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t. We study 
odes and 
olorings in the in�nite graph of n-dimensional re
tangular grid. The parameter matrix of the distan
e 
olo-ring with respe
t to an arbitrary 
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ode is investigated.It is shown that the 
overing radius of an arbitrary 
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ode in the n-dimensional re
tangular grid is at most 2n and the minimaldistan
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oloring1. Introdu
tionA vertex 
oloring of a graph is perfe
t if any two verti
es of the same 
olor"see"the same number of verti
es of any �xed 
olor. If in addition the verti
es are
olored by distan
e from some initial set of verti
es then the 
oloring is distan
eregular and this set is a 
ompletely regular 
ode. These notions are 
losely relatedwith distan
e regular graphs. In fa
t, in a distan
e regular graph the distan
e
oloring with respe
t to an arbitrary vertex is perfe
t and parameters of the 
orres-ponding distan
e regular 
oloring do not depend on the 
hoi
e of the vertex. Butthis property does not hold for the graph of the n-dimensional re
tangular grid in
ase n > 1. Completely regular 
odes in distan
e regular graphs are extensivelyinvestigated.Avgustinovi
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COMPLETELY REGULAR CODES 145We study the distan
e regular 
olorings in the graph of n-dimensional (n > 1)re
tangular grid, whi
h is not distan
e regular and in whi
h even the distan
e
oloring with respe
t to a vertex is not perfe
t. First we prove the monotoni
ity ofthe upper and lower diagonals of the three-diagonal parameter matrix of a distan
eregular 
oloring. Then we obtain an upper bound for the number of 
olors (i.e. forthe 
overing radius of the 
ompletely regular 
ode) and show that this bound isattainable (Theorem 2).The 
omplete 
lassi�
ation of perfe
t 
olorings of the 2-dimensional re
tangulargrid into 2, 3 and up to 9 
olors 
an be found in [4℄, [11℄ and [9℄ respe
tively. Allfeasible parameters of distan
e regular 
olorings of the 2-dimensional re
tangulargrid were des
ribed in [2℄. Completely regular 
odes of in�nite hexagonal andtriangular grids were investigated in [1℄ and [12℄ respe
tively. Parameters of perfe
t
olorings with two 
olors of in�nite 
ir
ulant graphs were studied in [7, 8, 10℄.Earlier the results of this paper were presented in part in [3℄.Let us pass to pre
ise de�nitions. An r-
oloring of the verti
es of a graph is afun
tion ϕ over the graph verti
es with values in the set {0, 1, . . . , r− 1} and it 
anbe presented as a partition Φ = {Φ0,Φ1, . . . ,Φr−1} of the graph verti
es, where
Φi = {x : ϕ(x) = i}, i = 0, 1, . . . , r − 1.An r-
oloring is perfe
t (in other terms, the 
orresponding partition is equitable)with the parameter matrix P = (pij)r×r if any vertex of the 
olor i has exa
tly pijadja
ent verti
es of 
olor j for all i, j ∈ {0, 1, ..., r− 1}.A vertex set D is the 
ompletely regular 
ode if the distan
e 
oloring

Φ = (Φ0 = D,Φ1, . . . ,Φr−1), Φi = {x : ρ(D,x) = i}, i = 0, . . . , r − 1,with respe
t to D is perfe
t (here ρ( , ) denotes the graph distan
e), then r − 1 isthe 
overing radius of D and min{ρ(x,y) : x,y ∈ D} is the 
ode distan
e of D.The 
ode Φr−1 is also 
ompletely regular. A vertex of the 
olor i, 0 ≤ i ≤ r − 1,"sees"verti
es of 
olors i − 1, i and i + 1 only and then the parameter matrix P ofthe partition D is three-diagonal. We denote its nonzero elements as follows:











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a0 b0
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






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,

ai = pi,i (i = 0, 1, . . . , r − 1) � the inner degree of the i-th 
olor;
bi = pi,i+1 (i = 0, 1, . . . , r − 2) � the upper degree of the i-th 
olor;
ci = pi,i−1 (i = 1, 2, . . . , r − 1) � the lower degree of the i-th 
olor.In these terms, any vertex of 
olor i "sees" ci verti
es of 
olor i− 1, ai verti
es of
olor i and bi verti
es of 
olor i + 1. We will say that the 
olor i has the degreetriple (ci, ai, bi) and will write the parameter matrix as follows:

[a0, b0|c1, a1, b1| . . . |ci, ai, bi| . . . |cr−1, ar−1].Only distan
e 
olorings with respe
t to a 
ompletely regular 
ode will be studiedfurther, so the parameter matri
es will be three-diagonal and all their nonzeroelements are 
ontained in degree triples.



