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ABSTRACT. A finite group G is called a Schur group if every S-ring over G is schurian, i.e.
associated in a natural way with a subgroup of Sym(G) that contains all right translations.
We prove that every nonabelian nilpotent Schur group belongs to one of the explicitly given
families of groups.
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1. INTRODUCTION

A Schur ring or S-ring over a finite group GG can be defined as a subring of the group
ring ZG that is a free Z-module spanned by a partition of G closed under taking inverse and
containing the identity element e of G as a class (see Section 2 for the exact definition). The
theory of S-rings was initiated by Schur [14], and further it was developed by Wielandt [15].
Schur and Wielandt used S-rings for studying permutation groups. In particular, Schur
proved a generalization of the Burnside theorem on a permutation group with a regular
cyclic p-subgroup using S-rings [15, Theorem 25.3].

With every group K < Sym(G) containing all right translations of G, one can associate
the S-ring determined by the partition of GG into the orbits of the stabilizer of e in K. Every
S-ring obtained in such way was called schurian in [10]. Wielandt wrote in [16] that “Schur
had conjectured for a long time that every S-ring is determined by a suitable permutation
group”, in our terms that every S-ring is schurian. However, this conjecture was disproved
in [15] by Wielandt. In [10], Poschel introduced the following definition. The group G is
called a Schur group if every S-ring over G is schurian. He also posed the next problem.

Problem. Determine all Schur groups.

To prove that a given group G is Schur, it is necessary to check that every S-ring over
G is schurian. The main difficulty of the above problem is that the number of S-rings over
G is exponential in the order of G in general, and sometimes it is not easy to obtain a
description of all S-rings over G. On the other hand, to prove that G is not Schur, it is
necessary to find a nonschurian S-ring over G. However, in many cases it is unclear how to
find such S-ring.

The first result on the schurity problem was obtained by Pdschel [10]. He proved that
cyclic p-groups of odd order are Schur. Using this result, Klin and Pdschel solved the
isomorphism for Cayley graphs over these groups [6]. Schurity of cyclic 2-groups was proved
in [5]. The complete classification of cyclic Schur groups was obtained in [3].

Strong necessary conditions of schurity for abelian groups were obtained in [4]. Schurity
of some infinite families of noncyclic abelian groups was verified in [7, 12]. Abelian Schur
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groups of odd order were classified in [8]. Finally, the complete classification of abelian
Schur groups was obtained in [13].

All Schur groups of order at most 63 were enumerated in [17]. It turns out that there exist
nonabelian Schur groups. However, it is not known to the present moment whether there
exists an infinite family of nonabelian Schur groups. The attempts to describe all S-rings
over some nonabelian groups, e.g. dihedral groups or groups whose order has few prime
divisors, lead to such hard unsolved problems as the problem of existence of a difference set
in a cyclic group and the problem of computing cyclotomic numbers (see [7]).

Nevertheless, there are some general results on nonabelian Schur groups. In [9], it was
proved that every nonabelian Schur group G is metabelian and the number of distinct prime
divisors of |G| is at most 7. Some partial results one nonabelian Schur groups were obtained
in [7, 11]. In particular, in [11] it was proved that every Schur p-group of odd order must
be abelian and in [7] it was proved that every nonabelian 2-group of order at least 32 must
be dihedral.

In this paper, we prove that every nilpotent Schur group belongs to one of the explicitly
given families of groups. The cyclic and dihedral groups of order n are denoted by Z,, and
D,,, respectively. The quaternion group and the central product of Dg and Z, are denoted
by Qs and Gig, respectively. The main result of the paper is the following theorem.

Theorem 1.1. A nonabelian nilpotent Schur group is isomorphic to one of the groups below:
(1) Qs, Gig, Dox, where k > 3,
(2) Qs X Z,, where p > 11 is a prime such that p #1 mod 4 and p # 1 mod 6.

Moreover, the groups Qs, Gig, and Do, where 3 < k <5, are Schur.

We do not know whether infinite families of groups from Theorem 1.1 consist of Schur
groups. So we suggest the following question.

Question. Are the groups Dyr, k > 6, and Qg X Z,, p#Z1 mod 4, p# 1 mod 6, Schur?

It should be mentioned that all S-rings of rank at most 5 over Dqx, k > 3, were classified
in [7].

