Chechen State Pedagogical University, 62 Kh. Isaev Ave., Grozny 364068, Russia,
Professor; Kadyrov Chechen State University, 32 Sheripova St., Grozny 364024,
Russia,

S@©MR ISSN 1813-3304

CUBUPCKUNE SJIEKTPOHHDBIE
MATEMATUYECKUE N3BECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 16, ecmp. 144-144 (2019) VK 517.968.4
DOI 10.33048/semi.2019.16.xxx MSC 45J05

UHTEI'PO-/IN®PEPEHIIVIAJIBHOE YPABHEHUE
BOJIBTEPPOBCKOT'O TUIIA C CYMMAPHO-PA3ZHOCTHBIM
APOM U CTEIIEHHOUN HEJIMHEMHOCTBIO

C.H. ACXABOB

ABSTRACT. Exact a priori estimates are obtained for solutions of a
nonlinear integro-differential equation with a sum-difference kernel in
the cone of the space of functions continuous on the positive semiaxis.
On the basis of these estimates, the method of weighted metrics is used
to prove a global theorem on the existence, uniqueness, and method of
finding a non-trivial solution of the indicated equation. It is shown that
this solution can be found by the method of successive approximations of
the Picard type and an estimate is given for the rate of their convergence
in terms of the weight metric. Conditions under which only a trivial
solution exists are indicated. Examples are given to illustrate the results
obtained.

Keywords: Volterra integro-differential equation, sum-difference kernel,
power nonlinearity.

1. BBEJIEHUE

MHorwue 3aJ1a91 COBPEMEHHON MaTeMATUKHA, (PUBNKH, MEXQHUKU U OHOJIOTAN TIPH-
BOJSAT K HEJIMHEHHBIM MHTErPAJbHLIM YPABHEHUSM C CyMMApPHBIMHA M PA3HOCTHBIMU
siupamu (cM. MoHorpaduun [1], [2] u npusesennyo B Hux 6ubauorpaduio). Hanpu-
Mep, OIMCAHKE TPOIIECCa PACITPOCTPAHEHHS YAAPHBIX BOJIH B TPy6ax, HAITOJHEHHBIX
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2 C.H. ACXABOB

ra3oM WJIM TPOIEcca MH(PUILTPAIMA KUJIKOCTU U3 MUJIMHIPAYECKOrO pe3epByapa
B M30TPOIIHYIO OJHOPOJHYIO IIOPUCTYIO Cpelly IPUBOAUT K HEJIMHEHHBIM ypABHEHH-
M ¢ pasHocTHBIMEU simpamu (3], [4], [5], a HenwHeltHbIE ypaBHEHWs ¢ CyMMapHBIMI
SAJIPAMH BO3HUKAIOT B TEOPHHU JIyIUCTOrO PABHOBECUS W B TEOPHHU IIEPEHOCA TEILIA
u3tydenueM [6], [7].

B HacTosiIIee BpeMsl TeOpH HHTErPAJILHBIX 1 HHTErpo-1uddepeHnnaabHbIX ypaB-
HEHUiT BOJIBTEPPOBCKOrO THIIA, ¢ PA3HOCTHBIMU SIPAMHU, T.€. TEOPUs YPABHEHUIT THIIA
CBEPTKH, pa3paboTaHa 3HAYUTEIBHO IOJIHEE, 9eM COOTBETCTBYIOMAA TEOPHA yPaB-
HEHUit ¢ CyMMApPHBIMHU JpaMi. B 9aCTHOCTH, 3TO CBA3AHO C TE€M, 9TO MCCJICIOBANTE
uHTerpo-1uddepeHanIbHLIX YPABHEHHI ¢ YHCTO CyMMAPHBIMU SPAMU OKa3bIBa-
€TCs 3aTPYHATEILHBIM, TaK KaK OIePATOPHI BOJIBTEPPOBCKOTO THUIIA C CyMMAapPHBIMU
AApaMu He O0JIaJaloT, B OTJIMYUE OT ONEPATOPOB C PA3HOCTHBIMU SIIPAMHE, CBOMN-
CTBOM KOMMYTATHBHOCTH.

B nmammoit pabore usydaercs HenuHeHHOE HHTETPO-TnddepeHITuaAIbLHOEe YPaBHe-
HHUE C CyMMapHO-Pa3HOCTHBIM sPOM

(1.1) u(z) = | Hx+tu(t)dt+ [ K(z—t)u/'(t)dt, =>0, a>1,
/ /

rje dbyakuun H () u K(2) ya0oBJIeTBOPSIOT CIEAYIONUM OCHOBHBIM yCJIOBUSIM:

(1.2) H € C'[0,00), H(z) ne y6uisaer na [0,00) u H(0) >0,

(1.3) K € C'0,00), K'(x) e y6uisaer na [0,00), K(0)=0wu K'(0) > 0.

