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ON NILPOTENT SCHUR GROUPS

G.K. RYABOV

Abstract. A �nite group G is called a Schur group if every S-ring
over G is schurian, i.e. associated in a natural way with a subgroup
of Sym(G) that contains all right translations. We prove that every
nonabelian nilpotent Schur group belongs to one of a few explicitly given
families of groups.
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1. Introduction

A Schur ring or S-ring over a �nite group G can be de�ned as a subring of the
group ring ZG that is a free Z-module spanned by a partition of G closed under
taking inverse and containing the identity element e of G as a class (see Section 2
for the exact de�nition). The theory of S-rings was initiated by Schur [14], and
further it was developed by Wielandt [15]. Schur and Wielandt used S-rings for
studying permutation groups. In particular, Schur proved a generalization of the
Burnside theorem on a permutation group with a regular cyclic p-subgroup using
S-rings [15, Theorem 25.3].

With every group K ≤ Sym(G) containing all right translations of G, one
can associate the S-ring determined by the partition of G into the orbits of the
stabilizer of e in K. Every S-ring obtained in such way was called schurian in [10].
Wielandt wrote in [16] that �Schur had conjectured for a long time that every S-
ring is determined by a suitable permutation group�, in our terms that every S-ring
is schurian. However, this conjecture was disproved in [15] by Wielandt. In [10],
P�oschel introduced the following de�nition. The group G is called a Schur group if
every S-ring over G is schurian. He also posed the next problem.
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Problem. Determine all Schur groups.

To prove that a given group G is Schur, it is necessary to check that every S-ring
over G is schurian. The main di�culty of the above problem is that the number
of S-rings over G is exponential in the order of G in general, and sometimes it is
not easy to obtain a description of all S-rings over G. On the other hand, to prove
that G is not Schur, it is necessary to �nd a nonschurian S-ring over G. However,
in many cases it is unclear how to �nd such S-ring.

The �rst result on the schurity problem was obtained by P�oschel [10]. He proved
that cyclic p-groups of odd order are Schur. Using this result, Klin and P�oschel
solved the isomorphism for Cayley graphs over these groups [6]. Schurity of cyclic
2-groups was proved in [5]. The complete classi�cation of cyclic Schur groups was
obtained in [3].

Strong necessary conditions of schurity for abelian groups were obtained in [4].
Schurity of some in�nite families of noncyclic abelian groups was veri�ed in [7,
12]. Abelian Schur groups of odd order were classi�ed in [8]. Finally, the complete
classi�cation of abelian Schur groups was obtained in [13].

All Schur groups of order at most 63 were enumerated in [17]. It turns out
that there exist nonabelian Schur groups. However, it is not known to the present
moment whether there exists an in�nite family of nonabelian Schur groups. The
attempts to describe all S-rings over some nonabelian groups, e.g. dihedral groups
or groups whose order has few prime divisors, lead to such hard unsolved problems
as the problem of existence of a di�erence set in a cyclic group and the problem of
computing cyclotomic numbers (see [7]).

Nevertheless, there are some general results on nonabelian Schur groups. In [9],
it was proved that every nonabelian Schur group G is metabelian and the number
of distinct prime divisors of |G| is at most 7. Some partial results one nonabelian
Schur groups were obtained in [7, 11]. In particular, in [11] it was proved that every
Schur p-group of odd order must be abelian and in [7] it was proved that every
nonabelian 2-group of order at least 32 must be dihedral.

In this paper, we prove that every nilpotent Schur group belongs to one of a few
explicitly given families of groups. The cyclic and dihedral groups of order n are
denoted by Zn and Dn, respectively. The quaternion group and the central product
of D8 and Z4 are denoted by Q8 and G16, respectively. The main result of the paper
is the following theorem.

Theorem 1.1. A nonabelian nilpotent Schur group is isomorphic to one of the
groups below:

(1) Q8, G16, D2k , where k ≥ 3,

(2) Q8 × Zp, where p ≥ 11 is a prime such that p ̸≡ 1 mod 4 and p ̸≡ 1 mod 6.

Moreover, the groups Q8, G16, and D2k , where 3 ≤ k ≤ 5, are Schur.

We do not know whether in�nite families of groups from Theorem 1.1 consist of
Schur groups. So we suggest the following question.

