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REIDEMEISTER CLASSES IN WREATH PRODUCTS OF
ABELIAN GROUPS

M.I. FRAIMAN AND E.V. TROITSKY

ABSTRACT. Among restricted wreath products G ¢ Z*, where G is a
finite abelian group, we find three large classes of groups admitting an
automorphism ¢ with finite Reidemeister number R(y) (number of ¢-
twisted conjugacy classes). In other words, groups from these classes do
not have the R property.

Moreover, we prove that if ¢ is a finite order automorphism of G { Z*
with R(¢) < oo, then R(yp) is equal to the number of fixed points of
the map [p] — [p o ¢| defined on the set of equivalence classes of finite
dimensional irreducible unitary representations of G ! Z*.

Keywords: Reidemeister number, twisted conjugacy class, Burnside-
Frobenius theorem, unitary dual, finite-dimensional representation.

1. INTRODUCTION

Suppose, ' is a group and ¢ : I' — I' is an endomorphism. Two elements x,y € T’
are ¢-conjugate or twisted conjugate, if and only if there exists an element g € T’
such that

y=grd(g™").
The corresponding classes are called Reidemeister or twisted conjugacy classes. The
number R(¢) of them is called the Reidemeister number of ¢.

The study of Reidemeister numbers is an important problem related with topo-
logical dynamics, number theory and representation theory (see [4]). One of the
main problems in the field is to prove or disprove the so-called TBFT (a conjecture
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about the twisted Burnside-Frobenius theory (or theorem)), which has numerous
important consequence for Reidemeister zeta function and for other problems in
topological dynamics (see a more extended discussion in [14]). Namely the problem
is to identify R(p) (when R(yp) < o0) in a natural way with the number of fixed
points of the induced map (¢ of an appropriate dual object. In the initial formulation
of the conjecture [6], the dual object was the unitary dual T and 3 [p] = [po ]
The conjecture about TBFT was proved in many cases, but failed for an example
n [13], which led to the new formulation: TBFTj, where T was replaced by its
finite-dimensional part, which is evidently invariant under @. This is the version,
which we will study in this paper for a class of groups. In [14] an example of a group
that has neither TBFT nor TBFT; was presented. The most general proved cases
of TBFT; are the case of polycyclic-by-finite groups [11] and the case of nilpotent
torsion-free groups of finite Priifer rank [10].

Another important problem in the field is to localize the class of groups, where
one can consider the TBFT conjecture, i.e. where automorphisms with R(p) < oo
do exist. The opposite case is called the R., property. It has some topological
consequences itself (see e.g. [18]). A part of recent results about Reidemeister
clases and R, can be found in [1, 3, 7, 12, 21, 23, 26, 27| (see also an overview in
9)).

We consider the following restricted wreath product G ZF = ¥ %, ZF, where
G is a finite abelian group, ¥ denotes @, ¢czxG,, and a(z)(gy) = gz+y. Here g, is
g€ G=G,.

The Ro, property was completely studied for k = 1 in [17], for G = Z, with a
prime p and arbitrary k in [27], for G = Z,, and arbitrary k in [15]. In all these
cases the TBFT; was proved.

The complexity of the study increases drastically when we move from k£ =1 to
k > 1, because Z has only one non-trivial automorphism, namely m +— —m, in
contrast with Z*, where automorphisms may have infinite orbits.

The groups under consideration can be viewed as generalized lamplighter groups.
For a generalization of the lamplighter group in other directions, the twisted con-
jugacy was considered in [25], [24], and other papers.

In the present paper, we prove (Theorem 3.1) that the groups under consideration
do not have the R, property in the following three cases:

1) all prime-power components of G for 2 and 3 have multiplicity at least 2;

2) there is no prime-power components for 2 and k is even;

3) all prime-power components of G for 2 have multiplicity at least 2 and
k = 4s for some s.

To prove this, we construct corresponding examples, and all of them have a
finite order. This motivates us to prove the TBFT ¢ for all groups of the form G \ ZF
and their automorphisms of finite order (Corollary 4.2). The proof is based on a
description of Reidemeister classes of ¢ as cylindrical sets (Theorem 4.1).

Acknowledgment. The work was supported by the Foundation for the Ad-
vancement of Theoretical Physics and Mathematics “BASIS”.

