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BLOW-UP ANALYSIS FOR A CLASS OF PLATE VISCOELASTIC
p(z)-KIRCHHOFF TYPE INVERSE SOURCE PROBLEM WITH
VARIABLE-EXPONENT NONLINEARITIES
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ABSTRACT. In this work, we study the blow-up analysis for a class of
plate viscoelastic p(z)-Kirchhoff type inverse source problem of the form:

t
wer + A%u — (a + b/ L\Vu|p(gc)dac> Apzyu — / g(t — 7)A%u(r)dr
o p(x) 0

+ Blue| ™ 2wy = alul 2w+ f(tw(@).

Under suitable conditions on kernel of the memory, initial data and
variable exponents, we prove the blow up of solutions in two cases: linear
damping term (m(x) = 2) and nonlinear damping term (m(z) > 2).
Precisely, we show that the solutions with positive initial energy blow up
in a finite time when m(z) = 2 and blow up at infinity if m(x) > 2.
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1. INTRODUCTION

In this paper, we consider the following plate viscoelastic p(z)—Kirchhoff type
inverse source problem:

1 t
up + A%u — (a + b/ |Vu|p(”)dx) Ap(z)u — / g(t — 7)A%u(r)dr
a p(z) 0

(1) 4B ™20, = alu|t® 2y + fHw(z), (z,t) € Q x (0,400)
(2) u(z,t) = %(x,t) =0, (x,t) € 09 x (0, +00)

(3) u(z,0) = up(x), u(z,0) =uy(x), x €

(4) /Qu(x,t)w(:zr)d:c = ¢(t), t>0

while the pair of functions {u(z,t), f(t)} are unknown. In this problem, Q C
R™ (n > 1) is a bounded domain with smooth boundary 99 and a unit outer
normal v. Here, A, () is called p(x)—Laplace operator defined as

Apzyu = div(|Vu[P@=2Vuy),

and a,b > 0. Also, « and 3 are positive constants and ¢(¢), w(z) and ¢(¢) are real
valued functions with specific conditions that will be enunciated later.

In addition, p(x), m(z) and ¢(z) are given continuous and measurable functions on
Q such that

2<p” <plx) <p*
(5) 2<m~ < ()Sm < oo
2<q < q( ) <q 00,
with
p~ 1= essin Teﬁp( x), p+ = BSSSUPmeﬁp(x)
m” = essinf, gm(z), = esssup, cgm(z)
q = essinf,qq(x), q+ = GSSSUP;CEQQ( z).

The inverse source problems in waves arise in many scientific and industrial areas

such as antenna design and synthesis, biomedical imaging and photo-acoustic tomography
[5]. Solving the inverse problems are rather difficult, because they are nonlinear and
improperly posed. It is known that there is no uniqueness for the inverse source
problem at a fixed frequency due to the existence of non-radiating sources [6].
Therefore, additional information is required for the source in order to obtain a
unique solution such as (4) and

(6) w e H2(Q) N IPO(Q) 0 LmO(Q) 0 LIO/(Q), / WA (@)da = 1.
Q

To the best of our knowledge, the stability and blow up of solutions of inverse
source problems with variable-exponent nonlinearities are less investigated area.
In this paper, we are going to extend previous results in the inverse problems
with constant-exponent nonlinearities to our inverse source problem (1)-(4) with
variable-exponent nonlinearities. Thus, firstly we point out some previous results
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in the inverse problems with constant-exponent nonlinearities. For example, Eden
and Kalantarov [9] studied the following inverse problem

ur — Au + b(z, t,u, Vu) — |ulPu = F(t)w(z), € Q, t >0
u(z,t) =0, €0, t>0
u(z,0) =up(z), €

/ u(z, t)w(z)dr = ¢(t), ¢>0.
Q

They found conditions on data which guaranteed the global nonexistence of solutions
when ¢(t) = 1. Also, authors established a stability result with the opposite sign on
the power type nonlinearity and b(x, ¢, u, Vu) = 0. Next, Tahamtani and Shahrouzi
[31] extended previous results to a Petrovsky inverse source problem (see also [32]).
Shahrouzi in [23] studied the following damped viscoelastic inverse problem

t
uge — V[(ao + a|Vu|™)Vu] + / A gt — 7)Au(r)dr + buy = h(z,t, u, Vu)
0

+ [uPu+ f)w(z), z€Q, t>0
u(z,t)=0, z€l', t>0
u(z,0) = up(z), ze€Q

/ u(z, t)w(z)de =1, t>0,
Q

and proved the blow up of solutions under sufficient conditions on initial functions
by using the modified concavity argument. See [24, 25, 26].

