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TI-IIOATrPYIII B JINHEMHOM I'PVIIIIE

A.A. KYIUHOB, H.JT. 3I0JITPKIHA

ABSTRACT. In the paper we study the commuting graph of a cyclic TI-
subgroup A of order 4 in a group with the structure F*(G)A where
F*(G) is a quasisimple linear group over field of odd characteristic. The
clique number of this graph is found.

Keywords: finite linear group, quotient group, TI-subgroup, commuting
graph.

1. BBEJEHUE

MHuorue 337291 T€OPUU KOHEYHBIX IPYIII CBA3AHBI C OMUCAHWEM KJIACCOB DY,
COJIEPZKAIINX MOAIPYIIIBI ¢ PAJIOM ONPEIETeHHbIX CBOMCTB. B wacTHOCTH, BOTBITOMN
naTEpec npeactaBaaioT TI-moarpymnmbt.

IMycrs G - rpynna, A < G. Torna A naswisaercst TI-nodzpynnot, ecmu ANA9 = 1
nuist mioboro g € G — Ng(A).

WN3yuenune rpymnm, comepxaiux TI-moarpymniy, aBisieTcsd Ba>KHBIM B CBSA3U C 3a-
Jadeit KnaccuuKAIn KOHEIHBIX MPOCTBhIX rpyimm. Pesynbrarel o TI-moarpynmax
[OJIE3HBL TIPU OMUCAHUU TPYII TaK HA3BIBAEMOIO KOMIIOHEHTHOTO THIIA, a TAKXKe
[IPU UCCIIEIOBAHUY IPYIIIL C YCJIOBHUSMU HA KJIACCHI CONPA?KEHHbBIX MWHBOJIIOIUIA.

Koneunsie rpymmest ¢ TI-moarpymnmoit A, sBisiomeiicss 2-rpymnmoii, u3yJajnuch B
paborax [1-9], u B HACTOAIMI MOMEHT HaWMeEHee HCCJIeTOBAHHBIME OCTAJINCH CJTy-
gyau, Korga moarpymnna A smbo nuKindeckas, Jubo sjeMeHTapHas abeneBa (CM.
pabory [6], reopema 3.1). 3amerum, 4ro eciau A — UUKIUYECKAs 2-IPYIIIA NOPHAIKA
60JIbIIIero, YeM 2, TO OHA Dy/eT COJEPXKATh €IUHCTBEHHYIO HOArPYIILY Hopsaka 4,
KoTOpasi Takxke sipjisgercsa TI-momrpymmoit. CiiemoBaTeabHO, JOCTATOYHO W3YUUTH
curyanuio, Korna A nmeer nmopsiaok 4.

Kubinov, A.A., ZyuLyArRKINA, N.D., CLIQUE NUMBER OF THE COMMUTING GRAPH OF T1I-
SUBGROUPS IN LINEAR GROUPS.
© 2022 Kyaunos A.A., Bronsipkuaa H.JT.

Hocmynuaa 1 aneaps 2022 e., onybaukosana 31 dexabpa 2022 e.
144


Наталья
Highlight
group G

Иначе не понятно, что такое группа G?

Наталья
Highlight
Лучше использовать \setminus

Наталья
Highlight
В названии, на мой взгляд, несогласованность единственного и множественного числа. Рекомендую привести название в следующей форме: "Кокликовое число графа коммутирования TI-подгрупп в линейной группе"

Замечание не было учтено.


P


KJ/IMKOBOE YNCJIO TPA®A KOMMYTHUPOBAHNA TI-IIOATPVYIIIL 145

st u3yvdeHnsi CBOMCTB I'PYIIIBI ¢ HEll MOXKHO CBS3aTb OIIPE/IE/TEHHbIH KOMOH-
HATOPHBIA OOBEKT W TIO CBONCTBAM 3TOTO O0BEKTA CYIUTh O CBOMCTBAX CBA3AHHON
rpymnsl. OTHEM U3 TaKUX 00BLEKTOB ABJISeTCS Ipad KOMMYTHPOBAHUA .

O/ HOl M3 BaXKHBIX XapaKTEPUCTUK rpada ABIAeTCd KIUKOBoe ducio. M3 mno-
aydennbix M. Ambaxepom pesysbraros [10] ciemyer, 94ro KiukoBoe uucio rpada
KOMMYTUpPOBaHus nukiandeckux TI-moarpynn mopsiika 4 cBg3aH0 €O ciiabbIM 3aMbl-
kauneM 31oit TI-mogrpymnmsr B cunoBckoii 2-moarpynne rpynmekl G. B gactHOCTH,
M ObLT M3ydveH ciydvail, korma TI-nogrpynna sBisieTcst ¢1abo 3aMKHYTON B CHJIOB-
ckoil 2-noarpyrme u3 G (3TO 9KBUBAJIEHTHO CJIYYal0, KO/ KJIUKOBOE YuC/Io rpada
KOMMyTHPOBaHus paBHO eaunuie). [losromy cBefeHusi 0 KIMKOBOM uncie rpada
koMMyTHupoBanusa TI-moarpymnmn mpeacTtaBigioT O0IbIIONH HHTEpeC.

W3 [8] cenyer, uto rpad KoMMyTHpOBaHUS TUKIHYECKOit TT-moarpynmsr mopsiz-
K& 4 KOpHEBOTO THUITa, COBMAIAET C rpadOM KOMMYTHDOBAHWS WHBOJIIONUYA W3 ITOMN
MIO/ITPYTITIBI.

B nanmoit crarbe m3ydaroTcs CBOMCTBa rpada KOMMYTHPOBAHUS THKIHICCKON
TI-unoarpynnst B THHEHHBIX IPYIIaX HAJ, IOJIEM HEYETHOH XapaKTEePUCTUKH.