2. PRELIMINARIES

We start from some general statements about Reidemeister classes of extensions.
Suppose, a normal subgroup H of G is p-invariant under an automorphism ¢ : G —
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G and p : G — G/H is the natural projection. Then ¢ induces automorphisms
¢ :H—Hand ¢:G/H— G/H.

Definition 2.1. Denote by Fix(¢) the set {g € G: p(g) = g}, i.e. Fix(p) is the
subgroup of G, formed by p-fixed elements.

We will use the notation 7,(z) = gzg~' for an inner automorphism as well as
for its restriction on a normal subgroup.
The following important properties were obtained in [6, 16], see also [11, 18].

Theorem 2.2. For G, H, ¢, ¢, and ¢ as above, we have the following.

1. Epimorphity: the projection G — G/H maps Reidemeister classes of ¢
onto Reidemeister classes of ¢, in particular R(p) < R(p);

2. Estimation by fixed elements: if | Fix(@)| = n, then R(¢') < R(p) - n;

3. Fixed elements-free case: if Fix(p) = {e}, then each Reidemeister class of
¢’ is an intersection of the appropriate Reidemeister class of ¢ and H;

4. Summation: if Fix(@p) = {e}, then R(p) = Zf’:l R(74,0¢"), where g1, ..., 9r
are some elements of G such that p(¢1),...,p(gr) are representatives of all
Reidemeister classes of ¢, R = R(p).

Also we will need the following statement [19] (Lemma 4 and the step (2) in the
proof of Theorem A’):

Lemma 2.3. Suppose, I" is a residually finite group and ¢ : I' — T is an automor-
phism of finite order with R(p) < co. Then |Fix(¢)| < 0.

One can find in [19] an estimation for | Fix(p)|, but we will not use it.

Passing to a semidirect product ¥ x,, Z¥, we have by [2] that a couple of auto-
morphisms ¢’ : ¥ — Y and @ : ¥ x, ZF/8 =2 ZF - 7ZF =2 ¥ %, ZF /% define an
automorphism ¢ of ¥ x, Z* (not unique) if and only if
(1) ¢'(a(m)(h)) = a(B(9)(¢'(h), hex, melZ-

Since ¥ is abelian, by [2, p. 207] the mapping ¢ defined as ¢’ on ¥ and by ¥ on
ZF C ¥ % ZF is still an automorphism. Moreover, from the following commutative
diagrams

0— =Y >¥YxZF—s7F 50

PRt

0—>Y— >N xZ—>7F— 50

we have R(p) = R(p1). Indeed, if R(®) = oo, then R(¢) = R(p1) = oo. If
R(%) < oo then Cz = {0} and by Theorem 2.2

R(p) = > R(rm 0 ¢') = R(¢p1).
representatives meZFof Reidemeister classes of @
So, without loss of generality in the R, questions (not in Section 4) we will assume
(2) 7k ¢ A1 ZF is p-invariant and @[z = B.

This was discussed briefly in [17, Lemma 3.5] in a particular case.

Lemma 2.4. An authomorphism ¢ : G1ZF — G Z* has R(p) < oo if and only if
R(®) < 00 and R(Ty 0 ¢') < oo for any m € ZF (in fact, it is sufficient to verify
this for representatives of Reidemeister classes of @).
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Proof. Suppose, R(¢) < co. By Theorem 2.2, we have R(p) < co. Then by Lemma
2.3, we obtain | Fix(®)| < oo (in fact, | Fix(%)| = 1, because an automorphism of
7ZF can not have finitely many fixed elements except of 0). So, by Theorem 2.2,
R(¢') < co. Considering 7, o ¢, which has R(7, o ¢) = R(p) < o0, instead of ¢, we
obtain in the same way that R(7, o ¢’) < oo.

Conversely, having | Fix()| = 1, one can apply the summation formula from
Theorem 2.2. O

Lemma 2.5. Suppose, @ : ZF — 7ZF is an automorphism and F : G — G is an
automorphism. Then ¢’ defined by

(3) ¢'(ao) = (Fa)o,  ¢(as) = (Fa)g)
satisfies (1) and so defines an automorphism of GV ZF.

Evidently the subgroups ®G,,, where x runs over an orbit of @, are @' -invariant
summands of X.