On the other hand, it is known that modeling of some physical phenomena such as
flows of electro-rheological fluids, nonlinear viscoelasticity and image processing give
rise to equations with nonstandard growth conditions, i.e, equations with variable
exponents of nonlinearities. In direct problems, equations with nonlinearities of
variable-exponent type have largely been discussed by several authors. For instance,
Antontsev [1] considered the equation:

Upp = div(a(m,t)|Vu|p(I’t)_2Vu) + aAuy 4 b(z, t)ulul7 @2 4 f(2,t)

in Q C R™, where a > 0 is a constant and a, b, p, 0 are given functions. For specific
conditions on a, b, p, o, the existence theorems for small and any finite time have
been proved and blow up of solutions under some suitable conditions on data has
been established. Messaoudi and Talahmeh [17], considered the following nonlinear
equation with variable exponents:

(7 Ut — div(\Vu\r(')_QVu) + alu "0, = bu|PO 20,

They proved a finite-time blow-up result for the solutions with negative initial
energy and also certain solutions with positive energy in appropriate range of
m(.),r(.) and p(.). In another study, Messaoudi [18] studied equation (7) with
a =1, b= 0in the presence of damping term —Auw;. He proved several decay results
depending on the range of variable exponents m and r. Shahrouzi [27] studied the
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behavior of solutions to the following initial-boundary value problem with variable-
exponent nonlinearities

t
ugy — Au — div(|Vu|™ V) 4 / g(t — T)Au(r)dr + h(x,t,u, Vu) + Bu,
0

= |u|p<$)u, in Q x (0,+00)
fo t—T )d7_|vu|m($ 3“+au rel,t>0
U(I,O)—’UJO( )7 Ut(fE,O)ful( )’ in €L

Under appropriate conditions, he proved a general decay result associated to solution
energy. Moreover, regarding arbitrary positive initial energy, blow up of solutions
has been proved. Antontsev and Ferreira [2], studied a nonlinear class viscoelastic
plate equation with a lower order by perturbation of p(x, t)-Laplace operator of the
form

t
uy + A% — Ay pu+ / g(t — 8)Au(s)ds — eAus + f(u) =0
0

associated with initial and Dirichlet-Neumann boundary conditions. Here, Ay, 1)
is the p(z, t)-Laplace operator which is defined as

o o ou,
Ap(zt)u Za(ﬂz a.’l?z| ) 28$i)’ p(xat):(p17p27"' 7pn)

They proved a blow up in finite time with negative initial energy under suitable
conditions on g, f and the variable exponent of the p(x, t)-Laplace operator. Recently,
Antontsev et al. [3] looked into the following nonlinear Timoshenko equation with
variable exponents:

Uy + A% — M(||Vu||2L2(Q))Au + g |P@) 720, = |u)1®) "2y,

and demonstrated the local existence of the solution under suitable conditions.
Moreover, nonexistence of solutions was proved with negative initial energy (see
also [4]).

Dai and Hao [7] studied the following equation

—M(/ L|Vu|p(a”)dgc)div(|Vu|p(9”)_2Vu) = f(z,u),
o p(z)

and by means of a direct variational approach and the theory of the variable-
exponent Sobolev spaces, they established conditions through which the existence
and multiplicity of solutions for the problem were verified. In another study, Hamdani
et al. [15] investigated the following nonlocal p(x)—Kirchhoff type equation

1

—(a—b [ —|VulPDdz)div(|VuP ™ 2Vu) = MuP® 2 + g(z, u),
o (@)

and obtained a nontrivial weak solution by using the Mountain Pass theorem.

Related to the inverse problems with variable exponent nonlinearities, Shahrouzi

in [28] studied the general decay and blow up of solutions for the following Lamé
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system of inverse problem
Uy — At — div(\VuV(””)*zVu) + Buy + h(z, t,u, Vu) + a\ut\m(w)*Qut
= blu[P@ 2y 4 f(t)w(x), (z,t) € Q x (0,00)
Ju

v
u(z,0) = up(x), u(z,0) =wui(x), z€Q

/Q (e, Do(z)dz = o(t), ¢ > 0.

The author proved the general decay of solutions when b = 0, h(x, t,u, Vu) = 0 and
the integral overdetermination tends to zero as time goes to infinity in appropriate
range of variable exponents. Furthermore, in the absence of damping terms (a =
B = 0) and when ¢(¢t) = 1, blow up of solutions in a finite time has been proved.
The relevant equations with variable-exponent nonlinearities have also been studied
in [20, 22, 29, 30, 16, 14, 21, 19].

Motivated by the aforementioned works, in the present paper, we study the

blow-up analysis for a class of fourth-order viscoelastic p(z)—Kirchhoff type inverse
source problem with variable-exponent nonlinearities. We mentioned before, existence
of variable-exponent nonlinearities makes the study of inverse problems difficult.
However, we try to extend and improve the previous results ([24, 25, 28]) to a class
of plate viscoelastic p(x)—Kirchhoff type inverse problems with variable-exponent
nonlinearities. To the best of our knowledge, this is the first work dealing with the
blow-up result for a plate viscoelastic p(z)—Kirchhoff type inverse source problem
subject to the variable-exponent nonlinearities and various damping terms.
The rest of the paper is organized as follows. In Section 2, we recall some definitions
and Lemmas about the variable-exponent Lebesgue space, Lp(')(Q), the Sobolev
space, W1tp() (©) and additional conditions to be used for the main results. Section
3 includes two parts. First, we prove that the solutions of (1)-(4) blow-up in a finite
time with suitable conditions on initial data and variable exponents when m(x) = 2.
Next, in the second part, we show that for m(x) > m~ > 2 and under appropriate
conditions on data, the solutions of (1)-(4) blow up at infinity.