We finish the introduction with a brief outline of the paper. Section 2 contains a necessary
background on S-rings. In Sections 3 and 4, we construct new infinite families of nonschurian
S-rings over the groups Dg X Z, and (s X Z,, where p is prime; in case of Qg X Z,,
we also assume that p = 1 mod 4 or p = 1 mod 6, respectively. The latter condition
on p is substantial for constructing a nonschurian S-ring over Q)3 x Z,. Finally, we prove
Theorem 1.1 in Section 5. One of the key ingredients of the proof is [9, Corollary 4.3], which
provides some necessary conditions of schurity for nilpotent groups.

The author would like to thank Dr. M. Ziv-Av for the help with computer calculations.

2. PRELIMINARIES

In this section, we provide all necessary definitions and statements on S-rings. All of
them can be found, e.g., in [7, 12].

Let G be a finite group and ZG the integer group ring. The identity element and the
set of all nonidentity elements of G are denoted by e and G7#, respectively. The symmetric
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group of the set G is denoted by Sym(G). If K < Sym(G), then the set of all orbits of K on
G is denoted by Orb(K, G). The subgroup of Sym(G) induced by the right multiplications
of G is denoted by G,. If X C G, then the element >  x of the group ring ZG is denoted

reX

by X. The set {z™!: z € X} is denoted by X'

A subring A C ZG is called an S-ring (a Schur ring) over G if there exists a partition
S = S(A) of G such that:

(1) {e} € S;

(2)if X € S, then X! € S;

(3) A= Span,{X : X € S}.
The elements of S are called the basic sets of A. A set X C G is called an A-set if X € A.
A subgroup A < G is called an A-subgroup if A is an A-set.

Let {e} < A<JB < G. A section B/A is called an A-section if B and A are A-subgroups.
If S= B/A is an A-section, then the module

As = Spanz {X™: X € S(A), X C B},

where 7 : B — B/A is the canonical epimorphism, is an S-ring over S.

Let S = B/A be an A-section of G. The S-ring A is called the S-wreath product of Ap
and Ag/a if A <G and every basic set X of A outside B is a union of some A-cosets. The
S-wreath product is called nontrivial or proper if A # {e} and B # G.

Let A and B be A-subgroups such that G = A x B. The S-ring A is called the tensor
product of A4 and Apg if

S(.A) = {X1 x Xqo: X € S(.AA), Xy € S(AB)}

In this case we write A = A4 ® Ap. The tensor product is called nontrivial if {e} < A < G
and {e} < B < G.

Let X, Y € §. If Z € S, then the number of distinct representations of z € Z in the
form z = xy with x € X and y € Y does not depend on the choice of z € Z. Denote this
number by ¢%,. One can see that X Y =", S(A) cZyZ. Therefore the numbers cZ, are
the structure constants of A with respect to the basis {X : X € §}. It can be verified that

(1) ’Z’CXY = ’X‘CYZ = ‘Y‘C

for all X|Y,7Z € S(A) (see, e.g., [12, Lemma 2.3]).

Let A" be an S-ring over a group G'. A bijection f from S(A) to S(A') is called an
algebraic isomorphism from A to A’ if chYf = c%y for all X,Y,Z € S(A). An algebraic
isomorphism from A to itself is called an algebraic automorphism of A. The following
statement is known as the first Schur theorem on multipliers (see [15, Theorem 23.9, (a)]).

Lemma 2.1. Let A be an S-ring over an abelian group G. Then the mapping X + X (™)
X € §(A), is an algebraic automorphism of A for every m € Z coprime to |G|.

Put R(A) = {r(X): X € §(A)}, where r(X) = {(g,zg9) : = € X, g € G}. A bijection
a from G to G’ is called a (combinatorial) isomorphism from A to A if R(A)* = R(A),
where R(A)* = {r(X)*: X € S(A)} and r(X)* = {(¢*,h*) : (g,h) € r(X)}. If there
exists an isomorphism from A to A’, then A and A’ are called isomorphic.

A bijection a € Sym(G) is defined to be a (combinatorial) automorphism of A if r(X)* =
r(X) for every X € S(A). The set of all automorphisms of A forms the group called the
automorphism group of A and denoted by Aut(A). One can see that Aut(A) > G, and A
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is isomorphic to an S-ring over a group H if and only if Aut(A) has a regular subgroup
isomorphic to H. If o € Aut(A), then

(2) (Xy)* = Xy

for every X € S(A) and y € G. If A is an A-subgroup of G, then the set of all right
A-cosets is an imprimitivity system of Aut(A), and if a € Aut(A), then a©/4 is denoted the
permutation induced by a on G/A. If A= A, ® Ap, then Aut(A) = Aut(As) x Aut(Ap).

