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ON DETECTING ALTERNATIVES
BY ONE-PARAMETRIC RECURSIVE RESIDUALS

A.I. SAKHANENKO

ABSTRACT. We consider a linear regression model with one unknown
parameter which is estimated by the least squares method. We suppose
that, in reality, the given observations satisfy a close alternative to the
linear regression model. We investigate the limiting behaviour of the
normalized process of sums of recursive residuals. Such residuals were
introduced by Brown, Durbin and Evans (1975) and their sums are
a convenient tool for detecting discrepancy between observations and
the studied model. In particular, under less restrictive assumptions we
generalize a key result from Bischoff (2016).
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1. INTRODUCTION

1.1. Statement of the problem. Suppose that we observe random variables
Yo, Ya N for which the following representation

(1) }/n,i :gn,i""sn,iv 1= 172,...,N(TL), N(”) > 1,

takes place, where (non-random) numbers {g,;} may be unknown and random
variables {e,;} are unobservable. We have introduced parameter n in (1) because
below we are additionally going to consider the case of a triangular array of random
variables. Our aim is to test the (null) hypothesis Ho(n) that

(2) Gni = BTn; forall i=1,2,...,N(n),
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with the unknown (3 and with given regressors =, 1, .., Zn, N(n)-

Thus, when Hypothesis Ho(n) is true, we have the simplest linear regression
model with one unknown parameter 3. As an alternative hypothesis we consider
the case, when (1) takes place with numbers g, 1,..., gy n(n) such that

In,k(B) # ﬂl‘mk(/g) with some k(B) € {1,2,...,N(n)}

for all possible values of the unknown parameter 5. Of course, we suppose (as it is
usual in applications) that only the pairs

(3) (Ynﬂ',xn’i), Z: 172,...,N(7’L),

are observed for the given n.

Our investigation is motivated by the paper of Wolfgang Bischoff (2016) where
the simplest partial case of the stated problem was considered, when z,, ; = 1 for
all i,nm > 1. We present more general results under less restrictive assumptions in
Section 2. It is worth mentioning that Bischoff (2016) used his results to discuss
problems in experimental design. As in Bischoff (2016), we are going to construct
tests using normalized sums W, (-) of recursive regression residuals (see Subsection
1.4 for the definition). Such residuals were introduced in a well known paper of
Brown, Durbin and Evans (1975). We cite this paper below as BDE. In Subsections
1.3 and 1.5 we remind some ideas and results introduced in BDE.

We emphasize that in the paper all unspecified limits are taken with respect to
n — o0o. Also we often use the following notation:

(4) U?hk = xi)l—l—---—l—xik, k=1,2,...,N(n).

1.2. Main assumptions on the model. To consider the case when n — co we
suppose below that we are given in (3) a triangular array of pairs. To clarify our
initial assumptions we gathered them into the following two groups.

(A;) we are given (non-random) integers ng, N(n) and r(n) together with (non-
random) real numbers (2,1, ..., %y N(n)), 7 > N0, such that

viﬁr(n) >0 with 0<r(n)<N(n) foral n>ng;

and, in addition, m(n) := N(n) — r(n) — oo.

(Ay) for each n > ng we are given random variables Y}, 1,...,Y, n(n) for which
representation (1) takes place, where the joint distribution of random variables
€n,1s--+1En,N(n) does not depend on the choice of the (non-random) real numbers
9n,15--+,9n,N(n)-

We say below that Hypothesis H is true, when Assumption (A,) is fulfilled and
for all n > ng conditions (2) take place with some unknown g = 3,,.

Thus, Assumption (A,) contains additional conditions on numbers {z,;}
from (2), by which we define the Hypothesis Hy. We stress that both Assumptions
(A;) and (Ay) may take place also in cases when the Hypothesis Hg is not true.

Note that Assumptions (A,) and (Ay) hold everywhere in the paper,
but sometimes we use their partial cases. For example, instead of general
Assumption (Ay) we often use the following more classical condition.

(B) for every n > ng random variables €y.1,...,6, n(n) are independent and
identically distributed with a random variable e such that

Ee =0 and 0< o? =Ee? < .
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1.3. Ideas from BDE. For n > ng denote by B\mk the least-squares estimator
of 3, based on the first k observations from (3). It is known that

k k k
(5)  Bpk = an7an7j/in7j = an7an7j/vi, Yk € [r(n), N(n).
j=1 j=1 j=1
Introduce the following regression residuals

~ k—1
(6) Ende = Yok — TnkBnk—1=Ynr — Tnk ijl i Y/ Vn 1

for k = r(n) +1,...,N(n), where the second equality in (6) follows from (5).
Following BDE, we define the recursive regression residuals:

Un,r n)+i—1 ~ Un,r n)+i—1
(7) Wn,i = #Enm(nﬁri = ¥<
Un,r(n)+i Un,r(n)+i
for all possible i = 1,2,...,m(n) = N(n) — r(n).
On the other hand, introduce random variables