146 S.V. AVGUSTINOVICH AND A.YU. VASIL'EVAThe n-dimensional re
tangular grid is the graph Gn with the vertex set
Z
n = {x = (x1, . . . , xn) : xi ∈ Z, i = 1, . . . , n}and with the edge set

{(x,y) :

n
∑

i=1

|xi − yi| = 1}.Then the graph distan
e between verti
es x and y 
an be written as ρ(x,y) =
∑n
i=1 |xi − yi|. Let ei ∈ Z

n, i = 1, . . . , n, be the (0, 1)-ve
tor with the unique oneat the i-th position.Further in the paper D denotes a 
ompletely regular 
ode in the n-dimensionalre
tangular grid, ϕ = ϕD denotes the distan
e 
oloring
ϕ(x) = ρ(D,x), x ∈ Z

n,with respe
t to D and
Φ = (Φ0 = D,Φ1, . . . ,Φr−1), Φi = {x ∈ Z

n : ϕ(x) = i}, i = 0, . . . , r − 1,denotes the 
orresponding partition of Zn by 
olors. For an arbitrary vertex x ∈ Z
nlet us introdu
e the following sets of unit ve
tors:

Aϕ(x) = {y − x : ϕ(y) = ϕ(x), ρ(x,y) = 1} ,

Bϕ(x) = {y − x : ϕ(y) = ϕ(x) + 1, ρ(x,y) = 1} ,

Cϕ(x) = {y − x : ϕ(y) = ϕ(x)− 1, ρ(x,y) = 1} .We will omit the subs
ript ϕ if the 
oloring ϕ is 
lear from the 
ontext. We will 
allve
tors from the sets Aϕ(x), Bϕ(x), Cϕ(x) as inner, upper and lower dire
tions ofthe vertex x with respe
t to ϕ. Obviously,
|Aϕ(x)| = ai, |Bϕ(x)| = bi, |Cϕ(x)| = ci,

Aϕ(x) ∪Bϕ(x) ∪Cϕ(x) = {±ei : i = 1, . . . , n}.We say that two 
olorings ϕ and ψ are equivalent if ψ 
an be obtained from
ϕ by some graph automorphism and some 
olor renumbering. In parti
ular, fora distan
e regular 
oloring ϕ, the 
oloring ψ with the inverse order of 
olors isequivalent and(1) Bϕ(x) = Cψ(x), Cϕ(x) = Bψ(x), Aϕ(x) = Aψ(x), x ∈ Z

n.For any set L of dire
tions, we denote −L = {−l : l ∈ L}.2. Redu
ible 
oloringsFor an arbitrary r, there exist only three nonequivalent 
ompletely regular 
odesin the 1-dimensional grid G1 with the 
overing radius r − 1:
{2(r − 1)t : t ∈ Z},

{(2r − 1)t : t ∈ Z},

{2rt, 2rt− 1 : t ∈ Z}.The 
orresponding distan
e 
olorings are periodi
al, here theirs periods are presentedas sequen
es of 
olors together with the parameter matri
es:
0, 1, 2, . . . , r − 2, r − 1, r − 2, . . . , 1; [02|101|101| . . . |101|20],

0, 0, 1, 2, . . . , r − 2, r − 1, r − 2, . . . , 1; [11|101|101| . . . |101|20],

0, 0, 1, 2, . . . , r − 2, r − 1, r − 1, r − 2, . . . , 1; [11|101|101| . . . |101|11].