Teopermdecknit u MPUKJIIATHON HHTEPEC TPEACTABIAIOT HETPUBUAJIBHBIE PEIIEHUsT
ypasaernit Buga (1.1), I03TOMY OHM PA3BICKHBAIOTCS B KJIACCE

Qs = {u(x) : ueCl0,00)NCH0,00), u(0) =0wuu(z) >0 upu x> 0}.

OueBnjiHo, uTO TpUBHaANBbHOE pemenne u(x) = 0 ypasHerns (1.1) He UPUHAIEKHUT
kiaccy Q.

ens nannoit paboOTH T0KA3aTh TVIODAIHHYIO TEOPEMY O CYIECTBOBAHWM, €/IMH-
CTBEHHOCTH U CIIOCO0E HAXOXKEHUs HETPUBHAJIBLHOIO pereHust ypasHerus (1.1), a
TaK2Ke IIOJIYIUTb TOYHbIC JIBYCTOPOHHUE OIICHKH JIJIsI 9TOT'O PpEIIeHU .

Hapsiny ¢ unrerpo-muddepennuanbubiv ypasaenuem (1.1) Gymer ucciemoBaHo
TaK>Ke TEeCHO CBSI3aHHOE C HUM MHTErPajibHOe ypaBHEHHe

(1.4) u®(z) = / [Hz+1t)+ K'(z—t)]u)dt, >0, a>1.
0

BamernM, uro ypasaenue (1.4) numeer TpunasnbHoe penteHue u(zr) = 0 B KOHyce
Q ={u(z): we Cl0,00) u u(x) >0 upu x > 0},

COCTOSINEM M3 HEOTPUIATE/LHBIX HElPEPBIBHBIX Ha nojyocu [0,00) dyuknuii, u,
BoOOITIE, JII000E pEIieHre 3TOr0 YPaBHEHUS B KOHyce () YIOBJIETBOPSET YCJIOBUIO
u(0) = 0. Kpome Toro, eciin unrerpasibtoe ypasaenue (1.4) uMeer HeTPUBUAILHOE
pelerre u € (), TO €ro CIBUIH

g () = u(z —9), ecmm x > 0,
O\ = 0, ecm < §;

u_s(x) =u(z+9), ecamz >0
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TaK¥Ke FABJISAIOTCS PEIIEHUsIMU ITOT0 ypaBHEeHUsl pu JiioboMm § > 0, T.e. ypaBHEHUE
(1.4) mozkeT umers KoHTUHYYM periternii. [loaromy, st Toro, 9To6bl 33181y HAXOXK-
JleHUsI HeTPUBHUAJILHBIX pernenuil ypasaerus (1.4) cuesars KOPPEKTHON U B CBSI3U C
TeM, 9TO C IPUKJIAIHON U TEOPETUIECKON TOUeK 3peHust 0COObIN MHTEPEC MPeICTaB-
JIAIOT HEIIPEPBIBHBIE MOJIOXKUTEIbHBIE ipu - > 0 pemenus ypasaenus (1.4), Gyaem
HUCKaTh €ro pelleHusd B KJjacce

Qo ={u(x): ve C0,00), u(0) =0 u u(x) >0 opu = > 0}.

3aMeTuM, UTO TeOpUsl JIMHEHHBIX WHTEIPAJBHBIX YPaBHEHWU THUIA CBEPTKH, T.€.
YPaBHEHUN C PA3HOCTHBIMHU $JIPAMU, B HACTOANIEE BpeMd JOCTATOYHO XOPOIIO Pa3-
paboTaHa U ee OCHOBHBIe De3yJIbTAThl IIPUBEJIEHBI, HAIPUMED, B MoHorpaduu [§].
Yto KacaeTcd COOTBETCTBYIOMUX JTUHEHHBIX WHTEIPAJTHHBIX YPaBHEHHUI C cCymMMap-
HBIMU sIZIDAMH, TO, KAK OTMEYeHO B pabore [9], OHM U3ydUeHbI, B OTIMYHE OT ypaB-
HEHUI ¢ PA3HOCTHBIMHU SJIPAME, CPABHUTEIHLHO MAJI0. DTO 3aMeYaHue CIIPABEJINBO
TaKKe OTHOCUTEJIbHO HEJIMHEWHBIX NHTEIPAJIbHBIX U NHTErpo-anddepeHInaaIbHbIX
ypaBHEHUHA.

