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THE DESCRIPTION OF ROTA-BAXTER OPERATORS OF
NONZERO WEIGHT ON COMPLEX GENERAL LINEAR LIE
ALGEBRA OF ORDER 2.

M. GONCHAROV

ABSTRACT. In the paper, a classification of Rota-Baxter operators of
weight 1 on general linear complex Lie algebra of order 2 is given. The
description was made up to the action of Aut(glz(C)).
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1. INTRODUCTION

The Rota—Baxter operators first appeared in the work of F. Tricomi [1]. These
operators became popular after the work of G. Baxter [2], where these operators
were independently defined as a formalism for the study of integral operators. For
a long period of time, Rota Baxter operators were studied in combinatorics and
probability theory mainly (see [3], [4], [5]). A new impulse the theory of Rota—
Baxter operators received in the 80s of the last century, when a deep connection
between Rota—Baxter operators of weight 0 and skew-symmetric solutions of the
classical Yang—Baxter equation was found [6, 7]. In the recent years, there were
found connections between Rota-Baxter operators and various objects of mathematics
such as pre- and post- Lie algebras, double Lie algebras, shuffle algebras, associative
Yang-Baxter equation (AYBE) etc.

One of the important and interesting areas of research here is the description
of the Rota—Baxter operators on the most important classes of algebras. To date,
Rota—Baxter operators of zero and nonzero weights on the Lie algebra sls(C) were
studied in [8, 9, 10, 11], operators on the matrix algebra M>(C) were studied in
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[12, 13]. The classification of Rota—Baxter operators of nonzero weight defined
on the algebra si3(C) was given by V.V.Sokolov [14]. In [15], the classification
of nonsplitting Rota—Baxter operators of nonzero weight on the matrix algebra
M;3(F), where F is an algebraically closed field of characteristic 0, was given. Note
that all the mentioned classes of algebras are simple.

In this article, we classify Rota—Baxter operators on gla(C), the general linear
Lie algebra of order 2 over the field of complex numbers C. The classification is
given up to the action of the group of automorphisms Aut(glz(C)). It is worth
noting that the algebra gls(C) has a non-zero center, so it is not even a semisimple
Lie algebra.

2. PRELIMINARY RESULTS.

Let A be an algebra over a field F, A € F.

Definition 1. A linear map R : A — A is called a Rota-Baxter operator of weight
A, if for all a,b € A:

(1) R(a)R(b) = R(R(a)b+ aR(b) + Aab).

If R is a Rota-Baxter operator of weight A on an algebra A and ¢ is an automorphism
or an anti-automorphism of A, then a map R’ = ¢! o Ro ¢ is also a Rota-
Baxter operator of the same weight A [12]. This remark allows us to define an
equivalence relation on the set of Rota—Baxter operators of weight A and to make
the classification up to the action of the group generated by automorphisms and
anti-automorphisms of the algebra A. In this case, we will say that operators R and
R’ are conjugate.

If 0 # a € F, then a map aR is a Rota-Baxter operator of weight a\. Therefore,
up to the multiplication by a nonzero scalar, we have only two different cases: A = 0
=1

Example. If A is an arbitrary algebra and 0 # \ € F, then maps Ry and Ry,
defined as Ro(x) = 0 or Ri(x) = —Ax for all z € A, are Rota-Baxter operators of
weight A. Operators of these types are called trivial.

Let A = gl3(C) = (M>(C), [-,-]) be the general linear Lie algebra over the field
of complex numbers C with the Lie product

[z,y] = zy — y.

In this work, we describe Rota-Baxter operators of weight 1 on glo(C). Note,
that if a map ¢ is an anti-automorphism of a Lie algebra, then a map —¢ is
an automorphism of the same algebra. Thus, in the case of Lie algebras, the
classification should be made up to the action of the group of automorphisms.

We will use the following notations: E € glo(C) is the identity map, e;; is
the usual matrix unit, h = e;; — eaa. As a basis of glo(C) we will take a set
{E, h, e12, €21 }. We will denote by sl2(C) an ideal in glo(C), that consist of matrices
with trace zero.

Note that for any 6 # 0, a map ¢y defined as

(2) wo(E) = 0F, po(z) = z for all z € slp(C),

is an automorphism of gl3(C).
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Let R be a Rota-Baxter operator on glz(C). Note, that if R(E); is the Jordan
form of the matrix R(E) and T is an invertible matrix such that
R(E); = T 'R(E)T,

then a map @7 : ¢la(C) — gla(C), defined as

pr(a) =TT,
for all a € glo(C), is an automorphism of gls(C). Moreover,

proRowp 1 (E) =T 'R(TET YT =T 'R(E)T = R(E) ;.

