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Abstract: Exact a priori estimates are obtained for solutions
of a nonlinear integro-differential equation with a sum-difference
kernel in the cone of the space of functions continuous on the
positive semiaxis. On the basis of these estimates, the method of
weighted metrics is used to prove a global theorem on the existence,
uniqueness, and method of finding a non-trivial solution of the
indicated equation. It is shown that this solution can be found by
the method of successive approximations of the Picard type and
an estimate is given for the rate of their convergence in terms of
the weight metric. Conditions under which only a trivial solution
exists are indicated. Examples are given to illustrate the results
obtained.
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pasHocTHbIME sapamu (cm. mororpaduu [1], [2] u npusesentyio B Hux 6ub-
smorpaduio). Hanpumep, onmcanue npouecca pacipoCTpaHEHHs yAAPHBIX
BOJIH B TpyOax, HATIOJHEHHBIX Fa30M MU MPOIECcCa WHMUILTPAIINA KUITKO-
CTH U3 TUJIKHAPAYIECKOTO Pe3epByapa B H30TPOIMHYIO OJHOPOJAHYIO MOPUCTYIO
Cpejly MPUBOIUT K HEJTMHEHHBIM YPABHEHUSM C PA3HOCTHBIMU stapamu [3], [4],
[5], a HETMHElHBIE ypaBHEHWS ¢ CYMMAPHBIMU SIIPAMU BO3HUKAIOT B TEOPUU
JIYIUCTOTO PABHOBECHsI U B TEOPUU MEPEHOCA Telta u3aydenneM [6], [7].

B nacrosiinee Bpemst T€OpUs MHTErPAJbHBIX U UHTErpo-auddepennuaib-
HBIX YPABHEHHH BOJBTEPPOBCKOI'O THMA C PA3HOCTHBIME SIIPAMH, T.€. TeO-
pHUs ypaBHEHHII THIIa CBEPTKH, pa3paboTaHa 3HAYMTE]LHO IOJHEE, YeM CO-
OTBETCTBYIOIIAA TEOPUS YPABHEHWH ¢ CyMMapHBIMHU gapaMu. B gacrrocTH,
9TO CBA3AHO C TEM, YTO UCC/IEJIOBAHE HHTErPO-1uddepeHIuabHbIX ypaBHe-
HUIL C 9MCTO CyMMapHBIMU SPAMI OKa3bIBAETCA 3aTPYJHATENbHBIM, TAK KaK
OIEpaTOPBI BOJBLTEPPOBCKOIO THIA C CYMMAPHBIMA ApaMy He 001aaioT, B
OTJIMYUE OT OIEpPATOPOB ¢ PA3HOCTHBIMU SIPAME, CBOHCTBOM KOMMYTATHB-
HOCTH.

B nanmoit pabore m3ydaercs HeIWHEHHOe WHTETPO-anddepeHnaIbLHoe
ypaBHEHWE C CyMMapHO-PA3HOCTHBIM SIPOM

(11) u(z) = /H(:c+t)u(t) dt+/K(:v—t)u’(t) dt, 250, a>1,
0 0

rae dbyuruun H(x) u K () yIoBaeTBOPSIOT CJAETYIONM OCHOBHBIM YCJIOBHU-
SIM:

(1.2) H € C'0,00), H(z) me yopiBaer na [0,00) u H(0) > 0,

(1.3) K € C'0,00), K'(z) e y6uBaer na [0,00), K(0) =0 u K’'(0) > 0.

TeopeTndecKkuil W TPUKJIATHON WHTEPEC MPEICTABISIOT HETPUBHUAILHBIE
perienust ypasaernii Buga (1.1), T03TOMy OHE Pa3bICKUBAIOTCA B KIacCCe

Qb = {u(z) : ueC[0,00)NCH0,00), u(0) =0 u u(z) >0 opu z > 0}.

Ouesnzno, uTo TpuBHAILHOE pemrenne u(x) = 0 ypasuenns (1.1) He mpu-
HaJJIEXKUAT KJIACCY Q(l].

Hens mannoit paboThl JoKa3aTh TIOOATBLHYIO TEOPEMY O CYIIEeCTBOBAHHUM,
eTMHCTBEHHOCTH W CHOCOBe HaXOMXKIEHWsT HETPUBHAJIBHOTO DEIIeHUs ypaB-
Herns (1.1), a TakyKe MOJYIUTH TOYHBIE JIBYCTOPOHHHUE OTEHKH IS STOTO
peITeHns.