2. CBOWCTBA HEOTPULIATEJbHbBIX PEIIEHUNI

IIpexkne gem moKa3aTh TEOPEMY O CYIIECTBOBAHUU, €IMHCTBEHHOCTH U CIIOCObOe
HAXOXKJIEHUsT peleHnit ypasHeHus: (1.1), BBISCHUM CHavaia KaKUMHU CBOHCTBAMHI
JIOJIZKHBI 00/18/1aTh 3TU PEIIEHUsI, €CJIU OHU CYIIECTBYIOT.

CrpaBeJIUBBI CJIEITYIOININE JIBE TTPOCTHIE JIEMMHBI.

JIemma 1. ITycmo evinoanenv, yeaosus (1.2) u (1.3). Ecau u € Qo Asasemces pe-
wenuem ypaswerus (1.4), mo gynruyus u(x) ne yousaem na [0,00) u HenpepueHo-
dugppepernyupyema na (0,00), m.e. u € C1(0,00).

Hoxasameavcmeo. Ilycrs u € Qo u aBagercs pemenueM ypashenus (1.4). Toka-
JKeM CHadasa, 4ro Torga dbyukius u(x) e yosiaer Ha nosyocu [0, 00). st 1106b1x
x1, T2 € [0,00) TAKHUX, 9TO Tg > 1, ¢ ydeToM yciaosuit (1.2) u (1.3), nmeem

z1

u®(ze) —u®(x1) = /[H(xz +t)+ K'(zo —t) — H(zy +t) — K'(z1 — t)]u(t) dt+
0
zo
+ /[H(xg 1)+ K (s — Ou(t) dt > 0,

Z1

Te. u(xz) > u(xy) - 970 M TPEGOBAIOCH.

JlokazkeM Terepb, uTo pemenue u(x) HenpepsbiBHO nuddepennupyemo Ha (0, 00).
Tak kak 1o ycjaosuio (1.3) neppasi npoussojuast K' () e yopiBaer Ha [0, 00), TO 110
reopeme Jlebera nouru Beogy na [0,00) cymecrByer Bropas upoussognas K’ (),
KOTOpasi JOKAJIbHO cymmupyeMa. CiieoBaresbHO, IpaBas 4acTh ToxKaectsa (1.4)
muddepennupyeMa u B CUITY U3BECTHOM (DOPMYJIBI IIPOU3BOIHON HHTETPAJIA, 3aBUCS-
II[ero OT IapaMeTpa B Clydae KOTJa U IPeJeIbl HHTerpaja 3aBUCAT OT MapaMerpa,

nmMeemM

T /

/[H(x +1)+ K'(z —t)u(t)dt | =
0
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x

:/H’(:z:+t) (t) dt + H(2z)u /K” u(t) dt + K'(O)u(z) =
0

(2.1) / H (2 + t)u(t) dt + / (x — )K" (1) dt + [H (22) + K (0)]u(z).
0

0
Tak kak u(x) He ybwBaer, a K" (x) nokaiapHO cymmupyema, To 1o jemme 1 [10]

CBEpTKa
x

x
/u(:z: — )K" (t)dt = /K"(x —t)u(t)dt
0 0
HernpepbiBHa Ha [0, 00).

Taxum 06pazoM, TPOU3BOIHAS TTPABOI YacTn ToxKaecTra (1.4), B cuiry paBeHCTBa
(2.1), cymecTByeT n HenpepbiBHA Ha Beeit moryocn [0, 00). Ho Torma cymectsyer u
HelpepbIBHA IPOU3BOIHAS JIEBOH YacTu ToxkaecTsa (1.4), npuuem nyst siroboro x > 0
CIIPaBeIJINBO PABEHCTBO:

(2.2)

x

u'(x) = aulfa(:r) /[H’(m +t) + K" (z — t)]u(t) dt + [H(2z) + K'(0)]u(z)
0

U3 pasencrsa (2.2) BeiTeKkaet, uTo (hyHKIWMst 4(2) HenpepblBHO nuddepeHimpyema
Ha Beefi mosoxkuTesnbHol nosyocu (0, 00), uckirodas Touky = 0, TK. 1 —a < 0un

u(0) = 0. O

JIemma 2. ITycmo evinoanenvt yeaosua (1.2) u (1.8). Ecau u € Q} saeasemes pe-
wenuem urmezpo-ouddeperyuavrozo ypasrerus (1.1), mo u € Qo u ABAAEMCA
pewenuem ypasuenus (1.4). Obpamno, ecau u € Qo ABAAECMCA PEULEHUEM UHIME-
epanvrozo ypasrenus (1.4), mo u € Qf u asasemea pewenuem ypasrenus (1.1).

