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KJINKOBOE YNCJIO TPA®A KOMMYTHNPOBAHUA
TL-IIOATPYIIII B JINHEVMHBIX I'PYIIIIAX

A.A. KYINHOB, H.JI. B3IOJITPKITHA

ABSTRACT. In the paper we study the commuting graph of a TT-subgroup
A of order 4 in a group GLy(q), and the commuting graph of a TI-
subgroup A of order 4 in a quotient group by center of a group G Lan(q).
The clique number of these two graphs is found.
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1. BBEJIEHUE

MHorue 337391 T€OPUU KOHEUHBIX IPYTII CBA3AHBI C OMUCAHWEM KJIACCOB TPYTI,
COZIEPIKAIINX TIOATPYIITBI C PSIIOM ONPEIEJIEHHBIX CBOWCTB. B gacTHOCTH, OOIBIIOM
nHTEpec mpeAcTasaaioT TI-moarpynmsr.

N3ydenne rpynm, cogepxxkamux TI-moarpymimny, aBIseTcs BaXXHBIM B CBSI3H C 3a-
Jadeit KnaccuuKamun KOHEYHBIX MPOCThIX rpyim. Pesynbrarel o TI-moarpynmax
[IOJIE3HBL IIPY OLHUCAHUU I'PYIIl TAK HA3BIBAEMOI'O KOMIIOHEHTHOI'O THIIA, & TAKKe
MIPU UCCJIEIOBAHWY TPYTII C YCIOBUSIMHU HA KJIACCHI COTPSIKEHHBIX MHBOJTIOIHIA.

Koneunsie rpymmst ¢ TI-moarpymnmoit A, sBistiomeiicss 2-rpynmoii, u3yJajuch B
[1-9], u B HACTOsAIIUIT MOMEHT HAUMEHEE UCCIIEIOBAHHBIMU OCTAJUCEH CILydau, KOTIa
noArpymnna A mubo nuKInYecKas, 100 7eMeHTapHast abesieBa. 3aMeTUM, 9TO €CITH
A — nukimueckas 2-rpyina, TO JOCTATOYHO M3YYUTh CATYyalnuio, Korja A mmeer
opsIoK 4.

s w3yvueHus CBOUCTB TPYIIBI C HEl MOXKHO CBS3aTh OMPEIE/IEHHBIN KOMOU-
HATOPHBIA OOBEKT W IO CBONCTBAM ITOTO O0BEKTA CYIUTb O CBOWCTBAX CBA3AHHON
rpynmbl. OHUM U3 TAKUX OOBEKTOB sIBJISIETCsT TPAd KOMMYTHPOBAHUS.

KupiNnov, A.A., ZYULYARKINA, N.D., CLIQUE NUMBER OF THE COMMUTING GRAPH OF TI-
SUBGROUPS IN LINEAR GROUPS.
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O/ iHOM U3 BaXKHBIX XapakTepucTukK rpada sBjigercs KJIMKOBoe ducyo. 3 no-
aygeHHbIx M. Ambaxepom pesysnbraros [10] caemyer, 9To KInKoBoe 4YnciIo rpada
KOMMYTHUPOBaHuUst Iukandeckux TI-moarpynm mopsinka 4 CBA3aHO CO CJ1abbIM 3aMbl-
kanueM 31oil TI-moarpymimsl B cunoBckoii 2-noarpyuie rpyunsl G. B gactrocT, um
OBbLT U3yveH caydaii, Korga TI-moarpymnmna sasigercsa caado 3aMKHYTON B CHTOBCKOM
2-noprpyune u3 G (310 IKBUBAJIEHTHO CJIy4al0, KOIJA KJIUKOBOE YUCI0 rpada KOM-
myTuposanus I'(G, A%) paswo emmnme). TIo3TOMy CBeJeHHS O KINKOBOM HHCIIE
rpada kommyTupoBanus TI-moarpynm mpeacTaBasoT OOJIBINON HHTEPEC.

W3 [8] cenyer, uro rpad KOMMyTHpOBaHUS IUKIHIecKoil TI-moarpyns! mopsiz-
Ka 4 KOPHEBOTO THUITa COBMAIAET C rpadoM KOMMYTHDPOBAHWS WHBOJIIONUHA W3 STON
[IO/ICPY IIIBI.

B pmammoii crarhe m3ydarorcst CBOHCTBA Tpada KOMMYTUDOBAHUS TUKJIAYECKON
TI-noarpynnbl B JTUHEHHBIX TPYINAaX HAJ, MOJIEM HEYETHON XapaKTEePUCTUKH.

W3 paborsr [2] m3BecTHO, 9TO IuKAndeckas TI-moarpymma nopska 4 HoOpMasIu-
3yeT JioOy0 KOMIoHeHTy rpymnnbl (G, ecau TakoBble uMeroTcst. [loaToMmy mpu usy-
YEeHUU KOHEYHBIX I'PYIII, COEPKAINMX KOMIIOHEHTBI, I0JI€3HO MMEeTh WH(MDOPMAIUIO
o rpymmax suga F*(G)A, rne F*(G) — kBasunpocras rpynna, A — nuknmdeckas
TI-moarpynna mopsiaka 4.