Thus, up to the action of Aut(gly(C)), we can assume that R(E) is a Jordan
matrix. We have the following possibilities for R(E);:
1. R(E) = AE + €12, A € C, a Jordan 2 x 2 block.
2. R(E) = Are11 + Aaeaa, A1 # A2 € C, a diagonal matrix with different eigenvalues.
3. R(E) = AE, X € C, a scalar matrix.
We will consider each of these cases separately.

3. THE MAIN PART.

The aim of this section is to give a classification of Rota-Baxter operators of
weight 1 on glo(C). We will break the classification into cases, depending on the
Jordan form of the matrix R(E).

Lemma 1. Let R : glo(C) — ¢lo(C) be a Rota-Baxter operator of weight 1 such
that R(E) = AE + ej2. Then R is one of the following:

(3) R(E) = AE + eqo, R(h) = R(elg) = R(egl) =0, A€ (C,

(4) R(E) = AE + eq9, R(h) = —h, R(elg) = —e19, R(egl) = —e91 A€ C.
Proof. Consider
(5)  [R(h),e12] = [R(h), R(E)] = R([R(h),E] + [h, R(E)] + [1, E]) = 2R(e12).

Therefore, R(e12) € [gl2(C), e12], that is R(e12) = arh+ agers for some aq, s €
C.

From
(6)  [R(e12), e12] = [R(e12), R(E)] = R([R(e12), E] + [e12, R(E)] + [e12, E]) = 0

we get that a; = 0 and R(e12) = ae;s for some a € C.
Similarly,

(7) le12, R(e21)] = [R(E), R(e21)] = R([R(E), ea1]) = R(h).
This means that
(8) R(h) = B1h + Baerz

for some S, B2 € C.

Suppose that o = 0. Then R(ej2) = 0. In this case, from (5) and (8) it follows
that R(h) = fB2e12. From (7) it follows that R(es;) lies in a subspace spanned by
e12, h, E. Consider

(9) [R(e21), R(h)] = [R(e21), Bzerz] = verz, v € C.
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On the other hand, since R([R(es21),h]) = 0R(e12) = 0 for some 6 € C and
R((ean, R(h)] = f2R(h) = B3es, we have that

(10) R([R(e21), h] + [ea1, R(h)] + [e21, h]) = 2R(ea1) + B3e1s.
From the last two equalities, we get that
R(egl) = 9612, 0 eC.
Consider
0 = [R(e12), R(e21)] = R([R(e12), e21] + [e12, R(e21)] + [e12, €21]) = R(h).
Hence, R(h) = 0. From (9) and (10) we finally get that R(es;) = 0 and we obtain
the operator (3).
Suppose that o # 0. From (5) and (8) it follows that 8; = «, that is R(h) =
ah + Baeqs.
From
2a%e15 = [R(h), R(e12))
= R([R(h), e12] + [h, R(e12)] + [h, e12]) = (4a + 2)R(e12) = (4a + 2)aein
we get that a = —1. Using (7), we obtain:
— R(h) = —[e12, R(ea1)]
= [R(e12), R(e21)] = R([R(e12), e21] + [e12, R(ea1)] + [e12, ea1]) = R(R(h)).

That is, R(R(h)) = —R(h). Since R(h) = —h+ f2e12 and R(e12) = —ej2, we obtain
B2 = 0 and R(h) = —h. From (7) it follows that R(es1) = —ea1 + ajeis + axE for
some aq,as € C.

Finally, from

— [R(e21), h] = [R(ea1), R(h)]
= R([R(e21), h] + [ea1, R(h)] + [e21, h]) = R([R(e21), h]),
it follows that R(es1) = —eq1, and we get that R is equal to the operator (4). O

Lemma 2. Let R : glo(C) — gl2(C) be a Rota-Baater operator of weight 1 such
that R(E) = Aie11 + Aoess, where A\ # Ao. Then R is conjugate to one of the
following operators:

(11) R(E) = AE+h, R(h) =0, R(€12) = R(egl) =0, A eC,
(12) R(E) = )E + h, R(h) = 7h, R(elg) = —€19, R(621) = —€21, A€ (C,
(13) R(E):AE—F]'L, R(h)ZOélE—f—OéQh, R(elg): — e12, R(egl) =0, \,ai,as € C.