Question. Are the groups D2k , k ≥ 6, and Q8 × Zp, p ̸≡ 1 mod 4, p ̸≡ 1 mod 6,
Schur?
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It should be mentioned that all S-rings of rank at most 5 over D2k , k ≥ 3, were
classi�ed in [7].

We �nish the introduction with a brief outline of the paper. Section 2 contains
a necessary background on S-rings. In Sections 3 and 4, we construct new in�nite
families of nonschurian S-rings over the groups D8 × Zp and Q8 × Zp, where p is
prime; in case of Q8 × Zp, we also assume that p ≡ 1 mod 4 or p ≡ 1 mod 6,
respectively. The latter condition on p is substantial for constructing a nonschurian
S-ring over Q8 × Zp. Finally, we prove Theorem 1.1 in Section 5. One of the
key ingredients of the proof is [9, Corollary 4.3], which provides some necessary
conditions of schurity for nilpotent groups.

The author would like to thank Dr. M. Ziv-Av for the help with computer
calculations and the anonymous referee for the valuable comments which help us
to improve the text.

2. Preliminaries

In this section, we provide all necessary de�nitions and statements on S-rings.
All of them can be found, e.g., in [7, 12].

Let G be a �nite group and ZG the integer group ring. The identity element and
the set of all nonidentity elements of G are denoted by e and G#, respectively. The
symmetric group of the set G is denoted by Sym(G). If K ≤ Sym(G), then the set
of all orbits of K on G is denoted by Orb(K,G). The subgroup of Sym(G) induced
by the right multiplications of G is denoted by Gr. If X ⊆ G, then the element∑
x∈X

x of the group ring ZG is denoted by X. The set {x−1 : x ∈ X} is denoted by

X−1.
A subring A ⊆ ZG is called an S-ring (a Schur ring) over G if there exists a

partition S = S(A) of G such that:
(1) {e} ∈ S;
(2) if X ∈ S, then X−1 ∈ S;
(3) A = SpanZ{X : X ∈ S}.

The elements of S are called the basic sets of A. A set X ⊆ G is called an A-set if
X ∈ A. A subgroup A ≤ G is called an A-subgroup if A is an A-set.

Let {e} ≤ A ⊴ B ≤ G. A section B/A is called an A-section if B and A are
A-subgroups. If S = B/A is an A-section, then the module

AS = SpanZ {Xπ : X ∈ S(A), X ⊆ B} ,

where π : B → B/A is the canonical epimorphism, is an S-ring over S.
Let S = B/A be an A-section of G. The S-ring A is called the S-wreath product

of AB and AG/A if A ⊴ G and every basic set X of A outside B is a union of
some A-cosets. The S-wreath product is called nontrivial or proper if A ̸= {e} and
B ̸= G.

Let A and B be A-subgroups such that G = A× B. The S-ring A is called the
tensor product of AA and AB if

S(A) = {X1 ×X2 : X1 ∈ S(AA), X2 ∈ S(AB)}.

In this case we write A = AA ⊗ AB . The tensor product is called nontrivial if
{e} < A < G and {e} < B < G.

Let X,Y ∈ S. If Z ∈ S, then the number of distinct representations of z ∈ Z
in the form z = xy with x ∈ X and y ∈ Y does not depend on the choice of
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z ∈ Z. Denote this number by cZXY . One can see that X Y =
∑
Z∈S(A) c

Z
XY Z.

Therefore the numbers cZXY are the structure constants of A with respect to the
basis {X : X ∈ S}. It can be veri�ed that

(1) |Z|cZ
−1

XY = |X|cX
−1

Y Z = |Y |cY
−1

ZX

for all X,Y, Z ∈ S(A) (see, e.g., [12, Lemma 2.3]).
Let A′ be an S-ring over a group G′. A bijection f from S(A) to S(A′) is called

an algebraic isomorphism from A to A′ if cZ
f

XfY f = cZXY for all X,Y, Z ∈ S(A). An
algebraic isomorphism from A to itself is called an algebraic automorphism of A.
The following statement is known as the �rst Schur theorem on multipliers (see [15,
Theorem 23.9, (a)]).