Proof. 1t is sufficient to prove (1) on generating elements of the form a,. Then for
any z € Z*,

¢ (a(2)az) = ¢/ (aa12) = (Fa)g(otz) = a(@(2))(Fa)g) = al¢'(2)¢' (as)
and (1) is fulfilled. The first equality in (3) is in fact a particular case of the second
one. O

It is not difficult to prove (see [5]) that, for @ : Z¥ — Z* defined by a matrix M,
one has

(1) R(g) = # Coker(1d =) = |det(E — M),
if R(®) < 00, and | det(E — M)| = 0 otherwise.

3. SOME CLASSES OF WREATH PRODUCTS WITHOUT R,, PROPERTY

Theorem 3.1. Suppose, the prime-power decomposition of G is @i(Z(pi)ri)di.
Then under each of the following conditions the corresponding wreath products GUZ*
admit an automorphism ¢ with R(p) < oo, i.e. do not have the property Roo:
Case 1): for all p; = 2 and p; = 3, we have d; > 2 (and is arbitrary for
primes > 3);
Case 2): there is no p; =2 and k is even;
Case 3): for all p; =2, we have d; > 2 and k = 4s for some s.

Proof. In each of these cases we will take an automorphism % : Z*¥ — ZF with
R(p) < oo (in fact, of finite order) and define ¢’ : ¥ — ¥ with appropriate
properties in accordance with Lemmas 2.4 and 2.5.

Case 1). In this case we can take p = — Id : Z* — Z* and construct ¢ similarly
to [17]. More specifically, note that R(®) = 2% and define ¢’ : ¥ — X in the
following way. The subgroups G, ® G_, will be invariant subgroups of ¢’ and we
define

. (0w
0 G, DG -G, DG, as <\Il 0),

where ¥ : G — G is defined as a direct sum of blocks of the following types:

0 1 0 01

(5) F2:<1 1):(Zq)2—>(zq)2, F3 = (1) } } (Zg)? = (Zg)?,
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where ¢ are some (p;)™ and for each summand (Z(m)ri)di of G (d; > 2, p; =2
or p; = 3) we have s summands Fy, if d; = 2s, or s — 1 summands F5 and one
summand Fj, if d; = 2s + 1. For the remaining summands (i.e. for p; > 3) we do
not need to group summands in the above way and we can consider F; : Z; — Z,,
1 — m(q) where ¢ = (p;)™. This m = m(q) should be taken in such a way that

(6) m? and 1 —m? are invertible in Z,,.

This can be done for p; > 3: one can take m = 2 (and impossible for p; = 2 or 3).

By Lemma 2.5, we defined an automorphism ¢ of G ¢ Z* in this way (one may
assume (2) to have a unique ).

We claim that R(7., o ¢') = R(a(z;)o¢') = 1,4 =1,...,2%. Consequently, by
Theorem 2.2, R(¢) = R(p) = 2 < co. So we need to prove that Ids —a(z;) o
¢’ is an epimorphism, because, for abelian groups, this is evidently the same as
R(a(z;) o ¢') = 1. This homomorphism has a decomposition of ¥ into invariant
subgroups G, ® G_,.,, because a(z;) : Gy = G_yis, ¢ 1 G_yys, — Gy,
and a(z;) : Gy—,, — G,. Note that the subgroups G5, and G_,4., coincide if
z; = 2x (this corresponds to the case of Gy for ¢'). Thus it is suflicient to verify
the epimorphity for each G, & G_,4+,, and for the exceptional case. Passing to
summands of G, it is sufficient to verify the epimorphity of

—F FQ —F F3 d —-F F1 o -1 m
B -r) \mB -p)™\Rr —E) " \m —1)

The first two are isomorphisms with the explicit inverses

-2 0 1 1 1 -1
-1 1 1 0 0 -1 1 1 0 0
1 0 0 1 1 1 -1 -1 0 1
1 0 -1 1 |’ 1 1 -1 -2 0 1
0 1 1 O 1 0 0 0o -1 1

-1 0 1 1 1 -1

For the third one the invertibility follows from (6). For the exceptional case we
formally do not need to verify the epimorphity, because it can add only a finite
number to R(p’), but we wish to prove our (more strong) claim (this will be helpful
for TBFT). So we have to prove, that

- F, F; - F, m—1

are epimorphisms. This can be done immediately: det(Fy—F) =1 mod 2, det(F5—
E)=1 mod 2, and 1 —m? = (1 — m)(1 +m).