Proof. Let R(E) = A1e11 + Ageaa, A1 # Ag. Then R(E) = a1 F + ash, where
ap, a9 € C. Since \; # g, then oy # 0. Define 6 = 0%2 We have

o
0y ' o Ropg(E) =0, ' (nE + azh) = 4 E + oTQh =aE+h.
2

Therefore, up to the action of Aut(glz(C)), we can assume that R(E) = A\E + h.

e ate) = (3131

[R(612)7R(E)] = [(gi gg) a)‘E + h] = *2512612 + 2ﬂ21621-

. Then we have
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On the other hand,
R([R(eu),E] + [612, R(E)] + [6127E]) = R([eu, )\E + hD = —2R(612).

From the last two equalities, we can conclude that 311 = 820 = 0. Moreover, since
the characteristic of the ground field in not equal to 2, then £5; = 0. Thus,

R(€12) = 512612-

Similarly, R(ea1) = Ba21€21 for some 51 € C.
Consider R(h). Let us note that

[R(h),E] + [h, R(E)] + [h,E] = 0.

Hence, [R(h), R(E)] =0 and R(h) = (%1 i), 0; € C.

Let €ij € {612,621}. Then
(6 — 0;)Bijei; = [R(h), R(es;)]
= R([R(h), eij] + [h, R(eij)] + [k, e55]) = (6; — 6; + (—1)7 (2845 + 2)) Bijeis

where 3;; are defined from conditions R(e;;) = Bijeij, ¢ # j. Thus, we have two
options: §;; =0 or f3;; = —1.
If B12 = B21 = 0, then from

0 = [R(e12), R(e21)] = R([R(e12), e21] + [e12, R(e21)] + [e12, e21]) = R(h)

it follows that R(h) = 0 and we obtain the operator (11). Similarly, if 813 = 821 =
—1, then we get that R(h) = —h and R is equal to the operator (12).

Finally, if 812 # P21, then up to the action of an automorphism ¢ : z — —z7
(where 7 is the transpose) for all z € ¢glo(C), we can assume that 812 = 0, B21 = —1.
Thus, in this case we obtain the operator (13). O

Lemma 3. Let R : glo(C) — ¢lo(C) be a Rota-Baxter operator of weight 1 such
that R(E) = AE. Then R is conjugate to one of the following operators:

(14) R(E) = AE, R(h) =0, R(e1s) = —e1s + th; R(ez) =0, t € {0,1}
(15)  R(E) = AE, R(h) =0, R(e1s) = —e12 + th + E; R(ex) =0, t € {0,1}
(16)  R(E) = AE, R(h) = E, R(e13) = —e12 + h+ aE; R(exn) =0, a €C
(17) R(E) = AE, R(h) = E, R(e1s) = —e12 + E; R(ea1) =0

(18) R(E) = AE, R(h) = th, R(e1s) = —e1s, R(exn) =0, t €C, t #0
(19)  R(E) = AE, R(h) = th+E, R(e1s) = —e12, R(ea) =0, t€C, t #0
(20) R(E) = AE, R(h) = —h + aE, R(e1s) = —e13, R(es1) =E, a €C

(21) R(E) = /\E,R(h) = th, R(elg) = tejo, R(egl) =teoy, t € {0, —1}.
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Proof. In this case, the center of the algebra glo(C) is R-invariant. Hence, R induces
a Rota-Baxter operator R on the quotient algebra g; = gla(C)/Z(gl2(C)) = sla(C).
Given an element a € gl3(C), a denotes the coset generated by a.

The classification of Rota-Baxter operators of nonzero weight 1 on sly(C) was
already made in [10]. Unfortunately, we can’t use this classification since it was made
without taking into account the action of the group Aut(sla(C)). The description of
Rota-Baxter operators up to the action of Aut(sl2(C)) was made in a preprint of V.
Gubarev and R. Kozlov [16]. Besides the trivial ones, there are two non-conjugate
to each other operators on sls(C):