Lemma 2.1. Let A be an S-ring over an abelian group G. Then the mapping
X 7→ X(m) = {xm : x ∈ X}, X ∈ S(A), is an algebraic automorphism of A for
every m ∈ Z coprime to |G|.

Put R(A) = {r(X) : X ∈ S(A)}, where r(X) = {(g, xg) : x ∈ X, g ∈ G}.
A bijection α from G to G′ is called a (combinatorial) isomorphism from A to
A′ if R(A)α = R(A′), where R(A)α = {r(X)α : X ∈ S(A)} and r(X)α =
{(gα, hα) : (g, h) ∈ r(X)}. If there exists an isomorphism from A to A′, then A
and A′ are called isomorphic.

A bijection α ∈ Sym(G) is de�ned to be a (combinatorial) automorphism of A
if r(X)α = r(X) for every X ∈ S(A). The set of all automorphisms of A forms the
group called the automorphism group of A and denoted by Aut(A). One can see
that Aut(A) ≥ Gr and A is isomorphic to an S-ring over a group H if and only if
Aut(A) has a regular subgroup isomorphic to H. If α ∈ Aut(A), then

(2) (Xy)α = Xyα

for every X ∈ S(A) and y ∈ G. If A is an A-subgroup of G, then the set of
all right A-cosets is an imprimitivity system of Aut(A), and if α ∈ Aut(A), then
αG/A denotes the permutation induced by α on G/A. If A = AA ⊗ AB , then
Aut(A) = Aut(AA)×Aut(AB).

Let K be a subgroup of Sym(G) containing Gr. Schur proved in [14] that the
Z-submodule

V (K,G) = SpanZ{X : X ∈ Orb(Ke, G)},
where Ke is a stabilizer of e in K, is an S-ring over G. An S-ring A over G
is called schurian if A = V (K,G) for some K ≤ Sym(G) with K ≥ Gr. One
can verify that A is schurian if and only if A = V (Aut(A), G), or equivalently,
S(A) = Orb(Aut(A)e, G). Clearly, two isomorphic S-rings are schurian or not
simultaneously.

Let K ≤ Aut(G). Then Orb(K,G) forms a partition of G that de�nes an S-
ring A over G. In this case A is called cyclotomic and denoted by Cyc(K,G). If
A = Cyc(K,G) for some K ≤ Aut(G), then A = V (GrK,G). So every cyclotomic
S-ring is schurian.

The group G is called a Schur group if every S-ring over G is schurian. A section
(in particular, a subgroup) of a Schur group is also Schur (see, e.g., [9, Theorem 2.4]).

3. Nonschurity of D8 × Zp
The main result of this section is the following proposition.
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Proposition 3.1. The group D8 × Zp is not Schur for every prime p.

Proof. The statement of the proposition for p ∈ {2, 3} follows from [9, Lemma 3.1].
Further we assume that p ≥ 5.

Let H = ⟨a, b : a4 = b2 = e, ab = a−1⟩ ∼= D8, A1 = ⟨a2⟩, A2 = ⟨ab⟩, C a cyclic
group of order p, c a generator of C, and G = H × C ∼= D8 × Zp. Let us construct
a nonschurian S-ring over G. Put

Z0 = {e}, Z1 = {a2}, Z2 = {ab}, Z3 = {a3b}, Z4 = {a, a3, b, a2b},
X1 = c{e, a2}, X2 = c{ab, a3b}, X3 = c{a, b}, X4 = c{a3, a2b},

Y1 = c−1{e, a2}, Y2 = c−1{ab, a3b}, Y3 = c−1{a3, b}, Y4 = c−1{a, a2b},
T1k = ck{e, a2}, T2k = ck{ab, a3b}, T3k = ck{a, a3, b, a2b}, k ∈ {2, . . . , p− 2}.
One can see that the sets Zi, Xi, Yi, Tjk form the partition of G. Denote this

partition by S.

Lemma 3.2. The Z-module A = SpanZ{X : X ∈ S} is an S-ring over G.