Yn,r(n)+i - xn,'r(n)+i6n,r(n)+i71)7

k
~ . _ Ungr(n)+i—1 Tn,r(n)+i ~
(8) Tn,k = E Tn,j€n,jy MNn,i = ] 6n,r(n)+i - T3 77n,r(n)+i71 P
j=1 U"»T(n)"‘l vn,r(n)Jrifl

for all possible values k = r(n) + ¢ and ¢ = 1,...,m(n). It is not difficult to verify
(see details in Lemma 1 below) that

9) Wni =1ni, ©=1,2,...,m(n), when Hypothesis H, is true.
In BDE these equalities were used as evident.
Property A. Suppose that Assumptions (A) and (B) hold. Then for all n > ny
Enn:=0 and En,,=0> i=12,...,m(n).
Moreover, random variables 1y, 1, . .., My m(n) are uncorrelated, i.e.
Enn knn,; =0, for all possible k> j > 1.

In particular, if, in addition, random variable £ has a normal distribution, then
M1y -« > num(n) are independent and identically distributed with .

This property follows from Lemma 1 in BDE. It is the main idea of the cited work.
Property A together with equalities (9) shows that the approach of Brown, Durbin
and Evans (1975) has a number of advantages in comparison with an alternative
one developed by MacNeill (1978) and Bishoff (1998).

1.4. On Invariance Principle for recursive residuals. For any sequence of
(one-dimensional) random or non-random values, say &, 1, ..., &n,m, we will denote
by Sy, (t;&n,e) a continuous function of ¢ € [0, 1] with the following properties:

k
(10) Vt € [k:/m, (k + 1)/m] Sm(t; gn,o) = Zi:l fn,i + (mt - k)gn,kJrl

forall k =0,1,2,...,m — 1, where Z?:l... =0.
When {&, .} are random, such processes Sy, (-;&n,e) are often called the random
broken lines. Recall that Donsker (1951) proved that, under Assumption (B)
1

o

Sm(-;€n,e) = 0B(-) in C[0,1], when N(n)>m — oo,
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where B(+) is a Brownian motion process called also a standard Wiener process. The
natural question arises whether we have the similar convergence for the recursive
residuals:

(11) W,():= #Sm(n)(-;wn,.) = o0B(-) in C[0,1], when H, is true,

m(n)
where m(n) = N(n) — r(n) — oo.
On the other hand, substituting equalities from (9) into (11) we obtain that for
all n > ng

1
(12)  Wyu(-) = Wa(-) := ——=>5mmn)("iMn,e), when Hypothesis Hy is true.
m(n)
But this fact implies that the following convergence

(13) W) = —~

Sm(n)(';nn,') — O'B() in O[O, 1}7
m(n)
is a sufficient condition for the property (11).

Convergence (13) plays a crucial role in the present paper. It has several
advantages over the condition (11) which plays an important role in statistical
applications (see below Subsection 2.5 for details). For example, Hypothesis H is
not involved in (13).

1.5. On sufficient conditions for convergence (13). In this subsection we
suppose that Assumptions (A,) and (B) hold.

Property B. Assume that the random variable € has a normal distribution. Then
convergence (13) takes place.

In BDE this fact was correctly used as an obvious corollary of Property A.

However, when the {¢,;} are not normally distributed, the variables {7, ;}
from (8) are not necessarily independent nor identically distributed, and hence,
invariance principles for these weighted random variables are not obvious. Moreover,
the problem to obtain the invariance principle (13) appeared to be sufficiently
difficult. Here we agree with Bischoff (2016) that the paper of Sen (1982) until now
remains the only known investigation of this problem.

Property C. Convergence (13) also holds under certain additional conditions
which may be found in Sen (1982), p. 311. In particular, convergence (13) takes
place under Assumption (B) with r(n) =1, when x,,; =1 for all i,n > 1.

We stress that in Sen (1982) the first assertion of Property C was proved in a
more general case, when the unknown parameter § is multidimensional.

2. RESULTS

2.1. On main assumptions. In the present paper, we consider the space C]0, 1]
equipped with the supremum norm

[zl = lz(-)l :== sup |z(¢)] = max [z(t)] <oo Vz=uz()e C[0,1].
te| t€[0,1]

s

Using ideas from strong approximations, due to Skorohod and Strassen, we may
rewrite property (13) in the following way.
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Proposition 1. Suppose that convergence (13) takes place with some processes

W, (+) defined for all n > ng. Then for each n > ng there exist a number m, > 0
and a standard Wiener process B, (-) such that

(14) P(|Wo() = 0Bn(-)|| > m0) < mn — 0.

We say below that Assumption (A) is fulfilled if Assumptions (A,) and (Ay)
are satisfied and property (13) takes place.

