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REGULARITY CRITERION FOR WEAK SOLUTIONS TO THE
NAVIER-STOKES INVOLVING ONE VELOCITY AND ONE
VORTICITY COMPONENTS

AHMAD M. ALGHAMDI, SADEK GALA, MARIA ALESSANDRA RAGUSA

ABsTRACT. In this note, we are devoted to study the conditional regulari-
ty for the three dimensional Navier-Stokes in terms of the Morrey and
BMO spaces. More precisely, we show that if u is a weak solution and
us € L*(0,T; BMO(R?)) and wy € L=+ (0,T; My 3 (R%)) with 0 < r <
1, then w is regular on (0, 7"]. This improves the available result by Zhang
(2018) with uz € L2(0,T; L™ (R%)) and ws € L77 (0, T; L+ (R®)) with
0<r<l1
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1. INTRODUCTION

In this note, we study the regularity condition of weak solutions to the Navier-
Stokes equations in R3 x (0,7) :

Ou+ (u-V)u—Au+Vr =0,
(1) V-u=0,
u(z,0) = uo(),

Here, w is the unknown velocity vector and 7 is the unknown scalar pressure.

For up € L?(R3) with V -ug = 0 in R?, Leray [19] constructed global weak
solutions. The smoothness of Leray’s weak solutions is unknown. While the existen-
ce of regular solutions is still an open problem, there are many interesting sufficient
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conditions which guarantee that a given weak solution is smooth. A well-known
condition states that if

2 3

(2) u € L(0,T; L™ (R?)) with S+ =1, 3<r<oo,

then the solution u is actually regular [6, 9, 14, 20, 22, 23, 25, 26]. A similar condition
2

(3) Vu € L5(0,T; L"(R?)) with = + 3. 2, % <r < oo,
s r

also implies the regularity as shown by Beirao da Veiga [1].

Many regularity results on the weak solutions to the three-dimensional Navier-
Stokes equations have been well studied, for example see [2, 3, 4, 8, 10, 11, 12,
13, 15, 16, 17, 24, 27, 29, 31, 32, 33, 34] and the related references therein, where
they have proved that the solution is a smooth one if the velocity, or vorticity, or
the gradient of velocity, or their components are regular. In particular, Penel and
Pokorny in [21], proposed the following regularity criterion:

uz € L°(0,T;L"(R®)); Oyug,Oauy € LP(0,T; LI(R?))
2 3 2 3
with —4+—- = 1, 3<r<oco and —+-=2, 2<¢q<3,
s T p g
and remarked that it is an interesting open problem whether we could make assumpti-
ons on w3 = 0qus — Osuq instead of 1uy and druq, where wsg is the third component
of the vorticity w = (w1, wa,ws) = rotu = (8juk — 5‘kuj)1gj7k§3.
After that Zhang et al. in [30], proposed the following criterion under the condition
dsuz € L°(0,T;L"(R?)); ws € LP(0,T; L1(R?))
2 3 3 2 3 3
with —4+- = 2, - <r<oo and —4+-=2, —- <qg<o0.
s 2 P q 2
Recently, Zhang [28] studied the regularity criterion of the weak solutions involving
one velocity and one vorticity component in Lebesgue space

uzg € L°(0,T;L"(R®); wse LP(0,T;L9(R?))
2 2
(4) with f—|—§ = 1, 3<r<oo and 7—4—%:2, §<q§oo.
s P q 2

The aim of this study is to refine (4) when r = oo and to improve the above
regularity criterion (4) from Lebesgue space framework to critical Morrey space
framework.

Recall that for 1 < p < ¢ < oo, the homogeneous Morrey space Mp,q(R3) is
defined as the function f € L (R3) such that

loc

Sl

3 _
Ifle, = suwp RS

B
(/ If(y)pdy> < oo,
z€R3,0< R< oo lz—y|<R

This space is an homogeneous space of degree —g and implies the following
relation ship :

LI(R?) = M, ,(R®) € M, ,(R®) C L? (R?), 1<p<q< oo

loc

Moreover, we also need the predual of M27g (R3), which is investigated by Lemarié-
Rieusset [18] will be used in the following section.
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Lemma 1. For 0 <r < %, let the space M(B?l > L?) as the space of functions
which are locally square integrable on R® and such that pointwise multiplication with
these functions maps boundedly the Besov space By ,(R®) to L*(R®). The norm in

./\/l(Bg1 + L?) is given by the operator norm of pointwise multiplication:

||fH/vl(B;51,_>L2) = sup |[|fgllpe-
’ lgll sy <1

Then, [ belongs to M(B§1 — L2%) if and only if f belongs to M27§(R3) (with
equivalence of norms).

Before stating our result, let us recall the definitions of weak solutions to (1).

Definition 1. Let ug € L*(R3) with V - ug = 0 in R3. The function u is called a
Leray weak solution of (1) in (0,T) if u satisfies the following properties:

(1): u € L>(0,T; L*(R?)) N L*(0, T; H' (R?));

(ii): dpu+ (u-V)u— Au+ Vr =0 in D'((0,T) x R3);

(iii): V-u=0in D'((0,T) x R3);

(iv): the energy inequality holds

t
(5) lu(t)]72 +2/0 IVa(r)|72 dr < lluollzz,  for all t € [0,T].

Our main result reads as follows.