COMPLETELY REGULAR CODES 147A 
ode D in the n-dimensional re
tangular grid Gn is 
alled redu
ible if thereexists a 
ompletely regular 
ode D′ of G1 and δ1, . . . , δn ∈ {0, 1,−1} su
h that(2) D = {x = (x1, x2, . . . , xn) : (δ1x1 + δ2x2 + . . .+ δnxn) ∈ D′} .The parameter matrix is referred to as redu
ible if it admits a redu
ible 
oloring ϕD.Obviously, ea
h 
olor of the distan
e regular 
oloring with respe
t to the redu
ible
ompletely regular 
ode D is an union of sets
{x = (x1, x2, . . . , xn) : (δ1x1 + δ2x2 + . . .+ δnxn) = const} .So, the 
orresponding 
oloring ϕD of the n-dimensional grid is also 
alled redu
ibleand it means there exists an r-
oloring ϕ′ of G1 and δ1, . . . , δn ∈ {0, 1,−1} su
hthat for any (x1, x2, . . . , xn) ∈ Z

n,(3) ϕ(x1, x2, . . . , xn) = ϕ1 (δ1x1 + δ2x2 + . . .+ δnxn) .If t denotes the number of nonzero 
oe�
ients δk, 1 ≤ k ≤ n, then an arbitraryvertex of the 
olor i, 1 ≤ i ≤ r − 2, "sees"pre
isely t verti
es of the 
olor i− 1 andpre
isely t verti
es of the 
olor i+ 1. As a result, we obtainLemma 1. Let P be an arbitrary redu
ible matrix of a distan
e regular 
oloring of
Gn. Then there exists t ∈ {0, 1, . . . , n} su
h that

P = [2n− ε1q, ε1q | q, 2n− 2q, q | . . . |q, n− 2q, q | ε2q, 2n− ε2q] ,where ε1, ε2 ∈ {1, 2} (the 
olorings with (ε1, ε2) = (1, 2) and (2, 1) are equivalent).3. Upper and lower degreesThroughout this se
tion r ≥ 3 and a �xed distan
e regular r-
oloring of Gn isdenoted by ϕ . We are going to prove the monotoni
ity of the upper degrees (andthe lower degrees) of the 
oloring ϕ.Lemma 2. Let x and y be two adja
ent verti
es and ϕ(y) = ϕ(x) + 1. Then
C(x) ⊆ C(y), B(x) ⊇ B(y).Proof. If ϕ(x) = 0 then ∅ = C(x) ⊆ C(y).Now i = ϕ(x) ≥ 1 and then C(x) 6= ∅. Let us take d ∈ C(x). If d = x− y thenobviously d ∈ C(y). Then 
onsider the 
ase d 6= x−y. The 
olor of the vertex x+dequals i − 1. The 
olor of the vertex y + d is equal to i, be
ause ϕ(y) = i + 1 andthe vertex x+ d = (y + d) + (x− y) has the 
olor i− 1. Then d ∈ C(y).Finally, C(x) ⊆ C(y). Further, (1) gives B(x) ⊇ B(y). �In other words, Lemma 2 gives us the monotoni
ity of the lower degrees and theupper degrees of an arbitrary distan
e regular r-
oloring of Gn:

c1 ≤ . . . ≤ cr−2 ≤ cr−1,

b0 ≥ b1 ≥ . . . ≥ br−2.It follows that there exist two 
olors I = I(ϕ) and J = J(ϕ) su
h that
I(ϕ) = max{i : ci+1 ≥ bi+1},(4)
J(ϕ) = min{i : ci−1 ≤ bi−1}.(5)Thus, all 
olors of a distan
e regular 
oloring ϕ are partitioned into three segments:

{0, . . . , I(ϕ)} 6= ∅, here ci < bi for any i, 0 < i ≤ I(ϕ);



