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NONLINEAR *JORDAN-TYPE DERIVATIONS ON
ALTERNATIVE xALGEBRAS

A.J.O0. ANDRADE, G.C. MORAES, R.N. FERREIRA, B.L.M. FERREIRA

ABsTRACT. Let A be an unital alternative x-algebra. Assume that A
contains a nontrivial symmetric idempotent element e which satisfies
zA-e =0 implies x = 0 and A - (14 — e) = 0 implies x = 0. In this
paper, it is shown that ® is a nonlinear *-Jordan-type derivation on A if
and only if ® is an additive x-derivation. As application, we get a result
on alternative W*-algebras.
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INTRODUCTION

An algebra A not necessarily associative or commutative is called an alternative
algebra if it satisfies the identities a?b = a(ab) and ba? = (ba)a, for all elements
a,b € A. One easily sees that any associative algebra is an alternative algebra. An
alternative algebra A is called prime if for any elements a,b € A satisfying the
condition aAb = 0, then either a = 0 or b = 0. Let A and B be alternative algebras.
We say that a mapping ® : A — B preserves product if ®(ab) = ®(a)P(b), for
all elements a,b € A, and that it preserves Jordan product (resp., preserves Lie
product) if ®(ab + ba) = ®(a)P(b) + ®(b)P(a) (resp., P(ab — ba) = P(a)P(b) —
®(b)®(a)), for all elements a,b € A. We say that a mapping ¢ : A — B is additive
if ®(a+b) = ®(a)+2(b), for all elements a,b € A and that it is an isomorphism if ®
is an additive bijection that preserves products. By involution, we mean a mapping
x: A — Asuch that (x+y)* = 2*+y*; (¢*)* = z and (2xy)* = y*z* for all z,y € A.
An element s € A satisfying s* = s is called a symmetric element of A. Let A and B
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be alternative x-algebras. We say that a mapping ® : A — B preserves involution
if ®(a*) = ®(a)*, for all elements a € A, and that ® is a *-isomorphism if ® is an
isomorphism that preserves involution.

Let A be an alternative x-algebra over the ground field C. For any a,b € A denote
a new product of a and b by a e b = ab + ba*, and this new product e is usually
known as Jordan e-product. Such kind of product plays a more and more important
role in some research topics, and its study has attracted many authors’ attention.
Particular attention has been paid to understanding maps that preserve the product
AB + BA* on x-algebra (for example, see [3, 14, 16, 17, 18, 25]). The product
is extensively studied because it naturally arises in the problem of representing
quadratic functionals with sesquilinear functionals (for example, see [20, 21, 21])
and in the problem of characterizing ideals (for example, see [1, 19]). Furthermore,
there has been a great interest in the study of additivity or characterization of
mappings that preserve some kind of product on non-associative rings and algebras
for example in the paper‘s [7, 10, 8, 5, 2]. For these kinds of mappings defined above,
in a recent paper, Ferreira and Costa [6] has studied the characterization about x-
Jordan-type maps on C*-algebras, they have proved under mild conditions that
every multiplicative x-Jordan-type maps are x-isomorphism. That work motivated
us to study the same question for the case *-Jordan-type derivations on a class of
nonassociative algebras, namely x-alternative algebras. Let us define *-Jordan-type
derivations.

Recall that an additive map ® : A — A is said to be an additive derivation if
®(ab) = ®(a)b + a®(b) for all a,b € A Furthermore, ® is said to be an additive
s-derivation if it is an additive derivation and satisfies ®(a*) = ®(a)* for all a € A.
We say that 5, , : A — A is an additive *-inner derivation if it is an additive inner
derivation, that is,

Ey.2(a) = ([Ly, L:] + [Ly, R] + [Ry, R:])(a),

is holds true for all y,z € A and satisfies Z(a*) = Z(a)*. A not necessarily linear
map ® : A — A is said to be a nonlinear *-Jordan derivation if

D(aeb)=D(a)eb+ aed(b)

for all a,b € A. Similarly, a map ¢ : A — A is said to be a nonlinear *-Jordan triple
derivation if