Case 2). Now consider the case of even k = 2t and G without 2-subgroup. In
this case the construction starts as in [27]: we take p : Z** — Z?' to be the direct
sum of ¢ copies of

o ()on() w-(3 ).
v v -1 -1

Then M generates a subgroup of GL(2,7Z), which is isomorphic to Zs (see, [22, p.
179]). All orbits of M have length 3 (except of the trivial one) and the corresponding
Reidemeister number is equal to det(F — M) = 3. Similarly for : the length of
any orbit is 3 (except of the zero) and R(p) = 3'. Also

(7) M2+M+E<_11 _01)+<_01 _11>+<(1) ?)(g 8).
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Now define ¢’ as a direct sum of actions for Z,, ¢ = (p;)™, p; > 3.
For p; > 3 choose m = m; such that

(8) m® and 1 —m? are invertible in Z,.

This can be done for p; > 3: one can take m = 3 for p; = 7 and m = 2 in the
remaining cases (and impossible for p; = 2). Define ¢'(ap) = (ma)o and ¢'(a,) =
(ma)g(g), where a € Z, C G. So, the corresponding subgroup @,ezr(Zq)y C X
is ¢’-invariant and decomposed into infinitely many invariant summands (Z4), &
(Zq)7(q)® (Zq)z2(g) isomorphic to (Zq)? (over generic orbits of ) and one summand
(Zg)o (over the trivial orbit). Then the corresponding restrictions of ¢’ and 1 — ¢’
can be written as multiplication by

0 0 m 1 0 —-m
m 0 0], -m 1 0 , andm, 1-—m,
0 m O 0 -m 1

respectively. The three-dimensional mappings are isomorphisms by (8). Since an
element ¢ is not invertible in Z,,~ if and only if £ = u - p;, the invertibility of
one-dimensional mappings follows from (8) and the factorization 1 — m? = (1 —
m)(1+m +m?). (This construction gives a more explicit presentation of a part of
proof of [27, Theorem 4.1])

For 7, o ¢ we have

(750 ‘pl)(gm) = (mg)E(m)er (750 901)(96(90)+Z) = (mg)EQ(I)Jr@erzy

(120 @l)gaz(m)+¢z+z = (mg)¢3(z)+¢2z+¢z+z = (mg)e,
because °(z) = z and ?z + Pz +2 = 0 by (7). So 7, 0¢’ has the same matrices as
¢, but on new invariant summands (Zq)z © (Zg)g(2)+= D (Zg)p2 (2) 4@+ Similarly
for the exceptional orbit. This completes the proof of this case.
Case 3): when d; > 1 for p; = 2 and k = 4s . Using the cyclotomic polynomial
we can define (similarly to the above M) an element of order 5 in GL(4,Z)

000 —1
1 00 —1
Mi=10 1 0 -1
00 1 —1

(see e.g. [20] for an elementary introduction). For any k = 4s, let M € GL(k,Z)
be the direct sum of s copies of My. Let @ : Z*¥ — Z* be defined by M. One can
calculate

det(My — E) =5, det(M — E) = 5°.

Hence, by (4), R(®) = 5° < co. The length of any non-trivial orbit is 5, hence an
odd number.
Similarly to M, one can verify that

9) (M) + (My)? + (My)? + My + E =0.

This can be also deduced from the fact that the characteristic polynomial of the
“companion matrix” of a polynomial p is just p.

For p-power components Z, with p > 2, we define ¢’ (as above) by ag — (p —
1)ag. Then, for an orbit u,pu, ..., P u, we need to verify (for finiteness of R(¢’))
that (p —1)” as a homomorphism Z,» — Z, has no non-trivial fixed elements, i.e.
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(p—1)"#1 mod p. This is fulfilled because, for an odd v, (p —1)Y —1=-2#0
mod p.