u(z,t) (z,t) =0, (z,t) € 002 x (0, 00)

2. PRELIMINARIES

In this section, we recall some notations and functionals. We denote by |||, the
L4-norm over {2 and in particular, the L2-norm is denoted ||.|| in Q. We shall assume
that the functions ¢(t), w(z) and those appearing in the data satisfy the following
conditions:

®) 9() >0, ¢(t)<0, 1- / Tty =10,
0

up € HZ(Q) N LPO(Q) N L™O(Q), up € L2(Q) N LY (Q),
) / wo(@)w()dz = 6(0).
Q

In order to study problem (1)-(4), we need some hypotheses and theories about
Lebesgue and Sobolev spaces with variable-exponents (for details, see [8, 10, 11, 12,
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13]). Let p(x) > 1 and measurable, we assume that
C+ () ={hlh € C(Q), h(z) > 1 for any z € O},

h™ =maxh(x), h~ =minh(z) for any h € C(Q),
Q Q

LP@(Q) = {u\ u is a measurable real-valued function, / Ju(z)|P® dx < oo}.
Q

We equip the Lebesgue space with a variable exponent, LP(*) (2), with the following
Luxembourg-type norm

i =i (30| | a1}

Lemma 1. [8, 13] Let Q2 be a bounded domain in R™
(i) the space (LP®)(Q), ||.|[p(x)) is a Banach space, and its conjugate space is L1®) (Q),

where ﬁ + ﬁ = 1. For any u € LP™*)(Q) and v € L) (Q), we have

1 1
| /Q wvda] < (o= + =)l ol

(ii) If p,q € C+(Q), q(x) < p(x) for any x € Q, then LP®)(Q) — L) (Q), and the
imbedding is continuous.

The variable-exponent Lebesgue Sobolev space W1?(*)(Q) is defined by
WhPE@)(Q) = {u € LP®)(Q)|Vu exists and |Vu| € LP@ (Q)}.
This space is a Banach space with respect to the norm ||ul[y1,0) () = l|ullpe) +

|Vl p(q). Furthermore, let Wol’p(x)(Q) be the closure of C§°(Q) in WP(*)(Q). The

dual of Wol’p(x) (Q) is defined as W~17'(#)(Q2), by the same way as the usual Sobolev
spaces, where ﬁ + ﬁ =1

If we define
Np(z) +
pra)={ N P<N
0, pt >N,

then we have

Lemma 2. [8, 13] Let 2 be a bounded domain in R™. Then for any measurable
bounded exponent p(x) we have

(i) WhP@)(Q) and Wol’p(x)(Q) are separable Banach spaces;

(ii) if ¢ € C(Q) and q(z) < p*(x) for any x € Q, then the imbedding WP(®)(Q) <
L) (Q) is compact and continuous;

(ii3) if p(x) is uniformly continuous in ), then there exists a constant C' > 0, such
that

1,p(x
Il < ClIVullyy  ue Wo"™(9).
By (iii) of Lemma 2, we know that the space Wol’p(m)(Q) has an equivalent norm
given by HuHWl’P(m)(Q) = ||VU||p(1;)-

We recall the Young’s inequality

(10) ab < 0™ + C(G,q(m))bq/(w), a,b>0, 3>0, — + =1,
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a’(x)

where C(6,q(x)) = q,%m) (6q(x))” T . In special case when 6 = (190), we have from

(10)

@@ pd ()
+ .
q(z) ¢ (x)
Adapting the conditions (6) and integral over-determination (4), by multiplying

equation (1) in w(x), the key observation is that the problem (1)-(4) is equivalent
to the following direct problem

t
gy + A%u — (a + b/ —|Vu|p(x dm) Apzyu —/ g(t —7)A%u(r)dr
0

(12) + Blue| ™2 = aIUI"(I) “ut f(Hw(), (z,t) € Qx (0,+00)

(11) ab <

(13)  wu(x,t) = %(x,t) =0, (z,t) € 92 x (0,400)
(19 u(e,0) = uo(@), w(z,0)=w (), z €9
in which the unknown function f(t) is replaced by

O = ')+ /Q Aubw(z)dz + B /Q g L ()

a @y WP 1TV
+ +b/Qp(x)|V Pdr) [ [Fup - Vis(a)a
—/ g(t—T)/(Au(T) — Au)Aw(x)dxdr
0 Q
(15) _/0 g(t—T)/QAqu(m)dxdT—a/Q|u|q<r)_1w(x)dx.

At this point, we state the local existence of solutions for the problem (12)-(14),
that can be established employing the Galerkin method as in [1].

Theorem 1. (Local existence) Let ug € Wol’p(')(ﬂ), uy € L?(Q2) and assume that
(6), (8) and (9) be satisfied. Then problem (12)-(14) has a unique weak solution
such that

ue L‘X’(( T), wirt) (Q)) N L1O(0,7), ),
wp € LOO((O,T),LZ(Q)> N L™O((0,T),9),

Ugs € LOO((O,T), Wb (')(Q)),

for any T > 0 and (i ,1(.) =1.