Hapsiny ¢ warerpo-muddepenimanbabiv ypapaernem (1.1) 6ymer uccite-
JTOBAHO TaKXKe TECHO CBI3AHHOE C HUM WHTETPAJTHHOE YPAaBHEHHE C SIAPOM
Tennuna-lankens H(x +t) + K'(x — t):

x
(14)  u() = / (H(z+ )+ K'(e — )] u®)dt, >0, a>1.
0
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YpaBreHusi ¢ pazHOCTHBIM siapom Temmuna p(x — ¢) wiu CyMMapHbIM siJi-
pom Tankens g(x + t) npuBIEKAIOT BHUMAHUE MHOIMX aBTOPOB, IIOCKOJIbKY
OHU BCTPEYAIOTCS B TAKHUX PA3HOOOPA3HBIX 0OJACTAX KAK THIPOJIUHAMUKA,
oOpaTHBIE 3a/1a9l PAaCCessHUsl B KBAHTOBOW MeXaHWKe, MPOOJIEeMBI TI€peIain
PaJMAITMOHHBIX BOJTH, a TaKyKe HAXOJST MPUIOKEHUsI B MEIUIMHE U OUOJIO-
ruu (cum. [8]). B pabore [9] u3yeno nuneitnoe ypasuenue suga (1.4) ¢ sapom
Termuna-laakens p(x—t)+q(z+t). apa Termmna-lankesst BO3HUKAIOT Ipn
UCCIIeIOBAHUY KPYTOBOTO IITAMITA, TPOHUKAOIIEr0 B YIPYTUil CJI0H KOHEd-
HO¥ TOJITIUHBI, OMUPAIOTINIAICS HA KEeCTKUI (DYHIAMEHT, & TAKIKE ITPU U3y Ue-
UK (DUIBTPAIINE CTAITMOHAPHBIX CJIyYaliHBIX TPOIECCOB ¢ HABIIOCHUSIMH,
aTMOoC(hEPHOTO paCCestHUs U TMHAMUKH paspekeHnoro rasa [10].

BamernMm, uro ypasaenue (1.4) mmeer Tpupmasibhoe pemenne u(x) = 0 B
KOHYyCe

Q ={u(x): ueCl0,00) uu(x)>0npuz >0},

COCTOSIIEM M3 HEOTPHIATEbHBIX HEIPEepPhIBHBIX Ha mosyocu [0,00) dbyHK-
nwit, u, Boobe, 060e perieHre 3TOro ypasHeHusi B KOHyce () yI0BIETBO-
pser yeaosuto u(0) = 0. Kpome toro, ecnm unrerpanbaoe ypasuenue (1.4)
UMeeT HETPUBHUAJIBHOE pemenue u € (), TO ero casurn

(z) = u(x —9), ecom x > 0,
Us\t) = 0, ecau x < 0;

u_s(x) =u(x +90), ecaumx > 0;

TAKIKE SABJISTFOTCS PEIIEHUsIMI 3TOI0 YpaBHEHUsI pu Jjirobom § > 0, T.e. ypas-
HeHue (1.4) MOXKET UMerb KOHTUHYyM petednii. Ilosromy, juis Toro, 4ro-
OBl 33149y HAXOXKIEHUST HETPUBUATBHBIX perrenuii ypasaerus (1.4) caemars
KOPPEKTHON U B CBA3U C TEM, YTO C IPHUKJIATHOA U TECOPETHUYECKON TOUEK
3peHus 0COOBIN MHTEPEC MPECTABISIOT HEMPEPBhIBHBIE MTOJI0KUTEIbHBIE TTPH
x > 0 pemenus ypasaenus (1.4), 6ymemM HCKaTh €ro pereHns B Kiacce

Qo = {u(x) : ueC[0,00), u(0) =0 u u(x) >0 upu = > 0}.

3aMernM, YTO TEOpUS JIMHENHBIX WHTEIDAJIBLHBIX YPABHEHUN THIIA CBEPTKH,
T.e. YpaBHEHHUH C PA3HOCTHBIMU SPaMU, B HACTOSIIEE BPEMS JIOCTATOYHO XO-
poIro pazpaboTaHa U ee OCHOBHBIE PE3Y/IBTATHI IIPUBEJIEHBI, HAIPUMED, B MO-
sHorpadmun [11]. Uro KacaeTcs COOTBETCTBYIOMINX JHHEHHBIX WHTETDATbHBIX
YPaBHEHUI ¢ CyMMapHBIMU spaMH, TO, KaK OTMeYeHO B pabore [12|, oHu
W3yYeHbl, B OTJIMYNE OT YPAaBHEHWM C PA3HOCTHLIMH SAPAMU, CPABHUTEb-
HO MaJio. DTO 3aMevYaHue CIPABEIIUBO TAKKE OTHOCUTEHbHO HEJIMHEWHBIX
MHTErpaJjibHbIX U UHTErpo-audpepeHIuajbHbIX yPaBHEHUIA.