So, Properties B and C contain sufficient conditions under which Assumption (A)
holds and, in particular, relations (13) and (14) take place together with (11).

2.2. Main result. Under Assumption (A;) for any {g,;} from (1) we may
introduce numbers
(15)

k
7 Un,r(n)+i—1 Tpr(n)+i 7
hn,k = an,jgn,ja hn,i = - (.gn,r(n)—H' - gihn,r(n)-&-i—l)v
j=1 Un,r(n)+i Un,r(n)+i—1

for all possible values k = r(n),...,N(n)and i = 1,...,m(n) = N(n)—r(n). Using
general formula (10) define non-random functions

(16) H,(t) = Sm(n) (t; hne) for te]0,1].

1
vm(n)
Theorem 1. Consider observations {Y, ;} from representation (1) and suppose
that Assumption (A) holds. Then for any numbers {g, .} the following inequality

(17) P(HWn() — Hn() —0Bn()l| > Wn) <7 — 0

takes place with the standard Wiener processes By (+) and numbers m, introduced in
Proposition 1.

In particular, we have from (17) that for all possible functions H,(+)
(18) W,() — H,(-) = oB(-) in C[0,1].

Remark 1. We emphasize that from (17) we have that convergence (18) is, in some
sense, uniform with respect to all possible values of functions H, (-) and of numbers
{gn,i} from representation (1) by which these functions H,(-) are constructed.

2.3. A case of close alternatives. Consider now functions H, (-) which converge
to some function H(-) so that

(19) A, = max{‘Hn(k/m(n)) - H(k/m(n))( 1<k< m(n)} = 0.
Recall that

(20)  Hy(k/m(n)) = ;(n)zjlhw for k=1,... m(n).

Corollary 1. Suppose that a continuous function H(-) is such that (19) holds.
Then, under Assumption (A)

(21) Wy() = oB(-)+ H(-) in C[0,1].
Moreover, in this case

(22) P(|Wa(-) = H(-) = 0B ()| > An+ Ay +7,) <71 = 0
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with the standard Wiener process By, (-) and numbers m, > 0 from Theorem 1, where

(23) A, :=A,(H):=

max max
1<k<m(n) |¢/<1/m(n)

H(k/m(n) +1) — H(k/m(n))‘ 0.

The presented corollary immediately follows from Theorem 1, because
IH(-) = HC)| < Ap+ A, = 0.

We stress that convergence in (23) holds for any continuous (on [0, 1]) function H.

2.4. Partial Cases. As in Bischoff (2016) consider in more detail the case when
(24) Viin>1 z,,=1 with r(n)=1, N(n)=n+1, m(n)=n.

By Property C, for such {z,, ;} we obtain (13) directly from Assumption (B) without
using complicated additional conditions from Sen (1982).
To approximate {g, ;} introduce notations

k
(25) Gn,k = Zj:l 9n,j and 6n,k = Gn,k—i—l/\/» - G(k/n)v k= 07 ]-a sy

for some function G. We are going to essentially use the following conditions

N Onl 5
(26) O, = Zk:l % 0 and Op 1= Jmax |0n. k| — 0.

Our aim is to obtain (21) with
' G(u)

u

(27) H(t):=G(t) — /0 du for te(0,1] and H(0) =0,

when the integral in (27) is well defined.

Theorem 2. Let continuous function G have bounded variation on [0, 1] with

1
(28) GO)=0  and / log% 1dG ()] < o,
0

And suppose that conditions from (26) hold together with assumptions (24) and (B).
Then convergence (21) and estimate (22) take place, where function H is defined
in (27) and it is continuous on [0, 1].

For example, all conditions in (26) are fulfilled when
Ini1 = VnGh(k/n) = Vn(G(k/n) — G((k—1)/n)), k=0,1,...,n.
Remark 2. Note that, under condition (28) by Fubini’s Theorem,

/01 Giu”dug/ol/ouwG(vﬂd;:/Ov|dG(v)|/:ai7:/ollogi 1dG(u)] < oo

Hence, the integral in (27) converges absolutely and function H is (uniformly)
continuous on [0, 1] under assumption (28) of Theorem 2. Similarly, for all ¢ € (0, 1]
we may rewrite the integral in (27) in the following form

(29) /Otgiwdu:/ot/ouda(v)ﬁ‘:/Ovda(v)/vtﬁ‘:/otlogzdG(v).
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Now we are going to obtain a partial case of Theorem 2 when

t
(30) Gt = [ gtwdu.  te 1)
0
for some measurable function g such that
1
3
(31) / vlog; |dg(v)] < oc.
0

Note that condition (31) implies that for each n > 1 function g has a bounded
variation on [1/n,1]. We will also use the following assumption:

_ Ynktr  g(k/n)
pt vn n o

Corollary 2. Suppose that conditions (30) — (32) are fulfilled together with (24)
and (B). Then all assumptions and assertions of Theorem 2 take place.