U3 paborst [2] uzsecrHo, 4ro nukiaudeckas TI-noarpyuna nopsijika 4 HopMaiusy-
eT JIF00YI0 KOMIIOHEHTY rpymibl (7, €CJIM TAKOBbIEe UMEIOTCs. [1lo3TOoMy TIpu 3y deHun
KOHEUYHBIX TPYIIT, COAEPAKAIINX KOMITIOHEHTHI, TIOJIE3HO UMETh HH(MOPMAIHIO O TPYII-
nax Buga F*(G)A, rne F*(G) — 10 0606mennas rpynmna QPUTTHHTA, SBIISIONIAICT
KBasumpocroi rpymmoit, A — nuknuaeckas TI-noarpynna nopsijaka 4.

OCHOBHBIM pE3YILTATOM JAHHONU PABOTHI SBJIETCs CJAEHAYIONAs TEOpeMa:

Teopema 1. ITycmv» G = XA, 20e X = F(G), A — yuxaunecras TI-nodepynna
nopadxa 4. Ecau X — smo wacmmoe SLy(q) no yenmpasvnot nodzpynne nopadka
d u q Hewemno, mo moada bYdym cnpasediusv, ciedyrouue YmeeprHcoeHusm:

(1) G € X*, q—1 = 0(mod 4), ag coomseemcmeyem uH80AOUUL TNUNG T U3
GLn(q), n # 2m uau d newemmno. Tozda mobas marcumarvnas xiuka us I'(G, AS)
umeem pazmeprocmo CI7;

(2) G € X*, g—1=0(mod 4), ag coomeememeyem uH60AOUUYL TMUNG M U3
GL,(q), n = 2m u d wemmno. Tozda obas makcumarvuas xaiuxa us I'(G, AY)
umeemn pasmeprocmo C /2

(8) G € X*, g+ 1 = 0(mod 4), ap coomsememeyem uneostoyuu muna 0 u3
GL,(q). Toeda n = 2m, d wemmno u wobas makcumarvnas xauka uz T(G, AY)
umeem pasmeprocmy 2m L,

(4) G ¢ X* uT(G,A%) aersemes Koxaukodi.

B nanbneiimem 10 KoHna paborsl 6y1eM CYuTaTh, YTO A SBJISETCS IAKJIAYECKOR
noarpynmoit mopsinka 4 B rpynne G = XA, rne X = F*(G) — xBasunpocras Jyu-
HeffHAas TPYIIIa HAJL [0JIEM HEYEeTHON XAPAKTEPUCTUKH, & G — ITO WHBOJIONUS U3
A=<a>.

Yepes X * 0003HATNM MHOXKECTBO TAKUX PACIIUPEHU TPpymbl X , 9TO AJIs JII000H
TPYIIIbBI X w3 X* o6oit snement u3 X — X MHIyIEpyeT Ha X BHEIIHWI BHYTPEHHE-
JIAArOHAJIBHBIN aBTOMOP(U3M.

IBce ocrosmbre omnpejesieHusi 1 0003HAYEHUsI IPUBEIEHBI B pa3esie 2.
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2. IIPEABAPUTE/ILHBIE PE3YJIBTATEI

Ecmu A — TI-noarpyrmiia 9eTHOrO MOpPsAKa KOHeuHol rpynnbl GG, To A Ha3bIBa-
eTCs TIOATPYIION KopHe6020 muna, ecim nHAeKC |A : N4 (AY)| neveren ms o60ro
snementa g € G, g kotoporo ucio |N4(A9)| werno.

Ob1iee crpoeHune JIMHEHHOM rpymibl, copepxKaieil nukandeckyo TI-moarpymmy
nopanka 4 u umeromeil Bug G = X A, B MHeHHBIX I'PyIIax HaJ, HOJAMH HEIETHOR
XapaKTEePUCTHKN OMHMCAHO B padore [4].

Msr paccMaTpuBaeM HEOPUEHTHPOBAHHBIE rpadbl O€3 MeTeIb U KPATHBIX Pedep.
Kauxoti HazpiBaeTcsa nomHLIA rpad, a kokaukoti — rpad, He nMmeroruit pedep. Max-
cumarvhoti kKaukot rpada ' HaszpiBaerca ero moarpad, ABISIONIANACT KIUKON, KO-
TOPYIO HEJIb3s PACIIUPUATDH J00ABJIEHHEM [IOMOJHATEIbHBIX BepinuH. Hauboarvue
KAUKOU STBIISIETCS KIIUKA, C HANOOJIBINNM KOJINYIECTBOM BEPITHH. KAUK08bLM YUCAOM
rpada I' aBisiercs KOTMYIECTBO BEPIUH B €ro HanboJbIneil Kinke. B mamgpHeiinem
KJIMKOBOE 9uCII0 Oyzem obosnagarh Kak «(I').

Jnst HeKoTOpoi KoHeuHo# rpynnbl G u cemeiicrBa noaMHoxKecTs Y u3 G, onpe-
JenuM 2pagd Kommymuposanua, obosaagaemsbrii I'(G,Y), kKak rpad co MHOKECTBOM
BepiiuH Y, B KOTOPOM JTIOOBIE /IBe PA3JIMYHBIE BEPIIUHBI T,y € Y CMEXKHbBI TOTIA U
TOJIBKO TOT/[A, KOTJIA & U ¢ TO3JIEeMEeHTHO KOMMyTHpyioT. Uepes A® Gymzem o6o3ma-
YaTh MHOYXKECTBO BCEX MOArPYMIl Tpynibl (G, COMpsizKeHHbIX A.