1 CaBoiicTBa HEOTPUIATEJIbHBIX PEIIeHMIA

IIpex e weM mokasaTb TeopeMy O CYIIEeCTBOBAHUH, €INHCTBEHHOCTH W
criocobe HaxOXKJeHUsi perienuii ypasaenus (1.1), BRISICHUM CHadaja KaKd-
MU CBOMCTBaMU JOJKHBI 00/1a/IaTh 9TU PEIIEHUsI, €CJAU OHU CYIIECTBYIOT.

CrpaBeJinBbI CJIEIYIOIIUE JIBE TPOCTHIE JIEMMBL.
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JIemma 1. ITycmo ewnoanenvs ycaosus (1.2) u (1.8). Ecau u € Qo a6aa-
emcsa pewenuem ypasrenus (1.4), mo pynxyus u(z) ne yomeaem na [0,00)
u nenpepuiero-ouddepenvyupyema na (0,00), m.e. u € C1(0,00).

Aokazameavcmeo. llycts u € Qo u sBasierca perenneM ypapuerust (1. 4)
Hokazkem caavasa, uro torga dbyakius u(zx) He yobisaer aa nossyocu [0, 0o
s mobeix x1,xe € [0,00) Takux, 910 Ty > X1, ¢ yueroMm ycaosuit (1.2) u
(1.3), mmeem

u®(xe) —u(z1) = /[H(azg—i—t)—i-K’(afg—t)—H(xl +t) — K' (w1 —t)]u(t) dt+
0
+ /[H(xg + 1)+ K'(xg — t)]u(t) dt > 0,

T.e. u(zg) > u(x1) - 9r0 M TPEHOBATIOCH.
okazkem Ternepb, 910 perienne u(x) HenpepbiBHO guddepeHupyemMo Ha
(0,00). Tak kak mo ycaosuto (1.3) mepsast nponssognas K'(x) ne yObiBaer
a [0,00), To o Teopeme Jlebera nourn Berogy Ha [0,00) CyIECTBYeT BTO-
past mpomssoaas K (1), kotopas mokansao cymmupyema. CregoBarensHo,
npasag 9acth Toxkaectsa (1.4) muddepenupyema n B cury u3secTHoi dhop-
MYJIBI TIPOU3BOIHON MHTErPa/ia 3aBUCAIIErO OT MAPAMETPA B CJIydae KOTIa
IpPeJIe/Tbl MHTErPAsia, 3aBUCST OT TAPAMETPA, UMEEM

T /

/[H(g; +t)+ K'(z —tu(t)dt | =

0
= /H/(x + t)u(t) dt + H(2z)u(z) + /K”(m — t)u(t)dt + K'(0)u(z) =
0 0
(2.1) = /H’(:c+t)u(t) dt—i—/u(m — )K" (t)dt + [H(2x) + K'(0)]u(x).
0 0

Tax kak u(x) me y6oiBaer, a K’ () nokanbuo cymmupyema, T0 1o jemme 1
[13] cBepTKa

T

/u( HK"(t /K” u(t) dt

0

HenpepbiBHA Ha [0, 00).
Takum o6pa3oM, TPOM3BOHAS TPaBOii YacTh ToxkaecTBa (1.4), B cuity pa-
BeHcTBa (2.1), cymmecTByeT u HenpepbiBHA Ha Beedi moayocu [0, 00). Ho Torma
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CYIIECTBYET U HEIPEPbIBHA NPOU3BOHAs JI€BOI uacTu Toxkaectsa (1.4), npu-

geM Jyist Jir060ro x> 0 clpaBeIMBO PABEHCTBO:

(2.2)

o' (x) = —ut"Y(2) /[H’(x +t) + K" (z — t)|u(t) dt + [H(2z) + K'(0)]u(z)
0

W3 pasencrsa (2.2) BbITeKaer, uro GyHKUs u () HenpepblBHO auddepeH-
nEpyema Ha Beeil mostokuTeapHoil mosryocu (0, 00), uckaodas Touky ¢ = 0,

TK. 1 —a <0 nu(0)=0. O

Jlemma 2. Ilycmo evimoanens, yeaosus (1.2) u (1.8). Ecau u € QY aeaa-
emca pewienuem unmezpo-dudpepenyuanvrozo ypasuenua (1.1), mo u € Qo
u aeasemca peuenuem ypasnenua (1.4). Obpammno, ecau u € Qo ABAAEMCA
pewenuem unmezpaavnozo ypasrenus (1.4), mo u € Q u asaaemca pewe-
Huem ypasrenus (1.1).