Theorem 1. Let ug € L?>(R3) with V -ug = 0 and T > 0. Suppose that u is a
Leray weak solution of (1) in (0,T). If

uz € L*(0,T; BMO(R®)) and ws € L%(O,T;Mzg(Rg)) with 0 <r <1,

then u is smooth in (0,T]. Here, BMO is the space of functions of bounded mean
oscillations.

Remark 1. [t is easy to see that the Theorem 1 is a refined improvement of that
Theorem 1 in [28] due to the well-known embedding L+ (R3) C /\./127%(]1%3) for 0 <
r < % Furthermore, our purpose is to extend these results to the marginal space
BMO, which is larger than L*°. It is a natural way to extend the space widely and
improve the previous results.

2. PROOF OF THEOREM 1.

Proof. Taking inner product of the first equation of (1) with —Awu and integrating
by parts, we see that

Ld

6) 537 IVl + |8ule = [ (e 9)u- Audo =1
R3
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3
Firstly, with the aid of the divergence free condition > 0;u; = 0 and integration
j=1
by parts, we decomposition I as :

3 3
I = / Z ujajuia,%kuidxz—/ Z (’)k(ujajuz)(')kuldm
R3 ;5 k=1 R3 ; ik=1
3 1 3
— —/ Z akujajuiakuidx—§/ Z u;0; (Opu;Opu; )dx
R3; ik=1 R3 ;i k=1
3
= —/ Z akujajuzakuldw
R® jk=1

Following [28], we classify the terms Opu;0;u;0kui, 1 <14,j,k < 3 as

(1) Ifk=j5=3o0rj=14=3o0r k=1i=3, we then invoke the divergence free
condition to replace dsusg by —(d1u1 + daus);

(2) Otherwise, at least two indices belong to {1,2}. Thus I will be

3 3
I = Z /R3 M1k 0101 O Opuyd + Z /RS 125,101 U20;u; Opuyd

i,5,kl=1 i,7,kl=1

3 3
+ > /}R3 T21ijk O2ur v Opwydae + /}R3 122ijk102u20;u; Opwidz

i,5,kl=1 i,5,kl=1
= L+DL+1I3+ 14
where Nmnijrr (1 < m,n < 2), are suitable integers. Next, we want to represent
Omtn (1 <m,n < 2) by ug and ws. Denoting by Ay, = 0101 + 920, the horizontal
Laplacian, we have
Apup = 0101uq + 020ou; = 81(—82u2 — 83u3) + 0202uq
*32(8111,2 — 82u1) — 8183u3
= —62003 — 8163U3

and
Apuy = 0101ug + O20qus = 0101us + O2(—01u1 — D3us)
= 01(01ug — Oauy) — 0203us3
= Oiwsz — 0203us3.
Based on the computations above, we can use the two-dimension Riesz transformation

R = \/‘ELAh to denote the term O,,u, (1 < m,n < 2),

Ot Om % wsz + Om 2! Osu
" —A VAR VAR YA
(7) = Rngw;g + RmRﬂ()gU,g,
and
Omts = — Om o w3+67m&asus

V=BnV-Bp
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By (7), the term I; could be turned into

3
L= Z AS nllijklalulaiuj‘akuldz

i,5,k,l=1

3
= Z /nllijkl(R1R2w3+R1R163U3)8iuj‘8kuldm
ik i=1"R

3 3
= Z / M1ijki R1Rows0iu;Opuydr— Z / M1ijkt R1R1uzds (0;uj0kwy) dx
RS RS

i4, k=1 i4kl=1

3
= E /7711ijkz731722w:;8iuj8kuldx
i l=1" R

3
-y / MuijeR1R1uz (030iu;Opus + 0juj030kw) dr = Ing + Ia.
ik, =1 7R

Now we estimate I11 firstly. By using Holder’s inequality, the interpolation inequality
Iy, < ClflI="IV £z for 0 < 7 < 1, and the Young inequality, we can

estimate I1; as

[Ii| < IR2Raws - Vullpe [[Vull L2
< Cllwsllyg, , 1Vull gy, Vel 22
2
< Cllwslipg, , IVullze" 1Aul;
< C ZET 2 1 A 2
(9) < ||w3||M2’% IVullze + 7 1Az

where we have used the continuity of the operator R;R; on Morrey spaces /\'/lp’ 3 (R?)

for the values p > 2 and 0 < r < 1 (see e.g. [7]).
In order to handle I 5, we recall the following property of Hardy space H! and
BMO [5]:

(10) /RS fahdz < C £l grro llghllan < Clifllgaro gl (10112

for any V-g = 0 and V x h = 0. Because of the Riesz transformation being
bounded in BMO(R?) to BMO(R?), and according to above inequality (10) and
Young inequality, we can show

[Le| < lusllgaso 10iu - VOiully,
< Cllusllpao IVullpe |Aull 12
1 2 2 2
< 1 [Au|g2 + C luslzaso IVull 72 -

Inserting (9) and (10) into (6), we see that

d 2 2 2 25 2
— [Vu@®)[[z2 + [[Aullf2 < C ( [lusllprro + llwsll [Vul7e -
dt 2,3

YT
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Taking the Gronwall inequality into consideration, one shows that

t
IVu(t)]Z + / | Au(r)|Z dr

T 2
2 2 7
< [Funll3eexp ( C [ lua®laso + la @z dt | < oo,
0

2,2
3

for any t € [0,T), with constant C independent of T' . Thus,
u € L*(0,T; HY(R?)) C L*(0,T; L°(R%)),

which implies that  is smooth. This completes the proof of Theorem 1. O
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