Jlemma 1. ITyems G — xoneunas epynna, A — yuxauveckas TI-nodepynna nopadka
4 epynnw G. Tozda ece makcumarvroe xauxy zpada xommymuposarus I'(G, AY)
UMENTN 00UHAKOB0E KOAUECTIIEO SEPULUH.

JHoxasameavcmeo. Corsacho pabore [10] (memma 2.5), BepimHbl rpada KOMMY-
tuposanus I'(G, AY), obpasyioniue MakCHMAIbHYIO KIUKY, SBIAIOTCH MHOKECTBOM
AYNS, e S — cunosckas 2-noarpynma rpynnsl G. BBy CONpsIZKEHHOCTH CHTOB-
CKUX 2-mioArpynn B rpytie (G, MbI TIOJIYy4YUM, 9YTO MHOXKECTBA BepIiiuH rpada Kom-
MyTHUPOBaHUs, 0OPA3yIONIUX JBE MAKCUMAJIbHbIE KJIMKU, TOXKE conpsikenbr. Cieno-
BaTEJIHLHO, OHU COAEPKAT OTUHAKOBOE KOJIMYECTBO IJIEMEHTOR. JleMMa JoKa3aHa.

U3 manHoit temMbl ciiemyer, 9o Jis Haxoxaenus «(I') mocrarouno maiitu xorst
OBl OJIHY MAKCUMAJILHYIO KJIUKY.

N3BecTHO, 9TO KIACCHYECKHME TPYIIBI MOKHO MPEJICTABUTH KAK I'PYIIILI aABTO-
MOpP(HU3MOB BEKTOPHBIX IPOCTPAHCTB. [loaTomy HEOOXOMMMO IaTh CBemeHus 00 MH-
BOJTIONMAX U TIOJYWHBOIONUAX B TAKUX TPYTINAX.

TIycts V' — BEKTOPHOE IPOCTPAHCTBO PA3MEPHOCTH N HAJ, mojieM Fy, rie g Heder-

Ilycrs H = GL,(q). Kak mokazaro B pasnene 3A [9], Kaxk10ii HHBOIIOIAN
u € G coOTBeTCTBYIOT aBa momampoctpancTsa V™ u V.- u3 V:

V' =Cy(u) = {v e Viuw) =v},V, =[V,u] = {v € Vl|u(v) = —v}.

2

Torna umeer mMecTo paznokenue V = V.F & V,”, u WHBOMIONWA u B TPYTIIE aBTO-
MOP(U3MOB BEKTOPHOTO TMTPOCTPAHCTBA V HA3BIBAETCS UHBOANUUET TMUNAG M, €CITH
nofnpocrpascTBo V,,- nmeer pasmeprocTh m. CormacHo padore [9], mobbie 1Be nH-
BOJTIOIMHA THUIIA 1M OyIyT COMPSI?KEHBI C TIOMOIIBIO daemenTa u3 S Ly, (q).

ITycrs Teneps H — rpymna GL,(q) u u € H. Torma u HA3BIBACTCA NOAYUHEONO-
yueti, ecmn u? = YE sy € Fy,rne E — ennnnanas marpuna. Ecin vy ne sBisiercst
KBaJPAaToOM, TO U Ha3blBaeTcs noayunsosoyuetd muna 0. Corsnacuo [9], sobble aBe
TIOJTYUHBOJIIOIIUU U1 U Up TUTIA 0 TaKHue, 9TO ’U,% = Ug, TOXKE COMPAKEHBI C TOMOIIHIO
snemenTa u3 SL,(q).
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IMycrs u — unBoaonus wau noayursosionus us GL,(q). Ecim u € SL,(q) =
Z(GL,(q)), To Oynem roBOpuThb, 9TO Gy COOTBETCTBYET 3JIEMEHTY U, €CIH dg — ITO
cMexkHbI Kiaacce B X, comepskarnii snemenT ukxz € SLy,(q), tne z € Z(GLy(q)). Ec-
mau & SL,(q)xZ(GLy(q)), To BeIpaxkenue "ay COOTBETCTBYET 3TEMEHTY U 03HAYAET,
9TO G — 3TO aBTOMOP(}hU3M, KOTOPBIit nHAynupyer u Ha X.

Badukcupyem nomyunsomionuio v tuna 0 B H. Ilycts ¢ + 1 = 0(mod 4), n
TOT]a MOKHO cumTaTh, urto u? = —FE. Cormacuo paszaeny 3A [9], B nmpocTpancTse
V' cymecTtByeT 6a3uc ei,...,em, €}, ..., e, Takoi, uaro u(e;) = —ei, u(e}) = e;. B

sroM Gasuce MOMHBLL IpooOpa3 NeHTpanu3aropa v B rpymne H Oyger cocrosrs u3
marpur wz(e = 0,1) Buma

(¢ B\ (0 E
U=\B ¢)’*7\E 0)°

rae C u B — npousBojibHbIE MaTpullpl padmepa m X m (det w # 0), E — exu-
HUYHAsE MaTpuna pasmepa m X m. Cormacno paszgeny 3A [9] cymecTByer B3auMHO
OHO3HAYHOE COOTBETCTBHE MEXKJy 3JIEMEHTaMHU IOJHOrO Ipoodpasa HeHTpaIn3a-
topa u B rpymme H u smementamu rpynnbl GL,,(¢?) < 7 >, rae T mHaymmupy-
er na GL,,(¢?) nonesoit asromopdusm nopsaiaxa 2. Marpuue w craburca B CO-
orsercteue mMarpuna v = C + pB m3 rpymmer S = GL,,(¢%), tne p — smement
nonst Fiz = {A+ pu|\,p € Fy} u p> = —1. Marpune z GyjeT COOTBETCTBOBATH
nosiepoii apromopdusMm 7. Torna TI-noarpynma A nopsiaka 4, HHBOTIONUS U3 KO-

. aF pBE
TOpPO#i COOTBETCTBYET u, ByIeT TOpOYXKIeHa dJIeMEeHTOM ¢ Buma | BE aE) T

(a+ Bp)? =p, a, B € F,. B rpynme S marpune ¢ 6yeT COOTBETCTBOBATH MATPUIIA
¢ Buna (a + Bp)E. Jnemenr a + Bp B panbheiimen obo3Hauum yepes J.
B rakom ciyuae marpuna ¢ OymeT cOOTBETCTBOBATH djiemMenTy b w3 H.

