusi OOIIHOCTH, YTO HYJIHU APYTAX KOMIIOHEHT OTCYTCTBYIOT B
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muOkecTBax @; > 0. Kpusag {Q1 = 1} ne nepecekaercs ¢ kpusoii { fg = 0}, nosro-
My cymecrByer Takoe 1 > Cy > 0, uro ()2 we npunumaer ua {(); = 1} 3nauenwuii,
paeubix wm meabmmx C. Ilo ogpOpoaHOCTH TOrMA ()2 HE MpEHEMaeT Ha {@Q1 = A}
3HaueHuit, paBHbIX wian MeHbmux Ci . Torma npm Bcex 3HauveHnsax A > 0 KpuBbLIe
{Q1 = A} n {Q2 = C1 A} me mepecexyres. Amamormano, cymecrsyer 1 > Cy > 0
takoe, 9410 Q3 He mpuHUMaerT Ha{@; = 1} U {Q2 = 1} 3HaveHnii, MeHbINX 16O
pasubix Cy. Torma kpusbie {Q1 = A}, {Q2 = Ci1A} u {Q3 = C1C3\} nonapuo
HE IEePECEKAIOTCA: TO, YTO HE MEPECEKAIOTCS NEPBBIE JBE KPHUBBIE, YXKe JIOKA3aHO,
Q3 npuanmaer uva {Q1 = A} 3mavenus, crporo Gompmme, gem CoX > C1Co)\, a Ha
kpuBoii {Q2 = C1\} Q3 puHUMAaeT 3HaveHus, cTporo Gosbinme, vem C1CoA. DTOT
IIPOIECC MOYKHO UTEPUPOBATH: cytecTByer Takoe 1 > Cp, > 0, 9T0 Q41 HE TIPUHU-
m
maer Ha |J {Q; = 1}, < m 3navennii, paBubix win Meabimx C,. Torga npu Beex
i=1
A > 0 KpuBBIe {Ql = /\}, {QQ = Cl)\}, {Q3 = Olch},...., {Qm+1 = ClCQCm)\}
MONAPHO HE MEePECEeKArOTCs.

O

Temeps paccMoTpuM CIy<ail MOTYOIHOPOTHOTO TOJIA. [1aphl MUITHAX KPUBBIX Oy-
JyT 33aBATHCs TOIYOIHOPOIHBIMU (DYHKIUAME Q1, ...., Qk, TPUUEM IIABHOI ua-
CTBIO Qz Oyzner kBaaparudnas popma Q;. ITo-upexkHemy MbI Oy1eM CYUTATH, YTO Ql
YKa3aHbL B TOM IOPA/KE, B KOTOPOM MbI UX Oy/IeM BO3MYIIATH, U 9TO HYJIU JPYTUX
KOMIIOHEHT OTCYTCTBYIOT B MHOKecTBax (; > 0. PaccMOTpHM Kpusble {Ql = A},
{Q2 = C1A}, {Q3 = C1C2A} o, {Qug1 = C1C2...C A}

( Cq,...,Cpyy1 Oupesesenbl Bble it KBaAparudubix Gopm @1, ..., Qk) -

Jdemma 3. IIpu A > 0 {Q1 = A}, {Q2 = C1\}, {Qs = C1CaA},.., {Qmir =
C105...Ciy A} nonapno me nepecexaromes 6 0ocmamouno maaoti OKPECMmHOCTU HY-
A,

Zoxazameavcmeo. PaccMOTpuM, HAIpuUMep, KPHUBLIE {Ql =Atwu {QQ = C1)\}.

. JQ1=A
PeH_IeHI/IH CUCTEMBbI ypaBHeHI/II/I ~ ABJIAOTCA TaKXKe peH_IeHI/IHMI/I cHu-
Q2= C1A
Q2 = C1Q1 . .
CTEeMbIL Q~ 0 . ECHI/I Hpe,ZLHOJIO)KI/ITb, q9To0 peIHeHI/IH 9TOU BTOpOI/I cucre-
1>