Jokazamenvcmeo. Jlokazkem cHaYaIa MEPBYIO 9acTh JeMMbl. 1lycts u € Qf u aB-
nsercs pentenneM ypasuenus (1.1). Tak kax Qf C Qo, To u € Qo. Unrerpupys 1o
gactaMm u ucnosssyst pasercrsa K (0) = u(0) = 0, u3 Toxkmectsa (1.1) momyuaem

o (g) = / H(a+t)u(t) di+ / K (a—t) du(t / H (at)u(t)di+ j K (a—tyu(t) dt,
0 0

T.e. u(r) ABJseTCH PeleHrneM UHTErpaJbLHOro ypasienus (1.4).

O6patrHo, mycTb 4 € Qo U ABJISIETCS PellleHreM MHTerpajbHoro ypasaenus (1.4).
Tornaa, cornacuo jgemme 1, u € C(0,00) u, sHaunt, u € Q. Ucnonssys mpas bt
KOMMYTATUBHOCTb CBEPTKH, (DOPMYyJy MHTETPUPOBAHUS IO YaCTsIM U PABEHCTBA
K(0) = u(0) = 0, u3 Toxxaecrsa (1.4) umeem

*(x) :/H(x+t)u(t)dt+/K’(t)u(m—t)dtz

x

:/H(ﬂcht dt+/K z—t)dt = /H:c+t dt+/K — )/ (t) dt,

0
T.e. u(x) ABJIAETCH PelIeHneM HHTerpo—/:u/ubcbepeﬂumanbﬂoro ypasuenus (1.1). O
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Hajiee HaM MOHATOOATCS CJIEIYIONINE IBA HEPABEHCTBA

(2.3) alx +t)b(t) dt < [ [2a(2t) — a(t)]b(t)dt, x>0,
0/ 0/
(2.4) a(z —t)b(t)dt < [ a(t)b(t)dt, x>0,
0/ 0/

CIIpaBeJIUBbIe JIsl JIOOBIX HEOTPHIATENHHBIX HeyObBaromux Ha nosyocu [0, 00)
dyuxunit a(z) u b(x) . Hepasercrso (2.3) moxpobuo nokaszano B [11, Jlemma 1], a
HepaBeHCTBO (2.4) U3BECTHO KAaK MHTerpasbHoe HepaBeHCTBO Uebbimesa [11, c. 120]
(cm., Takzke, [1, ¢. 121], rue npuBeseHbl JBa PA3JIUIHBIX €0 JIOKA3aTEIbCTBA).

JIemma 3. ITycmo svimoanenv, yeaosus (1.2) u (1.3). Ecau u € Qo asasemcs pe-
wenuem ypasnenua (1.4), mo dasn 1106020 x € [0,00) 6BNOAHAIOMCHA HEPABEHCMEA:

- 1/(a—1)
o LRI < ula) <
0
- 1/(a—1)
(2.5) <[ ! / RH(2t) — H(t) + K'(8)] dt

0

Hoxazameavcmeo. Ilycrs u € Qg sBigerca pemenueM ypasuenuns (1.4). Jokazkem
nepsoe HepaseHcTBo u3 (2.5). Ucnonbsys yeaosusa (1.2) u (1.3), n3 Toxaecrsa (1.4)

IoJIry1aeM
T

e (z) > / (H(20) + K'(0)]u(t) dt

- 1/
(2.6) u(x) > /[H(Qt) + K'(0)]u(t) dt Juis ioboro x> 0
0
Wi t e
u(t) > /[H(Qs) + K'(0)]u(s) ds Jutst roboro ¢ > 0,
OTKyIa ’
¢ -1/
/[H(Zs) + K'(0)]u(s) ds [H(2t) + K'(0)]u(t) > H(2t) + K'(0).