B manbHeiiem quaroHaJbHY0 MATPUILY BUaa | . ) . | Gymem 060-
0 ... 0 ny

3HAYATD KaK [1)1,72; - - - » Nn)-
Hukmumaeckue TI-moarpynner nopsanka 4 B rpynnax suga X A, roe X — nuneiinas
TpyTITa HaJl ToJIeM HeYeTHOH XapakTepUCTHKH, OTMCHIBAET CIIEyoMmast TeopeMa [4]:

Teopema 2. [Tycmo X — naxpwsarowasn epynna das L,(q), n > 2. Tozda aubo
X — naxpwisarowasn 2pynna oas L2(9), G = X u |Z(X)| = 3, aubo X — wacmnoe
SL,(q), n > 2, no yenmparvrot nodzpynne nopadka d u umeem mecmo 00uH u3
CACOYIOUWUT CAYHALE.

Jlas mewemmozo n:

(1) X ~ L3(3) uau X ~ L3(7), G =X < 1>, 2de T — asmomopduam zpaga, ag
coomeememesyem uneomouuy muna 2 us X ;

(2) G =X, q—1=0(mod 4), ay coomsemcmeyem uHEOMOUUU HEMHOZ0 TNUNG
us SLy(q).

Jlaa wemmozo n:

(8) X = Lx(9), snemenm a undyyupyem wa X eHympenne-noaesoii agmomop-
Pusm, ag coomsememeyem uneostoyuu muna 1 us SLa(9).

(4) G=X,n>4,q—1=0(mod 4), ag coomeemcmeyem UHEOAOUUY TUNG T,
m=0(4), us SL,(q);
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(5) G=X,q—1=0(mod 4), n > 4, ay coomsememayem UHE0AOUUY TMUNG M,
m = 2(4), us SL,(q), (¢ —1,n) # (¢ — 1,2n) u aubo d deaumca na (¢ — 1,n/2),
ecaun = 0(4), aubo d = 0(2), ecaun = 2(4);

(6) G=X,q—1=0(mod 4), n > 2, (g —1,2n) # (¢ — 1,4n), d deaumeca na
(g — 1,n)2, ag coomeememeyem unsostoyuy wewemmnozo muna ud GLy(q);

(7) G=X,q+1=0(mod 4), d wemno, ¢ +1 = 0(8) uau n = 0(8), snemenmy
ap coomeemcmeyem noayunomoyua muna 0 us SL,(q);

(8)|1G:X|=2,GeX* qg—1=0(mod 4), (¢g—1,2n) = (¢ — 1,n), snemenmy
ap coomeemcmeyem uneomoyus muna m, m = 2(4), us SL,(q);

(9)1G:X|=2,GeX* q—1=0(mod 4), (¢—1,2n) = (¢—1,n), (¢—1,4n) =
(¢ — 1,2n), d deaumea na (g — 1,n)a, ssemenmy ag cOOMEEMCMEYEM UHCONOUUA
newemnozo muna u3 GL,(q);

(10) |G : X| =2,G € X*, g+1 =4(8), n = 2(4), snemenmy ag coomeemcmeyem
noayuneostoyus muna 0 us SLy(q);

(11) |G : X| =4, G X*, g—1=0(mod 4), (¢—1,2n) = (¢ — 1,n), ssemenmy
ag coomsememsyem uneosuus Hevemuozo muna ud GL,(q).

3. KJZIMKOBOE YMCJIO TPA®A KOMMYTUPOBAHUA TI-TIOJArPYIIIN TIPU
g —1=0(mod 4)

B sToM paszene Gymem cuurarhb, 9To ¢ — 1 = 0(mod 4). B sToM ciy4ae B MyJibTH-
IUINKATUBHO# rpyIme mosst Fy cyImecTByeT s7eMenT nopsiaxa 4, KoTopblii 0603Ha M
2 — _
gepe3 p, g Koroporo p° = —1. Torma umeror mecro ciayyau (4), (5), (6), (8), (9),
(11), onucanubie B TEOpEME, NIPUBEIEHHON B pasieie 2.

JIlemma 2. ITycmoe X — wacmnoe SLy,(q) no nodepynne nopadsa d, G € X*, ap
coomeememeyem unsoaouuy muna m u3 H = GL,(q), n # 2m uasu d neuvemmo.
Tozda mobas maxcumarvras xiuka us U(G, A®) umeem pasmeprocms C™,

JHoxazameavcmeso. CornacHo nokazaresberBy jgemmbl 2.6 [4], uukinueckas TI-
MOJIMPYIIA MOPsAKa 4 B YKA3aHHOM CJIy4dae CYIIECTBYET TOI/A M TOJBKO TOrJA,
korma ¢ — 1 = 0(mod 4), u 6yzner ycrpoena cieayiommmM obpaszoM. MHBOMONUT ag

Oyzer coorBercTBOBaTH Marpuna u = [1,...,1,—1,...,—1], nae poBHO M UuCEN -
1, a smemenTy a coorBercTByeT Marpuna w = [1,...,1,p,..., p|, Tue rae poBHO M
amementoB p u p° = —1. Crenosarensro, no pasaeny 3A [9] Cgx(w) = Cr(u), a

saaant, Co(ag) = Ci(a), m Torma noarpynma A SBISETCS MOATPYNION KOPHEBOTO
vuna, TTostomy rpad xkommyruposanus I'(G, A%) cosuager ¢ rpadoM KOMMYTHPO-

W WHBOJJIIOIUNA TUTIA, 170.