Let K be a subgroup of Sym(G) containing G,.. Schur proved in [14] that the Z-submodule

V(K,G) = Spang{X : X € Orb(K,, G)},

where K. is a stabilizer of e in K, is an S-ring over G. An S-ring A over G is called schurian
if A =V(K,G) for some K < Sym(G) with K > G,. One can verify that A is schurian
if and only if A = V(Aut(A),G), or equivalently, S(A) = Orb(Aut(A)., G). Clearly, two
isomorphic S-rings are schurian or not simultaneously.

Let K < Aut(G). Then Orb(K,G) forms a partition of G that defines the S-ring A
over G. In this case A is called cyclotomic and denoted by Cyc(K,G). If A = Cyc(K, Q)
for some K < Aut(G), then A =V (G, K,G). So every cyclotomic S-ring is schurian.

The group G is called a Schur group if every S-ring over G is schurian. A section (in
particular, a subgroup) of a Schur group is also Schur (see, e.g., [9, Theorem 2.4]).

3. NONSCHURITY OF Dg X Z,

The main result of this section is the following proposition.
Proposition 3.1. The group Dg x Z, is not Schur for every prime p.

Proof. The statement of the proposition for p € {2, 3} follows from [9, Lemma 3.1]. Further
we assume that p > 5.

Let H={(a,b: a* =0 =e,a® = a™') 2 Dg, A; = (a®), Ay = (ab), C a cyclic group of
order p, ¢ a generator of C', and G = H x C' = Dg X Z,. Let us construct a nonschurian
S-ring over GG. Put

Zy ={e}, Z, ={a*}, Zo = {ab}, Z3 = {a’b}, Z, = {a,a’ b,a’b},
X, =c{e,a®}, Xy = c{ab,a’b}, X5 = c{a, b}, X4 = c{a® a’b},
Vi =c¢ He,a?}, Yo = c Hab,a’b}, Yz =c H{a® b}, Yy = c {a,a’b},
T, = e, a®}, Ty, = *{ab, a’b}, Ta, = {a,a® b,a®b}, k€ {2,...,p—2}.

One can see that the sets Z;, X;, Y;, T}, form the partition of G. Denote this partition
by S.
Lemma 3.2. The Z-module A = Span,{X : X € S} is an S-ring over G.
Proof. Tt is easy to check that Z; = Z; ' and Y; = X, ! for every i € {1,2,3,4} and
T poi = Tﬁcl for every j € {1,2,3} and k € {2,...,p — 2}. To complete the proof of
the lemma, it suffices to check that XY € A for every X,Y € S. The definition of S
vields that X = ¢/Xy and Y = 'Y for some i,5 € {0,...,p — 1} and X,,Yy C H.
So XY = ¢ X,Y,. The straightforward computation in H = Dg implies that XY, €
Span,{Ty : Ty C H, ¢Ty € S}. Thus, XY € A. O
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Lemma 3.3. In the above notations, the stabilizer Aut(Ag/a,)a, of A in Aut(Agya,) is
generated by the involution o € Sym(G/A;) which interchanges Ajac® and Abc® and fizes
Aic® and Ayabc® for every k € {0,...,p— 1}.
Proof. From the definition of A it follows that Ag/a, = Apja, ®ZC. Therefore Aut(Ag)a,) =
Aut(Apya,) x Aut(ZC). Clearly, Aut(ZC) = C,. It is easy to see that Aut(Ap/a,) =
(H/A1), % (oH/A1> & 71 Zsy, where of1/41 is the restriction of o on H/A,. Thus,
Aut(Agya,) = (H/A1), x (o) x C,.

The latter equality implies that Aut(Ag/a,)a, = (0), as required. d
Lemma 3.4. The S-ring A is nonschurian.
Proof. Assume the contrary. Then & = Orb(K,G), where K = Aut(A).. Let a € K,..
Observe that a®/41 € Aut(Ag/a,)a,. By Lemma 3.3, we have a%/41 is trivial or o%/41 = o
However, the latter case is impossible because (Alac)ac/A1 = Ajac. Thus, a%/41 is trivial.