0
Warerpupyst 0be yacTu MOCJIeIHErO HEPaBeHCTBa B mpejesax or 0 10 x, uMeeM

z (a—1)/x x
/ [H(2s) + K'(0)]u(s) ds > L / [H(2t) + K'(0)] dt
0 0
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njain

z 1/ z 1/(a—1)
ﬂmw+Kmm@a zftiﬂmw+met
0 @ 0
HUcmnonb3yst 3Ty OleHKy, u3 (2.6) HEmoCpeJICTBEHHO TIOIYYIaeM MepBoe HEPABEHCTBO
3 (2.5).
JlokazkeMm, HAKOHEIl, BTOpoe HepaseHcTBo u3 (2.5). Ucnonbsys nepasencrsa (2.3)
u (2.4), umeem

/Hw+t ﬁ+/Km—ﬂUﬁ§

T xT xT

< [[2H(2t) — H(t)Ju(t)dt + | K'(t)u(t,dt = [ [2H(2t) — H(t) + K'(t)]u(t) dt,
/ [ronen= |
oTKyza, obosnaumns A(t) = 2H(2t) — H(t) + K'(t), pna mo6oro z > 0 numeem

1/

- 1/«

@7 u@) < /pH@ﬂ—H@HJW@WUMt - /A@Mﬂﬁ

0 0

x

U3 mepasencTBa (2.7) HEIOCPEJICTBEHHO II0JIyYaeM

" -1/«
/A(s)u(s) ds A(t)u(t) < A(t) nmma moboro ¢ > 0.
0
UnTerpupys 06e 9acTu MOCJAEJIHEr0 HEPABeHCTBa B Ipejiesax ot (0 10 o, nMeeMm
- (a—1)/c z
a—1
/A@M@@ < /A@ﬁ
a
0 0

nJjm, 9TO TO 2Ke caMoe,

- 1/ - 1/(a—1)
a—1
/A(s)u(s)ds < /A(t) dt =
e!
0

z 1/(a=1)
a—1 ,
= [2H(2t) — H(t) + K'(t)] dt
«
0
Ucnonb3ys a1y onenky, u3 (2.7) HENOCPEACTBEHHO MOJIYYaeM BTOPOE HEPABEHCTBO

3 (2.5). O

B cuiy siemmbl 2, uccieioBanue unrerpo-auddepenimanbaoro ypasaenust (1.1)
CBOJIUTCSI K MCCIIEJIOBAHUIO MHTErpaiabHoro ypasaenns (1.4). 13 memm 1 u 3, B wacr-
HOCTH, CJIeJlyeT, uTo ecim u € Qf u sBistercst permennem ypastuenus (1.1), To oHo
He yObIBaer Ha [0,00) U yJOBIETBOpPsieT HepaBeHCTBaM (2.5).

Ormerum, uro upu H(z) = C; u K(z) = Cox, tne C; > 0 u Cy > 0 ecrb
KOHCTAHTHI, HepaBeHCTBa B (2.5) 0OpaInalTcs B PABEHCTBA M JIAIOT DelleHne Kak
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ypasuenus (1.4), Tak u ypasuenuns (1.1), 9T0 CBUAETEIBLCTBYET O TOYHOCTH IIOJLY-
YEHHBIX B JIEMME 3 allPHOPHBIX OINEHOK PEIeHUs] HHTETPATLHOTO ypasHenus (1.4).

Bamernm TakKe, 9TO HEpaBeHCTBO Uebbimena (2.4) CIpaBeyInBo KaK B CIIydae
HeyObIBAIOIINX, TAK U B CJIydae HEBO3PACTAIONMX Ha mosyocn [0, 00) dbyrkuuii a(x)
u b(x), npuuem TpeboBaHNE HEOTPUIATEILHOCTH TUX (DYHKIMI U3IMIIHE B 060UX
ciaydasx (mompobuee, cu. [1]).

3. TEOPEMBI CYIIECTBOBAHUSA U EJJMHCTBEHHOCTH PEIIEHUSA

N3 nemmbr 3 BBITE€KaeT, 9TO PEHICHN YPAaBHECHU A (14) €CTeCTBEHHO Pa3bICKUBATh
B KJ1acce

P={u(z): uweCl0,00) u F(z) <u(z) < G(x) qna moboro z € [0,00)},

rae
1/(a—1)

O/ (2t) + K'(0)] dt :

x 1/(a—1)
a—1

Glz) = / 2H(2t) — H(t) + K'(t)) dt

(07
0

Banumem ypasuenue (1.4) B oneparopuom Buge: u = Tu, rje
- 1/«

(Tw)(x) = / (Hz+ 1)+ K'(z — O]u(t) dt

0

JIemma 4. ITycmo evinoanenss yeaosus (1.2) u (1.3). Toeda kaace P unsapuarmen
ommnocumenvro onepamopa T, m.e. T : P — P.