D(aebec)=P(a)ebect+aed(b)ect+aebed(c)

for all a,b,c € A, where aebec = (a eb)ec (we should be aware that e is not
necessarily associative). Given the consideration of nonlinear x-Jordan derivations
and nonlinear *- Jordan triple derivations, as well as introduced the definition of
x-Jordan-type maps in [6] we introduce the following. Suppose that n > 2 is a fixed
positive integer. Accordingly, a nonlinear x-Jordan n-derivationisamap ®: A — A
satisfying the condition

(1) q)(al.a2."'.an):Zal."'.akfl.é(ak).ak+1."'.an
k=1

for all ay,as,...a, € A, where a; @aze---eqa, = (---((a; ®az)eaz) ---ea,). By
the definition, it is clear that every x-Jordan derivation is a *-Jordan 2-derivation
and every x-Jordan triple derivation is a %-Jordan 3-derivation. It is obvious that
every nonlinear *-Jordan derivation on any x-algebra is a *-Jordan n-derivation.
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But we do not know whether the converse is true. *-Jordan 2-derivation, *-Jordan
3-derivation, and *-Jordan n-derivation are collectively referred to as *-Jordan-
type derivations. x-Jordan-type derivations in different backgrounds are extensively
studied by several authors, see [4, 15, 22, 23, 24].

It is well known that A has a Peirce decomposition A = A1 @ Ao ® Az © Aso,
where A;; = e;Ae; (1,7 = 1,2) [13], satistying the following multiplicative relations:

(’L) AijAjl C Ay (i,j,l = 172);
(’ll) Aiinj g Aji (’L,j = 1,2);

(i1i) Ai;Ar =0,if j # k and (4,5) # (k,1), (4,7, k,1=1,2);

(iv) xfj =0, for all z;; € A;; (4,7 =1,2; i # j).

The notion of Peirce decomposition for alternative algebras is similar to that one
for associative algebras. However, this similarity is restricted to its written form,
not including its theoretical structure since Peirce decomposition for alternative
algebras is a generalization of that classical one for associative algebras.

1. MAIN THEOREM
We shall prove as follows the main result of this paper.

Theorem 1. Let A be a unital alternative x-algebra with the unit 14. Assume that
A contains a nontrivial symmetric idempotent element e which satisfies

(d) zA-e=0 implies x = 0;

(%) zA- (14 —e) =0 implies x = 0.
If a map ® : A — A satisfies

n
(I)(aloazou-oan):Zalo---oak_loq)(ak)oak+1o~-~oan
k=1

forall ap—1,a, € A and a; = 14 for alli € {1,2,...,n — 2}, then ® is an additive
*-dertvation.

Corollary 2. Let A be a unital alternative x-algebra with the unit 1 4. Assume that
A contains a nontrivial symmetric idempotent element e which satisfies (#) and
(). Then @ is a nonlinear x-Jordan-type derivation on A if and only if ® is an
additive *-derivation.

It is obvious that prime alternative x-algebras satisfy the assumptions “zA - e =
0=z=0and zA- (14 —e) =0 =2 = 0". Thus, we have the following result

Corollary 3. Let A be a prime unital alternative x-algebra with the unit 14.
Assume that A contains a nontrivial symmetric idempotent element e. If a map
®: A — A satisfies

n
¢>(a1-a2°~-~-an):Zal-----akq°<I>(ak)-ak+1°~--°an
k=1

for all an—1,a, € A and a; = 14 for alli € {1,2,...,n— 2}, then ® is an additive
x-derivation.

Remark 4. Some ezamples of non-prime alternative algebras satisfying the assump-
tions “cA-e=0=2=0 and xA- (14 —e) =0 =z = 0"were given in [9)].
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2. THE PROOF OF MAIN RESULT

Consider the Peirce decomposition of A to respect nontrivial symmetric idempo-
tent element e. In all that follows, when we write a;;, it indicates that a;; € Ay
and e; =€, e = 14 — e;. We will complete the proof by proving several claims.