3. BLow-up

In this section, we are going to prove the blow-up result for certain solutions with
positive initial energy. At first, by using concavity method [9, 23, 29], we prove that
the solutions of (1)-(4) blow-up in a finite time with suitable conditions on initial
data and variable exponents when m(x) = 2. Next, in the second part, by using
modified method inspired by [33], we show that for m(z) > m~ > 2 and under
appropriate conditions on data, the solutions of (1)-(4) blow up at infinity.
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3.1. Blow-up result with m(z) = 2. In order to prove the blow up of solutions
with m(x) = 2, we use the following change variable

(16) v(x,t) = e Mu(z,t).
A direct computation by substituting (16) into the problem (1)-(4) yields

t
Vi + (X + B)vg + A\ 4 B)v + AP — / g1(t — 7)A2v(T)dr
0

/\p(w
(a+b/ ( ) |Vv|p(””)dx)dw( (p(w)—2)t|vv|p(x)—2vv)
Q P\

(17) = aeMa@ =2t 1y|9@) =2y, L =M f(Hw(x), (x,t) € Q x (0,00)
(18) vz, t) = % =0, (z,t) € 9Q x (0,00)
(19) v(x,0) = ug(x), ve(x,0) =us(r) — Aug(x), x €,
v(z, w(z)ds = e
(20) [ vt ttade = Now), e,

where g1 (s) = e **g(s) and the value of the parameter \ will be prescribed later.
Similarly, adapting to the condition (6) and integral overdetermination, the inverse
problem (17)-(20) is equivalent to the direct problem (17)-(19) when the unknown
function f(t) is replaced by

F) = ¢"(t)+ Bt ”/Amw

—|—a/ AP =D Gy |P@-1gy(z)d
Q

)\p(z)t
+b( / o) |Vo|P@® da)( / A PE@) =D Gy [P@=1g ) (z)dx)
Q Q

—eM /Ot g1(t —7) /Q AvAw(z)dzdr
M /0 Colt— ) /Q (Av(r) — Av)Aw(x)dzdr

(21) —a/ M@ =D a@ =1, () dr.
Q

The energy function related with problem (17)-(19) is given by
eMa(z)—2)t eMp(@)—-2)t 1
(22) E,\t:a/ivq(”’)dw—a/7Vv”(‘”)da:—flt,
=), @ " o a0
where

I(t) = ol + AA + B)llvl* + (1 — /O g1(s)ds)||Av]]* + (g1 © Av)(t)

Alpla) 1)t ,
+b /7V0p(m)dx ,
(@ Vo)

and (g1 ® Av)( fo g1(t — 7)||Av(r) — Av||%dr.
Now we are in a posmon to state our blow-up result as follows:
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Theorem 2. Let the conditions (5), (6) and (8), (9) be satisfied and suppose
that the functions ¢ (t),¢'(t) and ¢(t) are continuous and bounded such that for
constants My and Ma()\):

6"(t) + B ()] < My and  [¢/(t) — Ap(t)] < Ma(N).
Moreover, assume that

2p7)2(pt —1) 4pT(p~ +2)

(23) ¢~ >max{4pT —2, 3+ oL , e +,
(24) =1 [Tasz Sz 22D
(25) EA(0) > A(q? Lo+ =2,
where
Dy = MM\ +M22(/\)[2(11_ 5t ZA(E_i 5+ A

Mg(z) (\) Mq(w)()\)
+a | ——|Vw p(z)dx—ka/ =2 0] 1@ g
|, et v o @

b [ MEVO) e g ) g
1 2 ) - 1y wap i)’

_ ?-20+3 2 2 (afw(@)])1®)
Dy = Mt (g lael wa [ BEas [ SR
be [ @) = DPO O ) g ?
50, oy Velde)

Then, for sufficiently large X\, there exists a finite time t* such that the solution of
the problem (1)-(4) blows up in a finite time, that is

(26) lu(@)]| = +o0 as ¢t —t*.
To prove the blow-up result in this case, we need the following Lemmas.
Lemma 3. Under the conditions of Theorem 2, the unknown function f(t), defined

by (21), satisfies

+ _
PO 0l < D [T
Q

=00l + 2= g, 0 a0y

L2 / AP 7y P 4
Q

-1
+a(q )/eA(q(z)—Q)t|,U|q(z)dx+e—2AtD1.
Q
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Proof. By using (21), we have

e/ (1) — Ao (1)|£ (1)
= PG (t) + B (D)1 (1) = Ad()] + e/ (1) = Ao (1)) /Q AvAw(z)dz

ae" ¢ (1) — AS(D) / V(e |”<ﬂ” “1w(e)de
(z
—2/\t|¢ )\¢ / ‘V |p /|v ‘p(w) 1vw( ) )

—e M (#) — 1(t—7 v(7)Aw(x)drdT
) A¢<t>|/0 ot >/QA (7) Aw(z)daed
(28)  —aeM|¢() — Ad(D) /Q A =2)1[1) 1y ()

At this point, by using the Young’s inequality (10) and Cauchy-Schwarz inequality
and (5), we estimate the terms on the right-hand side of (28) as follows
(29)

=2 (1) — A 2
M)~ 2011 [ Avdwds] < 2 ol + ST 220 e

NG (0 = Ao [ DT V(o) da
Q

6—2)\t/ )\(p((E) — 1) e)xp($)t|vv|p(z)d$
Q p(x)

/(1) — ()
+62,\t/9|¢ Szx)/\/;i(flp |Vw(x)|1’(z)dx

u/ Np)=2)t |7 P(2)

(30) _2’\t/ Wt A(L)[P) |V () [P da.