B panbueiimem OymneM cauTarh, 9T0 A ABISETCS MUKIUUECKON MOATPYINOH mo-
panka 4 B rpymme G = XA, rme X = F*(G) — jwuueiiHas rpynmna HAJ mOJIeM
HEYETHON XapaKTEePUCTUKH, & dg ITO WHBOMONMs 3 A =< a >.

epes X* 0603HaMUM MHOKECTBO TAKUX PACIIMPEHHit IPyibl X, 4TO A/ rpyI-
mbr X w3 X* mro6oit ssmement w3 X — X wHAynupyer Ha X BHEITHUN BHYTpEHHE-
JMAarOHAJILHBIN aBTOMOPMU3M.

OCHOBHBIM pPE3YIHTATOM SIBIISETCS CJEIYIONAs TeopeMa:

Teopema 1. ITyemv X — amo wacmmoe SLy,(q) no yenmparvnot nodepynne no-
padka d, q newemno. Tozda 6ydym cnpasedauevl caedyrougue ymeeprcoeHu:

(1) G € X*, g —1 = 0(mod 4), ag coomeememeyem uHE0AOUUYL MUNG M U3
GL,(q), n # 2m uau d nevemmno. Tozda aobas marcumarvras xiuxa us I'(G, AY)
umeem pazmeprocms CI;

(2) G € X*, qg—1=0(mod 4), ag coomseememeyem uHe0AOUUY TNUNAG M. U3
GLn(q), n = 2m u d wemmno. Tozda amobas maxcumarvnas xauka usz 1(G, AS)
umeem pazmeprocmos CI /2

(8) G € X*, g+ 1 = 0(mod 4), ag coomsememsyem unsosoyuu muna (0 u3
GL,(q). Toeda n = 2m, d wemno u mobas makcumarvuas xiuxa us (G, AY)
umeem pasmeprocms 2M L.

(4) G ¢ X* uT'(G,A%) aersemes Koxauroi.

2. IIPEIBAPUTEJIbHBIE PE3YJIbTATHI

IIycrs G —rpyuna, A < G. Torna A nassiBaerca TI-noarpynmnoii, ecim ANAY =1
s moboro g € G — Ng(A). Ecin A — TI-noarpyimna 4€THOro mopsiKa KOHEdHO
rpymmsl G, To A HasbIBaeTCs TOATPYMNOi KopHeBoro tuna, ecianm |A : Na(A9)]
HeYeTeH Jisi JI000ro siaeMenTa g € G, ayis Koroporo ducyio | N (A9)| geTno.

O6mee crpoenne mukandeckux TI-moarpymnm mopsaka 4 B JUHEHHBIX IDYMIAX
HAJI MOJISIMH HEYEeTHOH XapaKTEPUCTHKH OIHCAHO B [8].

Mpbr paccMarpuBaeM HEOPHEHTHPOBAHHBIE Tpadbl 6€3 merenb W KPATHBIX pe-
6ep. Kaukoti Ha3bIBAETCS TOMHBIN Tpad, a xokaukol — rpad, He nMeromuii pebdep.
Maxcumanrvroti kaurkot rpada I' HazbBaeTcs ero noarpady, ABISIONHIACT KIUKOIM,
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KOTOPYIO HEJIb3sl PACIIUPUATDL J00ABICHUEM JIOMOJHUTE/NIbHBIX BepinuH. Hauboav-
wetll KAuKoT STBIISIETCS MAKCUMaIbHAsT KJINKA C HANOOIBITTM KOJINYIECTBOM BEPITIHH.
Kaukosoum wucaom rpada I' aBisercs KoJn4decTBO BEPIINH B €10 HAMOOJIbIIeH KITu-
ke. B mampmeiimem knmkosoe aucio Gygem oboznauats kak o).

st HekoTOpoii KoHeuHoit rpynnsl G u cemeiicrsa noaMuoxkecrs Y u3 G, onpe-
Jenum zpagd Kommymuposanua, obosnadaembrii I'(G,Y), kKak rpad co MHOKECTBOM
BepIvH Y, B KOTOPOM JIIOOBIE JIBE PA3INTHBIE BEPITUHBI &,y € Y CMEXKHbI TOT/Ia 1
TOJILKO TOT/Ia, KOT/Ia & W Y MO3JIEMEHTHO KOMMYTHDPYIOT.

Jlemma 1. ITycmv G — xoneunas epynna, A — yuxaiuueckas TI-nodzpynna nopsadka
4 epynnu G. Tozda ece makcumarvrvie wauky 2pagda xommymuposanus I'(G, AF)
UMEIOM, 00UHAKOBOE KOAUNECTNEO GEPUIUH.