148 S.V. AVGUSTINOVICH AND A.YU. VASIL'EVA
{I(ϕ) + 1, . . . , J(ϕ)− 1}, here ci = bi for any i, I(ϕ) ≤ i ≤ J(ϕ);
{J(ϕ), . . . , r − 1} 6= ∅, here ci > bi for any i, J(ϕ) ≤ i < r − 1.Lower degrees in the �rst segment and upper degrees in the last segment are
onsidered in the followingLemma 3. a) If i ≤ I(ϕ) then ci 6= ci−1. b) If i ≥ J(ϕ) then bi 6= bi+1.Proof. a) Let us suppose i ≤ I(ϕ) and ci = ci−1. We take an arbitrary vertex xof the 
olor i and an arbitrary dire
tion d ∈ B(x). It means that −d ∈ C(x + d).By assumption, ci = ci+1, then it follows from Lemma 2 that −d ∈ C(x). Hen
e,
bi ≤ ci in 
ontrary to the 
hoi
e of i. Then a) is true. Now (1) gives b). �4. Colors with the same degree tripleLemma 3 establishes that only the degree triple of form (t, 2n − 2t, t) 
an berepeated. Everywhere in this se
tion ϕ denotes an arbitrary distan
e regular 
oloring,moreover, we suppose r ≥ 4 and J(ϕ) > I(ϕ) + 2; i.e., the di�erent 
olors I(ϕ) + 1and J(ϕ)− 1 have the same degree triple.Lemma 4. Let the 
olors i and i + 1 have the same degree triple. Then for anytwo adja
ent verti
es x and y of 
olors i and i+ 1, respe
tively, we have(6) C(x) = C(y) = −B(x) = −B(y),(7) A(x) = A(y) = −A(x) = −A(y).Proof. Equalities C(x) = C(y) and B(x) = B(y) follow from Lemma 2. Further,we put the dire
tion d ∈ B(x). It means that −d ∈ C(x + d). Then −d ∈ C(x)by Lemma 2 provided ci = ci+1. Hen
e −B(x) ⊆ C(x). But we have bi = ci, so
−B(x) = C(x). Finally, (7) follows from (6). �We emphasize that a

ording to Lemma 4, two opposite dire
tions, d and −d,belong or do not belong to the set A(x) of inner dire
tions of a vertex x of a 
olor
i, i = I(ϕ) + 1, . . . J(ϕ)− 1, simultaneously.For any set V ⊆ Z

n of verti
es G(V ) denotes the subgraph of the n-dimensionalre
tangular grid generated by V . Let V i+1
i be the vertex set of an arbitrary 
onne
ted
omponent of the graph G(Φi⋃Φi+1).Lemma 5. Let the 
olors i and i + 1 have the same degree triples. Then for anytwo verti
es x,y ∈ V i+1

i the equalities (6) and (7) hold.Proof. It is su�
ient to prove (6) and (7) for two adja
ent verti
es of the same 
olor
i or i + 1, without loss of generality of the 
olor i. Let x,y ∈ Φi be two adja
entverti
es. Then x− y ∈ A(y) and by Lemma 4 also y − x ∈ A(y), when
e we have(8) 2y − x = y + (y − x) ∈ Φi.Suppose (7) is not true for the verti
es x and y. Then there exists d ∈ A(x)\A(y).In this 
ase d ∈ B(y)

⋃

C(y). First let d ∈ B(y). Then y + d ∈ Φi+1 and x − y =
(x+ d)− (y + d) ∈ C(y + d). By Lemma 4, y − x ∈ B(y + d) from whi
h we have

2y − x+ d = (y + d) + (y − x) ∈ Φi+2that 
ontradi
ts (8). It is left to 
onsider the 
ase d ∈ C(y). Here −d ∈ B(y) andanalogously we obtain the 
ontradi
tion. Thus, (7) holds for the verti
es x and y.The equation (6) follows from (7) and Lemma 4. �



COMPLETELY REGULAR CODES 149Now we will re
ognize that an arbitrary 
onne
ted 
omponent V i+1
i of the graph

G(Φi
⋃

Φi+1), I(ϕ) < i < J(ϕ), 
onsists of two hyperplanes. Let γ ∈ Z and
δ = (δ1, δ2, . . . , δn) ∈ {0, 1,−1}n. Let us denote(9) M(δ, γ) = {x = (x1, x2, . . . , xn) ∈ Z

n : δ1x1 + δ2x2 + . . .+ δnxn = γ} .Lemma 6. Let the 
olors i and i+1 have the same degree triple. Then there existinteger γ and (0, 1,−1)-valued ve
tor δ = (δ1, . . . , δn) su
h that
Φi+ε ∩ V

i+1
i =M(δ, γ + ε), ε ∈ {0, 1}.Proof. Let 0 ≤ t ≤ n, the repeated degree triple be (t, 2n − 2t, t) and v =

(v1, v2, . . . , vn) ∈ V i+1
i be the vertex of 
olor i. Lemma 5 follows that

B(v) = {e1, . . . , es,−es+1, . . . ,−et},

C(v) = {−e1, . . . ,−es, es+1, . . . , et},

A(v) = {±et+1, . . . ,±en},up to the numbering of unit ve
tors. Then let us put:
δ1 = . . . = δs = 1,