(32) pn =

It is easy to see that for any function g assumption (32) is satisfied when
(33) Inkt1 = g(k/n)/y/n for all possible values of n >k >0, n> 1.

Under condition (33), the partial case of Corollary 2, when g is a function of bounded
variation on [0, 1], was proved in Bischoff (2016); and it is the key result there.

Remark 3. Note that both assumptions in (26) hold when

log 3 n,
gf” +Z|pnk|log = =0 with pr. gjgl — G (k/n),
where Gy, (t) == G(t)— (t— l/n) for t € [1/n,1]. This fact follows from inequality
On + 6 < 2p, which will be proved in Lemma 6.

When G is defined in (30) consider assumption:

(33) Zmnkuog—w with = 2 G e m).

Note that gnyl/f = pno+9(0)/n and pn g = pui + p y for k=1,...,n. Hence,
lo g3n

pn < 1g(0)]
and condition (34) follows from (32) and (35).

+ Pnt P

2.5. On estimation of . It is well known that under assumptions (B) and (A,),
when Hypothesis H is true, the following statistic

N(n) ~ 2

531 = Zi:l (Yn,i - xn,iﬁn,n) /(N(n) - 1); N(n) > 1a

is the classical unbiased estimator of the unknown o2. It is based on the classical
residuals {Y,,; — n iBn.n}. On the other hand, by Property A, under the same
assumptions, the next statistic

~2 mn) o
(36) oL = Zi:l wn,i/m(n)7 m(n) > 1,
is also an unbiased estimator of the unknown o2. Since main results of the present
paper are based on recursive residuals {w, ; }, it is natural to consider properties of
the estimator from (36) which is also defined by {w, ;}.
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First of all, we are interested in the conditions under which estimator o, is
consistent, i.e.

(37) Gn 5 o, when Hypothesis H, is true.

But by equalities in (9) we immediately obtain that the next condition

(38) o2 = Z@(n) n 1/m(n) EA o2, as m(n) — oo,
i=1 ’
is sufficient for the property (37). Note, that under assumptions of Property B
convergence (38) is evident. Our conjecture is that convergence (38) also holds
under assumptions from Property C.
A more difficult task is to find conditions under which estimator o,, is consistent
also in cases when Hypothesis Hg is not true. That is when

(39) G, 5o, for the observations from (1).

In this case the following property will be useful

Proposition 2. Suppose that Assumption (A;) holds together with condition (38)
and, in addition,

(40) h? .= ZT(:) hfm/m(n) — 0, as m(n) — 0.

Then convergence (39) takes place.

In particular, condition (40) holds under assumptions (28) and (34) with
continuous function G.

Hence, (40) is also satisfied under conditions of Corollary 2.

2.6. On applications of main results. Thus, if (37) holds (for some
estimator o,,) together with convergence (11) (or (13)), then

fWy/a,) = f(B) (when Hypothesis Hy is true)
for all continuous functionals f : C[0,1] — R. In the important partial case, when
(41) distribution function P(f(B) < z) is continuous,
we have the following uniform convergence:
sup [P(f(Wy/5,) < 2) —=P(f(B) < 2)| = 0 (under Hy).

Recall that the standard statistical criteria for testing Hypothesis Ho have the
following form:
(42) reject Ho <<= [f(W,/0.) > z,

for appropriate functionals f with property (41). This test has a desired asymptotic
size a € (0,1) when z is found from equation:

nlLH;OP(f(Wn/Gn) >z |Ho) =P(f(B) > z) = a.

For example, we may use

_ Wt 1ty
f(Wy/Gn) = sup [Wu(t)] ,\( I max o ’1A+ + Wn.k ,
te[0,1]  On 1<k<m(n) Ony/m(n)
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or f(-) = fo(*) in one-sided case, where

O Wn t n . n
fO(Wn/Un) = sup # = m w ,1/\+ + w ,k.
tefo,1]  In 1<k<m(n)  G,n/m(n)

See Theorem 3 in Bischoff (2016) for an example.

For the criterion from (42) the probability of the type II error is equal to
P(f(W,/0,) < z), where we do not assume that Hypothesis Hg is true. To deal
with this probability suppose that convergence (21) is proved (by Corollary 1 or
Theorem 2) and that property (39) holds (for some estimator 7,). Then

W.()/o,= B(-)+ H(-)/o in C]0,1].
Hence, for all continuous functionals f : C[0,1] — R and each real z
limsup P(f (W /Gn) < 2) <P(f(B+ H/o) < 2),
1;LnZi:erIP(f(Wn/3n) <z)>P(f(B+ H/o) < z).

Thus, we have shown how to approximate the probability P(f(W,,/5,) < z) of the
type II error using the results of the present paper.

For an example of such approach see Theorem 4 in Bischoff (2016), where
functional f(-) = fo(-) was considered in the case when 7, = o = 1 is a known
parameter. As a future research direction, the author is going to present statistical
examples based on the more accurate formula (17).