Hokasameavcmeo. CorsacHo pabore [10] (aemma 2.5), BepiimHbl rpada KOMMY-
tuposanus I'(G, AY), obpasyionue MaKCHMAIbHYIO KJIMKY, COOTBETCTBYIOT MHOMKE-
ctBy A9 NS, rme S — cunosckas 2-moarpymma rpymmst G. Beumy compsizkeHHOCTH
CUJIOBCKHUX 2-moArpyti B rpyime (G, Mbl MOJYyYdM, 9TO MHOXKECTBA, BEPIIUH I'pa-
¢da KOMMyTHPOBaHUS, OOPA3YIOMINX IBE MAKCUMAJILHBIE KJIUKU, TOXKE COMPSIKEHDI.
Ciie1oBaTeILHO, OHU COMIEPYKAT OJMHAKOBOE KOJUYECTBO 3JIEMEHTORB. JlemMma moKa-
3aHa.

13 mammoit meMmbr ciemyer, ato aus maxoxaerust «(I') mocraTtouno malitn xoTs
ObL OJIHY MAKCUMAJILHYIO KJIUKY.

W3BecTHO, 9TO KIACCHYECKHE TPYIILI MOXKHO IIPEJICTABATH KAK I'PYIIILI aBTO-
MOpP(PHU3MOB BEKTOPHBIX MPOCTPAHCTB. [103TOMY HEOOXOAUMO JIaTh CBEIEHUSA 00 WH-
BOJIIOIMSX U TIOJIyWHBOJIIONMUAX B TAKUX I'PYIINaX.

IIycts V' — BekTOpHOE MPOCTPAHCTBO Pa3MEpHOCTH 1 HaJ, mojieM [y, g HedeTHO.
IIycts G = GL,(q). Kak nokaszano B pasmene 3A |9], kaxkmoit masomonmm u € G
COOTBETCTBYIOT jBa nojupocrpanctsa V& u Vo uz V:

VT =Cy(u) = {veVu) =v},V; =[V,u] = {v e Vu(v) = —v}.

Torpa umeer mecto pazjioxenue V = V.7 © V., u UHBOMIONMS U B IPYIIIIE aBTO-
MOpP(MHU3MOB BEKTOPHOIO MPOCTPAHCTBA V' HAZBIBACTCS UHB0AN0UUET MUNG M, €CTTH
nozupocrpancrso V,,~ umeer pazmeprocrs m. CorsiacHo pabotre [9], jxobble e un-
BOJIIOLIUY THUTIA 1 OYyT CONPSAYKEHBI ¢ MOMOIIbLIO dj1emenTa u3 SL,(q).

IMycrs reneps G — rpynmna GL,(q) u u € G. Torga u Ha3LIBAETCS NOAYUHBONIO-
yuet, ecmn u? = yE nna vy € F;. Ecnu 7y ne sBaserca KBaIpaToM, TO U HA3BIBAETCS
noayunsostoyuet muna 0. CormacHo [9], m06bie 1Be MOIYHHBOIIONNK U1 W Ug THIA

0, TaKme 9TO u? = U3, TOXKE CONPSIKEHBI ¢ TIOMOMIBIO dmeMenTa u3 S L, (q).

B manbmeiiem quaroHaJbHYI0 MATPUILY BUIa | . ) . | Gymem 060-
0 ... 0 mny

3HAYATD KaK [1)1,72; - - - »Mn)-

3. KJZIMKOBOE YMCJIO TPA®A KOMMYTUPOBAHUA TI-TIOJrPYIII TIPU
g —1=0(mod 4)

B stom paszene 6ynem camrarh, uro G € X*. Ilycrs ¢ — 1 = 0(mod 4). Torna
BBHUIY paboThl [4] (Teopema 2.1) BO3MOXKHBI CIEIYIONINE CIyIan:
(1) G = X, n >4, ag coorBercrByer uHBOIOIMA THIA M, M = 0(4), u3 SLy(q);
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2) G = X, n >4, ag coorBercrByer maBosmonuu tana m, m = 2(4), uz SL,(q),
(¢ —1,m) # (¢ — 1,2n) w mmbo d memwurcs Ha (¢ — 1,n/2), ecnim n = 0(4), an6o
= 0(2), ecm n = 2(4);

B)G=X,n>2,(qg—1,2n) # (¢ — 1,4n) mw 6o d nenurca ua (¢ — 1,n)2, ag
COOTBETCTBYET MHBOJIIONHMK HedeTHOro Tuna u3 GL,(q);

4) |G:X|=2,Ge X* (¢—1,2n) = (¢ — 1,n), smemenTy ag COOTBETCTBYET
uHBOIOIWs THIa m, m = 2(4), u3 SL,(q);

B)|G:X|=2,Ge X* (gq—1,2n) = (¢g—1,n), (¢ —1,4n) = (¢ — 1,2n), d
nemmrcs Ha (¢ — 1,m)a, 3IEMEHTY @y COOTBETCTBYET MHBOJIONUS HEYETHOTO THIIA U3
GLy(q);

6) |G:X|=4,Ge X* (¢—1,2n) = (¢ — 1,n), s3memenTy ag COOTBETCTBYET
WHBOJIOIWST HedeTHoro thna n3 G Ly, (q).