IIycts ap coorBercrByer mHBOMMONMMU w Tuma m u3 H. 3adukcupyem Oaswmc
€1,€2,...,€, MPOCTPAHCTBA V TaKOW, 94TO U WHBEPTUPYET M BEKTOPOB JAHHOTO
6a3nca U MEHTPATU3YET OCTATbHBIE BEKTOPbI. PAacCMOTPpUM MHOXKECTBO PA3THIHBIX
UHBOJIIOLMEA U1, Uz, ..., Us (s = C') Takux, 4r0 KaxK/as U3 HUX UHBEPTUDPYET 1M
BEKTODPOB JAHHOTO 0A3WCa U IMEHTPAIU3YET OCTAIbHBIE BEKTOPHI. OUYEBHIHO, UTO
JIAHHBIE WHBOJIIOIMA KOMMYTHDYIOT 1pyT ¢ apyrom. Cormacuo pasmeny 3A [9], me-
pecedenre MEHTPAIN3aTOPOB JIIOOBIX ABYX WHBOMONWI B H, Hanpumep, u; u ug,
PaBHO:

CCH(Ul)(U'?) = GLm—"h(q) X G Ly, (Q) X GLy—m, (Q) X GLp—2mtm, (Q)a

rae my = dim(V,, NV, ). [lo upayKnun J1erko moJy4uTh, 9TO IePecedeHne meH-
TPAIN3ATOPOB BCEX PACCMATPUBAEMBIX WHBOJIONNN PABHO:

T =Cg(u1)NCruz)N---NCh(us) =GL1(q) x GL1(q) X -+ x GL1(q).
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Taxum obpasom, u! N T spnsercs maxcumanbuoil kaukoil B rpade I'(H, ufl).
Crnenosarensio, makcnvanbras kmuka w3 '(H, ufl)) mveer pasueprocts C™.

Bamernm, uto |uff| = |AY|. Mexy mmoxectsamm Bepmmn rpacdos I'(H,ufl)
u ['(G,a§)) MOXKHO ycTaHOBHTH GHEKIIHIO 1O CJIEIYIONIEeMY MPABHITY: IyCTh ud —
sepmmna rpaca ['(H, uf). Torna unsomonun u u u9 Gyayr conpszxennt B S Ly, (q).
ITosTomy cymecryer snement r u3 SLy,(q) Takoit, yro v” = u9. Ilpu BblnOIHEHHN
YCJIOBUSI JIEMMbBI BCE 3TH MWHBOJIIONUY Oy T 33JaBATh PA3JIMYHbIE BEPIIUHBI B rpade
kKoMMyTupoBaHusi. Torma Bepmmae uf Oymer cOOTBETCTBOBATH BepinuHa u' . Takum
obpaszom, Makcumambias kmmuka u3 I'(G, AY)) raksxke nveer pazmeprocts C™, €T0
npuBoauT K ciaydaio (1) usz reopemsl 1. Jlemma nokazana.

JIemma 3. ITycmo X — wacmuoe SL,(q) no nodzpynne nopadka d, G € X* q—1=
0(mod 4), ag coomsemcmeyem uneonoyuu muna m u3 H = GL,(q), n = 2m u

d wemmno. Tozda mobas makcumarvnas xauxa us 1(G, AY) umeem pazmeprocmo
cm /2.

Jokasameavcmeo. 3adurcupyem 0a3uc €1, ..., €Em, €mi1, - - -, €y MPOCTPAHCTBA
V. Ilycts ag coorBercrByer muBomonuu u turna m u3 H. Ilycts a coorBercTByeT
smemMenTy w mopanka 4 w3 H, w? = u, u cormacuo memmve 2.6 u3 [4], umBomronus
u mmeer Bug [1,...,1,—1,...,—1], 7A€ POBHO M €IWHUIL U POBHO M JEMEHTOB -1.
Toraa w umeer Bun [1,...,1,p, ..., p|, rae p — snement nons F, Taxoii, uto p® = —1.

Hycts H = PGL,(q), B =< wZ >, Z = Z(H). Torna B 6yaer nuKimdeckoii
TI-noarpynnoit u3 H (10Ka3areibCTBO MPOBOJMTCSH AHAJOIMYHO JOKA3ATEIHCTBY
aevviet 2.6 w3 [4]), Iy = T'(H, BH) u 'y = I'(G, A%). Tlokaskem, uto 'y msomopden
Is.

IIycth cmeskHBIN KTace b, MOPOXK AN TOATPYIIY B, COIEp:KAT MATPHUILY W.
Jnst moarpynnbl A MOXKHO BbIOpaTh IMOPOKIAMOIIMNA 3JIEMEHT ¢ TaK, YTOObL OH CO-
OTBETCTBOBAJ CMEsKHOMY Kiaccy B H, coneprkamiemy Ty ke MATpuiy w. 3aMeruM,
aro |BH| = |A%|.