3. PROOFS OF PROPOSITION 1 AND THEOREM 1

3.1. Proof of Proposition 1. Denote by m, the Prokhorov distance between the
distributions of the processes W,,(:) and B(-) in the space C[0,1]. Definition and
properties of the Prokhorov distance may be found, for example, in Prokhorov
(1956) or Billingsley (1999). In particular, m, — 0 when (13) takes place.

Next, by the powerful Theorem of Strassen (1965), on some rich probability space
we may construct a standard Wiener process B;:(-) together with a process W* such

that W) is identically distributed with W,, and, in addition, the next inequality
holds:
(43) P(IW5 () —aBL()ll > m0) < .

But as it follows from the work of Skorohod (1976), on this rich probability space we
may also construct a random variable v such that (a*) it is uniformly distributed
over [0, 1]; (b*) it is independent of W (-); (¢*) there exists a function ¥,, with the

following property:
B, () = U (W (). v7)-

n

Now introduce a random variable ¥ such that (@) it is uniformly distributed over
[0,1] and (b) it is independent of the investigated process W, (-). Define

Bo() = U, (Wi (), ).

It is clear that the triplets (B (-), Wa(), v) and (B (-), W;i(-),v;) are identically
distributed. Hence,

(44) P([Wa(-) = 0Bu()l| > mn) = P([W,i() = 0B ()| > 7).
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Since m, — 0 when convergence (13) takes place, the desired assertion (14) of
Proposition 1 follows immediately from (43) and (44).

3.2. Key Representations. Remind that random variables {7,;} and
numbers {h, ;} were defined in (8) and (15).

Lemma 1. Under Assumption (A,) the following representations hold

(45) Wni = M + P, i=1,2,...,m(n), n>mng;

In particular, for all n > ng properties (9) and (12) take place.

Proof. Substituting (1) into (5) we obtain for k > r(n) that

k k k ~ ~
B Tnji¥nj N Tngn,g Tn,j€ng _ Mgk | Tnk
n,k-—E: 02 _E: 2 +§: 2 =—5 * )

j=1 k j=1 Uk j=1 k

where numbers Emk and 7,5 were defined in (15) and (8). After that, from (6)
and (7) we have for k£ > r(n) that

l‘mkhn,kfl L, kTn,k—1

Enk = Yn,k - mn,kﬁn,kfl = 9n,k + Enk — D) - D) ’
Un,k—l vn,k:—l
L Un,k—1 ~ o Un,k—1 l'n,khn,kfl Tn,kMn,k—1
Wp k—r(n) ‘= Enk = Ink T Enk — 3 - 3
Un,k Un,k Vnk—1 Un,k—1
Un,k—1 xn,khn,k—l xn,kﬁn,k—l
= ( n,k — ) +énk — D) = hn,k—r(n) + Mn,k—r(n)-
Un,k Un,kfl vn,kfl

The latter equality follows from (15) and (8) with k = i+ r(n), and it implies (45).
Substituting now equalities from (45) into the general definition (10) we
immediately obtain (46), if only take into account corresponding definitions (11),

(12) and (16) of W, (+), Wy (-) and H,(-).
Next, when H is true, we may substitute (2) into (15) to obtain
Trnr(m) o) r(n)+i—1
n,r(n)+i 77 n,r(n)+1
5 nr)ri-1 = 2 Z Bay,;

’()2
n,r(n)+i—1 nor(n)+i-1 =1

Ln,r(n)+i 2
= 2 ﬂvn,r(n)%»ifl = xnﬂ’(n)—&-iﬂ = 9n,r(n)+i-
n,r(n)+i—1
Thus, we have from (15) that h,; = 0 under Ho, and (9) follows from (45). In
addition, Hy(-) =0 by (16) and (12) is a partial case of (46). O

Remark 4. From definition (8) it is easy to see that each n,; is a function only
of random variables €,1,...,en N(n) and of numbers, used in Assumption (A;).
Hence, the joint distribution of random variables 0, 1, .., M .m(n) 8 a function of
the joint distribution of en 1, ..., € N(n)- Thus, under Assumption (Ay ), these joint
distributions do not depend on the choice of numbers g, 1, ..., gn N(n); in particular,
they also do not depend on the choice of non-random hy, 1, ..., hy, n() which are
constructed in (15) as functions of gn1, ..., 9n,N(n)-
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Similarly, under Assumption (A), for each n > ng the distribution in C[0,1] of
the process Wiy (+), as a function of variables nn 1, ..., M mn), does not depend on
the choice of the non-random Hy(-), as a function of hy1,. .., hy -

3.3. Proof of Theorem 1. Let Assumption (A) be satisfied and fix n > ng. Then,
by Proposition 1, relationship (14) holds for some B, (-) and 7,. By Lemma 1 in

this case identity (46) takes place. In particular, W, (-) = W,,(-) — H,(-). Hence,
(47) Wi (") = 0Bn()|| = [Wa() = Ha(-) = o Bu ()|

Next, by Remark 4, the distribution of the random process Wn() does not depend
on the choice of the function H,,. Thus, we have from (47) that for any H,

P(|Wo(-) = Ha() = 0Bu()l| > ma| Hy) = P(|Wo(-) = 0Bu()]| > 7).