JIlemma 2. ITycmo X — wacmuoe SL,(q) no nodzpynne nopadka d, G € X* q—1=
0(mod 4), ag coomseememeyem uneostoyuu muna m us H = GL,(q), n # 2m uau

d newemno. Tozda mobas markcumanrvnas saukae us (G, AY) umeem pazmeprocmo
Cm
.

Zloxazameavcmeo. N3 crpoenns TI-mogrpymnmst, onucantoro B semmax 2.5 u 2.6
u3 paborsr [4], cnenyer, uro B ykazaauom ciayaae Ca(ag) = Cg(a). Caenosarenso,
noarpynmna A gBjasercs noarpynmoit kopuesoro tuma. [loaromy rpad KOMMYyTHPO-
samns I'(G, AY) copnazer ¢ rpacdoM KOMMYTHPOBAHUS WHBOTIONMI THITA M.

Sadurcupyem 6aswuc ei,es,...,e, npocrpanctsa V. Ilycts ag coorBercTByeT
uHBOMIONMN U TUma M w3 H. PaccMOTpEM MHOXKECTBO PA3NMAYHBIX WHBOJIONUN
Up, U,y ..., Us (s = C)) Takux, 4TO KaxK/Jas U3 HUX UHBEPTUPYET 711 BEKTOPOB

JaHHOI'O 6a31/10a U IEeHTPaJIn3yeT OCTaJibHble BEKTODDI. O‘-IeBI/I/IHO, 4TO JaHHBbIC WH-
BOJIIOIMA KOMMYTHDPYIOT Apyr ¢ npyrom. CormacHo pasmeny 3A [9], mepeceuenne
[IEHTPAIN3ATOPOB JIFOOBIX IBYX WHBOJIONWH B H, HampuMep, 1) U Uz, PABHO:

CCH(Ul)(u2) = GLm—m,(q) X GL1p, (@) X GLy—m, (@) X GLp—2m4m, (Q)7

rae my = dim(V,; NV, ). Torma nepecedyenne HeHTPaIH3aTOPOB BCEX PACCMATPH-
BaeMBbIX I/IHBO.HIOILI/Iﬁ PaBHO!

T = C’H(ul) N CH(’U,Q) M- OC’H(us) = GLl(q) X GLl(q) X X GLl(q).

Taxum obpazom, u! N T sensercs maxcumanbuoii kaukoil B rpade I'(H, ufl).
Craenosarensno, makcnvanbras kmuka w3 '(H, ufl)) mveer pasueprocts C™.

Bamernm, uto |uff| = |AY|. Mexay mmoxkectsamm Beprmmn rpacos I'(H,ufl)
u ['(G,a§)) MOXKHO ycTaHOBHTH GHEKIIMIO 11O CJIEIYIONIEMY MPABHIY: IyCTh ud —
sepumna rpaca ['(H, uf!). Torna unsomonnn u u u9 Gyayr conpsxenst B S Ly, (q).
IMosTomy cymecrsyer smement 7 u3 SL,(q) Takoit, uro " = u9. Torna Beprinme
u9 6yzmer cooTBeTCTBOBATH BepimuHa v’ . Takum 00pa3oM, MAKCHMAIbHAST KJIWKA, U3
I'(G, A%)) taksxe mmeer pazmeprocts C™. JlemMa HoKa3amHa.

JIemma 3. ITycmo X — wacmmoe SL,(q) no nodzpynne nopadka d, G € X* g—1=
0(mod 4), ag coomsemcmeyem unsonoyuu muna m us H = GL,(q), n = 2m u
d wemmno. Tozda mobas makcumarvhas xauxa us (G, AY) umeem pazmeprocmo
cm /2.

Jokxaszameavcmeo. 3adurcupyem 0a3uc €1, ..., €Em, €mi1, - - - , €y MPOCTPAHCTBA
V. Ilycts ag coorBercTByeT mHBOMIONNN 4 Tnna m n3 H. Ilyctsh a coorBeTcTByeT
smevenTy w mopanka 4 w3 H, w? = u, u cormacuo memmve 2.6 u3 [4], nmBomronns
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w umeer Bug [1,...,1,—1,..., —1], rae pOBHO M €JIMHKUI U POBHO 1M 3JIEMEHTOB -1.
Torna w umeer B [1,...,1,p, ..., pl, 7€ p — 31ement nona Fy, Takoii, ato p? = —1.