Joxasameavemeo. JlokazkeM CHadgasIa MePBYIO 9acTh JeMMbl. 1lycth u € Qf
u stByisiercs perenuen ypasraenus (1.1). Tak kak Qf C Qo, To u € Qo. Unre-
rpupys o JacTsM u ucnob3ys pasencrsa K (0) = u(0) = 0, u3 ToxmecTBa
(1.1) momyvaem

/Ha:+t dt+in—t)du(t):

/H (x+t)u dt+/K’x—t (t) dt,

T.e. u(x) sABJISIETCS pelleHneM MHTerpajJbHOro ypasHenus: (1.4).

O6parHo, nycrb u € Qo U SIBJISIETCS PellleHueM NHTErPaIbHOIO yPABHEHMsI
(1.4). Torma, cormacuo memme 1, u € C1(0, 00) u, snaunt, u € QJ. Ucnombsys
JIBAK/IBI KOMMYTATHBHOCTE CBEPTKH, (JOPMYJTy MHTErPHPOBAHUS MO TACTIM
u papercrsa K (0) = u(0) = 0, u3z Toxzgecrsa (1.4) umeem

= /H(m—i—t)u(t) dt—i—/K’(t)u(x—t) dt =

:/ (z+t)u dt+/K (x—t)dt = /H (z+t)u )dt—i—O/K(x—t)u’(t) dt,

0
T.€. u(x) ABJISIETCS peleHneM I/IHTeI‘pO—,HI/I(b(bepeHHI/IaJH)HOI‘O ypasuenus (1.1).

]

Jlatee HaM MOHAIOOATCA CACAVIONINE IBa HEPABEHCTBA,

x x

(2.3) / a(z + t)b(t) dt < / 2a(2t) — a()]b(t) dt, = >0,

0 0
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T x

(2.4) / a(z — D)b(t) dt < / (Dbt dt, T >0,

0 0

CIIpaBEIJINBbIC JIJIf .HIO6I:)IX HCOTPUIATEC/IBHBIX Hey6bIBaIOH_LI/IX Ha TOJIyoCHn
[0,00) dyuxumit a(z) u b(x) . Hepasencrso (2.3) noupobuo pokazano B [14,
Jlemma 1|, a nepasencrso (2.4) u3BECTHO KaK UHTErPajIbHOE HEPaBeHCTBO e~
OwimieBa |15, c. 120] (em., takxe, [1, ¢. 121], rae mpuBeieHB! 1Ba PA3TUIHBIX
ero JIOKa3aTeabCTBa).

Jlemma 3. Ilycmwv ewnoanens ycaosus (1.2) u (1.3). Ecau u € Qo Asas-
emca pewenuem ypasnenus (1.4), mo das 06020 x € [0,00) 6WNOAHAIOMCA
HePaseHcmea.:

x 1/(a—1)
2= ! / (H(2t) + K(0)] dt < (@) <
0
v 1/(a—1)
(2.5) < O‘; ! /[2H(2t) — H(t) + K'(t)] dt

0

Jlokasamenavcmeo. Tycts u € Q aBasgerca permernem ypasaerust (1.4). To-
KaxkeM nepBoe HepaseHcTBO u3 (2.5). Vcnonssys yceaosuga (1.2) n (1.3), u3
roxgectsa (1.4) nomyuaem

T

w(z) > / (H(2t) + K (0)]u(t) dt
0

wIm
x 1o
(2.6) u(z) > /[H(Qt) + K'(0)]u(t) dt st moboro x> 0
0
HITH
; 1/a
u(t) > /[H(Qs) + K'(0)]u(s) ds agist moboro ¢ > 0,
0
OTKY/Ia
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Muarerpupyst 0be gactu mocaeHero nepaBeHcTsa B npejenax ot 0 10 x, nme-
eM

x (a—1)/c -
/ (H(25) + K (0)]u(s) ds > L / [H(2t) + K'(0)) dt
0 0
z 1/a x 1/(a—1)
/ (H(26) + K (0)]u(t) dt 2= ! / (H(2t) + K'(0)] dt
0 0

Ncmonb3ys o1y onenky, u3 (2.6) HENOCPEACTBEHHO MOJTydYaeM MEPBOe Hepa-
BeHCTBO u3 (2.5).