Mexay muoxkecrBamu Bepiint rpacdos 'y u 'y MOXKHO yCcTaHOBUTH OHEKITHIO TIO
cieyiomemy npasuiy: nycrs < b >9 — pepiuna rpacda I'y. Torna unsosrouun b?
u (b?)9 Gymyr compsmenst 8 SL,(q). Tlostomy cymectsyer smement h u3 SLy(q)
rakoit, aro (b*)" = (b?)9. CnemoBarembno, < b >9 Gyaer cosmagarh ¢ < b >".
Torza Bepmmue < b >9 Gyaer cooTBeTCTBOBATH BepmmHa < a >". OueBnmHO, 9TO
nannas OGuekiys GyIeT cOXpaHATh OTHOIIEHUE CMEXKHOCTH, modToMy 11 =~ I's.

Tenepb paccMOTPUM 3JIEMEHTBL W1, ..., Ws (s = CJ), KOTOpPbIE B OLKUCAHHOM
panee 6a3uce UMEIOT BUI, W; = [€1,...,Ey], TMI€ CPEOU £1, . . . , €, POBHO T JIEMEHTOB
P, & OCTAJILHBIE 1M JJIEMEHTOB — €IUHUIILI. 3AMETUM, YTO JAHHBIE 3JIEMEHTHI OYIyT
conpsixkeHbl B H, T.K. OHM UMEIOT OJMHAKOBYIO HOPMAJIBHYIO >KOPJAHOBY (DOpMY.
Corsacuo pazzeny 3A [9], nepecedenue HEHTPAIM3ATOPOB BCEX ITUX 3JIEMEHTOB
PaBHO:

T = Cg(w) NCx(wz) N---NCh(ws) =GL1(q) x GL1(q) X --- x GL1(q).

Taxum obpaszom, w NT apnsercs maxcumamnbaoi kmukoii B rpacde I'(H, w).
DJIEeMEeHTHI W1, . .., Ws MOXHO PA30UTH MOMAPHO CJIEAYIONMM 00pa30M: eCIu w; =
[€1,...,€n], TO 37IEMEHT, COCTOSIIIHMIT ¢ HUM B Iape, 6yAeT UMeThb B W; = (51, . . ., O]
rne By = 1, ecniu ¢ = pu By = p, ecnu €, = 1. Cnenosarenvuo, w;w; = pE u
wj = pEwi_l, u torna B H noarpyuisl < wjZ > u < w; 4 > COBLUAIAIOT.

CrenoraTennno, MakcuMambaas kKinka u3 I'(G, A%)) nveer pazmeprocts O /2,
YTO TIPUBOIWT K ciryuaro (2) m3 reopembr 1. JlemMa mokazana.


Наталья
Highlight
не понятно, какие?

Наталья
Highlight
а почему такая вершина единственная?

Наталья
Highlight
ровно m диагональных элеменотов равны 1 и ровно m диагональных элементов равны -1

Наталья
Highlight
необходимо привести подробное доказательство

Наталья
Highlight
Положим \Gamma_1=... и \Gamma_2=... и покажем, что ...

Наталья
Highlight
Рекомендуется формально определить гомоморфизм \bar: GL_n(q) ->PGL_n(q) и дальнейшие определения дать в этих терминах.

Наталья
Highlight
Почему? Требуется подробный комментарий.

Наталья
Highlight
ссылка

Наталья
Highlight
Почему?

Наталья
Highlight
При каком отображении?

Наталья
Highlight
Рекомендуется формально определить эту биекцию и дать ей имя, а потом все рассуждения проводить в данных терминах.

Наталья
Highlight
Необходима ссылка на тот факт, что -1 является квадратом в F_q, если q-1 делится на 4.

Замечание не учтено.


Наталья
Highlight


150 A.A. KYJIUHOB, H.JI. 3IOJIIPKIHA

4. K/INKOBOE YHCJIO TPA®A KOMMYTHUPOBAHUS TI—HO,ZLFPYHH IIPU
q+1=0(mod 4)

B srom paszene Gynem cuawmrarb, 9to ¢ + 1 = 0(mod 4). Torza uMe0T MecTO
ciydau (2), (7), (10), onucanubie B Teopeme, NIPUBEIAEHHOI B pazjeie 2.

B nannom pasgene gepes H obosuaunm rpymiy G Loy, (q), H = PGLapy(q). Ye-
pes I'(H, A™) obozmaumm rpad xommytuposarna TI-moarpymm mopsamka 4, conps-
xenubix ¢ TIl-moarpynmoit A < H.

Jlemma 4. ITycmv H = PGLa,,(q), ¢+ 1 = 0(mod 4), Tozda 6 H cywecmeyem
yukauveckas TI-nodepynna nopadka 4 B =< b > maxas, wmo b> coomeememeyem
noayuneontoyuu muna 0 us zpynnoe H = GLaym(q).

Zokasameavcmeo. /1oka3aTesbcTBO MOYXKHO MPOBECTH aHAJIOTHYHO JOKA3ATEh-
ctBy slemmbr 2.6 w3 pabotsr [4]. ycts by = b? COOTBETCTBYET MOTYHHBOMIONHH U
tuna 0 us H. IIycts b coorBeTcTByeT 3/1eMenTy ¢ nopsaaka 4 uz H, ¢? = u, u torma

0 FE aoaFE (BE
WHBOJIIONNSA U UMeeT BUA | _ o o |, & ¢ UMeeT Buj _BE aE) rme a u 3 —

3JIEMEHTDI, OIMCAHHBIE PaHee B pas3zese 2.