Proof. It is easy to check that Zi = Z−1
i and Yi = X−1

i for every i ∈ {1, 2, 3, 4}
and Tj p−k = T−1

jk for every j ∈ {1, 2, 3} and k ∈ {2, . . . , p − 2}. To complete the
proof of the lemma, it su�ces to check that XY ∈ A for every X,Y ∈ S. The
de�nition of S yields that X = ciX0 and Y = cjY0 for some i, j ∈ {0, . . . , p − 1}
and X0, Y0 ⊆ H. So XY = ci+jX0Y0. The straightforward computation in H ∼= D8

implies that X0Y0 ∈ SpanZ{{e, a2}, {ab, a3b}, {a, a3, b, a2b}} if i + j ̸≡ 0 mod p

and X0Y0 ∈ SpanZ{Z0, Z1, Z2, Z3, Z4} if i+ j ≡ 0 mod p. Thus, XY ∈ A. □

Lemma 3.3. In the above notations, the stabilizer Aut(AG/A1
)A1

of A1 in
Aut(AG/A1

) is generated by the involution σ ∈ Sym(G/A1) which interchanges

A1ac
k and A1bc

k and �xes A1c
k and A1abc

k for every k ∈ {0, . . . , p− 1}.

Proof. From the de�nition of A it follows that AG/A1
= AH/A1

⊗ ZC. Therefore
Aut(AG/A1

) = Aut(AH/A1
) × Aut(ZC). Clearly, Aut(ZC) = Cr. It is easy to see

that Aut(AH/A1
) = (H/A1)r ⋊ ⟨σH/A1⟩ ∼= Z2 ≀Z2, where σ

H/A1 is the restriction of
σ on H/A1. Thus,

Aut(AG/A1
) = ((H/A1)r ⋊ ⟨σH/A1⟩)× Cr.

The latter equality implies that Aut(AG/A1
)A1 = ⟨σ⟩, as required. □

Lemma 3.4. The S-ring A is nonschurian.

Proof. Assume the contrary. Then S = Orb(K,G), where K = Aut(A)e. Let α ∈
Kac. Observe that α

G/A1 ∈ Aut(AG/A1
)A1

. By Lemma 3.3, we have αG/A1 is trivial

or αG/A1 = σ. However, the latter case is impossible because (A1ac)
αG/A1

= A1ac.
Thus, αG/A1 is trivial.

Since α ∈ Kac, Eq. (2) implies that (X4ac)
α = X4ac and T

α
12 = T12. So

{c2}α = (X4ac ∩ T12)α = X4ac ∩ T12 = {c2}.
By the above equality and Eq. (2), we have (X3c

2)α = X3c
2. In addition, (A1ac

3)α =
A1ac

3 because αG/A1 is trivial. So

{ac3}α = (X3c
2 ∩A1ac

3)α = X3c
2 ∩A1ac

3 = {ac3}.
Thus, α ∈ Kac3 and hence Kac ≤ Kac3 .
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On the one hand, |Kac| = |K|/|X3| = |K|/2 because X3 is an orbit of K
containing ac. On the other hand, |Kac3 | = |K|/|T33| = |K|/4 because T33 is
an orbit of K containing ac3. Therefore |Kac| = |K|/2 > |K|/4 = |Kac3 |, a
contradiction to Kac ≤ Kac3 . □

Lemma 3.4 completes the proof of Proposition 3.1.
□

4. Nonschurity of Q8 × Zp
The main result of this section is the following statement.

Proposition 4.1. The group Q8 × Zp is not Schur for every prime p such that
p ≡ 1 mod 4 or p ≡ 1 mod 6.

Let p be a prime and l a divisor of p − 1. Suppose that C ∼= Zp. The group
Aut(C) is a cyclic group of order p − 1. Since p − 1 is divisible by l, the group
Aut(C) has a unique subgroup M of index l. Put m = |M | = p−1

l . It is easy to

see that |Orb(M,C#)| = l and Aut(C) acts on the set Orb(M,C#) as the regular
cyclic group of order l. Let C1, . . . , Cl be the nontrivial orbits of M on C such
that the cycle f = (C1 · · ·Cl) ∈ Sym(Orb(M,C#)) is the permutation induced by
a generator of Aut(C) acting on Orb(M,C#). Clearly, |Ci| = |Cj | for all i, j and
Orb(M,C) is the set of the basic sets of the cyclotomic S-ring C = Cyc(M,C). In
case l = 4, we have Ci = C−1

i for every i if m is even and C3 = C−1
1 , C4 = C−1

2 if

m is odd. In case l = 6, we have Ci = C−1
i for every i if m is even and C4 = C−1

1 ,

C5 = C−1
2 , C6 = C−1

3 if m is odd.