Ilyers H = PGL,(q), B =< wZ >, Z = Z(H). Torna B Gyaer MuKJIAYECKOi
TI-moarpynmoit w3 H (I0Ka3aTeabCTBO MPOBOJNTCA AHAJOTHIHO JOKA3aTeThCTBY
nemmbr 2.6 u3 [4]), Ty = ['(H,BY), Ty = (G, A%). ITokazkem, uro ['; usomopden
Ts.

IMycrs cmexHbIil Kiaace b, nmopoxaomuii noarpyiiy B, COIep:KUT MaTpUILy
w. s noarpynnbl A MOYKHO BBIOPATH TOPOXKIAIOIINI 3JIEMEHT ¢ TaK, 9TOOBI OH
COOTBETCTBOBAJI CMEXKHOMY KJIACCy, COEpIKAIlleMy Ty Ke MATPHUIy w. 3aMeTHM,
aro |BH| = |A%|.

Mexay muoxkectBamu BepiuH rpados 'y u I'y MOXKHO ycTaHOBUTH OMEKITHIO TIO
clIeIyIoNmeMy HpaBuily: nycTh < b >9 — pepimna rpada I'y. Torna unsosonun b?
u (b%)9 6ymyT conpsukenst B SLy,(q). TlosTomy cymectsyer anement h u3 SL,(q)
rakoit, aro (b?)" = (b?)9. Cnenoparensbuo, < b >9 Gyxer cosmagarb ¢ < b >",
Torya sepmmue < b >9 Gyaer coorsercrBoBarh Bepimuua < a >". OueBumnHo, 4TO
JTaHHAs OMeKnust OyJeT COXPaHATh OTHOIEHNE CMEXKHOCTH, modTomy 'y =~ I's.

Tenepb pacCMOTPUM 3JIEMEHTBL W1, . . ., Ws (s = C'), KOTOpPbIE B ONUCAHHOM Da-
Hee 6a3uce UMEIOT BUI W; = [€1, . .. ,Ey|, TIE CPEMA €1, . . . , £, POBHO M 3TIEMEHTOB P,
a OCTAJIbHBIE 1M JIEMEHTOB — €IMHUIIBI. 3AMETUM, 9TO JAHHBIE SJIEMEHTHI OyyT CO-
IPSiZKEHbI, T.K. OHU MMEIOT OJIMHAKOBY 0 HOPMAaJIbHYTO 2K0paanoBy ¢opmy. CorsacuHo
paszgeny 3A [9], mepeceuenne MEHTPATN3ATOPOB BCEX ITUX JIEMEHTOB PABHO:

T = Cy(wr) NCh(we) N---NCh(ws) = GL1(q) x GL1(q) X --- x GL1(q).

Taxum obpasom, w NT asngerca maxcumanbuoii kmmkoit B rpade T'(H, wt).
DJIeMEeHTbL W1, . .., Ws MOXKHO Pa3OUTH ILONAPHO CJEAYIONMM 00pa3oM: eciid w; =
[€1,- .., €n], TO 371EMEHT, COCTOSIINMIT ¢ HUM B mmape, O6yAeT UMEThb BHA W; = (51, ..., Bnl,
tne By = 1, eciu ¢ = p u By = p, ecnu €, = 1. Cnenosarensuo, w;w; = pE u
wj = pEwi_l, u roraa B H moarpymmsr < w;Z >n < w;Z > COBIANAIOT.

CiiesioBare/ibio, MakcuMabias Kmaka u3 (G, AY)) umeer pasmepuocts CT /2.
Jlemma gokasama.

4. KJIMKOBOE YHUCJIO TPA®A KOMMYTUPOBAHUA TI-TIOATPYIII IIPU
g+ 1=0(mod 4)

B srom paszene 6ynem cumrarh, uro G € X*. Ilycrs g + 1 = 0(mod 4). Toraa
BBHUIY paboThl [4] (Teopema 2.1) BO3MOXKHBI CIEIYIONINE CIyIan:

(1) G = X, ag cooTBETCTBYET WHBOJIONUK YeTHOTO THa U3 S Ly, (q);

(2) G = X, d werno, ¢+ 1 = 0(8) mim n = 0(8), 3;meMeATy @y COOTBETCTBYET
nosyunBosonus Tuna 0 uz SLy,(q);

3)|G:X| =2 Ge X* qg+1=4(8), n = 2(4), smemenTy ag COOTBETCTBYET
nonyuasosonus tuna 0 u3z SL,(q).

B mammnom pasgene wepes H o6osmadnm rpymmy G Lo, (q), H = PGLay,(q). Ye-
pes ['(H, A o6osnauum rpad xkommyruposanus TI-noarpymnm nopsixa 4, conps-
sennbix ¢ TI-noarpynmoit A < H.