1. R(h) = R(egl) =0, R(elg) = —eg+th, te {07 1},

II. R(h) = th, R(elg) = —e12, R(egl) = O, te (C, t 7é 0.

Let ¢ be an automorphism of g;. For a coset a € g1 we can uniquely choose a
generator a € gla(C) such that tr(a) = 0. Define a map ¢ : glo(C) — gl3(C) as
¢(E) = E and ¢(p) = q if tr(p) = tr(q) = 0 and ¢(p) = ¢. It is easy to see that
the map ¢ is an automorphism of the algebra gls(C). Moreover, for all 2 € gl2(C)
we have @(Z) = o(z). Note that if R is an arbitrary Rota-Baxter operator (of
any weight) on glo(C) satisfying R(E) = 0E, R : g1 +— g; is the corresponding
Rota-Baxter operator on g; and ¢ is an arbitrary automorphism of g;, then the
composition Ry = ¢ !oRoy is a Rota-Baxter operator of the same weight satisfying
Ri(E) = 0E and R; = ' o Ro . This allows us to consider that R is a trivial
Rota-Baxter operator or one of the operators I or IT defined above. We will consider
these situations one by one.

Case 1. Let R(h) = R(ez1) =0, R(e1z) = —e13 + th, t € {0,1}.

Going back to the operator R, we can say that

R(E):)\E, R(h):alE, R(621)2a2E7 R(612)17612+th+0[3E, te {0, 1}, o € C.

From
0 = [R(e21), R(h)] = R([R(e21), h] + [e21, R(h)] + [e21, h]) = 2R(e21)
it follows that as = 0.
If oy = a3 = 0, then we obtain (14). Suppose that a; = 0,3 # 0. Let Ry =
ol oRo Pagt- Then direct computations show that
A3
Rl(E) = )\E7 Rl(elg) = —e12 + th + E7 Rl(egl) = 0, Rl(h) =0.

We obtain the operator (15).
Suppose that a; # 0. Using the conjugation with the automorphism Pyt WE
obtain an operator

(22)  R(E) = AE, R(h) = E, R(e1) = —e1s + th+ %E R(ear) = 0.
1
If ¢t = 1, then we get (16). Let ¢ = 0. Consider an automorphism 'll)ag—l. If
Ri=¢ 1, oRogp, 1, then direct computations show that R (E) = AE, Ry (h) = E,
3
R (e21) = 0. Moreover,
Ri(e12) = W;;l(R(aglelz)) = 045180;;1(—612 + a3E) = —e1n + E.
Hence, we obtain (17).
Case 2. In this case, we have that

R(E) = )\E, R(h) = th+a1E, R(egl) = OLQE, R(elg) = 7612+043E, t, o; € (C, t # 0.
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From
0 = [R(e21), R(h)] = R([R(e21), h] + [e21, R(h)] + [e21, h]) = 2(t + 1) R(e21)

it follows that a condition ¢ # —1 implies as = 0. At the same time, if £ = —1, then
ag is arbitrary.
Note that an equality

[R(e12), R(e21)] = R([R(e12), e21] + [enz, R(ea1)] + [e12, €21])
holds and gives no restrictions for parameters «;. Consider
[R(e12), R(h)] = [—e12 + asE, th + a1 E] = 2teya,
R([R(e12), h]+[e12, R(h)]+[e12, h]) = R(—[e12, h]+t[e12, h]+[e1a, h])=2te12+2ta3E.

Since t # 0, then ag = 0.
Let ay = 0. If, at the same time, oy = 0, then we obtain (18). If «; # 0, then
the conjugation with Por1 gives us the operator (19).

If t = —1 and as # 0, then the conjugation with Qo1 glves us (20).

Case 3. It remains to consider the cases of trivial operator R, that is R(v) = tv,
v € gla(C)/Z(gl2(C)), t € {0,—1}. Note that in these cases for all a,b € sl3(C):

(
t*[a,b] = [R(a), R(b)] = R([R(a), b] + [a, R(b)] + [a, b]) = (—1)" R([a, b]).
Therefore, R(slz(C)) C sl2(C) and R is equal to (21). O

Remark 1. In Lemmas 1-3, in order to obtain conditions for operators (3)-(4)
and (11)-(21), we’ve checked that these operators satisfy the condition (1) for the
case when a and b are vectors from the basis of glo(C). Thus, these operators are
Rota-Baxter operators of weight 1.

4. THE CONJUGATION CHECK.

In this section, we will prove that operators from lemmas 1-3 are not conjugate.

Lemma 4. Let R;, (i = 1,2,3) be Rota-Baxter operators of weight 1 on gla(C),
such that R1(E) = ME + e12, R2(E) = ME + h, R3(E) = M\3E. Then R; are not
conjugate.