Put ckij = cCk

CiCj
and ck

f

if jf = c
Cf

k

Cf
i C

f
j

. From Lemma 2.1 it follows that f is an

algebraic automorphism of C and hence

(3) ck+1
i+1,j+1 = ck

f

if jf = ckij

for all i, j, k ∈ {1, . . . , l}, where additions in the indices are done modulo 6.

Lemma 4.2. In the above notations, let l = 4.

(1) If m is even, then p = r2 + 4s2, where s = c112 − c114 and r is an integer.

(2) If m is odd, then m = c132 + c134 + 2c141.

Proof. Observe that c1ij = (k−1, j−1)4 (see, e.g. [1, Eq. (9)]) for all i, j ∈ {1, 2, 3, 4},
where k ∈ {1, 2, 3, 4} is such that Ck = C−1

i and (k − 1, j − 1)4 is a cyclotomic
number of order 4 (see [2] for the de�nition). Therefore Statement (1) of the lemma
follows from [2, p. 400, Eqs. (50)-(51)], whereas Statement (2) follows from [2,
p. 401, Eq. (54)]. □

Lemma 4.3. In the above notations, let l = 6.

(1) If m is even, then 4p = r2 + 27s2, where s = c112 + 2c124 + c115 − c113 − 2c125 − c116
and r is an integer. Moreover, 3s = t = 2u or 3s = −t− 2u, where t = c112 +2c124 −
3c115 + 3c113 − c116 − 2c125 and u = c112 − c116 − c124 + c125.

(2) If m is odd, then m = c143+c
1
45+c

1
51+c

1
52+2c156. Moreover, 3s = −t = 2u or 3s =
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t−2u, where s = c142+2c151+c
1
45−c143−2c152−c146, t = c145+2c151−3c142+3c146−c143−2c152,

and u = c151 − c152 + c143 − c145.

Proof. As in the previous lemma, we use the connection between cyclotomic numbers
and some intersection numbers that provided by the formula c1ij = (k − 1, j − 1)4
(see, e.g. [1, Eq. (9)]) for all i, j ∈ {1, 2, 3, 4, 5, 6}, where k ∈ {1, 2, 3, 4, 5, 6} is such
that Ck = C−1

i . Now Statement (1) of the lemma follows from [2, p. 409, Eqs. (89)-
(90)] and the relations between the parameters denoted in [2, p. 409] by M , B and
F , whereas Statement (2) follows from [2, p. 410, Eqs. (95)-(96)] and the remark
after these equalities. □

Let H = ⟨a, b : a4 = e, a2 = b2, ab = a−1⟩ ∼= Q8 and G = H × C ∼= Q8 × Zp. If
l = 4, then put

X0 = {e}, X1 = {a2}, X2 = {ab, a3b}, X3 = {a, a3, b, a2b},

X4 = C#, X5 = a2C#

X6 = {a, a3}(C2 ∪ C4) ∪ {b, a2b}(C1 ∪ C3),

X7 = aC1 ∪ a3C3 ∪ bC2 ∪ a2bC4,

X8 = X7a
2 = aC3 ∪ a3C1 ∪ bC4 ∪ a2bC2,

X9 = {ab, a3b}C#.

If l = 6, then put

Y0 = {e}, Y1 = {a2}, Y2 = {a, a3, b, a2b, ab, a3b},

Y3 = C#, Y4 = a2C#

Y5 = {a, a3}(C1 ∪ C4) ∪ {b, a2b}(C2 ∪ C5) ∪ {ab, a3b}(C3 ∪ C6),

Y6 = {a, a3}(C2 ∪ C5) ∪ {b, a2b}(C3 ∪ C6) ∪ {ab, a3b}(C1 ∪ C4),

Y7 = aC3 ∪ a2bC4 ∪ abC5 ∪ a3C6 ∪ bC1 ∪ a3bC2,

Y8 = Y7a
2 = aC6 ∪ a2bC1 ∪ abC2 ∪ a3C3 ∪ bC4 ∪ a3bC5.

The sets Xi, i ∈ I = {0, . . . , 9}, and Yj , j ∈ J = {0, . . . , 8}, form the partitions
of G. Denote these partition by S and T , respectively. Put A = SpanZ{X : X ∈ S}
and B = SpanZ{Y : Y ∈ T }.