Jlemma 4. ITycmoy H = PGL2n(q), ¢+1=0(mod 4), B =<b> - yuxiuueckas
TI-nodzpynna nopadxa 4 uz H. Tozda saemenmy b*> coomeemcmeyem noayunso-
moyusa muna 0 us epynnoe H = GLay, (q).
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Zloxazameavcmeo. JJoka3aresibCTBO MOXKHO IPOBECTH AHAJOIUYHO I0KA3ATE b~
crBy JileMmbl 2.6 u3 paborsl [4]. B wacTHOCTH, 3aMeTnM, YTO 371€MEHTY b COOTBET-
CTByeT MaTpHIla ¢, CTPOEHNE KOTOPOH ONMCAHO HUKE.

Badukcupyem momymaBomommio u tuna 0 B H. Tak kak ¢ + 1 = 0(mod 4),
TO MOXkKHO cuuTaTh, uTo u? = —e. Cormacuo pasgeny 3A [9], B mpocrpancrse V
CymecTByer 6asuc ey, . .., em, €}, ..., e, Takoi, aro u(e;) = —e}, u(e}) = e;. B arom

Ga3uce TOHBIN TPOOOPA3 IEHTPAIN3ATOPA U B rpyTmne H Oyaer COCTOSATh U3 MaTPHIL

wz(e =0,1) Buga
_(C B (0 E
Y=\-B )" \E o)

raie C' u B — mpom3BosbHBIe MaTpuIilbl pasmepa m X m (Jw| # 0), E — exuany-
Hag Marpuna pasmepa m X m. CornacHo pasueny 3A [9] cymecrByer B3auMHO
OJTHO3HAYHOE COOTBETCTBHE MEXKJIy JJEMEHTAMH IIOJHOrO Mpoodpas3a IEeHTPaTn3a-
ropa u B rpymne H u snemenramu rpyuust GL,,(¢?) < 7 >, tue 7 unayuupy-
er na GL,,(¢?) nmoneroii apromMopdm3M mopaaka 2. MaTpuie w cTaBuTCsa B CO-
orsercteue mMarpuna v = C + pB m3 rpymmer S = GL,,(¢?), tne p — s1ement
nonst Fiz = {A+ pp|\, p € Fy} u p> = —1. Marpune z Gyier coOTBETCTBOBATH
nosiepoii apromopdusMm 7. Torna TI-noarpynma A nopsiaka 4, HHBOIIONUS U3 KO-

—BE aF
(a+ Bp)? =p, a, B € F,. B rpynme S marpune ¢ 6y1eT COOTBETCTBOBATD MATPUIIA
d sugma (a + Bp)E. nement o + Bp B manbHeiimem 0603HAYMM Yepes J.

B rakom ciydae marpuma ¢ Oymer cOOTBETCTBOBATH djieMenTy b w3 H.

. oF FE
TOPOI COOTBETCTBYET U, OyJerT MOPOXKIEHA IJIEMEHTOM ¢ BUIA ( A >, roe

Jdemma 5. ITyemv H = GLay(q), S = GLy(¢?), Hyems h u hy — snemenmor us
H, xomopwie coomsememsytom mampuyam u3 S euda [0,...,0] u [e1,€2,...,Em]
coomeememeento. Ilpu smom cpedu €1,€s, ...,y POBHO k dnemenmos —pd, ecau
2 - xeadpam 6 noae Fy, aubo k anemenmos pd, ecau 2 — ne xeadpam 6 noae Fy,
oas mexomopozo k = 1,2,....m, a ocmaavhoie m — k saemenmos 6 (2de p u 0 —
anemenmus, onpedesennvie eviwe). Tozda smu aaemenmos conpasicens, 6 H.

Joxasamesvcmeo. I3 pasencrsa 62 = p Mbl HOIYYHM CIIELYIOMIYIO CHCTEMY
YPaBHEHMUII:

2083 = 1.

ITpu pemeHun JAHHON CUCTEMbI BO3MOXKHBI CJIEIYOIIUE JBa, CJIydas:

(1) a = B u 2a% =1, Te. 2 ABAAETCA KBAAPATOM B TOTe Fy;

(2) a=—Bu —2a? =1, Te. 2 He ABAACTC KBAIAPATOM B TIo7e F).

Haiinem snement, coupsratommii h u hg, s nepsoro ciay4as. Ilycrs hs coorser-
CTByeT MaTpwuIle U3 S BUNA [€1,E2, ..., Em], DA€ Eiy, Eiy, - - - €4, PABHBI —pd, & OCTAIIb-
HbBIE £;; PABHDI 0. Paccmorpum snement x € H njs mekoroporo k = 1,2, ..., m, neii-
CTByIOIMIA HA GA3WC €1, ..., €Em, €], ..., e, TaK, 9t0 x(e;, ) = —e; , x(ey,) = —¢]

o, x(es,) = —ej,, a nns ocranbubX z(e;;) = e;;. CoorBercTBenno, x(ej ) = —e€;,,
z(ej,) = —€iy, .., x(€],) = —€;,, a ana ocrampubix x(e; ) = e; . Hemocpescrsen-
Hasl IPOBEPKA IIOKA3LIBAET, YTO TOr/A T coupsraer h u hg.