\p(z)—1

IN

A(p(z)—1)t
e (A ( / <

SO |Vo[P@® dz)( / AP =Dy |P@)=1g(1)da)
Q Q

\ e ()t 1
< 2 t(/ |Vv\p(z)dx)(/ e p(w)t|vv‘p(1)d$
o p@) o p(z)

(4) — p(z)
(2O (o0) = 17 W)l )

( / A () =1t 7 P z>dx)
Q

2
(p~)?

e~ 2At / p
(31) / LAC ) (p(a:) — 1)P@ 1 V()P0 dar) .

IA
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¢
e Mg (t) — Aqﬁ(t)\/ g1(t — T)/ Av(7)Aw(z)dzdT
0 Q

MNP (t) — t -7 v(T) — Av)Aw(x)dx
e e'(t) Nb(t)\/ogl(t )(/Q(A() Av)Aw(z)d

—|—/ AvAw(z)dx)dT

Q

g™ —3 1-1

M9 5, 0 a0)(0) + L a2

(32) PG (1) = AP (5 + gy [Awl,
5 g —3)

where the fact [~ g1(s)ds < [~ g(s)ds = 1 — [ has been used.

e (1) -Ab(8)] / 9Dt~ ()

IN

—oney [ 4®) =1 @)ty a(@) |9/ (1) — Ap(t)|7™) ()
= ¢ (/Q q(@) ™ e +/Q q(x) @)1 d)
q+ -1 T)— T - ‘Qb/(t) B )‘Qs(t”q(m) T
: T/Qe)\(q( e + e M/Q q(x) )l d.
(33)

Combining estimations (29)-(33) with (28) and by using hypotheses of Theorem
2 about ¢"(t),¢'(t) and ¢(t), we derive inequality (27) and proof of Lemma 3 is
completed. [l

Lemma 4. Under the conditions of Theorem 2, the energy functional E\(t), defined
by (22), satisfies
Dy

4 E\(t) > FE -— t +
(3) )\()— >\(O> )\(q__?)) VieR 3
Proof. A multiplication of equation (17) by v; and integrating over ) give
E\t) = @ +8)|v? ,a/ M@@(Z)%)twvw(w)dw
Q p(z)
A(p(z)—1)t (@) 1, )
([ S Vel da)’ — Sgh 0 A0)(0) + g (D)ol
o p) 2
Alp(z)—1)t _
—b(/ € |Vv|p(””)dx)(/ AMp(z) 2)e>\(p(w)—1)t‘vu|p(ﬂﬂ)dx)
o p@) o )
-2
+a/ )‘(Q(x) )EA((I("E)_Q)t|’U|q(m)dJI _ e—QAt(¢/(t) _ )\(b(t))f(t)
Q q(x)
+ _
> 2M+B)|lve))? - M/ 6/\(p(m)f2)t‘vv|p(w)dz
p Q
bA(p*

—1) - )
S ( /Q APV 7y [P )

Lol =2) / Nal@)=2)1}a(@) gy
q Q

(35) —e 2N (1) — A1) £(2),
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where conditions (5) and (8) have been used.
Employing (22), we obtain from (35) the following inequality for some ¢ > 0

Mg —2)— A(A
E\(t) —eEx(t) > w/e>\(q(ﬂﬁ)*2)t|U|q(x)dacJr6 (A+5) o]
Q

23+ 8+ DIl + 50— [ a(Avl + S © Ao)(o)

+a[€ - )\;fr —2)] / @)=t 7 P(x) g
€ Apt - 1) / Ap(z)— 2

+b _ A P@) =1t 174 1P(@) 100
[2(13*)2 (p™)? 2 0 IVl )

(36) —e M/ (1) — A(1)| £ (2),
where (5) has been used.

Thanks to the Lemma 3 and taking into account (27) and set € := A(¢~ — 3), then
we get

— + _
EL(t) — Mg~ — 3)Ex(t) > i_[A _ w]/ Ma()=2)t],|a(0) gy
Q

q+
HC V0 [ o) + - a0
F - opt) / Ap(=) =2t |7 P(0) gy
Mg~ =3) A" -1) 2 / o) — 2
+b A P(@) =)t 1x7,,1P(2) 7,
e ol U, [Vopdz)
(37) —e 2Dy,

where D; is satisfied in Theorem 2.
By using (23) and for sufficiently large A\, we deduce from (37)

B5(t) = M~ = 3)Ex(t) 2 —e" Dy > —D.
Integrating over (0,t), we observe that

Ex(t) > Ex(0) —

and proof of Lemma 4 is complete. O

Now, we are in a position to prove the Theorem 2 by using Lemma 3 and Lemma
4.
Proof of Theorem 2. For obtaining the blow-up result, we apply concavity
method by defining the following functional

(38) P(t) = ()],
then
(39) W) =2 /Q vvyda,

(40) w//(t) = 2/ ’U’Uttd(E + 2||'UtH2.
Q
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A multiplication of equation (17) by v and integrating over  give

t
/ vogder = —(2\+ 5)/ vvgdz — A(X + B)|Jv]|* — (1 — / g1(s)ds)|| Av|)?
Q 0

Q
4y / AP =Dt 7P 4y 4 o / M) =2t [a(@) gy
Q Q

ekp(w)t ) N )
_b(/Q e |Vv|p(”)da:)(/ge (@) =2t |7 P(=) )

(41) +/O g1t —7) /Q(AU(T) — Av)Avdzdr + e 2N f(t).