Lemma 4.4. The Z-modules A and B are S-rings over G.

Proof. One can see that Xi = X−1
i for i ∈ I \{7, 8} and Yj = Y −1

j for j ∈ J \{7, 8}.
If m is even, then X8 = X−1

7 and Y8 = Y −1
7 ; for otherwise X7 = X−1

7 , X8 = X−1
8 ,

Y7 = Y −1
7 , and Y8 = Y −1

8 .
Let σ1, σ2, σ3 ∈ Aut(H) such that σ1 : (a, b) 7→ (b, a3), σ2 : (a, b) 7→ (a3, b), and

σ3 : (a, b) 7→ (a2b, a3b). Put

U = ⟨σ1, σ2⟩, V = ⟨σ2
1 , σ2, σ3⟩, and U0 = V0 = ⟨σ2

1 , σ2⟩.
One can verify straightforwardly that U ∼= D8, V ∼= A4, and U0 = V0 ∼= Z2 × Z2.
Moreover, U0 = V0 is normal in the both U and V . Put also W = Aut(C). Denote
byW0 the unique subgroup ofW such thatW0 > M and |W0 :M | = 2 (such group
W0 exists because l is even). The canonical epimorphisms from U to U/U0, from V
to V/V0, and from W to W/W0 are denoted by π1, π2, and π3, respectively.

If l = 4, then there exists the unique isomorphism ψ from U/U0
∼= Z2 toW/W0

∼=
Z2. Put

K1 = {(σ, τ) ∈ U ×W : (σπ1)ψ = τπ3} ≤ Aut(G).
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If l = 6, then there exists the unique isomorphism θ from V/V0 ∼= Z3 to

W/W0
∼= Z3 such that (V0σ3)

θ =W f ′

0 , where f ′ ∈W acting on
Orb(M,C#) induces f . Put

K2 = {(σ, τ) ∈ V ×W : (σπ2)θ = τπ3} ≤ Aut(G).

The groups K1 and K2 are subdirect products of U and W and V and W , respec-
tively. The straightforward check shows that the basic sets of the cyclotomic S-ring
Cyc(K1, G) are Xi, i ∈ I \ {7, 8}, and X7 ∪ X8, whereas the basic sets of the
cyclotomic S-ring Cyc(K2, G) are Yj , j ∈ J \ {7, 8}, and Y7 ∪ Y8. This implies that
XiXj ∈ A for every i, j ∈ I \{7, 8} and YiYj ∈ B for every i, j ∈ J \{7, 8}. Thus, to
prove that A and B are S-rings, it remains to verify that XiXj ∈ A and YiYj ∈ B,
where at least one of i, j belongs to the set {7, 8}. The latter can be done by the
straightforward computation using Eq. (3). □

Lemma 4.5. The S-ring A is not schurian.

Proof. Assume the contrary. Then S = Orb(K,G), where K = Aut(A)e. Let c2 ∈
C2 and c4 ∈ C4. The elements ac2 and ac4 belong to X6. Since X6 is an orbit of K,
there exists α ∈ K such that (ac2)

α = ac4. Due to Eq. (2), we have

(4) (C1c2)
α = (X8ac2 ∩X4)

α = X8ac4 ∩X4 = C1c4.

The set Ca is a block of K because C is an A-subgroup. Observe that (ac2)
α =

ac4 ∈ (Ca)α ∩ Ca. So (Ca)α = Ca. Therefore

{a}α = (Ca ∩X3)
α = Ca ∩X3 = {a}.

The above equality and Eq. (2) yield that

(5) Cα1 = (X8a ∩X4)
α = X8a ∩X4 = C1

and

(6) Cα3 = (X7a ∩X4)
α = X7a ∩X4 = C3.

Suppose that m is even. Then c211 = |C1c2 ∩ C1| and c411 = |C1c4 ∩ C1|. Eqs. (4)
and (5) imply that

c211 = |C1c2 ∩ C1| = |(C1c2 ∩ C1)
α| = |C1c4 ∩ C1| = c411.

By the latter equality and Eq. (1), we have c112 = c114. Therefore p = r2 for some
integer r by Lemma 4.2(1), a contradiction to primality of p.