Teneps Haiigem sjeMeHT, coupsarammuii b u hg, mjis Broporo ciaydas. Ilycrs hg
COOTBETCTBYET MATpPHWIE W3 S BUIA [€1,€2,...,Em], THE €1,Eiy, . .E, DABHBI po,
a ocTalbHbIE €;; paBHBI 0. Paccmorpmm simement v € H ama mekoroporo k =
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1,2,...,m, peiicryfomuii na Gasuc €y,...,€m,€y,..., €, TaK, 410 (e;;) = €,
_ / . P / . — .

r(ei,) = e, ..., x(e;,) = €}, a qna ocrampubix z(e;;) = e;;. Coorsercrsen-

Ho, x(e; ) = e, z(€},) = €iy, ..., x(€], ) = €;,, a AT OCTATHHBIX x(egj) = egj.

Henocpencreenmast mpoBepKa MOKA3bIBAET, UYTO TOTAA x comnpsraeT h u hg. Jlemma
JIOKA3aHa.

JIemma 6. ITycmo G; = PGLay(q), B — yuxauueckas TI-nodepynna nopadxa 4
uz G, Gy = XA, Ty =T'(G1, B%), Ty =T'(Go, A%?). Toeda Ty ~Ts.

Jloxazameavcmeo. B KadecTBe MOPOXKIAIOIIETO dIEMEHTA I MOArPYIbl B
MOXKHO B3STh CMEXKHbBIH KJacc b, cojep:Kaiiuii Marpuily ¢ u3 JemMmbl 4, a s
MOATPYNIBI A MOYKHO BBIOPATH TOPOXKIAIONININ JIEMEHT ¢ TaK, 4TOOBI OH COOT-
BETCTBOBAJI CMEKHOMY KJIACCY, COJEPKAIIEMy Ty Ke MaTPHUIy C. 3aMeTHUM, UTO
B =A%,

Mexay muoxkecrBamu Bepiina rpacdos 'y u 'y MOXKHO yCcTaHOBUTH OMEKITHIO TIO
ceyiomeMy pasuiy: nycrs < b >9 — pepmuna rpacda I'1. Torma snements b?
u (b?)9 6ynyr coupszkennt B SL,(q). ITosromy cymecrsyer saement 7 us SLy(q)
takoit, aro (b%)" = (b?)9. CremoBarensro, < b >9 Gymer copmagath ¢ < b >". Torma
Bepiiuae < b >9 Oymer cOOTBeTCTBOBATH BeprnHa < a >". O4eBUIHO, IYTO JTaHHAT
OuekIms OyIeT COXPAHITh OTHOIIEHUE CMEeXKHOCTH, ToToMYy ['y ~ ['s.

Jemma 7. ITycmo H = GLaw(q), H = PGLaw(q), ¢+1 = 0(mod 4), B — yurxau-
weckas TI-nodepynna nopadxa 4 uz H. Tozda maxcumarvnas xiura us U'(H, BT)
umeem pasmeprocmv 2m L,

Jokazamervcmeo. Pacemorpum muozxkecrso sepus u3 I'(H, BH), nocrpoennoe
crenyomumM obpasom. I[lycts B =< hZ >, tme h cOOTBETCTBYeT MATPHIlE U3 S BUIA
[0,...,0], Z — nearp H, S — noarpynna, ucrojb30BaHHAs [IPYU OMUCAHUU IEHTPA~
Jn3aTopa noayuHBosonun Tumna 0.

Cayaait 1. Ilycte 2 siBasiercss xBagparom B mose Fj. Paccmorpum smemenTts
hi,ha, ..., hs, coorBeTCTBYIOMME MaTpuIaM u3 S, UMEIOMUM B [€1,E2, ..., Em],
I€ CPeIM €1,E2, .- .,Eym POBHO Kk 3JIEMEHTOB, PABHBL 0 W M — k 3JIEMEHTOB PABHBI
—pd, rae k npunuMaer 3uauverus 1,2, ..., m. Takux 3jeMeHTOB OyJeT B TOYHOCTH
2m,

OueBuHO, YTO 3JIeMEHTHI hi, ha, . .., hs KOMMYTUPYIOT C h, & U3 JIEeMMBbI 5 CJIeLy-
€T, 9TO ITU JJEMEHTHI COMPSKEHbI. 3aMETUM, 94TO MePecedeHne IMeHTPATH3aTOPOB
a1eMeHTOB hi, hs, ..., hs paBHoO:

T = C(h1) N Cr(ha) N+~ N Crr(hy) ~ GL1(q) x GL1(q) % - -+ x GL1(q).