MBI TIPHCYTCTBYIOT B JII060H OKPECTHOCTH HYJIsA, TO TOT/A MHOMKECTBO ITHX Dellie-
HUH COIEPKUT HAPAMETPH30BAHHYIO AHAJIUTHIECKYIO KPUBYIO, BXOJASIIYIO B HAYAJIO
koopaunar. Ilycrs aro kpusas ¢(t), (0) = (0,0), a ¢o(t) — KOMIOHeHTa Haw-
MenbIeil crenenu B page Teitmopa o(t). 3aMeTuM, 4TO HE MOXKET ObITH TaK, YTO
Q2(po(t)) = C1Q1(wo(t)) = 0 tpu Bcex t, MOCKONBKY ¥ KBaIPATUIHBIX GopM (4
n Q2 HeT oOIUX Hyseit BHE Hadaaa KoopauHat. Ilycts 6e3 orpanumdeHns: OOIMHOCTH
muoroused Q2(po(t)) nenynepoii. Ho rorma obsizan GbITh HEHYJIEBbIM M MHOIOYJIEH
C1Q1(o(t)): crenennnie psapt Qa(p(t)) u C1Q1(p(t)) coBuasaror, a wiens nau-
MeHbIIIei (OIMHAKOBOI B 0OOMX PSIax) CTENMEHH B 9TUX PSAAX TOPOXKIAIOTCS TTOJIH-

Q2(o(t) = C1Q1(po(t))

. Ho rorpna
Q2(po(t) >0

HoMamu Q2 (po(t)) m C1Q1(wo(t)). Braunt,
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L @1 =A
ObI Ipy TOAXOIATIIHX A > () UMEEeT peIleHne CUCTEMa YPABHEHUIT , de-
Q2= C1A
ro, KaK y2Ke JI0Ka3aHO, ObITh He MOXKeT. /loKa3aTeIbCTBO /i 000 Ipyroi mapbl
KPUWBBIX aHATIOTHIHO. [l

ITocne u3baBieHUsT OT BCEX JIMITHUX BETBEH, MBI MPHUIAEM, KaK U B CJIydae WH-
JeKca, MO0 K BEKTOPHOMY IIOJIO, MOCTOSAHHASA JAaCTh KOTOPOTO — HEHyJeBast (T.e.
K TIOJTIO, HE UMEIOIIEMY 0CODOit TquI/I), 00 K TIOJTI0, OHOPOTHBIE TacTH KOTOPOTO
HMEIOT IIPpaBUJIbHOE YepeaOoBaHHUE. B IepBoM Ciiy4dae J0Ka3aTe/JIbCTBO 3aKOHYEHO:
TOT/Ia Y UCXOIHOTO BEKTOPHOTO TIOJIsT OBLIT HYJIEBOM WHIEKC, W MOCje aedopMaIiuu
MBI TOJIYYUIN BEKTOPHOE Tojie 6e3 Hyseii. OcTajgoch pacCMOTPETh BTOPOH CJIydaii.
,HOKa,}KeM HECKOJIBKO BAazKHbIX B 3TOM CJIy4dae JIEeMM:

Jlemma 4. Ilyemv F : (R%2,0) — (R2%,0) — pocmok omobpasicenus naocko-
cmu Koneuwnol kpammocmu ¢ xomnonenmamu (f,g). Paccmompum dedopmanuro
Fx = (f + N\, g). Ee nyau aescam na xpusoti {g = 0}. Tozda npu docrmamouno
MAABLT A Me U3 Hyael, KOMOPble AEHCAM HG HEKPAMHHLL 6eMEAT IMol Kpueot -
HEBVLPOHCIEHHBLE.

Jloxasameavcmeo. Hycts ¢ : (R,0) — (R?,0) — mapamerpusanus Kaxkoii-HuOYIb
HeKpaTHOl BerBn MHOXKecTBa {¢g = 0}. @yuKuns oxHoit nepemennoii f(p(t)) He Mo-
JKET UMETh KPUTUIECKUX TOYEK B JOCTATOYHO MAaJIOl HPOKOJIOTOH OKPECTHOCTH Hy-
Jisg, T.K. uHade f 6bu10 6bl HOCTOAHHO (M PABHO HYJIIO) HA HEKOTOPOIi BeTBu {g = 0},
a Torga orobpaxenue F' He Gbio 6bl KOHeYHOKpaTHbiM. Ilycrb (v1,v2) — Kaca-
renbHBIH BeKTOp K {g = 0}. Yenorne orcyrereust y f(p(t)) KpuTudecknx Touek
O3HA4Ya€eT, YTO B HEKOTOPOI MPOKOJIOTON OKPECTHOCTH HYJd B R2 na MHOXKeCTBe
{g = 0} Besmunna %vl + g—{;vg He obparmaercst B HOJb. BekTop (v1,v2) yIOBIETBO-

99 99
oz’ Oy
BLIOpAHHO! HaMK BETBH) He OOPAIaeTCd B HEKOTOPOH MPOKOJOTONH OKPECTHOCTH

of of dg Og . P
Hyns. 3HAYNT, BEKTOPHI (i, D—y) n (32, a—y) B HEKOTOPOil MPOKOJIOTOH OKPECTHO-
CTH HYJIsT HA BHIOPAHHOW BETBU JIMHEHHO HE3ABUCUMBI. MaTpuIiia, COCTaBIeHHAS U3
KOMITOHEHT ITUX BEKTOPOB — sKOoOuWaH orobpaxkenus F (pasublil skobuamy F)),