Jlemmva 5. ITyemv H = GLop(q), S = GLy(q?), Myems h u hy — saemenmot
us H, xomopue coomeemcmeytom mampuyam u3 S (cm. onucanue 6 pasdese 2)

6uda [0,...,0] ule1,€2,...,Em] coomeemcemeenno. IIpu smom cpedu £1,€2,...,Em
posro k saemenmos —pd, ecau 2 — xeadpam & nose Fy, aubo k saemenmos po,
ecau 2 — e keadpam 6 noae Fy, das mexomopozo k = 1,2,...,m, a ocmanbrovie

m — k anemenmos 0 (2de p u & — anemenmot, onpedesennvie eviwe). Tozda h u hg
conpsoicenv, 6 H.

Jokasameavcmeo. 3 paperctBa 02 = p MBI HOIYYEM CICIYIONIYIO CHCTEMY
YPAaBHEHMUIA:
a? - 32 =0,
203 = 1.

IIpu pemenun JaHHON CHCTEMBI BO3MOXKHBI CJIEYOIINE B CJIyYdasi:

(1) a = B u 2a* =1, Te. 2 ABAsAETCA KBAAPATOM B TOsTe F;

(2) @ = =B u —2a% = 1, Te. 2 He ABIACTCA KBaApaTOM B TosIe Fy.

Haiinem ssement, conpsrarorwit h u hg, miist mepsoro ciaygas. Ilycrs hs coorBeT-
CTByeT MATPHIIE U3 S BUNA [€1,E9, ..., Em], TOE Eiy, iy - - - €, PABHBI —pd, & OCTAIB-
Hble €;; paBubl 0. Paccmorpum snement x € H s mekoroporo k = 1,2,...,m, neii-

cryiomuii Ha 6a3uc €1, ...,em, €Y, .., e, TaK, 94ro r(e;,) = —e; , v(e;,) = —ej,

oy w(ey,) = —ej,, a qna ocranbubx T(e;;) = e;;. Coorercrsenno, r(ej ) = —e;,,
z(e,) = —€i, -, x(€},) = —e€;,, a 119 ocranbubx z(e; ) = e; . Hemocpencrsen-
Has TPOBEPKa MOKA3bIBAET, UTO TOTIA T compsiraeT h u hg.

Teneps Halimzem deMenT, compsarammuii b u hg, mist Broporo ciaydas. Ilycts hg
COOTBETCTBYET MATpHUIE W3 S BHIA [€1,€2,...,Em|, THE €i1,Eiy, .- .E4, DABHBL po,
a ocTanbHbIC €;; paBHBI 0. Paccmorpmm snement x € H jana mekoroporo k =

1,2,...,m, meiicryromuii na Gasuc €y,...,€m,€y,..., €, TaK, 410 (e;;) = €],
j— / . j— / . j— .

r(ei,) = €, ..., x(e;,) = €}, a qua ocrampubix z(e;;) = e;;. CoorsercTBen-
Iy Iy . Iy . I\

Ho, z(ej,) = ey, x(ef,) = €y, ..., z(€},) = €, a A1 ocTATBHBIX (€5 ) = €] .

Henocpencreenmas mpoBepKa MOKA3bIBAET, UTO TOTIAA x conpsaraeT h u h,. Jlemma

JIOKA3aHa.
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при каком отображении?
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при каком отображении?
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Что такое S? Множество?
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JIemma 6. ITycmo G; = PGLay(q), B — yuxauueckas TI-nodepynna nopadxa 4
uz Gy, Gy = XA, T'1 =T'(G1, B%), Ty =I'(Go, A%?). Toeda Ty ~Ts.

Zloxazameavcmeo. B KadecTBe MOPOKIAIOMIETO DJIEMEHTA I IHOArpyIIbl B
MOYKHO B35ITh CMEXKHBINH KJyacc b, cofep:Kaliuii MaTpuily ¢ u3 JeMMbl 4, a s
MOATrPYNIbIl A MOMKHO BBIOPATH TOPOXKIAIONIAN JEMEHT ¢ TaK, YTOOBI OH COOT-
BETCTBOBAJI CMEKHOMY KJIACCY, COIAEPKAINEMY Ty K€ MATPHUILYy C. 3aMETHM, UTO
‘BGll — |AG2‘.

Mexay muoxkecrBamu Bepiina rpacdos 'y u 'y MOXKHO ycTaHOBUTD OHEKITHIO 110
CIIeYIOMEeMy TIPaBUIY: MycTh < b >9 — Bepmmua rpada I'1. Torma smementsr b?
u (b?)9 Gyayr compskenst B SL,(q). [lostomy cymectsyer snement 7 u3 SLy(q)
takoit, aro (b%)" = (b?)9. CremoBaTenbro, < b >9 Gymer copmagath ¢ < b >". Torma
Beprmmae < b >9 Gyner coorBeTcTBOBaThH BepinHa < ¢ >". Q4eBuHO, YTO JAHHAS
OuekIus OyIeT COXPAHITh OTHOIIEHUE CMeXKHOCTH, ToToMYy 1'y ~ [,

Jemma 7. IIycmv H = GLay(q), H = PGL2w(q), ¢+1 = 0(mod 4), B — yusxau-
weckaa TI-nodepynna nopadxa 4 us H. Tozda maxcumarvras sauka usz I'(H, BT)
umeem pasmeprocmo 2L

Joxasameavcmeo. Iyers S — moarpymmna G L,, (¢?), nenons3osanmas TpH omica-
HUY IEHTPAJIN3aTOpa moTynHBoonuy tuna 0 B paziene 2. Paccmorpum MHOXKeCTBO
sepiummn u3 I'(H, BY), nocrpoennoe ciemyiomum obpasom. Ilycrs B =< hZ >, rae
h coorBercTByeT Marpune u3 S suga [d,...,0], Z — nearp H.