For 2-power components Zoi & Zgi, we define ¢’ by ag — Frag (as in (5)).
Then, for an orbit u, Pu, ..., 7 u, we need to verify that (F»)" as a homomorphism
Zoi ® Zgi — Zoi ® Zg: has no non-trivial fixed elements. Here we need to use not
only the fact that v is odd, but its more specific form: v = 5. In particular it can
not be divided by 3 =order of F» mod 2. Hence (Fy)Y = (Fy)® = (Fy)? = (i (1))
mod 2. It has no non-trivial fixed elements mod 2¢ for any i.

For 2-power components Zoi @ Zoi ® Zyi, we define ¢’ by ag — Fizag (as in (5)).
Then, for an orbit of @ of length v, we need to verify that (F3)” as a homomorphism
Loi ® Loi B Loi — Loi B Zoi & Zo: has no non-trivial fixed elements. One can verify,
for i = 1, i.e. for 2° = 2, that the order of Fy is relatively prime with 5, namely it
is equal to 7. Moreover, (F3)/, j =1,...,6, has no non-trivial fixed elements. The
absence of non-trivial fixed elements is equivalent to det((F3)? — E) # 0 mod 2.
Then det((F3) — E) # 0 mod 2°. Hence, for i > 1 these automorphisms still have
no non-trivial fixed elements. The elements (F3)™, u = 1,2,..., typically are not
E mod 27, but in any case 7u # 5, for any u. In fact, we are interested only in
properties of (F3)°.

Collecting together these homomorphisms defined on the summands, we obtain
as in the first two cases, ¢’ with the desired properties. It remains only to verify
the epimorphity of 7, o ¢’. This can be done quite similarly to the end of Case 2)
with the help of (9). O

4. TWISTED BURNSIDE-FROBENIUS THEOREM

Theorem 4.1. Let G be a finite abelian group, and ¢ € Aut(G1ZF) be a finite
order automorphism. Then R(yp’) € {1, 00}.

Corollary 4.2. Let G be a finite abelian group, and ¢ € Aut(G 1 ZF) be a finite
order automorphism. Then ¢ has the TBFTy property.

Proof of Corollary. By Lemma 2.4, R(¢) < oo implies R(¢’) < oo. Hence, by
Theorem 4.1, R(¢') = 1. Considering 7, o ¢ instead of ¢ from the very beginning,
we see that R(7, o ¢') = 1, for any z € Z*. Thus, by Theorem 2.2, Reidemeister
classes {g}, of ¢ are pull-backs of Reidemeister classes {2} of @ under the natural
projection m : G ZF — ZF, ie. {g}, = 7 1({r(g9)}%). So, if classes of P are
separated by an epimorphism f : Z¥ — F onto a finite group F, then classes of
¢ are separated by f om. It remains to use the equivalence between TBFT; and
separability of Reidemeister classes in the case of finite Reidemeister number (see
[11] and [8]). O

Remark 4.3. In particular, this covers all automorphisms, which were considered
in [27]. Indeed, it was proved there, that all orbits are finite and their length is
equal to the length of orbits of . But the structure of Z* implies that % has finite
order (consider generators). Hence, ¢’ and ¢ are of finite order.

Proof of Theorem. Suppose, R(¢') > 1. Then there exists an element o € ¥ such
that o & Im(Id —¢’). Moreover, o ¢ Im(Id —¢’), where ¢/ is the restriction of ¢’
onto the ¢'-invariant subgroup ¥, generated by o. In particular, R(¢)) > 1. By
the supposition ¥, is a finite group with generators o, ¢’(c),..., (¢')*(o) for some
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s. Hence, ¢/ has a nontrivial fixed element og, ¢/ (0¢) = 0 and g # 0. For an
element m € Z* consider the orbit

a(m)oo, ¢'(a(m)oo) = a(B(m))oo, ..., () (a(m)oo) = a(F'(m))oo,

and 't (m) = m. Then (¢')**!(a(m)og) = a(m)oy. Passing from m to nm, n € Z,

m € ZF, if necessary, we can assume that the supports in Z* of ag, a(@ (nm))oo,

j =0,...,t, do not intersect. Then 22:1 a(@’(nm))og is a fixed element of ¢’,
which is distinct from 0 and gg. Increasing n “in sufficiently large steps” we obtain
infinitely many distinct fixed elements in the same way. Then by Lemma 2.3,
R(y') = o0. O
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