Borrowing the notation in [8] let us point out a non-associative monomial m of
degree n by the following expression form

m(xhx%. .. ,zmxn_l) = (( .. (331 .1;2) .. ) ’In)-

When the first n — 2 variables in the non-associative monomial m assume equal
values, we will denote by

m(a, - ,a,Tp_1,%,) = & (Tp-1,2,), for any a € A.
———
n—2
Claim 5. ®(0) = 0.

Indeed,
D(0) = ®(£1,(0,0)) = 0.
Claim 6. For every aio € A1, ba1 € Ay we have
D(ara + ba1) = ®(ar2) + P(ba1).
Consider t = ®(a13 + ba1) — ®(a12) — ®(b21). Since
§14((e1 —e2),a12) = &1, ((e1 — €2),b21) = 0.
It follows from Claim 5 that
Z Ea(14)(e1 — €2,a12 4+ ba1) + &1, (P(e1 — e2), (a12 + ba1))
©(14)
+ &1, ((e1 — e2), ®(ar2 + ba1))
= ®(&1,(e1 — e2,a12 + ba1))
= O(&14(e1 — €2,a12)) + (&1, (€1 — €2,b21))
= Z Ea(1a)(€1 — €2, a12 + ba1) + &1, (P(er — e2), (a12 + bo1))
®(1a)
+ &1, (e1 — ez, @(a12) + P(b21)).
From this, we get that &1, (e; —ea,t) = 0,80 t;1 = ta2 = 0. Since &1, (a12,€1) = 0,
we have
§14(a12 + bar,e1) = &1, (b2, e1).
It follows that
z $a(1a) (@12 +ba1,e1) + &1, (Plara + b2y, e1)) + &1, (ar2 + bar, P(er))
(1)
= ®(&1,(a12 +ba1,e1))
= ©(&1, (a12, 1)) + (&1, (b21, €1))

Z Ea(14)(a12 +ba1,e1) + &1, (Pare) + P(ba1), e1) + &1, (a12 + bay, e1).
®(1a)

Hence &1, (t,e1) = 0 from which we get that to; = 0. Similarly, ¢12 = 0, proving the
claim.
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Claim 7. For every a;; € A1, bio € Aja, o1 € Aaq, doo € Agy we have
CI)(aH + blg + 621) = <I>(a11) + @(612) + @(621)
and

D (b1o + c21 + daz) = P(b12) + D(c21) + D(d22).

Let t = (I)(all + b12 + 621) — CI:’(CLH) — (b(blg) — (I)(C21). Since §1A (62,&11) =0it
follows from Claim 6 that

Z f@(lA)((fQ,an + big + co1) + &1, (P(e2), a11 + big + c21)
®(14)
+ &1, (e2, ®(a1r + bia + c21))
= ®(&1, (€2, a11 + b1a + c21))
(&1, (e2,a11)) + P(§14 (€2, b12 + €21))
P(&14(e2,a11)) + P(&14(€2,012)) + P(&14 (€2, €21))
Z Ea(14)(€2,a11 + b12 4 c21) + &1, (P(e2), a1 + bia + c21)
®(1a)
+ &1, (e2, @(a11) + (b12) + D(c21)).

Hence &, (e2,t) = 0 from which we get that t15 = t91 = 22 = 0. Since

&1a(er —e2,a12) = &1, (e1 —e2,a21) =0

one has

Z Coa)(e1 —€e2,a11 +b12 +ca1) + &1, (Per — €2),a11 + biz + c21)
1A)

+&14(e1 — ez, ®(ary + b1z + c21))
D&, (e1 — ea,a11 + b1z + ¢21))
= O(&1a(e1 — €2,a11)) + P(§14 (€1 — €2,012)) + (&1, (€1 — €2, ¢21))
= Z §ap(1a)(e1 —e2,a11 + b1z + ca1) + &1, (P(er — e2),a11 + bia + c21)
@(1a)
+&1,(e1 — ez, @(ar1) + (b12) + P(c21))

from which we get that & ,(e; —e2,t) = 0. Thus, t1; = 0, and then ¢ = 0. Similarly,
we can prove that (p(blg + co1 + d22) = (p(blg) + @(621) + q)(dgg)

Claim 8. For every ai1 € A11, bis € Aqa, co1 € As1, doo € Azs we have

®(ai1 + b1z + co1 + do2) = P(ai1) + D(b12) + D(ca1) + P(da22).