Cay4ait 1. Ilycrts 2 sBaserca xBagparoMm B mose Fy. Paccmorpum sieMeHTBI
hi,ha, ..., hs, cOOTBETCTBYIOMIAE MATpUIIAM U3 S, UMEIOUM BHI [€1,E2,. .., Em],
IIe CPeIN €1,E2,...,Em POBHO Kk 3JI€MEHTOB, PaBHLL 0 U M — k 3JIEMEHTOB PaBHbI
—pd, rae k npunuMaer 3Hadenus 1,2, ..., m. Takux sjemenTop Oyger B TOYHOCTH
2m,

OueBUHO, YTO 3J1eMEHTHI h1, ha, ..., hy KOMMYTHDYIOT ¢ h, & U3 JIEMMbI 5 CJIE/Iy-
€T, 9TO ITU DJIEMEHTHI CONMPSYKEHBI. 3aMETUM, UTO TEepeceveHne IeHTPaIn3aTOPOB
3/1€eMeHTOB h1, ho, ..., hs paBHO:

T = CH(hl) N CH(hQ) n---N CH(hg) ~ GLl(q) X GLl(q) X X GLl(q).

3 nonmyueHHOro paseHcTBa CleyeT, 4To aroboil anement h', conpsaskeHHbli ¢ h
U HeHTpagusyommii by, ho, ..., hs, uMeer B S auaroHaJibHOE IIPEICTABJIECHUE. 3a-
meruM, uro (h')? apnserca nonyunsomouueit tuna 0. CrejoBare/bHO, MATPUIA,
npegacrapasioman B S snement (h')2, mmeer BuI (A1, Ao, ..., Ay, THe m0GO# 3e-
MeHT \; paBeH jubo p, 1ubo —p. Torma cymecrByer Takoil h;, 1jisi KOTOPOTO Bbi-
nomagercs paserctso h? = (h')%. Tak kax snement h onpenenser TI-moarpymmy B
H, To MOKHO cumTarh, uTo h' coBmazaer ¢ h;.

Marpuupl u3 S, cOOrBeTCrByIOmpe daeMeHTaM hi, ..., hs, MOXKHO Pa3dUTb I10-
mapHo ciaenyiommm obpasom. Ilycrs marpura h; umeer mpencraBienue B S BHUIA
0 = 161,...,0mn], tae cpeau 61, ...,0,, poBHO k 3jeMeHTOB § U m — Kk 3JIEMEHTOB
—pd. Torma snement, cocrosanmii ¢ Heit B mape, OyaeT WMerh mpejcTraBjieHue B S
BUNA 0 = [01,...,0m,], Toe 0y = —pd, ecu O = 6 m oy = §, ecim B = —po.

Cnenosarensuo, < 0 > copmajaer ¢ < ¢ > B rpymne H, ka0l Takoil mape
Oymer coorBercrBoBaTh HuKndeckas TI-nmoarpyimna nopsaka 4, 1 B COBOKYITHOCTH
BCe 9TH Tapbl COOTBETCTBYIOT MakcHMasbHOi kinke us H. Orciona crenyer, 4ro
mobas Makcumanbuas kmuka u3 1'(H, BH) umeer pazmepnocts 2771,

Caywait 2. Ilycts 2 He aBndercs KBagpaTom B mose Fy. PaccmMorpum ameMenTh
hi,ha,..., hs, cooTBeTCTByIOMME MATPUIAM U3 S, UMEIONMM BUJ, [€1,E2,. . .,Em],
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L€ CPeIM €1,E2, .- -, &y POBHO k 3JIEMEHTOB, PABHBL 0 U M — k 3JIEMEHTOB PABHBI
pd, rae k npuauMaer 3uadvenus 1,2, . .., m. Takux sgementos 6yaer B Tounoctu 2.
OueBugHO, 9TO 37€MeHTHI hy, hs, ..., hy KOMMyTHUpYyIOT C b, & U3 jJemMmbl 5 ciie-

JIyeT, YTO ITU JIEMEHTHI COMPsi?KeHbI. J[0KA3ATENHCTBO JEMMBI B JAHHOM CJIy4ae
MPOBOJIUTCS AHAJIOTHYHO CJIydaro 1, ¢ y9eroM TOro, 94To 3JIeMeHThI h; TPyIIupyoT-
¢ monapHo caeayonmm obpazom. Ilycrs marpuma h; uMeer npejcraBieHue B S

suga 0 = [01,...,0,], tae cpeau 01, ..., 0, posuo k 37eMenToB § u m — k 3/1€MeH-
TOB pd. Torma smeMenT, COCTOAMIA ¢ Hell B mape, OyIeT UMEeTh MpeACTaBIeHne B S
BUNA O = [01,...,0,)], TOe 0y = pd, ecim 0y = § w oy = 0, ecm By = pd.

JleMMma 0Ka3aHa U NPUBOAUT K ciydaio (3) u3 reopembr 1.

5. 3ABEPILEHUE JOKABATEJIbCTBA TEOPEMEI

Ocrajics nepaccMoTpeHHbIM caydaii, korma G ¢ X*. Torna uMeoT MeCTo Crydan
(1), (3), onmcannbie B TEOpEME, IPUBEJIECHHON B paszene 2.

ITo Teopeme 3 u3 [8] mosyuum, 9410 B 3TUX Ciydasx rpad) KOMMYyTUPOBAHUS SB-
JIIeTCsl KOKJIMKOM, YTO IPUBOAMT HAC K ciaydato (4) u3 reopembr 1.

IMycrs G € X*. Eciu ¢ — 1 = 0(mod 4), 10 yTBepKieHue TeopeMbl Oyaer cJie-
moBarh u3 jeMM 2 u 3. Ecim g + 1 = 0(mod 4), To yTBepKaenue TeopeMbr Oyaer
CJIeIOBATh W3 JIEMMBI 7.
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