Now suppose that m is odd. Then c233 = |C1c2 ∩C3| and c433 = |C1c4 ∩C3|. From
Eqs. (4) and (6) it follows that

c233 = |C1c2 ∩ C3| = |(C1c2 ∩ C3)
α| = |C1c4 ∩ C3| = c433.

Due to the latter equality and Eq. (1), we have c134 = c132. Therefore m = 2c132+2c141
by Lemma 4.2(2), a contradiction to the oddity of m. □

Lemma 4.6. The S-ring B is not schurian.

Proof. Assume the contrary. Then T = Orb(L,G), where L = Aut(B)e. Let c1 ∈
C1. The elements ac1 and a

3c1 belong to Y5 and the elements abc1 and a
3bc1 belong

to Y6. Since Y5 and Y6 are orbits of L, there exist β, γ ∈ L such that (ac1)
β = a3c1

and (abc1)
γ = a3bc1. Eq. (2) implies that

(7) (C3c1)
β = (Y8ac1 ∩ Y3)β = Y8a

3c1 ∩ Y3 = C6c1
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and

(8) (C2c1)
γ = (Y7abc1 ∩ Y3)γ = Y7a

3bc1 ∩ Y3 = C5c1.

Since C is a B-subgroup, the sets Ca,Ca3, Cab, and Ca3b are blocks of L.
Together with (ac1)

β = a3c1 and (abc1)
γ = a3bc1, this yields that (Ca)β = Ca3

and (Cab)γ = Ca3b. Therefore by Eq. (2), we have

{a}β = (Ca ∩ Y2)β = Ca3 ∩ Y2 = {a3}
and

{ab}γ = (Cab ∩ Y2)γ = Ca3b ∩ Y2 = {a3b}
Due to the above equalities and Eq. (2), we obtain

(9) Cβ3 = (Y8a ∩ Y3)β = Y8a
3 ∩ Y3 = C6,

(10) Cβ6 = (Y7a ∩ Y3)β = Y7a
3 ∩ Y3 = C3,

and

(11) Cγ2 = (Y7ab ∩ Y3)γ = Y7a
3b ∩ Y3 = C5,

(12) Cγ5 = (Y8ab ∩ Y3)γ = Y8a
3b ∩ Y3 = C2.

Suppose that m is even. Then c133 = |C3c1 ∩ C3| and c166 = |C6c1 ∩ C6|. Eqs. (7)
and (9) imply that c133 = c166. By the latter equality and Eq. (3), we have c211 = c511.
Therefore

(13) c112 = c115

by Eq. (1). Since m is even, c122 = |C2c1 ∩ C2| and c155 = |C5c1 ∩ C5|. Eqs. (8)
and (11) imply that c122 = c155. By the latter equality and Eq. (3), we have c311 = c611.
Therefore

(14) c113 = c116

by Eq. (1).
The de�nitions of t and u from Lemma 4.3(1) and Eqs. (13) and (14) yield that

t = −2u. Together with each of the equalities 3s = t = 2u and 3s = −t − 2u (see
the second part of Lemma 4.3(1)), the latter implies that s = 0. Therefore 4p = r2

for some integer r by the �rst part of Lemma 4.3(1), a contradiction to primality
of p.

Now suppose that m is odd. Then c133 = |C6c1 ∩C3| and c166 = |C3c1 ∩C6|. Due
to Eqs. (7) and (10), we obtain c133 = c166. By the latter equality and Eq. (3), we
have c244 = c544. Therefore

(15) c142 = c145

by Eq. (1). Sincem is odd, c122 = |C5c1∩C2| and c155 = |C2c1∩C5|. Eqs. (8) and (12)
imply that c122 = c155. By the latter equality and Eq. (3), we have c

3
44 = c644. Therefore

(16) c143 = c146

by Eq. (1).
Due to the de�nitions of t and u from Lemma 4.3(2) and Eqs. (15) and (16), we

obtain t = 2u. Together with each of the equalities 3s = −t = 2u or 3s = t − 2u
(see the second part of Lemma 4.3(2)), the latter implies that s = 0. Therefore

s = c142 + 2c151 + c145 − c143 − 2c152 − c146 = 2c145 + 2c151 − 2c143 − 2c152 = 0,
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where the second equality holds by Eqs. (15) and (16). So c145+c
1
52 = c143+c

1
52. Now

from the �rst part of Lemma 4.3(2) it follows that m = c143+c
1
45+c

1
51+c

1
52+2c156 =

2(c143 + c152) + 2c156, a contradiction to the oddity of m. □

Proposition 4.1 follows from Lemma 4.5 if p ≡ 1 mod 4 and from Lemma 4.6 if
p ≡ 1 mod 6.