3 mosry9eHHoOro paBencTBa CIeayeT, uTo 6o smemenT h', conpsizKeHHbId ¢ h
u neHTpagusyoumii hy, ha, ..., hs, umeer B S nuaronajibHOE MpeCTaBICHUE. 3a-
mernm, aro (h')? apagerca momymrsomonuei Tuma 0. CregoBaTenbHO, MATPHIIA,
npejcrapagiomaa B S snement (h')%, umeer Bum (A1, A2, . . ., Ay, Tae mo6oii se-
MeHT A; papes Jubo p, 1ubo —p. Torna cymecrByer rakoil h;, JJisi KOTOPOIO Bbi-
nosustercst pasenctso h? = (h')?. Tak kak saement h onpesenser TI-noarpynmy B
H, T0 MOXKHO cunuTaTh, 4To h’ coBmajaer ¢ h;.

Marpuribl u3 S, COOTBETCTBYIOIINE dJIeMeHTaM hq, ..., s, MOXHO pa3dUThH MO-
napuo cienyommmM obpasom. IlycTs marpuna h; umeer mpeacraBieHne B S BUIA
0 = [01,...,0n], tne cpenn 64, ...,0,, poBHO k 3meMeHTOB 0 M M — k 37€MEHTOB
—pd. Torma snement, cocroaumii ¢ Heit B mape, 6yIeT WMeTh MpeacTaBienne B S
BUZA 0 = [01,...,0m], 0O 0y = —pd, ecmu 0, = d u 0p = §, ecm 0, = —pd.
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Cuenosarensuo, < 0 > copmajgaer ¢ < o > B rpymne H, ka0l Takoil mape
Oyzer COOTBeTCTBOBATH IMKnueckas TI-moarpymmna mopsiaka 4, ¥ B COBOKYITHOCTH
BCe 3TH Mapbl COOTBETCTBYIOT MakcuMasbHoil Kiuke u3 H. Otciona ciemyer, 4To
mobas Makcnmanbnas kauka u3 I'(H, BH) mveer pazmepnocts 2771,

Cayuait 2. Ilycts 2 He ABnderca KBagpaToMm B mosie Fy. PaccmMoTpuM ajmeMenTs
hi,ha, ..., hs, cooTBeTCTBYIOMME MATpUIAM U3 S, UMEIOMUM BUI [€1,E2,. .., Em],
IIe CPeIn €1,E2,...,Em POBHO Kk 3JI€MEHTOB, PaBHLL 0 U M — k 3JIEMEHTOB PaBHbI
p0, rae k npunumaer 3uadenus 1,2, ..., m. Takux snemenTos Oyger B roudocTu 2.

OueBuiHO, 4TO 3j1eMeHTbL N, hs, ..., hs KoMmMmyTupytor ¢ b, a u3 jgemmbl 5 cie-
JIyeT, 4TO 3THU IJIEMEHTHI CONPsIKEHbI. JloKa3aTehCcTBO JIeMMbI B JAHHOM CJIyYae
MIPOBOJIUTCS AHAJIOTUYHO CIydaio 1, ¢ yIeTOM TOro, YTO JIEMEHTHI h; TPYTIIHUPYIOT-
cs monapHo caeayommm obpazom. Ilycrs mMaTpuna h; uMeeT mpeacTaBieHHe B S

Buna 0 = [01,...,0,], tne cpemu 61, ..., 0, poBHO k 3nemeHTOB § U M — k 3meMen-
roB pd. Toraa snement, cocrosinuii ¢ Heil B 11ape, OyjeT UMeTh [pejcrasienue B S
BUJA 0 = [01,...,0m], TOe 0 = pd, ecmu 0, = § u 0y = §, ecmu 0, = pd.

JlemMma mokasama.

5. 3ABEPIIIEHUE JOKABATEJTBCTBA TEOPEMEI

Ocrancs mepaccMoTpeHHBIM Cay4ail, korma G ¢ X*. Torma, cormacHo Teopeme
2.1 u3 [4], BO3BMOXKHBI CJie/lyolume Cilyyau:

(1) X ~ L3(3) umu X ~ L3(7), G = X <7 >, tme 7 — asromopdusm rpada, ag
COOTBETCTBYET WHBOJIONUU TUTA 2 u3 X;

(2) X = L3(9), anement a uaaymmpyer Ha X BHYTPEHHE-IONEBOH aBTOMOPdU3M,
@y COOTBeTCTBYeT MHBOMIONMHU Thma 1 u3 SLo(9).

ITo reopeme 3 u3 [8] wosyuum, 410 B 9TUX Ciydasx rpad) KOMMYTUPOBAHUS B~
Jg€eTCs KOKJINUKOMN.

IMycts G € X*. Eciu ¢ — 1 = 0(mod 4), 10 yTBepKIeHue TeopeMbl OyAeT cJie-
moBarb u3 jeMM 2 u 3. Ecau ¢ + 1 = 0(mod 4), To yTBepKaenue teopeMbr Oyaer
CJIeI0BaTh W3 JIEMMBI 7.
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