130 A.J.O. ANDRADE ET AL

Let t = (I)(an + b1o + co1 + dzz) — fI’(an) — ‘I’(blg) — ‘I)(Cgl) — (I)(dgg). Since
&1, (ea,a11) =0 it follows from Claim 7 that

Z Ea(14)(€2,a11 + bia + co1 + dao) + &1, (P(e2, a11 + bia + co1 + da2))
O(1a)

+ &1, (e2, P(arr + b1z + co1 + da2))
= ®(&1,(e2,a11 + b1z + c21 + d22))
= ®(&,(e2,a11)) + (&1, (€2, b12 + co1 + d22))
= O(&1,(€2,a11)) + P(E1, (€2, 012)) + P(&1, (€2, c21)) + (&1, (€2, d22))
= Z §a(14)(€2,a11 + b12 + co1 + daz) + &1, (P(e2), a11 + b1z + co1 + da2)
O(14)
+ &1, (e2, ®(arn) + P(bi2) + P(c21) + P(da2)).
Hence &, (e2,t) = 0 from which we get that t15 = to1 = t9o = 0. Similarly, we
can prove t1; = 0 proving the claim.
In the next Claim, we have a slight difference from the case of associative

algebras. In the associative case we know that a;;b;; = 0 for ¢ # j but in general in
alternative algebras we do not have this property.

Claim 9. For every aj2,b12 € Ayo and co1,d21 € Aa1 we have

D(a1zbi2 + ajy) = P(ai2bi2) + D(al,)

and
D(co1day + ¢5y) = P(ca1dar) + P(c5y).
Since
es+b
&1, <a12, 2 on 12) = a12 + a12b12 + ajy + bizag,

we get from Claim 8 that

®(a12) + P(ar2b1z + ajy) + ®(b12aiy)
= ®(a12 + a12b12 + aj, + bizaj,)

+b
o (o (o 2202))

es + b e+ b
= Z Sa(14) <a12, 2 on 12) +&1, <<I>(a12), 2 on 12)

o(1a)

+ &1y <a12, P <€2;b12>>

es+ b e+ b
= Z §o(14) <a12» 2 on 12) +&1, (q)(am)v 22nl2>

@(1a)
+&1, (alz,cb (z—i) +® (b;j))
=® (51,4 (G12, ;%)) +@ (€1A (alz, b;j))

= ®(a12) + ®(ajy) + ®(aizbiz) + P(b12ai,),
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which implies ®(a12b12 + afy) = P(a12b12) + P(aj,). Similarly, we prove the other
case using the identity

2n
Claim 10. For all a;;,b;; € Aij, 1 <i# j <2, we have
®(aij + bij) = P(ai;) + (biy).

€ +d * *
IS (621, ! 21) = co1 + co1da1 + 51 + d21¢5;.

Since

2n
we get from Claim 9 that
®(ai; + bij) + P(aj; + aijbiy) + @(bijai;)

e; + a;;
) (E1A ( o J>€j+bij>>

€; + a;; e; + a;;
= D & (W]aej+bij>+fu <‘I’< o J)»€j+bz‘j>

O(1a)

e; + a;; * *
IS ( J,ej +bij) = a;j +bij + a;; —I—aijbij —l—bijaij

e; + a;;
+§1A( on L D(e, —Hh‘j))
427

— <I>%)f@(lA) (2% + S+ i + bij) + &1, ((I) (26—;) + P (;7:) e+ bij)