Since a € K¢, Eq. (2) implies that (X4ac)® = Xyac and TP = Ti5. So

{62}a = (X4CLC N le)oa = X4(IC N T12 = {Cz}.
By the above equality and Eq. (2), we have (X3¢?)* = X3¢, In addition, (Ajac®)* = Ajac®
because a®/41 is trivial. So
{ac®}* = (Xzac® N Ajac®)® = Xzac® N Ajac® = {ac’}.

Thus, a € K, and hence K,. < K.

On the one hand, |K,.| = |K|/|X3] = |K|/2 because X3 is an orbit of K containing ac.
On the other hand, |K,.| = |K|/|Ts3| = |K|/4 because T33 is an orbit of K containing ac®.
Therefore | Kol = |K|/2 > |K|/4 = | K|, a contradiction to K, < K. O

Lemma 3.4 completes the proof of Proposition 3.1.
O

4. NONSCHURITY OF Qg X Z,
The main result of this section is the following statement.

Proposition 4.1. The group Qs x Z, is not Schur for every prime p such thatp =1 mod 4
orp=1 mod 6.

Let p be a prime and [ a divisor of p — 1. Suppose that C' = Z,. The group Aut(C) is
a cyclic group of order p — 1. Since p — 1 is divisible by [, the group Aut(C') has a unique
subgroup M of index I. Put m = |[M| = 221, It is easy to see that | Orb(M,C#)| = [ and
Aut(C) acts on the set Orb(M, C#) as the regular cyclic group of order I. Let Cy, ..., C; be
the nontrivial orbits of M on C such that the cycle f = (C - -- C}) € Sym(Orb(M, C#)) is a
generator of Aut(C') acting on Orb(M, C#). Clearly, |C;| = |C}| for all i, j and Orb(M, C)
is the set of the basic sets of the cyclotomic S-ring C = Cyc(M, C). In case | = 4, we have
C; = C;* for every i if m is even and C3 = C;*, Cy = Cy' if m is odd. In case | = 6, we
have C; = C; ! for every i if m is even and Cy = C7', C5 = Cy ', Cg = C3 ' if m is odd.

Put cfj = cgfcj and cffjf = cC‘_f . From Lemma 2.1 it follows that f is an algebraic

automorphism of C and hence

f
(3) Cffjf = C?j
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for all 4,5,k € {1,...,1}.

Lemma 4.2. In the above notations, let [ = 4.
(1) If m is even, then p = r*> + 4s?, where s = c{, — ci, and r is an integer.

(2) If m 1s odd, then m = ck, + ci, + 2c};.

Proof. Observe that ¢j; = (k — 1,7 — 1)4 (see, e.g. [1, Eq. (9)]) for all 4,5 € {1,2,3,4},
where k € {1,2,3,4} is such that C, = C; ' and (k — 1,5 — 1)4 is a cyclotomic number of
order 4 (see [2] for the definition). Therefore Statement (1) of the lemma follows from [2,
p. 400, Egs. (50)-(51)], whereas Statement (2) follows from [2, p. 401, Eq. (54)]. O

Lemma 4.3. In the above notations, let | = 6.

(1) If m is even, then 4p = r? +27s*, where s = cjy+ 2k, + ci5 — cj3 — 2¢h- — ci and r is an
integer. Moreover, 3s =t = 2u or 3s = —t —2u, where t = ciy+2ch, —3cls+3ci; — cig — 2¢is
and u = ciy — Clg — b, + Che.

(2) If m is odd, then m = cly+cls +ciy +cky+2ck,. Moreover, 3s = —t = 2u or 3s = t —2u,
where s = cio + 2¢L, + s — ey — 2cky — ¢k, t = kg + 2¢k, — 3ck, + 3¢k — iy — 2¢k,, and
U= 3 — G5y — Cig + Cis.