O3TOMY BCe Hy/In F) Ha HEKPATHOU KPWUBOI HEBBIPOXK IEHHBIE.

pSeT PABEHCTBY %vl + g—ng = 0, npuyeM BeKTOp ( ) (B cusly HEKPATHOCTH

O

B uacrraoctr, ecin {g = 0} - npuBefeHHas KpuBas (MM, 9TO TO JKe CaMOe,
dyukuua g umeer B HyJie KoHeuHoe uuciao Musnnopa), To nedbopmanus Fy Gyner
HUMETb TOJIBKO HEBBIPOXKIEHHBIE HYJIH.

Jlemma 5. ITycmo f,g - dee neswviposicdertbie NoayooHOPooHble GYHKUUY 00UHG-
%0601 CMENEHU T C BEULLCTNEBEHHBLMYU GEMEAMU, U 00HOPOOHBLE Yacmu f, g umerom
npasusvroe uepedosarue. Tozda axobuar omobpascernus (f,g) 6 nexomopoli Marod
BEULLCTNGEHHOT NPOKOAOMOT OKPECTNHOCTIU HAUAAG KOOPOUHAM He 00PAULAEMmCs 6
HYAD.

Jokasameavcmeo. 3ameruMm, 9T0 f W g MOXKHO CYMTATH TPOCTO OJIHOPOIHBIMHU:
AKOOMAH TIOYOIHOPOJSHOIO OTOOPAKEHHUsT ¢ TOUYHOCTHIO 0 WIEHOB 00Jiee BBICOKO-
ro mopsijika OyJeT COBIaJATh ¢ SKODMAHOM €ro OJHOPOMHOM YacTH, a 3HAYUT, 3HAK
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B [IOCTATOYHO MAJIOW OKDPECTHOCTH HYJIsl ONMPENEISeTCss WMEHHO OTHOPOIHON da-
crbio. Ham focraroyno n1oka3arb, 4To JOCTATOYHO Majible 3HadeHusd (a,b) aBiisior-
Csl HeKpUTUYeCKUMU Jyist orobpaxkenus (f, g).

Ecmm a = 0 wam b = 0, To 3HaveHne HeKpUTHUECKoe 1o jemMe 3. Ecan orm oba
HE PABHBI HYJIIO, TO CUCTEMA ypaBHeHwuit f = a,g = b, ab # 0 paBHOCUJIbHA CHUCTEME
bf —ag = 0,9 =b. Orobpaxenue (bf — ag,g) uMeeT TOJLKO U30JIUPOBAHHbIE HYJIH,
ecJI U30JIMPOBaHHbIE Hysid uMeeT orobpazkenue (f, g), IOITOMY, eCM Mbl CMOXKEM
JoKazarh, 4yTo Kpusas {bf —ag = 0} — npuBeséHHAasl, TO HEKPUTUYHOCTh 3HAYEHUS
(a,b) nyrs orobpaxenus (f,g) Oymer, onarhb ke, cienoBarh u3 gemMbl 3. bf — ag
- OmHOPOAHAsS (DYHKIWS CTEMEHN ', TIO3TOMY TIPUBEIEHHOCTh KPUBOW PABHOCHUIBLHA
ToMy, 4TO y Heé r BerBeil. IlycTh Ge3 orpanmuenust obIMHOCTA a W b OZHOTO 3HA-

ka. PaccMorpum Kakyio-uubyab CBA3HYI0 KOMIOHeHTy gonoiuenus K {fg = 0}, na

b
g a

nueii, mersiomeiica or 0 10 +00, a, 3HAYUT, TpUHEMaET U 3Hadenue 7. [losTomy B

9TOI KOMITOHEHTE JIEXKUT KaK MUHUMYM OJHA TIOJIyBETBh MHOXKECTBA HyJel bf — ag.