And the assertion of Theorem 1 follows.

4. PROOFS OF THEOREM 2, COROLLARY 2 AND PROPOSITION 2

Everywhere below we suppose that conditions (24) and (28) take place for a
continuous function G with bounded variation on [0, 1].

4.1. Useful Representations. First of all, we are going to obtain convenient
representations for the numbers H,(k/n) introduced in (20), where m(n) = n.

Lemma 2. Foralln>k>1

k
(48) \/ﬁHn(k’/n) = (1 + CZ)Gn’kJ’»l — Zi:o CiGn’iJ’»l,

where numbers {c;} and {c'} are such that co = v/2 and
(49) Vi>1 0<c¢<l1/i, |e—1/i|<2/i* and 0<cf<1/i<1.

Proof. To prove (48) consider an arbitrary positive integer & < n. Since vfu r =k
as it follows from (24) and (4), it is easy to see from (15) and (25) that

(50)

~ [ 1 G i 141 Ghnit1
hnr i— :Gnia hnz: 7(711 - .5)— n,i —,
r(n)+i—1 , , it 1 Gni+1 i i Y 9n,i+1 — G+

for i = 1,...,n. Hence, we have from (20) that
k k )
51 w(k/n) = Gn.i it
o e
On the other hand, gn i+1 = Gn,it+1 — G for i = 1,...,n. Hence,

i+ [k+2
(52) ZFQ”H—I ]ﬂ-l—l nk+1+zcz n,i+1 — \fGnla

where for all 7 > 1

s i+1 i i1+ 2 1
TV i+1 V@ +1)i (i + 1)i(i + 1+ V2 + 20)
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So, ¢; < Substituting (52) into (51) we obtain (48) with /%2 =1+ ¢} and

1(z+1) k+1
1 1 - 1 1 1 2 )
(53) ~>CGiE——— > =~ — ———, Lk>1
? (i41) i+1 i(i+1) i i(i+1)
To prove (49) consider arbitrary k =i > 1. We have:
1+ 2 \/z—|—2—\/z—|— 1 1<1
i+1 Vi+l (\/2+2+\/z+1)\/z+1 i~
Thus, we have proved the last group of inequalities in (49). But other inequalities
in (49) immediately follows from (53). O

For any n > k > 1 introduce notation:

_xF G(i/n) T , .
(54) Ik 1= Zi:l - and Jp = Zi:l ¢iG(i/n) — ;. G(k/n).
Lemma 3. For alln >1

(55) max. |65, 1] <40 + 0y,  where 6 ) = Hy(k/n) — G(k/n) + J 13

~ n G .
(56) max |Jp . — Jnk| < A(G) + 285, where X5 = E - M
n ’ =

1<k< 72

Proof. First, using notation 9, ; := G, x+1/v/n — G(k/n) introduced in (25) we
obtain from (48) and (54) that for n > k > 1

Ton k=30 (e~ 1/D)G(i/n) — kG (k/n),

k
=1+ c)0n Z;Oqan,i, where  G(0) = 0.

Second, by estimates from (49) we have that for all possible k <n

|G (k/n)|
k )

671 % < 6nz <
67 11 < 206l + ol + Zizl Boil < g5, 1y Bl 5, 15,

67 ak = Jnkl < Z G(i/n)| + *IG(’C/”)I < T+

where we also use notations from (26). Now inequality (55) follows.
Next, using notation A, (-) introduced in (22) we get:

k X . ~
i) Gt —
G(k/n)| < g i:1|G(n) G(=Y)| <kAL(G), k=1,....n.
Substituting this estimate into (57), we arrive to (56). O

4.2. Auxiliary lemmas. Below we need several elementary facts.

Lemma 4. Let a(-) and F(-) be functions on [0,1]. Then

T T T
@) [ laEm-ro)e< [ aware) <A [ o)
for any real numbers 0 < U < T < 1, where A(v) := [ |a(t)|dL.

Indeed, by Fubini’s Theorem,

T T T T v
/U |a(t)(F(T)—F(t))|dt§/U+0a(t)|/t |dF(v)|dt:/U+O |dF(v)\/U la(t)]dt.
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Lemma 5. Let F(-) be non-decreasing function on [0,1] such that F(1) < oo
and F(4+0) = F(0) = 0. And suppose that for all n > 1 we are given numbers
Gn 1y 0n,n with the next property:

(59) Ynzk>1 3 anl < F(k/n).
Then
(60) S il < pyvm) + PV 0,

Indeed, choose integers [ = I(n) such that n > 1 =1(n) > +/n>1—1> 0. Then

n ‘a | -1
DT S D lang
1 :

i=1

1 n
+7 > land < F(5) + 52 < F(1/vn) + F“) —0.