By virtue of the Young’s inequality (10) with § = 174’ q(z) = ¢'(x) = 2, we obtain

|/QAU/Otgl(t—7')(Av(7)—Au)de:E|

lTilHAvH2 + 2(11_1)/9 (/t g1(t — 7)|Av(T) — Av|d7>2dx

<
1-1 1 2
= 5l + gy /( W\/ 1=l Av(r) = Acldr) da
- ,
< a0 *2(1—1)(/0 o1 (s)ds) /Q/O a1 (t — )| Av(r) — Av[2drdz
< a0 + S0 0 Av)(),
(42)

where fo gi(s)ds < [y gi(s)ds < [y g(s)ds =1 —1.
Combining (42) with (41) and by using (5), we deduce

/vvttdx > —(2)\+B)/vvtdx—)\()\+ﬁ)||v\|2
Q Q

0= [ ai(s)dn) + 5ol

3@ ©A0)(0) —a [ A2 TupLIs
Q

_%(/ A @)1t 7 p(2) g2
Q

(43) +a/ e>\(¢1($)*2)t|v‘q(:c)dx_|_672)\tf(t).
Q

At this point, similar to Lemma 3.1 (when |¢'(t) — A¢(t)| := 1), one can observe
the following estimation of the last term on the right-hand side of (43):

-1
6—2)\tf(t) < (1 N l)||AU||2 + a‘(p - ) / e’\(p(w)_2)t|V’U|p(w)d{E
p Q

1 2b )
+= OAV)(t) + ——= /ex\(p(:r)fl)t VolP@) dg
5 (g1 )(t) (p_)2( i Vo) )

gt -1 Aa(@)=2)t), () —axt
(44) —l—T e [v|9 dx + e7*N Dy,
Q



14 M. SHAHROUZI, J. FERREIRA, E. PISKIN, AND N. BOUMAZA

where D, satisfies Theorem 2.
Therefore by utilizing (44) and (22) into (43), we obtain for 6 > 0

/vvttdx > 5Ek(t)f(2>\+ﬂ)/vvtd:z:+(gfl)/\()\+ﬂ)||v||2
Q Q
HG =00 [ s - =Dpaup

2l + (5~ Do © A1)

0 p+ -1 / A —
+a(— — -1 A PE@) =D 7y |P(@) gy
-t [ vl

- - 7)(/ A PE@) =D 7y |P(2) ;)2
Q

J gt -1 Aa(x)—2)t ), 1q(z) —2xt
Fla(l - —) - ]| e [v|*"*dx — e™“*" Ds.
Q

(45)
Thus, by using the fact that

t e} o)
1 —/ gsds >'1 —/ q1(s)ds >'1 —/ g(s)ds =1,
0 0 0

we choose § := L- and apply the conditions of Theorem 2 to obtain from (45)

[ovade > B0+ Ll + 0 gy
Q
(46) (22 +P) / vugdr — Ds.

Q
Now, by using Lemma 4 and (25), we get from (46)
(47) /vittdx > %HWHQ — (22 +P) /Q vugde.
By substituting (38)-(40) in (47) we get

w02 D 2 - n g )

thus
(18) v ) > T 0y - et pew o)

8
where inequality (1'(t))? < 4||v¢]|?||v||? has been used.
Hence, the concavity argument (see [9]) gives us

lim v(t) = oo,

t—t
which yields solutions of problem (17)-(19) blow up in a finite time t*. Since this
system is equivalent to (1)-(4), the proof of Theorem 2 is complete.

Remark. Under the conditions of Theorem 2, if we choose initial data appropriately

such that

2\ + P)

v(0) - 220 >0
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then we obtain an upper bound for the lifetime of the solutions as

oo Lo (g~ —4)y'(0)
2X+ B (g7 —4)'(0) = 8(2A + B)1(0)

3.2. Blow-up result with m(xz) > 2. In this part, we suppose that 2 < m~ <
m(z) < m% < 400 and we shall prove that the solutions of problem (1)-(4) blow
up at infinity. By constructing a proper auxiliary functional and using modified
method inspired by [33], blow up at infinity has been proved when the variable
exponents and initial data satisfy appropriate conditions and the initial energy is
positive.