€; (73]
+&, (27 + 2—5, P(e;) + (I)(bij))

oo () e (220) e (1)
cofen ()
= ®(bi;) + P(ai; + aj;) + (aybi; + bijai;)
=®(bij) + P(aiz) + (aj;) + ®(ai;bij) + 2(bija;;),
which implies ®(a;; + bi;) = ®(bi;) + P(ai;).
Claim 11. For every a;;,by; € Ay, 1 <1 <2 we have
®(ai; + bii) = ®(aii) + P(bis).
Let t = ®(ay; + bi;) — P(ai;) — P(by;). Since
§1a(ej,aii) = &1, (€5,bii) =0,
it follows that
Z Ea(1a) (€5, aii + i) 4 €1, (P(ey), asi 4 big) + &1, (e, Plaii + big))

@(14)
= (&1, (e, ais + bi))
= D(&1.4 (€5, ai)) + (&1, (€5, bis))
= Z Ea(1.4) (€5, i + big) + &1, (P(ej), asi + big) + &1, (e, Pla) + P(bis)).
(1)
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Hence &1, (e;,t) = 0 which implies ¢;; = t;; = t;; = 0. Now we get t = ¢;;. For every
cij € Ajj, 1 # 7, it follows from Claim 10 that

Z £<I>(1A)(aii + b, cij) + &1, (@ii + big, ¢ij) + &1, (@ii + bis, P(cij))
(1)
= ®(&1, (aii + bis, cij))
= (&1, (aiis cij)) + P& (bis, ¢ij))
= Z Ea(14)(@ii + biiy cij) + &1, (Plais) + P(bii), cij) + &1, (ais + big, Pcij)).
D(14)
Hence flA(tiiy Cij) = 0. Then t“‘CZ‘j = 0 for all Cij € Aij, that iS, tiic c€j = 0 for all
¢ € A. Tt follows from (#) and (&) that t = ¢;; = 0, proving the claim.
Claim 12. ® is additive.

Let a = E?,j:l aij, b= 22 b;; € A. By Claim 9, Claim 10 and Claim 11, we

ij=1
have
2 2 2
®(a+b) =P Z aij + Z bij | =@ Z (aij + bij)
ij=1 ij—1 ij—1
2
= > ®lay +by)
ij=1
2 2
= Y Play)+ Y d(by)
ij=1 ij=1

o> ai |+ D by | =(a)+ ().

i,j=1 i,j=1
Claim 13. ®(14)ea =0 for all a € A.
Since ®(14) @14 = P(14) + P(14)* is self-adjoint element, we have
2" 720(14) = ®(&1,(14,14))

= Z So)(1a,14) &1, (P(1a),1a) + &1, (14, (1))
<I>(1A)

=(n—1)2""2(®(1a) @ 14) + 2" D(14),
which implies ®(14) ¢ 14 = 0. For every a € A, it follows that
2"710(a) = ®(£1,(14,0))
= §14(2(1a),a) + &1, (1a, D(a))
=2""2P(14) ea+ 2" '®(a).
Thus ®(14)ea =0.
Claim 14. ®(e;) = P(e;)*, i=1,2.
For every a = a* € A, since

glA (aa ei) = flA (eiv (],),
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we have
(I)(flA (a7 el)) = (I)(glA (€i7 a))
It follows from Claim 13 that
14 ((I)(a)v ei) + &1 (a7 (I)(ei)) =81, ((I)(eiv a)) + &1 (6i’ (I)(a))
Then it is easy to compute that
a(®(e;) — ®(e:)*) = ei(®(a) — B(a)”).

We multiply above equation by e; from left side, it follows that

ej - a(®(e;) — ®(e;)") =0
for all a = a* € A. Thus for every b € A, since b = by + iby with b; = % and
by = bgf* , we have e; - b(®(e;) — P(e;)*) = 0 for all b € A. Thus

(D(e)" = Dle))b-e; =0
for all b € A. Tt follows from (#) and (&) that ®(e;) = D(e;)*.
Claim 15. ®(e;) = e1P(e;)ea + ea®P(e;)er (1 =1,2) and &(14) = 0.