5. Proof of Theorem 1.1

We start with a lemma on the structure of nilpotent Schur groups.

Lemma 5.1. Let G be a nonabelian nilpotent Schur group. Then G = P×H, where
P is isomorphic to one of the groups G16, Q8, D2k , k ≥ 3, and H is a cyclic group
of odd order.

Proof. Since G is nilpotent, it is a direct product of its Sylow subgroups. At least
one of the Sylow subgroups of G, say Sylow p-subgroup P , is nonabelian, because G
is nonabelian. The group P is Schur as a subgroup of the Schur group G. From [9,
Theorem 4.2], [7, Theorem 1.2], and [11, Theorem 1] it follows that p = 2 and P is
isomorphic to one of the groups G16, Q8, D2k , k ≥ 3. Let H be the Hall 2′-subgroup
of G. Then G = P ×H. Due to [9, Corollary 4.3], the group H is cyclic. □

We continue with one more lemma on the groups Q8 × Zpq.

Lemma 5.2. The group Q8 × Zpq is not Schur for every odd primes p and q.

Proof. Let A ∼= Z4, B ∼= Z2, and C ∼= Zpq. Let a, b, and c be generators of A,
B, and C, respectively. Put a1 = a2, A1 = ⟨a1⟩, c1 = cq, C1 = ⟨c1⟩ ∼= Zp, and
G = A×B × C ∼= Z4 × Z2 × Zpq. To prove Proposition 5.2, we will show that the
nonschurian S-ring A over G constructed in [4, Theorem 4.1] is isomorphic to an
S-ring over Q8 × Zpq.

Let us recall that A is the (A× C)/A1-wreath product in our notations (see [4,
pp. 8-10]). Therefore σ ∈ Aut(G) such that σ : (a, b, c) 7→ (a, a1b, c) is an automor-
phism of A. Since Gr ≤ Aut(A), we conclude that σar, σbr ∈ Aut(A). The straight-
forward computation implies that |σar| = |σbr| = 4, (σar)

2 = (σbr)
2, and (σar)

σbr =
(σar)

−1. So H = ⟨σar, σbr⟩ ∼= Q8. Moreover, one can easily verify that H is
transitive and hence regular on A × B. Thus, H × Cr is a regular subgroup of
Aut(A) isomorphic to Q8×Zpq. The latter yields that A is isomorphic to an S-ring
over Q8 × Zpq. Since A is nonschurian by [4, Theorem 4.1], the group Q8 × Zpq is
not Schur. □

Proof of Theorem 1.1. Schurity of the groups Q8, G16, and D2k , where 3 ≤ k ≤ 5,
follows from [9, Theorem 4.2]. Let G be a nonabelian nilpotent Schur group. Then
G = P ×H, where P is isomorphic to one of the groups G16, Q8, D2k , k ≥ 3, and H
is a cyclic group of odd order be Lemma 5.1. We may assume that H is nontrivial
because for otherwise the statement of the theorem holds. If P is isomorphic to
D2k , k ≥ 3, or G16, then H has a subgroup isomorphic to D8 and hence G has a
subgroup isomorphic to D8×Zp for some odd prime p. The latter group is not Schur
by Proposition 3.1. Therefore G is not Schur, a contradiction to the assumption.

The above paragraph yields that P is isomorphic to Q8. If |H| has at least two
prime divisors (possibly, equal), then H has a subgroup isomorphic to Zpq for some
odd primes p and q and hence G has a subgroup isomorphic to Q8×Zpq. The latter
group is not Schur by Lemma 5.2. Therefore G is not Schur, a contradiction to the
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assumption. Thus, H is a cyclic group of odd prime order and we are done by [9,
Lemma 3.1] if p ≤ 3 and by Proposition 4.1 otherwise. □
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