Proof. As in the previous lemma, we use the connection between cyclotomic numbers and
some intersection numbers that provided by the formula ¢j; = (k — 1,5 — 1)4 (see, e.g. [I,
Eq. (9)]) for all 4,5 € {1,2,3,4,5,6}, where k € {1,2,3,4,5,6} is such that C, = C; '
Now Statement (1) of the lemma follows from [2, p. 409, Eqs. (89)-(90)] and the relations
between the parameters denoted in [2, p. 409] by M, B and F, whereas Statement (2)
follows from [2, p. 410, Egs. (95)-(96)] and the remark after these equalities. O

Let H={(a,b: a*=¢,a>=b*a"=a"') ¥ Qs and G = H x C 2 Qg X Z,. If | = 4, then
ut
! Xo = {e}, X1 ={a’}, Xp = {ab,a’b}, X3 = {a,a’ b,a’b},
X, =C% X;=d*C*
Xe = {a,a’}(Cy U Cy) U {b,a’b}(C, U Cs),
X7 =aCy UaCs UbCy U abCly,
Xg = X7a® = aC5 U a®>Cy U bCy U a?bCs,
Xy = {ab, a®*b}C*.
If [ = 6, then put
Yy = {e}, Y1 = {a®}, Yy = {a,d?,b,a’b, ab, a®b},
Y; =C¥, Y, = a*C*
Ys = {a,a*}(C1 U Cy) U {b,a®b}(Cy U Cs) U {ab, a*b}(C5 U C),
Ys = {a,a*}(Cy U Cs) U {b,a®b}(C3 U Cs) U {ab, a®b}(C, U Cy),
Y; = aCs U a?bCy U abCs U aCs U bCY U a>bCh,
Yy = Yza® = aCq U a®bC; U abCy U a*Cy U bCy U a*bCs.
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The sets X;, 1 € [ = {0,...,9}, and Y}, j € J = {0,...,8}, form the partitions of
(. Denote these partition by S and T, respectively. Put A = Span,{X : X € S} and
B =Span,{Y: YT}

Lemma 4.4. The Z-modules A and B are S-rings over G.

Proof. One can see that X; = X; ! fori € I\ {7,8} and Y; = Y for j € J\{7,8}. If m
is even, then Xg = X' and Yz = Y, '; for otherwise X7 = X7, Xg = Xg', Y7 =Y, ! and
Yy =Yg
Let 01,09,03 € Aut(H) such that oy : (a,b) — (b,a®), o3 : (a,b) — (a®b), and o3 :
(a,b) — (a®b,a’b). Put
U= {01,09), V =(0},09,03), and Uy =V = (07, 03).

One can verify straightforwardly that U = Dg, V = Ay, and Uy = Vy = Zs X Zy. Moreover,
Uy = Vp is normal in the both U and V. Put also W = Aut(C'). Denote by W, the unique
subgroup of W such that Wy > M and |[W, : M| = 2 (such group W, exists because [
is even). The canonical epimorphisms from U to U/Uy, from V to V/Vj, and from W to
W /Wy are denoted by m, my, and 73, respectively.

If | = 4, then there exists the unique isomorphism ¢ from U/Uy = Zy to W/Wy = Zs.
Put

K ={(o,7) e UxW: (6™ =77} < Aut(G).

If [ = 6, then there exists the unique isomorphism 6 from V/Vy = Z3 to W/W,y = Zs such
that (Voos)? = W', where f' € W acting on Orb(M, C#) induces f. Put

Ky={(o,7) €V xW: (6™) = 1™} < Aut(Q).

The groups K; and K are subdirect products of U and W and V and W, respectively. The
straightforward check shows that the basic sets of the cyclotomic S-ring Cyc(K;, G) are X;,
i€ I\{7,8}, and X7 U Xz, whereas the basic sets of the cyclotomic S-ring Cyc(K>, G) are
Y;, 7 € J\{7,8}, and Y7 U Y;s. This implies that X;X; € A for every i,5 € I\ {7,8} and
VY, € B for every i,j € J\ {7,8}. Thus, to prove that A and B are S-rings, it remains to
verify that X, X; € A and Y;Y; € B, where at least one of i, j belongs to the set {7,8}. The
latter can be done by the straightforward computation using Eq. (3). O

Lemma 4.5. The S-ring A is not schurian.

Proof. Assume the contrary. Then & = Orb(K, G), where K = Aut(A).. Let ¢ € Cy and
¢y € C4. The elements acy and acy belong to Xg. Since Xg is an orbit of K, there exists
a € K such that (acy)® = acy. Due to Eq. (2), we have

(4) (Clcz)a = (XgCLCQ N X4)a = XSCIC4 N X4 = 0164.