On the one hand, by Claim 13 and Claim 14, we have

270 (e;) = B, (eq €0)) = €1, (Plea), i) €1, (ei, P(eq)) = 2" (B (es)eitei(es)).
Multiplying both sides of the above equation by e; (1 <i# j <2) from the left
and right respectively, we obtain that e;®(e;)e; = 0. Similarly, multiplying both
sides of the above equation by e; from the left and right respectively, we have that

e;®(e;)e; = 0. Hence ®(e;) = e1P(e;)ea + ea®P(e;)er, i = 1,2. On the other hand,
we have

0=0(&1,(e15€2)) = &1 (D(e1), €2) + &1, (€1, Pe2))
=2""2(e;®(ey)ea + ea®(er)er + e1P(e)es + ea®(ez)er).

Now, by the additivity of ®, we can get that

D(1a) = P(e1) + P(e2) = e1P(e1)ex + eaP(er)er + e1P(ea)ea + ea®P(e2)e; = 0.
Claim 16. For all a,b € A, we have ®(a e b) = O(a) @b+ a e D(b).

For every a,b € A, it follows from ®(14) = 0 that
2" 20 (aeb) = ®(£1,(a,b) = &1, (P(a),0) +&1,(a, B(b) = 2" *(2(a) eb+aed(b)).

Hence ®(a e b) = (a) o b+ a e P(b).
Claim 17. For alla € A, ®(a*) = ®(a)*.

For every a € A, by Claims 12, 15, 16, we have ®(a) + ®(a*) = P(a 0 14) =
®(a) @14 = P(a) + P(a)*. Hence ®(a*) = ®(a)*.

Now let us define a map ¢ : A = A by ¢(a) = ®(a) — E,..(a) for all a € A,

where =, . is *inner derivation on A, with y = e;®(e1)es + e2®(e1)e; and z = e;.
It is easy to see the following properties.

Claim 18. (1) For all a,b€ A, p(aeb) = p(a) @b+ aep(b);
(2) (b(ei) =0,1=1,2%
(3) & is additive;
(4) For alla € A, $(a*) = $(a)*;

(5) ¢ is an additive derivation if and only if ® is an additive derivation.
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Claim 19. qb(aij) S Aij, 1,7 =1,2.
Let a;; € A;j, 1 <i# j <2.On the one hand, it follows from ¢(e;) = 0 that
Plaiz) = ¢le; @ aij) = e; ® P(aij) = e;d(ai;) + dlai;)e;
Hence e;¢(a;j)e; = ejp(aij)e; = 0. On the other hand, we have
0= ¢(a;joe;) = ¢(ai;) ®e; = Pla;j)e; + e;P(a;;)*.
Hence ejqb(a”) = 0. Thus (b( ) eiqb(aij)ej S Aij, 1< #] < 2. Let a;; € Aiia
1 =1,2. Then
0= ¢(ej ®aii) = ej ® plaii) = e;p(aii) + dlaii)e;.
Hence 61‘@(@“‘)6]‘ = ejq)(aii)ei = efb(aii)ej = 0. Now we get (I)(CLZ‘Z‘) = eiq)(aii)ei S
Ay, i=1,2.
Claim 20. Let a;i, bi; € A;; and aij,bij € Aij, 1< 7&] < 2. Then
P(aiibii) = ¢(aii)bii + aiid(bii), P(aibij) = ¢aii)bij + aiid(bij),
¢(aijhji) = ¢(aij)bji + aijd(bji), dlaizbj;) = ¢laiz)bj; + aij(bss),
d(aizbij) = ¢aij)bij + aizd(bis).
It follows from Claim 19 that
P(aiibij) = ¢ai; @ bij) = d(ai;) ® bij + ai; ® P(bij) = d(aii)bi; + aip(bis),
that is ¢(a;ibij) = ¢(aii)bi; + aiid(bs;). By flexibility of alternative algebras and
for any c¢;; € A;;, we have
Plaiibi;) - cij + aiibii - ¢(Cij) = @(aiibii - cij) = $(aii) - biscij + aii - P(biicij)
d(aii) - biicij + ais - P(bii)cij + ai; - biid(cij)
P(@ii)bii - cij + aiip(bii) - cij + aiibii - d(ciz).
Then (P(aiibi;) — d(aii)bis — aizd(bi; ))c” = 0 for any ¢;; € A;;. It follows from
(#) and (&) that ¢(ayb;) = ¢(au‘) + a;;¢(bi;). It follows from Claim 19 that
¢(aijbji) + ¢(bjiai;) = dlaij @ bji) = d(ai;) @ bji + aij ® P(bj:)
= ¢(aij)bji + aijp(bji) + bjid(aiz)” + G(bji)ag;,
hence ¢(a;;bj;) = ¢(ai;)bji + ai;0(b;;). Again by flexibility of alternative algebras
and for any c¢j; € Aj; (i # j), we have
cji - @laibss) + d(cji) - aijbjj = d(cji - aizby;) = d(cjiai; - byj)
¢(cjiais)bjj + cjiaiz¢(bs;)
¢(cji)aij - bjj + cjid(aiz) - bjj + cjiaij - §(bs;)
d(cji) - aijbjj + cji - Plaij)bi; + cji - aijp(bjj)-
Hence c¢;i(¢(aijbj;) — ¢(aij)b;; — aijd(b;;)) = 0 for any ¢j; € Aj;. It follows from
(&) and (&) that ¢(a;jb;;) = ¢(ai;)bsj + aijéd(bj;). Since ¢ is a *-Jordan derivation
we have
¢(a e (be+cb"))