Joxasamesvemeo. Ilycrs u € P, 1.e. u € C[0,00) n F(x) < u(x) < G(x). Hyxuo
JIoKazaTh, uro rorma Tu € C[0,00) u F(x) < (Tu)(z) < G(x), r.e. Tu € P.

1). To, uro Tu € C[0,00) BBITEKAET M3 MOoHOTOHHOCTH yHKUMi H (2), K'(2) n
HenpepbiBHOCTH byHKIWN u(z) (cM., Hanpumep, [13, c. 288] u [1, c. 120]).

2). Hokaxewm, uro (Tu)(x) > F(z). Tak kak u(x) > F(x), To

[(Tu)(x)]a:/[H( )+ Kz — )]u(t) dt > / (26) + K'(0)] F(£) dt =
1/(a-1)

- <O‘ )MQ l>/[H(2t)+K’(O)] j[H(QsH—K’(O)} ds dt =
0

[e%
0

o V-
(O‘l) . )0/ O/[H(Zs)JrK’(O)}ds d /[H(25)+K’(0)]ds _

(07
0

: a/a=1) ,
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el a/(a-1)
N ( ) / [H(25) + K'(0)] ds = [F(2)]*,
0

(&%

re. (Tu)(xz) > F(x).
3). Jokaxewm, nakouer, aro (Tu)(x) < G(z). Tak xak u(z) < G(x), To ncomn-
3ysl HHTerpasibHble HepaBeHCTBa (2.3) u (2.4), nveem

[(Tu)(z)]* = | Hx+t)u(t)dt + | K'(x —t)u(t)dt <
/ /

x

< /H(m—i—t)G(t) dt+/K’(:c—t)G(t) dt <

0 0
< O/[QH(Qt) — H(t)|G(t) dt+0/K’(t)G(t) dt =

x t 1/(a—1)
= / RE @) — H(t)+ K1) [ 22 / 2H(2s) — H(s) + K'(s)]ds dt =
0 0
1/(a-1) ¢ af(a=1) 4
- (a; 1) o / [2H (2s) = H(s) + K'(s)]ds = [G(@))",
0 0
re. (Tu)(x) < G(x). 0

Paccymorpum Temepns Kiace
Py ={u(z): ueC0,b] u F(x) < u(z) < G(x) ansa moboro z € [0,b]},

rie b > 0 ecTh 1000 YUCTIO, U ONPEIES UM B HEM PACCTOSIHIE CJIEIYIONNM 00pa3oM
3.1 U, V) = sup ——————

JIlemma 5. Iapa (Py, p) 06pasyem noaroe mMempuieckoe npocmpaHcmeo.

JlemMa 5 OKa3BIBAETCS aHAJIOIUIHO jeMMe 4 u3 [14].
W3 neMmbl 4 HEOCPEICTBEHHO BBITEKAET, 4TO oneparop 1’ neiictByer u3 Py, B P,.
JlokazkeM, ITO TIPU CIEIYIONEM TOMOJTHATEIHLHOM IPEITOI0KEHNN

Jo [2121 (20) = H(t) + K'(D)] dt _ |

(3.2) qg= sup
O<esh [H(2t) + K'(0)] dt
0

)

ortepatrop T sABJISIETCS CXKUMAIONUM B METPUIECKOM ITPOCTPAHCTBE P.
Bocnosnbayemest reopemoit Jlarpamxka (bopMysioii KOHEIHBIX puUpalieHnii), co-
IJIaCHO KOTOPOii npy JII0ObIX 21 > 0 u 2o > 0 cpaBeIiINBO PaBEHCTBO

1
Zi/a o Zé/a _ &9(17(1)/0%21 o 22)’
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rae 6 > 0 HeKOTOpOE YUCI0, JIeYKAIIEe MEXKIY 21 U 29. V13 9TOr0 paBeHCTBa ClieIyer,
9TO €CU 21 > Zg W 23 > Zg, Thme zg > 0, To 6 > 2y m, 3HAYUT, CIpPaBEITIBO
HEPaBEHCTBO