Tokaxkem, HaKOHEI, BTopoe HepaBeHcTso u3 (2.5). Mcmonb3ys Hepasen-
crea (2.3) u (2.4), umeem

u®(x) = /H(m—i—t)u(t) dt+/K’(:c—t)u(t) dt <
0 0

T

< / QH (2t)— H (1)]u(t) di+ 0/ K'(#)u(t)dt = / 2H (20)—H (t)+K'(1)]u(t) dt,

0 0

T

oTkyna, obosnaaus A(t) = 2H (2t) — H(t) + K'(t), nns mo6oro x > 0 umeem

(2.7)

- 1/

1/a T
u(x) < /[2H(2t) — H(t) + K'(t)]u(t) dt = /A(t)u(t) dt
0 0
W13 mepaserncTBa (2.7) HEMOCPEICTBEHHO IOy IaeM

-1/«

/A(s)u(s) ds A(t)u(t) < A(t) s moboro ¢t > 0.
0

MuaTerpupys 0be gactu mocaeqHero nepaBeHcTsa B mpeaenax ot 0 10 x, nve-
eM

x (a=1)/a ] x
A(s)u(s)ds <272 [ A@)yat
/ /

(%

WM, 94TO TO XK€ caMoe,

1/a z 1/(a—1)
a—1

j A(s)u(s)ds | < / A(t) dt -
0

(07
0
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x 1/(a—1)
. / 2H(2t) — H(t) + K'(1)) dt

(0%

0
Ucmonbsya a1y onenky, u3 (2.7) HENOCPEACTBEHHO MOJy4YaeM BTOPOE Hepa-
BeHCTBO u3 (2.5). O

B cuny nemwmbr 2, mccaemoBanue mHTETPO-IudPEePEHITHAIBHOTO ypaBHE-
aus (1.1) cBommTest K mccaenoBaHuio uHTErpasbHOro ypasaenusi (1.4). U3
aemM 1 # 3, B 4aCTHOCTH, CHEYET, YTO €C/In U € Qé " SIBJISIETCST PEIeHneM
ypasuenus (1.1), To ono me ybObiBaer na [0,00) U yIOBJETBOPSIET HEPABEH-
cream (2.5).

Ormerum, uro ipu H(z) = C1 u K(z) = Cex, tne C1 > 0 u Cy > 0 ecThb
KOHCTAHTHI, HEDABEHCTBA B (2.5) 00paIalTcs B PABEHCTBA U JAI0T PEIeHne
kak ypaphenusi (1.4), Tak u ypasrenus (1.1), 9T0 CBHAETENBCTBYET O TOY-
HOCTH MOJIYYEHHBIX B JIEMMeE 3 allPUOPHBIX OIEHOK PeIeHts] HHTErPAIbHOrO
ypasrenus (1.4).

BameTnM Tak:Ke, 9TO HepaBeHCTBO UebwimieBa (2.4) cnpaBemnBO Kak B
ciiydae HeyOBIBAIOINX, TaK U B CJIydae HEBO3PACTAIONINX Ha mosyocn [0, 00)
dyukumit a(z) u b(x), npudem TpeboBaHHEe HEOTPUIIATETFHOCTH STUX (DYHK-
nuit u3aumHe B 06oux ciaydasx (moxpobuee, cM. [1]).

2 Teopembl CyIIeCTBOBAHUS U €ANHCTBEHHOCTHU PEIICHUHA

U3 seMMBI 3 BBITEKAET, 9TO pelieHus ypasHeHus (1.4) ecTecTBEHHO pas3bic-
KNBaThb B KJacce

P ={u(z): ueCl0,00) nu F(x) <u(x) <G(x) s moboro x € [0,00)},

i \ 1(a-1)
Fz)= 2 ~ ! /[H(2t) + K'(0)] dt ,
0
, 1(a-1)
G = ! / 2H(2t) — H(t) + K (1)) dt

0
Banumiem ypasaenue (1.4) B onmeparoproMm ume: u = T'u, rje

T l/a
(Tu)(z) = / (H(z +t) + K'(z — £)]u(t) dt
0
Jlemma 4. llycmo svinoanens ycaosua (1.2) u (1.3). Toeda kaacc P unsa-

puarmen omuocumenvno onepamopa T, m.e. T : P — P.