Lemma 6. For any numbers a1, ...,a, and each k > 1

k k
(61) Z ‘ Z%Z|a]|<2|az|log—

i=1 = j=1
In particular, for notations introduced in (26) and (34) the following relations hold:

%

62)  Vn>1 6,<pn and  5p < |gnal/VR+ Y lonkl < pn.

Proof. For k > j > 1 introduce numbers:

k k i+1/2 k+1/2
Ko o= lg dj: dﬁzlo 2k,+1§10 3—k
DY g5 <log
iy iy Ji—1/2 x j—1/2 T J = J
After that for any numbers aq, ..., a; we obtain (61) because:
E oyl Bl k 2%
DD SED DI Sl < 3 fastog 2.
=1 j=1 i=1 = j=1 j=1 j=1 J

Next, it is easy to see from (25) and (34) that &, % = gn1/vVn + Zle pn,i for
1 < k < n. Hence, the last estimate in (62) is evident since log(3n/i) > log3 > 1 for
n >4 > 1. Applying after that (61) with a1 := g, 1/v/n + pn,1 and a; := p,; when
i =2,...,n, we obtain, using notations from (26), that §, < p, and §, < p,. O

4.3. Approximations of integral sums. For ¢ € (0, 1] introduce functions:

(63) J(t) :=/0 Giu)dm G(t) ::/0 |[dG(uw)|, Q(¢) ::/0 log%d@(u).

And let G, (t) := G(t) — G(t — 1/n) for t € [1/n, 1].

Lemma 7. For alln >1

* n éz i/n
(64)  max [Jo = J(k/m)| < T = S+ /)| +2) #
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Proof. For any n > k > 1 we have from (54) and (63) that
k

b i/n i/n v
65) s Ty =3 (G(/) - /( G”d) =3 (i + b,

i=1 i—1)/n =1
where by, 1 := G(1/n), ap1:=—J(1/n) and for i > 2

ani:/i/n G(i/n) - G) bm:c;(i/m/i/n Glifn) ,
( T (

’ i—1)/n v i i—1)/n Y
It is easy to see, that b, ; = ¢;G(i/n) for i > 2 with ¢; := 1/i+log(1 — 1/7). Hence,

- — |G(i/n)| o g =1 - 1 1
(66) ;|bnz| S; 2 ¥ since |&| 7mzz2mim <WZ:2W772

To estimate a,; for ¢ > 2 we are going to apply Lemma 4 with ' = G and
a(v) = 1/v. As a result, we obtain for T =4/n = U + 1/n that

i/n Td Td 1 92
|am‘|§/ |G (v)| A(T) with A<T>=/ dv s/ b _ 1 2
’ (i-1)/n v v U i—1-1

Thus, |an, ;| < 2G, (i/n)/i fori > 2 with |an1| = |J(1/n)|. Substituting this bounds
and (66) into representation (65), we obtain (64). O

Lemma 8. Foralln>k>1

(67) Zf_l GG /n)| < Q(k/n), so that Z:;l &/n)' < Q(1) < 0.
In addition, 0 < X7 S ¥, — 0.

Proof. Since |G(i/n)] < G(i/n) = Z;zlé:;(j/n), we have from Lemma 6 with
an.i = G, (i/n) that (67) is true because

|Gz/n zno— oﬁiv* k/noﬁiv
Z Z (i/n)log <Z/ lgvdG()f/O log ~dG(v).

Now note, that functions J(-), G(-) and Q() are continuous because G(-) is
continuous. By (67), we may apply Lemma 5 with numbers a,; = |G(i/n)|/
and function F(-) = Q(-); as a result we obtain that ¥} — 0. Next, using again
Lemma 6, but with F(-) = G(-) and a,; = G,(i/n) = G(%) — G(:=1L), we find
that Y7 | G, (i/n)/i — 0. Thus, ,, — 0. 0
4.4. Proof of Theorem 2. Note that H(-) = G(-) — J(-) as it follows from (27)
and (63). Hence, for all integers n >k > 1,

A, = H,(k/n) — H(k/n) = H,(k/n) — G(k/n) + J(k/n)
=0,k + (G — Gni) + (Gn i — G(k/n)),
where we use notations introduced in (55) and (54). So,
1r<n]§1§ Ay x| < 1’<11]ng 167, x| + gllgx |Gk — Gkl + 1r§nk82<n |Gr.x — G(k/n)|.
Applying now statements of Lemmas 3 and 7, we obtain:

1r<nkax |Ap k| <46, + 6, +A, (G)+2%5; +%, = 0.