1 ‘Zl — 22‘

1/a 1/a
(3.3) B <G o

Iycrb u,v € Py u x € (0,b]. Torna, B cuity HepaseHcTBa (3.3), B KOTOPOM DOJIb Zg
urpaer F*(zx), ¢ yaerom HepaBercrsa (2.1), HOCIEI0BATEIBHO 10y YaeM
1f (z+1t)+ K'(x — t)]|u(t) — v(t)| dt
(Tw)(@) - (Tv)(a)] < ~ 2L / <
—L [VIH(2t) + K'(0)] dt

p(u,v) ,
(a—1) [y [H(2t) + K'(0) dtO/[H(“t”K<x—t>]G<t)dt§
p(u,v) [ - o
Oé — 1 fO + K/( )] dt O/[QH(2t) H(t) +K (Z‘ t)]G(t) dt <
p(uw)
~ (o= 1) [y [H(2t) + K7(0)] dt
1/(a—1) t 1/(a—1
a—1
% 2H (2t)—H(t)+K'(t)] | [ [2H(2s) — H(s) + K'(s)] ds dt =
=) ]
_ p(u,v) °(a)
(o —1) [ [H(2t) + K'(0)] dt
CrnenoBaTresbHO,
(Tw) (@) = (Tw)(z) _ p(u,v) o (g) =
G(z) = (a—1) [ [H(2t) + K'(0)] dt
_ p(u,v) a—1 [ - / o
- DTG TR0 o O/[?H(%) H(O) +K'(0]dt < q-plu,0),
OTKYyJa
(3-4) p(Tu, Tv) < q - p(u,v),

rJie TOJIOXKUTETbHOe Yncyio ¢ < 1 ompegeneno pasercreoM (3.2). CienoBaresbHO,
orepaTop 1 sSIBJISIETCS CKUMAOIIAM - 9TO U TPeOOBAJIOCh JIOKA3ATh.
Ilosrygennbie BhINIE pe3yabTaThl MO3BOJISIOT JIOKA3aTh CJIEIYIONLYIO TEOPEMY.

Teopema 1. ITycmo o > 1 u evnoanenv, yeaosus (1.2), (1.3) u (3.2). Tozda
unmezpasvroe ypasuenue (1.4) umeem 6 xonyce Qo (u 6 Py, npu aobom b > 0)
eduncmeennoe pewenue u*(x). IMo pewenue MoAHCHO HATMU 6 NPOCTNPAHCNEE
P, memodom nocaedosamesvmuix npubAusiceruti nNUKAposcKo20 muna no @Gopmy-
A€ Uy = Tup_1, n € N, co crodumocmuvio no mempuxe p. IIpu smom cnpasedruea

ouerkra cropocmu CTOOUMOCTIU:
n

* q
(3'5) p(unvu ) < 1_

p(Tug,up), neN,
q

20e wucao ¢ < 1 onpedenero 6 yeaosuu (3.2), a ug € P, ecmov Havasvroe npubiu-
orcenue (Npoussoavras Pynkyus).
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Joxazameavcmeo. 3ammmem ypasaenue (1.4) B oneparopuoMm Buge: u = Tu. U3
JeMMbl 5 1 oneHKE (3.4) BBITEKAET, YTO Jyist ypaBHeHUs (1.4) BBIIOJIHEHBI BCe Tpe-
GoBaHus IPUHIMIA CKUMAIONMX orobpaxkenuii. CiienoBarenbo, ypasuenue (1.4)
UMeeT eJIMHCTBEeHHOe perenne u* € P, u 9T0 perreHne MOXKHO HAWTH METOJIOM IO~
CJIeJIOBATENIbHBIX Tpub/mKeHuit mo dopmyne u, = Tu,—1, n € N, s KOTOPBIX
cripaBe/InBa. OIleHKA CKOPOCTH cxXoauMoctu (3.5).

YTBepKIeHne TeOPEMbI O €IMHCTBEHHOCTH 3TOrO PEIIEHUs B KOHYce (o JTOKA3bI-
BaeTCsl TOYHO TaK K€ Kak U B Teopeme 3 [14]. O

Ucnonbsyst nemmy 2, teopemy 1 u pasencrsa (em. [11, Jlemma 2] u [1, c. 120],
COOTBETCTBEHHO)

x x

H(z+t)dt= [[2H(2t)— H(t)]dt = K'(z—t)ydt= [ K'(t)dt
[ [

MBI MOXKEM Tenepb cHOPMYIUPOBATH OCHOBHOI Pe3yJibTaT JAHHON pabOTHI.