Aoxasameavcmeo. Ilyctes uw € P, re. u € C[0,00) n F(z) < u(z) < G(x).
Hy»xno noxasars, uro torga Tu € C[0,00) u F(x) < (Tu)(z) < G(z), Te.
Tue P.
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). To, wro Tu € C[0,00) BbITekaer u3 moHnoronuocru byuxkuuit H(x),
K'(x) n nenpepbiBrocrn dysaxunu u(x) (cm., nanpumep, [16, c. 288] u [1, c.
120]).
2). Hoxkaxewm, uaro (Tu)(x) > F(x). Tak xak u(x) > F(x), To

T T

[(Tw)(2)]* = / [H(z +t) + K'(z — t)]u(t) dt > / [H(2t) + K'(0)]F(t) dt =

re. (Tu)(x) > F(x).
3). Hokaxkem, Hakoner, uto (Tu)(z) < C)?(

x). Tak xak u(z) < G(z), To
HCIO/IB3Ys] WHTErpaIbHble HepaBeHCTBa (2.3

(2.4), nmeem

:/H(x—i—t / (z — t)u(t)dt <
0

0
T

S/H(x—i—t)G dt+/K’(x—t)G(t)dt§

/2H (2t) t)|G(t) dt—i—/K’(t)G(t) dt =

0

= ¢ 1/(a—1)
= / [2H (2t)—H (t)+K'(t) ( —1 / [2H (2s) +K/(s)]ds> dt =
o
0

]
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Paccmorpum Temneps xirace
Py ={u(z): vweC[0,b] u F(z) <u(r) < G(z) nua aoboro z € [0,b]},

e b > 0 ecth Jyr0H0e YMCII0, W OMPENEJNM B HEM PACCTOSTHUE CJIEIYIOMINM
obpazom

g 1@ (@)
3.1) pluv) = 0<m2b G(z) .

Jlemma 5. Ilapa (P, p) obpasyem noanoe mempuieckoe npocmpaHcmeo.

Jlemma 5 mokasbIBaeTCs aHatorndno jgemme 4 u3 [14].
W3 memmbl 4 HEIOCPEACTBEHHO BBITEKAET, UTO omeparop 1’ neficTByer u3
Py B Py. JTokaxkem, 4TO OpU CAEAYIONEM JOTOJTHUTEIHHOM TPEIITOI0KEHUH
[2H (2t) — H(t) + K'(t)] dt
(3.2) q= sup Jol - (2) — H() ()] <1,
0<e<b o [[H(2t) + K'(0)] dt

[en]

omeparop 1 ABIAETCS CXKUMAIOIINM B METPUYIECKOM MPOCTpaHcTBe Fj.
Bocrnonbsyemca Teopemoii Jlarpanzka (popmysioi KOHEUHBIX MPHUPAITIE-
HUI), COTJIACHO KOTOPO#i 1pu Jit06bIX 21 > 0 1 29 > 0 cipaBejimBO PABEHCTBO

1/a 1/ae 1 (1-a)/a
21 — 29 =—0 (2’1 — ZQ),
o
rie 6 > 0 HEKOTOpOe UHCII0, JIEXKAIEee MEXAY 21 U 2Zo. VI3 9T0r0 paBeHCTBaA
cJIeJlyer, 9To eCAU Z] > 29 M Zy > 29, TAe zg > 0, ro 0 > zg u, 3Hauwnr,
ClIpaBe/JIMBO HEPABEHCTBO

1 ‘Zl — 22‘

1 a 1/a
0

IIycrs u,v € P, u x € (0,b]. Torma, B cuty nepasencrsa (3.3), B KOTO-
pom pouib 2o urpaer F*(z), ¢ yuerom nepaserncTra (2.1), mocsemnoBaresabHoO
nosygaem

1]0 x—i—t + K'(z — t)]|u(t) — v(t)| dt _

(Tu)(a) - (Tv)(@)]| < S RO S

T

p(u,v) /
= (—1) fo +K/(0)]dt0/[H($+t)+K(Ji—t)]G(t)dtS
p(u, v) ’ /
(0= 1) [y [H(2t) + K'(0)] dt / [2H(2t) — H(t) + K'(z — 1)]G(t) dt <