Here convergence follows from condition (26) and the second assertion of Lemma 8.
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Thus, A, = maxi<k<n |[An x| — 0 and, as a result, the main assertions (21)
and (22) of Theorem 2 follow from Corollary 1 when function H is defined by
formula (27).

4.5. Proof of Proposition 2. For any vector of the form (an,l,...,an,m(n))
introduce the simplified notations:
Un,e = (an,h s 7an,m(n)) and ||a”,'||i = Zi:l ai’i.

Since ||an, e||« is a norm of the vector a,_ o, we have from equalities in (45) that

[llwn.olls = 100.0ll<] = [[[17n.0 + B olls = lmn.oll] < [en,o]-

Now we may rewrite the last relationship in the following form:

G0 = 0] = |[lwne/ Vi« = 10,0/l || < [|hne/ Vs = B = 0,
where we use condition (40) and notations from (36) and (38). So, convergence

On K implies that o, £ & and the first statement of Proposition 2 is proved.
Now we need the following auxiliary assertion.

Lemma 9. Under assumptions (28) and (34) with continuous functions G
(68) Yn21  max |h,l/vi< 28, (G) + 2p, — 0,

(69) D7 [haal/V < 2G(1) + Q(1) + 3p, — 2G(1) + Q(1) < 00
Proof. We see from (50) that fori=1,...,n

(10)  Thil < g sor — Gofi] €2 s [giial, Vo] < 2gn o] + 121]

Recall that we have from (25) and (34) that fori =1,...,n

Gni . n,t % /-
) Gl <G+, ana 220 < G+,

and we may put pno = gn,1|/v/n. Substituting these inequalities into (70) and
taking into account (62) we obtain that

T L) DINCAUDIED DI e

[P <2m M<2max |Gy (i/n)] + 2 max
0<i<n

12080 N 0<isn Vn 1<i<
<2 max |G(2) — G(E1)| + 20, < 2A8,(G) + 2p, — 0,

1<i<n

where notation A, (-) was introduced in (22), and A, (G) — 0 for a continuous
function G. So, relation (68) is proved.
Recall that numbers G}, () were introduced in Remark 3, so that

G i/l = |G(£) = G(E)| < 7)), [dG(®)].

(i—-1)/n
Hence,

n 1 o
Zi:1 |G (/)| < /0 |[dG(t)| = G(1) < oo.

Substituting this estimate, together with (67), into (72) we arrive at (69). O
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At last, by using (68) and (69) we may verify assumption (40):

2 n,z n,i . n,i _ .
hy, = 21:1 " < e n Zi:l T o(1) - O(1) — 0.

Thus, for continuous functions G assumption (40) follows from (28) and (34).

4.6. Proof of Corollary 2. We first prove the following assertion.

Lemma 10. Suppose that functions g and G satisfy conditions (30) and (31). Then
assumptions (28) and (35) also take place.

Proof. We first apply Lemma 4 to function a(t) = log 2 and F' = g. Then

A(v):/ logﬁdu:vlogi%fvlongrv<21)10g§, v > 0.
0 u v

1 3 1 1 3
A= [ o 1)~ g(0ldt < | A@)dg)] <2 [ vlog Zldg(o)] < o
0 0 0

where we use assumption (31). Since |g(¢)] < |g(1)] + |g(1) — g(¢)|, we have:

o3 o3 o3
/ log — |dG(u)| :/ log — |g(u)|du S/ log — |g(1)|du + A, < 0.
u 0 u 0 u

0

Thus, condition (28) follows from (31).
To prove (35) introduce notations:

¢

(73)  W(t) ::/ vlog% |dg(v)|, t € (0,1], and W} (¢) :=¥(t)—V(t—1/n)
+0

when ¢ € [1/n,1]. For T = k/n = U 4+ 1/n we may rewrite definition (35) in the

next form:
T T
pw =20 = [ atwie= [ a(r) - gtopae.

Now we are going to apply Lemma 4 with function a(-) =1 and A(v) =v—-U >0
when F = g. First, A(v) = v when T' = 1/n; hence

1/n
foa(slgial < [ viow ldg(o)] = w1/ = w1/

Second, if k > 2 then nU=k—1>1and A(T) =1 <t =
/m k/n d v (k
g 3 1 < 1oy 2 i) ¢ [ 10 Ml _ )
k ’ k (k—1)/n k—1 (k—1)/n v k-1 k—1

By substituting the last two estimates into (35) we obtain:
s < W (1/n) 4 Z k < 2 Z — 0.

Here convergence to 0 follows from Lemma 6, with F = ¢ and a,,; = ¥} (i/n) =
(L) — w(=1). We have also used the fact that function ¥ is continuous on [0, 1]
with ¥(+0) = 0 due to (73).

So, condition (35) also holds under assumptions of the lemma.

O
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It follows from Remark 3 and Lemma 10 that Corollary 2 is a partial case of
Theorem 2. Thus, all results of the paper are proved.
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