Teopema 2. ITycmo o > 1 u ewnoanenv, yeaosus (1.2), (1.3) u (3.2). Tozda
unmezpo-dugdepenyuarvroe ypagrerue

(1.1) u®(x) = /H(x—i—t)u(t) d?f—l—/K(a:—zf)u’(t)dt7 x>0,
0 0

uMmeem 6 Konyce
o= {u(x): ueCl0,00)NC*0,00), u(0) =0 u u(z) >0 upu = > 0}
(v 6 Py, npu aobom b > 0) eduncmeennoe pewernue uw*(z), npuuem 0as 106020
x € [0,00) 6UNOAHAIOMCA HEPABEHCTNEA
x 1/(e—1)
/ (H(2t) + K (0)] dt <u(a) <
0

a—1

«

z 1/(a—1)

/ (H(x+ 1)+ K'(8)] dt
0

a—1

(07

Omo pewenue modxcro Hatimu 6 npocmpancmee P, memodom nocaedosamenrvroir
npubAuHCERUT NUKAPOSCKo2o muna no gopmyae u, = Tu,—1, n € N, co cxodu-
MOCTIBI0 MO Mempuke p, onpedesennoti pasencmeom (3.1). Ipu amom cnpasedauea
ouenka ckopocmu crodumocmu (3.5).

Jlerko mokaszaTh, 9TO B ciaydae Korjga 0 < o« < 1 ypasuenume (1.1) He mmeer
pemmenuit B Kouyce Q. B camom jiese, ey JIONyCTUTH TPOTUBHOE, UTO U € Qf 1
sIBJIeTCd peleHneM ypasHeHus (1.1), To ¢ yd4eToM TOro, 4To OHO He yObIBaeT W
Torja, korja 0 < a < 1 (cMm. okazarenbeTBo jieMMsl 1), u3 Toxxaectsa (1.1) mocie
MHTErPUPOBAHUS 10 JACTSIM IIOJIyIUM

u*(z) <wu(x) | H(z +t)dt +u(z) | K'(x —t)dt, = >0,
/ /
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OTKYy/1a
T

u* ) < /[2H(2t) — H(t)]dt + K(z).
0
Ilepexoms B mocseHeM HepaBeHCTBe K Npejeay upn & — 0 IpUXoauM K MpOTUBO-
peunio: oo < 0.

Sameuanmne 1. B aunetihom caywae (m.e. npu « = 1), xax u 6 cayuae, xo-
20a 0 < a < 1, unmeepo-dugdeperyuarvroe ypasnernue (1.1) umeem 6 xonyce Q
auwb mpusuasvroe pewenue u(x) = 0. U3 meopemv, 2 caedyem, wmo npu « > 1
ypasnenue (1.1) moorcem umemsv makorce u nempueuarvroe pewenue. Hanpumep,
ecauw H(z) = C1 > 0 u K(x) = Cax, Cy > 0, mo xpome mpuuasvhozo peuerus
ypasnerue (1.1) umeem 6 konyce @ u HEMPUBUANBHOE DEWEHUE:

a—1 1/(e—1)
w(x)=C -z e €= ( [Cy + Cg]) .
a
B amom cocmoum npunyunuasbioe 0maniue HeAuHeHbT UHMeZPAALHHIT YPaGHE-
HUT BOADMEPPOBCKO20 TMUNG OM COOMBEMCMEYIOUUT 0OHOPOOHBIT AUHETHBLT YPAG-
HeHUT, KOMOPble MOZYM UMEMb AUWD MPUBUGALHOE DEUEHUE.

B cBsasu ¢ ycnosuem (3.2) 3amerum, 9TO
i Jy2H(2t) — H(t) + K'(t)] dt i 2HQ20) —H@) + K'(z) 1 _
im = lim =— .
@0 o [ [H(2t) + K'(0)] dt e=0 - [H(2z) + K'(0)] «
3HaueHue 3Toro upeiesa MoATBEPKIAeT KOPPEKTHOCTD yeioBus (3.2). Bosee Toro,
B ciyuae siiep H(z) = C1 > 0 u K(z) = Cax, Cy > 0, yIOBIETBOPSIONINX, OYe-
BUJIHO, OCHOBHBIM ycsoBusim (1.2) m (1.3), monomuurenbHOe ycioBue (3.2) Takike
BBIIIOJIHSIETCSL U [IPU 9TOM 3HadYeHue ¢ = 1/a.

B sakiodeHue orMernMm, uro ciexyst paboram [11] u [14] Teopemy 2 MOXKHO
0600mUTh Ha cirydail ypasHenus Buza (1.1) ¢ HEOIHOPOIHOCTHIO B IIPABOil YacTH, &
B ClIydae II0Ka3aTess (¢ CIEUAJbHOrO BUJIA TaKOe YPAaBHEHHE MOXKHO UCCIIEI0BATH
B npocrpancTse Jlebera Li44(0,00) MeTomoMm MOHOTOHHBIX 10 Bpaynepy-Munru
oreparopos (cM., Hanpumep, [15]).
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