Firstly, we define

1

1 t 1
Eit) = —=|u 2+717/ s)ds Au2+a/—Vup(I)d:17
0 = hult+ 50— [ a@dlsu?+a [ v

b L gur@ge)? 4 L "
3 [ SV + 500 A

1
49 —a/ —— |u|*®) .
) 0 e "
By definition of E(t) and using (8), we deduce

(50) E(0) <=8 [ ul"@ds + ()50
Q
We are in a position that state blow-up result as follows:

Theorem 3. Let the conditions (5) (with m~ > 2), (6) and (8), (9) be satisfied
and suppose that the functions ¢"(t),d'(t) and ¢(t) are continuous and bounded
such that there exist constants M3 and My

" (O < My and |¢/(t) = mT¢(t)| < My.
Moreover, Assume that
31 2(p")*(p” +2)
L (p~)?

max{2p" — 1, P<mT <q7,

(51)

+ s m
V2(m= +2)

and suppose that E(0) > 0 is a given initial energy level. If we choose initial data
ug and uy such that satisfying

m

+D
/ upurdr > m*TE(0) + Lf’,
Q m
where D3 will be enunciate in Lemma 5. Then, for sufficiently large o and sufficiently
small 3, the solution of the problem (1)-(4) blows up at infinity, that is

(52) lu(®)]| = +o0 as ¢t — +oc.

Before going to prove of Theorem 3, we state and prove the following Lemma
which will be used later:
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Lemma 5. Under the conditions of Theorem 3, for any € > 0 the unknown function
f(t), defined by (21), satisfies

L=
%HAUHQ / |Vu|P@ dz

2 ulP®
R uy

|6(t) — e’ (D)1 f(t) <

t—-1
(53) +7(q p )/|u\Q(w)dx+D37
Q
where

3(12-20+2
D3 - M3M4+Mf((l(f[n2))

m(m M, )@
+5/ ‘m(r)dx_,_/ %M,(m)r;(m)(mj
q(x)

+ )lAu?

Mp(w
4 (2) — 1P| Ve(z) P@dz) .

Proof. Recalling (15), by virtue of Cauchy and Yang inequalities, we estimate the
terms on the RHS of (15) as follows:

(600~ 60 [ Sutwda] < =D + B GO e

(54)

(6(t) — 6/ (1)) (a + b /Q ﬁx)wmdm / VP @1V (z)da

= |(a — |VuP®) g u[PE) =1 —e¢ w(x)dx
= |(a+b ()|V| d)/ﬂW\ (o(t) —e¢'(t)) Vw(z)dz|

al / VUl (1) — e (£)) Veolw)dal

I

L Gur® g Y P@)-1 e (Ve () de
(55) +b ( /Q ol upas)| /Q Va1 (p(t) — ) (1)) Vel da].

Iy

IN

For I, and I, we have
-1 —ed' (1)|P®)
o p) Q p(x)

—ed' ()P .
)dx+/9 [9(t) p(i)(t” |Vw(x)|p(”“)d9€.

—
Ut
D

=

IN
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ulP@ gy w|P@) d
b= (/ ()|V| d)(/np()‘v‘ !
p(w)
/|¢ ()] (p(z) — 1)1’(‘”)_1\Vw(a:)|p(’”)da:)

IN

— e (H)|P®
H / 7\Vu\p“”)d:r / 90 SOOI () — 1)1 Tiaa) P2 )

p(z)
< / | V[P dx
(57) +Z( A _pg(jc))( PP (p(z) — l)p(m)_1|Vw(x)|p(m)dx)2.

By combining (56) and (57), we get
(1)<’ (1)) (a+d / ]ﬁwwwdm / Va1 V() de|

+ 2
< L 1/Q|VU|P(1’ 5 2) (/ |Vu|p )
(58) / [#(2) _€¢/ W ) — 1P Fea(a) P lr) .

Uy m(z)—1 _ / wlx)dx
|/Q| @1 1b(1) — e ()|l dal

< / = as + [ 10 mx) @)@
(o) < /|| ot [ POZSOTZ mds.
[ ate=r) [ (@utr)-aulo(0—e6/()|w(a)dadr]
(60) < 22D g0 au)(e) + 5lot) — o' (0wl

\/ (t—1 /Au|¢> ¢ ()| Aw(z)dzdr]

= =2) o B0 P00 — 0P
(61) < S Il 4 e R A

o ul2@—1 —ed' ()|w(z)dx
| /Q\ 1901 b(t) e (1) () ]

Muq(:ﬂ) z (alé(t) = e¢' ()" w(z)|9® de
= /Q @ d+/g q(x) e

e R e
Q Q

qr q(z)

IN

(62)
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Finally, utilizing (54) and (58)-(62) into (15) and using conditions of Theorem
3 about ¢"(t),¢'(t) and ¢(t), we get inequality (53) and proof of Lemma 5 is
completed. O

Proof of Theorem 3. Multiplying equation (1) by u and integrating over {2

yield
d 2
— [ uwdr = |w|*+ | vupdz

t
= ||utH2—(1—/ g(s)ds)HAuH?_a/ VuP® da
0 Q
—5/7Vu’””)dgg / VulP®) de
( Q p( )I ‘ Q' | )
t
+ / g(t =) / Au(Au(r) — Au)dadr
0 "

(63) —ﬂ/ u|ut|m($)_2utdx+a/ |u| " dz + f(t)p(t).
Q Q
Similar to (42) and using (8), we have

\/0 g(t—T)/QAu(Au(T)—Au)dath| < WHAMF#—M@@AM@).