B cuny npaBusibHOTO YepemoBanusi f U g CBA3HBIX KOMIIOHEHT ¢ fg > 0 poBHO 27

mTyK, a 3uaant y {bf —ag = 0} r BeTseil.

koTopoit fg > 0. Ha 9T0if KOMIIOHEHTE OTHOIIIEHNE £ SBJISETCS HETPEPBIBHOM (DYHK-

O

Ocranoch 3aKOHUYUTH AOKA3ATETHCTBO TeopeMbl. 1loc/ie MCKIIYeHUs JIMITHUX
Berseit {f = 0} u {g = 0}, mbI mpugém K momo Oy = (fi, gr), HHIEKC KOTOPOTO
paBen uHIeKCy 10 F. ET0 KOMIOHEHTBI SBISIOTCS MOIYOIHOPOIAHBIMU (DY HKIIHSI-
MU, TIOCKOJIbKY MbI 6€3 OrpaHuyeHus OOIIHOCTH MPEINOJIOKIIN, YTO KOMIOHEHTbI
MUCXOIHOTO TOJst F' ObLIM TTOIyOmMHOPOIHBI, 8 TJIABHAS YaCTh TOJNA ©) OTIMYIAeT-
cd OT TJIABHON wYacTw mojisd F' TOJBKO MCKIIIOUYEHWEeM HEKOTOPBIX MHOXKHUTEIEH u,
BO3MOXKHO, [TOMHOXKEHWEM Ha, HEKOTOpyio crenedb A. Ilo semme 4 skobman O) B
HEKOTOPOI MPOKOJOTONH OKPECTHOCTU HAaYaJIa KOOPJAUHAT UMeEeT MOCTOAHHBINA 3HAK,
pasublil 3naky unzgekca F. Torga upu pocrarodno mMasibix (3aBUCAIIUX OT A) @,
oTobpaskenne F = (fx — @, gx — B) aBTOMATHYECKH WMEET TOJNBKO HEBBIPOKIEHHBIE
Hynu (10 jieMMe 3), 9MC/I0 KOTOPBIX PABHO TI0 MOJYJIIO0 MHIEKCY Fy, T.e. U UHIEKCY
F.

5. [IOCTPOEHUE AE®OPMAIIMU B BUAE AHAJTUTUYIECKOTO CEMENCTBA

B npenpnymeM pasgene gedgopManug ObLIa IOCTPOEHa B BHJIE TOCEI0BATE b
HOCTH MaJIbIX IIE€BEJeHUN BEKTOPHOI'O I10JId, a HE B BUAE aHAJIUTUIECCKOTI'O ceMencTBa
BEKTOPHBIX II0JIel. 3/1eCh Mbl JOKAXKEM, 4TO 3Ta LIOCJIEI0BATEIbHOCTD LIEBEIeHUil
MOXKET 6BITB peasim30BaHa B BHIE AQHAJINTUYECKOIT TOMOTOIINN.

Mbubr paccmarpuBasu derbipe tuna mesesenuii: 1)[esenenus fo u go, Aenaomiye
ux HeBbipoxkAenubivu. 2)I1leBesienus fo u go, yAaasdomme KBaJIpaTAIHbIE MHOKM-
TeJIU B Pa3JIoKeHuu fo U gy Ha HenpuBoaumbie Muorowiensl. 3)[1lesenenue, yuass-
IOIlee BCE JIMIIHUE KOMIIOHEHTBI fo u go. 4)OKOHYATENbHOE 1lIeBeIeHHE, JIeJAI0IIee
BCE OCO6bIe TOYKHK BEKTOPDHOI'O II0JId HEBbIPDO2K/ICHHDbIMMU.

Bce smn meBesieHnss MOYKHO OYEBHIHBIM O0OpPa30M BKJIIOUNATL B YeTHIpEXMTapa-
merpuueckyo aedopmarnuio V (A1, A2, Az, A1),V (0,0,0,0) = v, rae i-Thiii napa-
METP OCYIEeCTBsIeT aePOPMAIMIO -TOr0 THIA. TOrma pe3yabTaThbl MPEeIbIIYIIero
pazena O3HAMAOT, YTO B YeTHIPEXMEPHOM HPOCTPAHCTBE HAPaMeTPOB CyIIECTBYeT
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[OCJIeI0BATEILHOCTD 3HaYeHuil napamerpos, cxousmasca K (0,0,0,0), npu KoTo-
poix aedopmanus V (A1, Mg, A3, A\s) umeer |k| HEBBIPOKIEHHBIX 0COObIX TOUeK. C
JIPYTOii CTOPOHBI, MHOXKECTBO 3HAYEHMI HapaMeTpoB, IPHU KOTOPBIX JedopManus
V (A1, A2, A3, Ag) mMeeT |k| HEBBIPOKIEHHBIX OCOOBIX TOUEK SIBISETCS CYyOAHAINTH-
YECKWM, 4, 3HAYWT, TIO JIeMMe 00 OTOOpe KPWBBIX OHO COAEPIKUT AHAIUTHICCKYIO
KPHUBYIO. JTa aHAJIATHYIECKAsS KPUBAsA U 3aJaET MCKOMOE CEMEHCTBO BEKTOPHBIX IMO-
JIett.
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