= (o~ 1) [ A0 + K'O)]dt
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o _ 1\ V-1 7 !
X ( - 1) /[2H(2t)—H(t)+K’(t)] /[2H(2s) — H(s)+ K'(s)]ds
0 0
_ p(u, v) oy
~ (a—1) [J[H(2t) + K'(0)] T ().
CrenoBaTebHO,
(Tu)(2) — (Tv)(x) plu,v) atyy
G(z) = (a—1) [J[H(2t) + K'(0)] dtG (@) =
B p(u,v) a—1 r B , o
T o) JFHE)+ K0)d o O/pH(%) HO+K ()] dt < ¢-plu,v),
OTKYJ1a
(3'4) p(TU’ TU) <q- p(u, U)a

rie NoJIoKuUTebHOe Yuciao ¢ < 1 onpexeseno pasenctsoM (3.2). Cienosa-
TEeJILHO, otteparop T’ ABJISETCs CAKUMAIOIIUM - 9TO M TpebOBaIOCh JOKA3ATD.
[Mostyuennble BbIIIEe PE3YJILTATHI O3BOJISIIOT JOKA3ATh CJIEYOILYI0 TEOpe-
My.
Teopema 1. ITycmo « > 1 u ewnoanenv yeaosus (1.2), (1.3) u (3.2). To-
2da unmezpaavnoe ypasnenue (1.4) umeem 6 xonyce Qo (u 6 Py npu arobom
b > 0) eduncmeennoe pewerue u*(x). Omo pewerue modcHo Halimu 6 NpPo-
cmpancmee P, memodom nocaedosamesvnui npubiusicenuts nukaposckozo
muna no gopmyse u, = Tup—1, n € N, co crodumocmvio no mempure p.
IIpu smom cnpasedausa ouenKa cKOPOCMU CLOOUMOCTI:

n

p(Tug,up), n €N,

. q
(3.5) plun,u™) < 5

2de wucao q < 1 onpedeaeno 6 ycaosuu (3.2), a ug € Py ecmv nauasvroe
npubsudCERUE (NPOUIBOALHAA HYHKUUA).

Jlokazameavemeo. Sanuiem ypasuenne (1.4) B oneparopuom Buje: u = Tu.
W3 nemmbl 5 u orenkn (3.4) BeITeRaeT, uTo 115 ypapHenus (1.4) BoimosHe-
HBI Bce TpeOOBaHWS TPUHITUIA CKUMAOIMX orTobparxenuii. CraenoBaresib-
HO, ypasHenue (1.4) mMeer eamHCTBeHHOE perenue u* € P, m 910 perre-
HUE MOXKHO HANTH METOJ0M IOCJIeI0BATENBHBIX TPUbIMKeHui 110 dhopmysie
Up = Tup—1, n € N, 119 KOTOPBIX CIPABEJINBA OIEHKA CKOPOCTU CXOIUMO-

cru (3.5).
YTBep:KIeHNe TeOPEMBl O €JMHCTBEHHOCTH STOTO PeIleHus! B KoHyce (o
JIOKA3BIBAETCA TOYHO TaK ’Ke Kak U B Teopeme 3 [17]. O

Ucnonesys memmy 2, Teopemy 1 u pasencrsa (cum. [14, Jlemma 2| u [1, c.
120], coorBercTBEHHO)

H(x+t)dt = [[2H(2t) — H(t)]dt m K'(x—t)dt= | K'(t)dt
[rosoes] [

1/(a—1

dt
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MBI MOYXKEM TeIepb COPMyMPOBATH OCHOBHOM Pe3y/brar JaHHOM PadOTHI.

Teopema 2. Ilycmo o > 1 u svinoanenn, ycaosus (1.2), (1.3) u (3.2). Tozda
unmeezpo-ouddeperuuasvroe ypasHeHUe

(1.1) u®(z) :/H(x+t)u(t) dt+/K(1:—t)u'(t) dt, x>0,
0 0

UMEEm 6 KOHyce
Qb = {u(z) : ueC[0,00)NC0,00), u(0) =0 u u(z) >0 mpu = > 0}

(u 8 Py npu arwbom b > 0) eduncmesennoe pewenue u*(x), npuvem daa awo-
6020 x € [0,00) 6BINOAHAIOMCA HEPABEHCTNEA

. 1/(a-1)
2= ! /[H(Qt) + K'(0)] dt <u'(@) <
0
\ 1/(a-1)
< a; ! /[H(a;+t) + K'(t)) dt

0

Imo pewerue MoxcHO Halmu 6 mpocmparcmee P, memodom nocaedosa-
MEALHOIL NPUOAUNCEHUT, NUKAPOBCKO20 Muna no dopmyae un, = Tup_q,
n € N, co crodumocmoro no mempurke p, onpedesennoti pasencmeom (3.1).
IIpu amom cnpasedausa ouenka ckopocmu crodumocmu (3.5).