The set Ca is a block of K because C' is an A-subgroup. Observe that (acy)® = acy €
(Ca)* N Ca. So (Ca)* = Ca. Therefore

{a}* = (Can X3)* =Can X3 = {a}.
The above equality and Eq. (2) yield that
(5) Cf = (XganN Xy)* =XganN Xy =C4
and
(6) CY = (XranN Xy)* = Xran Xy = Cs.
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Suppose that m is even. Then ¢}, = |Cico N Cy| and ¢, = |Cicqs N Cy]. Egs. (4) and (5)
imply that
C%l = |0162 N Cl| = |<0102 N Cl)a| = |0104 N Cl| = 64111.
By the latter equality and Eq. (1), we have ¢}, = c},. Therefore p = r? for some integer r
by Lemma 4.2(1), a contradiction to primality of p.
Now suppose that m is odd. Then ¢33 = |Cica N C3| and ¢33 = |Crey N Cs). From Egs. (4)
and (6) it follows that

C§3 = ’Clcg N C3| = ‘(Clcg N Cg)a| = ’0164 N Cg’ = 64313.

Due to the latter equality and Eq. (1), we have ¢}, = ci,. Therefore m = 2c}, + 2¢}; by
Lemma 4.2(2), a contradiction to the oddity of m. O

Lemma 4.6. The S-ring B is not schurian.

Proof. Assume the contrary. Then T = Orb(L, G), where L = Aut(B).. Let ¢; € Cy. The
elements ac; and a3c; belong to Y and the elements abe; and a3be; belong to Yg. Since Yj
and Yg are orbits of L, there exist 3,7 € L such that (ac;)? = a’c; and (abc;)” = a3be;.
Eq. (2) implies that

(7) (C3c1)? = (Ygac; NY3)? = Yga*c; N Yz = Cyen
and
(8) (CzCl)’y = <Y7ab01 N Y:g)fy = Y7(13b01 N YE; = C5C1.

Since C is a B-subgroup, the sets Ca,Ca®, Cab, and Ca’b are blocks of L. Together
with (ac;)? = a3c; and (abc;)? = a3bey, this yields that (Ca)? = Ca® and (Cab)” = Ca’b.
Therefore by Eq. (2), we have

{a}’ = (CanYy)’ = Ca®NY, = {a*}
and
{ab}? = (CabNY3)? = Ca’bN Yy = {a’b}
Due to the above equalities and Eq. (2), we obtain

(9) CY = (YsanYs)? = Yed® NY; = Cg,
(10) Cl = (YoanYs)? =Ysa® NY; = C,
and

(11) Cy = (YoabN Y3)? = Y7a®bN Yz = Cs,
(12) CF = (YsabNY3)" = Yaa®b N Y = Cs.

Suppose that m is even. Then ci; = |C5¢; N Cs| and ¢ = |Cscr N Cg|. Egs. (7) and (9)
imply that cl; = cls. By the latter equality and Eq. (3), we have ¢, = ¢},. Therefore

(13) 6%2 = 0%5

by Eq. (1). Since m is even, ¢k, = |Cac; NCy| and ciy = |Csc; NCs]. Egs. (8) and (11) imply
that ¢}, = ct5. By the latter equality and Eq. (3), we have ¢, = ¢%,. Therefore

(14) C%S = 6%6

by Eq. (1).
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The definitions of ¢t and u from Lemma 4.3(1) and Eqs. (13) and (14) yield that ¢t = —2u.
Together with each of the equalities 3s = ¢ = 2u and 3s = —t — 2u (see the second part of
Lemma 4.3(1)), the latter implies that s = 0. Therefore 4p = r? for some integer r by the
first part of Lemma 4.3(1), a contradiction to primality of p.

Now suppose that m is odd. Then ci; = |Cse; N C3| and ¢y = |Cszc; N Cgl. Due to
Egs. (7) and (10), we obtain ¢, = cl4. By the latter equality and Eq. (3), we have ¢, = cJ,.
Therefore
(15) Cip = Cis
by Eq. (1). Since m is odd, ¢, = [C5¢1 N Cy] and cix = |Cocy N Cs|. Egs. (8) and (12) imply
that c}, = ci.. By the latter equality and Eq. (3), we have ¢}, = c§,. Therefore
(16) Ci3 = Cig
by Eq. (1).