Proof. First we note that Rs can’t be conjugate to Ry or Ro. Indeed, if ¢ is an
automorphism of the algebra gl2(C), then ¢(E) = 0E for some 6 € C\{0}. Hence,

(0 oR309)(E) = (¢ ' o R)(AE) = A3 *(E) = \3E.
Consider Ry and Ry. Let ¢ € Aut(gl2(C)). Then
( “T“oRjo0 @)(E) ( “1o R)(HE) = 9<p_1()\1E + 612) =\E+ © 1(612).

Since e1o is an ad-nilpotent element of gl3(C), then ¢(e12) can’t be semisimple.
Therefore, R; and Ry are not conjugate. O

Remark 2. All operators from lemmas 1-3 depend on the parameter A. From
the proof of Lemma 4, it follows that two Rota-Baxter operators from lemmas 1-3
corresponding to different parameters A\; # Ao, can’t be sconjugate.

Lemma 5. Operators (3) and (4) are not conjugate.

Proof. Indeed, the image of the operator (3) is a one-dimensional subspace spanned
by R(E) while in the image of (4) there are at least two linear independent vectors
€12 and €21. O
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Lemma 6. Operators (11), (12) and (13) are not conjugate. Moreover, operators
of the type (13) corresponding to different pairs of parameters (ay,cs) are not
conjugate as well.

Proof. The image of an operator of type (11) is one dimensional while the image of
an operator from (12) or (13) is at least two. Thus, (11) can’t be conjugate to an
operator from (12) or (13).

Let Ry and Ry be Rota-Baxter operators of types (12) and (13) respectively. Then
[Im(Ry),Im(R;)] = slo(C) while Im(R3) is a solvable algebra. Hence, operators
R, and R, are not conjugate.

It remains to prove that different pairs of parameters (aj,o2) in (13) gives us
non-conjugate Rota-Baxter operators. Let R be a Rota-Baxter operator of type
(13), ¢ be an automorphism of glo(C)). Suppose that an operator Ry = ¢ 1o Rop
is again a Rota-Baxter operator of type (13). Let o(E) = 0E, then

(¢t o Rop)(E) = (¢ ' o R)(UE) = 0p ' (ME + h) = AE + 0 ' (h).
Therefore, p(h) = 6h. Then,
(¢t oRop)(h) = (¢ ' o R)(Oh) = 0o (a1 E + azsh) = o, E + ash.

Hence, the conjugation by an automorphism can’t transform R into a Rota-
Baxter operator of the same type (13) with another pair of parameters (aq, az). O

Lemma 7. Operators (14) — (21) from Lemma 3, including operators of the same
type corresponding to different parameters, are not conjugate.

Proof. Note that an operator Ry of a type (14) — (17) and an operator Ry of a type
(18)—(20) can’t be conjugate since they can’t be conjugate by an automorphism
of type ¢, and the induced operators R; : gl2(C)/Z(gl2(C)) — gla(C)/Z(gla(C))
are not conjugate as operators defined on ¢g/Z(gl2(C)) = sl2(C). Similar arguments
show that different parameters ¢ give us non-conjugate operators.

An operator of type (21) can’t be conjugate to an operator of another type
from Lemma 3 since only in (21) we have that Im(R) C Z(gl2(C)) (if t = 0) and
slo(C) € Im(R) (if t = —1). Note that similar arguments show that the case t =0
is not conjugate to the case when t = —1 in (21).

Consider operators (14) — (17). If R is a Rota-Baxter operator of type (14), then
for all 2 € sl3(C), R(z) € sl3(C). Since sl2(C) is Aut(gla(C))-invariant, then slz(C)
is o' o Rop-invariant. Hence, R can’t be conjugate to an operator from (15), (16)
and (17). Similar arguments show that an operator from (18) can’t be conjugate to
an operator from (19) or (20).

Let R be a Rota-Baxter operator of type (15). Then R(h) = 0. Let ¢ be an
automorphism of gly(C) such that ¢~ o Ro p(h) = E. Then R(p(h)) = 0E, 0 # 0
that is not possible since tr(p(h)) = 0. Hence, R can’t be conjugate to an operator
from (16) or (17).

Operator (16) can’t be conjugate to (17) since the induced operators on the
quotient algebra gla(C)/Z(gl2(C) are not conjugate (they correspond to different
values of the parameter ¢, see the proof of Lemma 3).