(64)

Utilizing (64) in (63) and using (5), we obtain

%/ﬂuutda: >||ut||2 [(1_/ ( )dS) l( )]HAU,HQ / |Vu|p(m

_ upw) ( l) u
[ 19 — (g o M)
(65) *BLMWW“’WM+QAWW%h+ﬂMW)

For any § > 0 and using definition of E(t), we have

& [ e =~ 530+ @ %mﬁﬂé—mv/'mm =20}

+ a(— —1) / \VulP@ de + b( / V[P da)?
+ (g - M)(g © Au)(t) + (1 - qi_) /Q Ju| 1) da

(66) —ﬁ/Mme”mm+f®Mm
Q
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where condition (5) has been used.
Also, for any € > 0 and using (50), we have

d e LN
%</Quutdx—sE(t)) > —5E(t) —&—gﬂ/ﬂ ‘Ut| ( )d$—|—(1—|— 5)”“1&”
"’[(g -1 —/0 g(s)ds) — W]HAMF

6 1 L@ g
2(p™)? p‘)(/g‘v‘ dz)

U @ _ 2 w1 dz
)(g© Au)(t) + a(1 q_>/Q|| d

)
+a—71/Vup(x)dx+b
(=1 [ v (

§ 31—
(5 Cl(mm —2)

GO / g P02y + (D)) — £/ (1).

Thanks to the Lemma 5, we get

%(/Quutdx —B(1) =~ 3B(t) + (e - m;; 1)/9 [+ (14 )
G- 00 [ gan - D aup
+a(6;1 —2)/Q|vu|p<f>dx
Wz — o=~ g (Ve
G oy~ gD Au)

5 gt —1 /
+la(l——) — u|?® dx
(= 2= [
(68) fﬂ/ uluy ™™ ~2uyda — Ds.
Q

Again by using Young’s inequality (11), we obtain

1 -1
‘/U"ut‘m(m)_ldm| < /7|u|m($)dx+/ M|Ut|m(r)dl‘
Q o m(z) a m(x)
1 +_1
(69) < — / ful@d + / Juy [
m Q m Q

On the other hand, let ¢* be the best constant of embedding HZ(Q) — L™ (Q).
Then we have

+
Ju ™) dee m(z) )
/Q @)

IA

max{]|ul[ 7 ). [l

IN

*\m m- N m*t
max{(c*)™ [|Au[™ , ()™ |Au]™ }

x\m m- — *\ M mT—
max{(c*)™ [[Aul™ 72, ()™ [ Au]™ 72} Al
C||Aul?.

INIA
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Combining (69) with (70), we get

| / b)) < ) au)? +

Substituting last inequality into (68) and set ¢ := m*, 0 :=m~, we obtain

i(/ﬂuutdm — m+E(t)) >—-—m~E(t)+ 5(m+ _ M) /Q |Ut|m(m)d$

dt mT
(1 2 (=2 e
a p“ 2) [ [Vupda
+b(2$7;)2——— /|vu\1’ 2 d)?
+ O - s —3“2l D)9 0 au)
(71) +[a<17;”‘_>q+q+ 4 [ s - Dy

where 1 — [ g(s)ds > 1 — [ g(s)ds = [ has been used.
Using the condltlons of Theorem 3 if « is large enough and g sufficiently small and
(51) satisfied, then we have

%(/Quutdx - m+E(t))

C
= 2w -

I(m= —2 C
el + 5102 e,

> —m E(t)+(1+

> —m E{)+ (1+
(72)
where B is the best constant of embedding HZ(Q) — L?(1Q).
. ) . . o, . + m_
By virtue of the Young’s inequality and condition (51) i.e. m* > o172 and

for sufficiently small 3, it is easy to see that

m- m-
% Quutda7 < ||U’H2 (2 +) ||ut||2
1 Iim==2) BC., .o (m=+2), .,
< Lm-—2) pC AL .
(73) <l Il + el

Thus using inequality (73) into (72) yields

d + m-
— _ > _ + - .
(74) dt(/{)uutdx m E(t)) > m+</ﬂuutdx m E(t)) Ds
Let define
H(t) = / uurdr —mTE(t),
Q

and therefore
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integrating over (0,t) to get

m=e m* Ds mT Ds
75 H(t) > emt (H(0) — , vt > 0
(75) (1) > e (H(0) - 20y 4 L
where by the assumption of Theorem 3, H(0) > %.

Finally, inequality (75) shows that H(¢) tends to infinity when time goes to infinity
and thus the proof of Theorem 3 is completed.

4. CONCLUSION

In this paper, we studied blow up of solutions for a class of plate viscoelastic
p(x)—Kirchhoff type inverse source problem with variable-exponent nonlinearities.
We obtained blow up of solutions for the inverse problem (1)-(4) in a finite time
when m(x) = 2. Moreover, if 2 < m~ < m(z), then we proved blow-up at infinity of
solutions for the inverse problem (1)-(4). Therefore, in the case of 2 < m~ < m(z),
blow-up of solutions in a finite time is an open problem for the inverse problem

(1)-(4)-
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