Due to the definitions of ¢ and u from Lemma 4.3(2) and Egs. (15) and (16), we obtain

t = 2u. Together with each of the equalities 3s = —t = 2u or 3s = ¢t — 2u (see the second
part of Lemma 4.3(2)), the latter implies that s = 0. Therefore

§ = Cip + 2¢51 + Ci5 — Cig — 205, — Cig = 2055+ 2c5; — 2¢45 — 25, = 0,
where the second equality holds by Eqgs. (15) and (16). So cj-+ci, = ci3+ci,. Now from the

first part of Lemma 4.3(2) it follows that m = ¢}y + cis + 31 + ¢io + 2¢35 = 2(cly + c5y) +2¢56,
a contradiction to the oddity of m. 0]

Proposition 4.1 follows from Lemma 4.5 if p = 1 mod 4 and from Lemma 4.6 if p = 1
mod 6.

5. PROOF OF THEOREM 1.1
We start with a lemma on the structure of nilpotent Schur groups.

Lemma 5.1. Let G be a nonabelian nilpotent Schur group. Then G = P x H, where P 1is
isomorphic to one of the groups Gig, Qg, Dor, k > 3, and H is a cyclic group of odd order.

Proof. Since G is nilpotent, it is a direct product of its Sylow subgroups. At least one of
the Sylow subgroups of GG, say Sylow p-subgroup P, is nonabelian, because G is nonabelian.
The group P is Schur as a subgroup of the Schur group G. From [9, Theorem 4.2], [7,
Theorem 1.2], and [11, Theorem 1] it follows that p = 2 and P is isomorphic to one of the
groups Gig, Qg, Dar, k > 3. Let H be the Hall 2’-subgroup of G. Then G = P x H. Due
to [9, Corollary 4.3], the group H is cyclic. O

We continue with one more lemma on the groups Qg X Z,,.
Lemma 5.2. The group Qg X Zy, is not Schur for every odd primes p and q.

Proof. Let A = Zy, B = Zy, and C' = Z,,. Let a, b, and ¢ be generators of A, B, and C,
respectively. Put a; = a?, Ay = (a1), 1 = ¢, Cy = {¢1) 2 Cp, and G = A x Bx C &
Ly X Ly X Zypq. To prove Proposition 5.2, we will show that the nonschurian S-ring A over
G constructed in [4, Theorem 4.1] is isomorphic to an S-ring over Qg X Z,,.

Let us recall that A in the (A x C')/A;-wreath product in our notations (see [4, pp. 8-
10]). Therefore o € Aut(G) such that o : (a,b,c) — (a,a1b,c) is an automorphism of A.
Since G, < Aut(A), we conclude that oa,, ob, € Aut(A). The straightforward computation
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implies that |oa,| = |ob,| = 4, (¢a,)? = (0b,)?, and (¢a,)" = (ca,)"'. So H = (ca,,ob,) =
(Qs. Moreover, one can easily verify that H is transitive and hence regular on A x B. Thus,
H x C, is a regular subgroup of Aut(.A) isomorphic to Qs X Z,,. The latter yields that A
is isomorphic to an S-ring over Qs X Z,,. Since A is nonschurian by [4, Theorem 4.1], the
group (s X Z,, is not Schur. 0J

Proof of Theorem 1.1. Schurity of the groups Qg, G1g, and Dqyr, where 3 < k < 5, follows
from [9, Theorem 4.2]. Let G be a nonabelian nilpotent Schur group. Then G = P x H,
where P is isomorphic to one of the groups Gig, Qs, Dox, k > 3, and H is a cyclic group of
odd order be Lemma 5.1. We may assume that H is nontrivial because for otherwise the
statement of the theorem holds. If P is isomorphic to Dok, k > 3, or G4, then H has a
subgroup isomorphic to Dg and hence G has a subgroup isomorphic to Dg x Z, for some
odd prime p. The latter group is not Schur by Proposition 3.1. Therefore GG is not Schur, a
contradiction to the assumption.

The above paragraph yields that P is isomorphic to Qs. If |H| has at least two prime
divisors (possibly, equal), then H has a subgroup isomorphic to Z,, for some odd primes p
and ¢ and hence GG has a subgroup isomorphic to Qs x Z,,. The latter group is not Schur
by Lemma 5.2. Therefore GG is not Schur, a contradiction to the assumption. Thus, H
is a cyclic group of odd prime order and we are done by [9, Lemma 3.1] if p < 3 and by
Proposition 4.1 otherwise. [
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