= ¢(a) @ (bc+ cb™) + a e ¢p(bc + cb™)
= ¢(a)(bc+ cb*) + (be+ ¢

b*)p(a)* + ad(be + cb™) + d(be + cb™)a™
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Tanking a = €, b = a;; and ¢ = b;; in (2) we get
P(aijbij) = ejp(aijbij + bijas;) + ¢(aijbij + bijas;)e;
= ¢ej - ¢(aij)bij + ;- aijp(bij) + ej - ¢(bij)aj; + ej - bijo(as;)
= ¢(aij)bij + aijp(biz).
Claim 21. ®(ab) = ¢(a)b+ ap(b) for all a,b € A.

Write a = E?,j:l a;j,b = Eij:l bij € A. Then ab = a11b11 + a11b12 + a12b12 +
a12b21 + a12b22 + a21b11 + a21b12 + a21b21 + a22b21 + a22bea. It follows from Claim
20 and the additivity of ¢ that ¢(ab) = ¢(a)b + ap(b). By the definition of ¢, we
obtain that ®(ab) = ®(a)b+ a®(b). Now, by Claim 12, Claim 17 and Claim 20, we

have proved that ® is an additive *-derivation. This completes the proof.

3. APPLICATION

A complete normed alternative complex x-algebra A is called of alternative C*-
algebra if it satisfies the condition: [la*al| = ||a||?, for all elements a € A. A non-zero
element p € A is called a projection if it is self-adjoint and verifies the condition
p? = p. Alternative C*-algebras are non-associative generalizations of C*-algebras
and appear in various areas in Mathematics (see more details in the references [11]
and [12]). An alternative C*-algebra A is called of alternative W*-algebra if it is
a dual Banach space and a prime alternative W*-algebra is called alternative W*-
factor. It is well known that non-zero alternative W*-algebras are unital and that
an alternative W*-algebra A is a factor if and only if its center is equal to Cly,
where 14 is the unit of A.

Theorem 22. Let A be an alternative W*-factor. If a map ® : A — A satisfies
n
k=1

for all ap_1,a, € A and a; =14 for alli € {1,2,...,n— 2}, then ® is an additive
x-derivation.

Corollary 23. Let A be an alternative W*-factor. Then ® is a nonlinear x-Jordan-
type derivation on A if and only if ® is an additive *-derivation.
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