Jlerko mokazark, 9To B ciydae korga 0 < « < 1 ypasuenwe (1.1) e
“MeeT PeIleHnuil B KOHyce Q[l) B camowm mese, ecam A0myCTHTH TPOTUBHOE,
at0 u € Q} n ABnAeTCa pemenneM ypapuenna (1.1), To ¢ ydgeToM TOro, 9TO
oHO He ybpiBaeT u Toraa, Korga 0 < a < 1 (cM. 10Ka3aTesbCTBO JIEMMBI 1),
u3 ToxectBa (1.1) mocsre HHTErpUPOBAHKA [0 YACTIM IIOJTYIUM

u(z) < u(m)/H(x—i—t)dt—i—u(a:)/[('(x—t)dt, x>0,
0 0

OTKYZa

T

u*(z) < /[2H(2t) — H(t)|dt + K(x).
0

Ilepexoasa B mocienneM HEpaBEHCTBE K Tpejeay npu z — 0 mpuxoamMm K
npoTuBopeunto: oo < 0.

Sameuanue 1. B aunetinom cayuae (m.e. npu o = 1), xax u 6 cayuae,
kozda 0 < a < 1, unmeepo-dudpepernyuarvroe ypasnenue (1.1) umeem ¢
rKonyce Q auwd mpusuasvhoe pewenue u(x) = 0.
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U3 reopembr 2 caempyer, uro npu « > 1 ypasrenue (1.1) moxker umern
HETPUBHAJIbHOC PCIICHUE U B 9TOM COCTOUT IIPUHIUITNAJIBHOEC OTJIMYUEC HCJIN-
HEeHHbIX WHTErPATbHBIX YPABHEHUI BOJIBTEPPOBCKOTO THIIA OT COOTBETCTBY-
IOIINX OTHOPOIHBIX JTUHEHAHBIX ypaBHEHU, KOTOPbIE MOT'YT UMETh JIUIITh TPH-
BHAJbHOE perenue. [IpuBegeM aBa mpuMepa.

IIpumep 1. Ecm H(z) = C1 > 0 u K(z) = Cyz, Cy > 0, To Kpome
TPUBHAJILHOTO perenus ypasuenue (1.1) umeer B Konyce () U HETPUBHAJILHOE
pelrenmue:

o1 1/(a—1)
w(z)=C 2@V e C= ( - [C + 02]> ,

IIpumep 2. Ecom o« = 2, H(z) = e, K(x) = e¢* — 1, To Kpome Tpu-
BUATHHOTO pemenus ypasaenue (1.1) mmeer B koHyce () M HETPUBHAIBLHOE
perenne:

1 2
u(z) = =¥ + Zet/? — 1.

3 3

B cBasu ¢ ycaosuem (3.2) 3amernm, 9To
-~ Jo[2H(2t) — H(t) + K'(t)]dt . 2H(2z) — H(z) + K'(x) 1 <1
S aHED+ KOJd - [HED)+K©0) a

BHaueHue TOro mpesIeIa moITBEPKIaeT KOPPEKTHOCTH yetoBust (3.2). Bosee
Toro, B ciayuae siaep H(z) = Cp > 0u K(x) = Cyz, Cy > 0, yaosaersopsto-
LIMX, 04EBUHO, OCHOBHBIM ycaoBusiM (1.2) u (1.3), nonosHuresnbHoe yeaoBue
(3.2) TakxKe BBIIOJHSACTCS W IPH ITOM 3HadeHne ¢ = 1/a.

B saksrouenne ormeTnM, 9ro caeayst paboram [11] u [14] Teopemy 2 MoxkHO
0600muTL Ha caydail ypasaenns Buga (1.1) ¢ HEOTHOPOIHOCTHIO B MPABOM
YACTH, & B CJIy9ae MOKA3aTeId v CIeNUAIBHOrO BUIA TAKOE YPABHEHHE MOZK-
HO HCCJIEN0BAThL B pocrpancTse Jlebera Liyq(0,00) METOJOM MOHOTOHHBIX
no Bpaynepy-Muntu omeparopos (cum., Hampumep, [18]).
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