Let R be a Rota-Baxter operator from (16) and ¢ be an automorphism of gls(C)
such that Ry = ¢! o Ro ¢ is again a Rota-Baxter operator of type (16). Suppose
that ¢(E) = 0E. Since Ry(h) = E, then R(¢(h)) = 0E. Note that tr(¢(h)) = 0.
Hence, ¢(h) = 6h. Condition R;(ez;) = 0 implies that R(¢(ej2)) = 0. Therefore,
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©(ea1) = deg; which in turn implies that ¢(e12) = ~veis. From [p(h), p(e12)] =
©([h, e12]) we get that 6§ = 1.
Suppose that Rj(ej2) = —e12 + h + aqE. Then

R((p(elg)) = —@(612) =+ Hh =+ 9041E = —7€12 —+ h =+ O[lE.

Thus,
v(—e12 +h+aE) = —yeia + h+ a1 E.

This means that v = 1 and o = a;. In other words, Rota-Baxter operators of type
(16), corresponding to different values of the parameter «, are not conjugate.

It remains to consider operators (18)—(20). We’ve already noted that an operator
from (18) can’t be conjugate to an operator from (19) or (20).

If R is a Rota-Baxter operator of type (19), then es; € ker(R). At the same time,
if R; is an operator of type (20), then ker(R;) N slz(C) = {0}. Note that for every
¢ € Aut(gla(C)) we have that p(e2;) € sla(C). Therefore, p~1 o Ry o ¢(ea1) # 0 for
every ¢ € Aut(gla(C)). Hence, operators from (19) and (20) lie in different orbits
under the action of Aut(glz(C)).

What is left is to prove that different values of the parameter « in (20) give non-
conjugate Rota-Baxter operators. Let R be a Rota-Baxter operator of type (20) and
¢ be an automorphism of glo(C) such that Ry = ¢~ o Ro is again a Rota-Baxter
operator from (20). Suppose that ¢(E) = 6E. From R(e21) = Ri(e21) = E we get
that @(621) = 9621. From Rl(elg) = —e12 it follows that 30(612) = 61612 + (Sgh for
some 41,09 € C. Since Ri(h) = —h + o E for some «; € C, we have

(23) ¢(h) = —R(p(h)) + a1 0E.
On the other hand,
(24) @(h) = [p(e12), p(ea1)] € Ch + Cey;.

Note that ez; ¢ Im(R). Hence, from (23) and (24) it follows that ¢(h) = vh for
some v € C. Since ¢ is an automorphism of gls(C), then v = 1. Then (23) implies
that § = 1. Therefore,

Ri(h) = ¢ toRoyp(h) = —h+aE.
That completes the proof. O
Lemmas 1-6 imply the following

Theorem 1. Let R be a Rota-Baxter operator of weight 1 defined on gla(C). Then,
up to the action of Aut(gla(C)), R is one of the following:

1. R(E) = AE + e12, R(h) = R(e12) = R(ea1) =0, A € C;
2.R(E) = AE + e12, R(h) = —h, R(e12) = —ej2, R(ea1) = —ea1, A € C;
3. R(E) = AE + h, R(h) =0, R(e1s) = R(ea1) =0, A € C;
4. R(E) = AE+ h, R(h) = —h, R(e12) = —e12, R(e21) = —ea1, A € C;
5. R(E) = AE+ h, R(h) = a1E 4+ ash, R(e12) = —ej2, R(ea1) =0, A\ a1, as € C;

6. R(E) = AE, R(h) =0, R(eu) = —e12 + th; R((igl) =0, NeC, te {0, 1};
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7. R(E) = AE, R(h) =0, R(e12) = —e1o+th+ E; R(es) =0, A€ C, t € {0,1};
8. R(E) = AE, R(h) = E, R(ej2) = —e12+h+ aE; R(ea1) =0, A\, a € C;
9. R(E) = AE, R(h) = E, R(e1s) = —e12 + B; R(ez1) =0, A € C;
10. R(E) = AE, R(h) =th, R(ei2) = —e12, R(e21) =0, A€ C, t€C, t#0;
11. R(E) = AE, R(h) =th+ E, R(e12) = —e12, R(ea1) =0, A€ C, t € C, t #0;
12. R(E) = AE, R(h) = —h + aE, R(e12) = —e12, R(e21) =E, A, a € C;

13. R(E) = )\E,R(h) = th, R(€12) = tejo, R(ezl) = teoq, A€ (C, te {0, —1}.

Operators 1-18 (including operators of the same type satisfying different values
of parameters) lie in different orbits under the action of the group Aut(gla(C)).
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