δs+1 = . . . = δt = −1,

δt+1 = . . . = δn = 0,

γ = v1 + . . .+ vs − vs+1 − . . .− vt.Under this 
hoi
e of 
onstants, v ∈ M(δ, γ) obviously. For an arbitrary vertex
x ∈ V i+1

i , one 
an easily 
he
k by indu
tion on distan
e between x and v that
x ∈M(δ, γ) in 
ase x ∈ Φi and x ∈M(δ, γ + 1) in 
ase x ∈ Φi+1. �Theorem 1. Let ϕ : Z

n −→ {0, 1, . . . , r − 1} be an arbitrary distan
e regular
oloring, 2 ≤ i < j ≤ r− 2, the 
olors i and j have the same degree triple. Then thedegree triples 
oin
ide for all 
olors from 1 to r − 2 and the 
oloring is redu
ible.Proof. We will show that any 
olor 
onsists of hyperplanes of form (9). All 
olorsfrom i to j, in parti
ular, the 
olors i and i + 1 have the same degree triple. ByLemma 6, there exists γ ∈ Z and δ ∈ {0, 1,−1}n su
h that M(δ, γ+ ε) ⊆ Φi+ε, ε ∈
{0, 1}. Then for any k ∈ {0, . . . , r − 1} by indu
tion on |k − i| one 
an easily 
he
kthatM(δ, γ+k− i) ⊆ Φk be
ause the 
oloring is distan
e regular. In parti
ular, forthe initial and the last 
olors it holdsM(δ, γ−i) ⊆ Φ0 andM(δ, γ+r−i−1) ⊆ Φr−1.By distan
e regularity of the 
oloring,M(δ, γ− i− 1) ⊆ Φ1 orM(δ, γ− i− 1) ⊆ Φ0and M(δ, γ + r − i) ⊆ Φr−2 or M(δ, γ + r − i) ⊆ Φr−1.Hen
e, by distan
e regularity of the 
oloring, for ea
h γ′ ∈ Z all verti
es of
M(δ, γ′) have the same 
olor whi
h depends on γ′ = δ1x1 + δ2x2 + . . .+ δnxn only.It means that there exists a distan
e regular 
oloring ϕ′ of the graph G1 su
h that

ϕ(x1, x2, . . . , xn) = ϕ′ (δ1x1 + δ2x2 + . . .+ δnxn) ,i.e., the 
oloring ϕ of Gn is distan
e regular. �



150 S.V. AVGUSTINOVICH AND A.YU. VASIL'EVA5. Minimal distan
e and 
overing radiusThe Hamming graph HN 
onsists of the following vertex set and edge set:
FN = {α = (α1, . . . , αN ) : αk ∈ {0, 1}, k = 1, . . . , N},

{(α, β) : α, β ∈ FN ,

N
∑

k=1

|αk − βk| = 1}.The Hamming graph H2n is 
overed by the graph Gn of n-dimensional re
tangulargrid and the 
overingmapping is g : Zn → F2n, su
h that for every x = (x1, . . . , xn) ∈
Z
n

g(x1, . . . , xn) = (g0(x1 mod 4), . . . , g0(xn mod 4)),

g0(0) = 00, g0(1) = 01, g0(2) = 11, g0(3) = 10.A
tually, this mapping preserves the adja
en
y: if two verti
es x,y of the n-dimen-sional re
tangular grid di�er in exa
tly one position, then 
learly the verti
es
g(x), g(y) of the 2n-dimensional Hamming graph H2n also di�er in exa
tly oneposition.Let ψ be a 
oloring of the Hamming graph H2n. De�ne the 
oloring ϕψ of the
n-dimensional re
tangular grid Gn as follows:(10) ϕψ(x1, . . . , xn) = ψ (g(x1, . . . , xn)) , (x1, . . . xn) ∈ Z

n.Therefore the 
olorings ψ and ϕψ are perfe
t (respe
tively, distan
e regular) simul-taneously and have the same parameter matrix. We take as ψ the distan
e 
oloringof H2n with respe
t to the all-zero vertex:(11) ψ(α) = wt(α), α ∈ F2n,where wt(α) =
∑2n
i=1 αi is the Hamming weight of the vertex α. In this 
ase ψdistan
e regular (2n+ 1)-
oloring with the parameter matrix

[0, 2n|1, 0, 2n− 1| . . . |i, 0, 2n− i| . . . |2n− 1, 0, 1|2n, 0].Then ϕψ is also the distan
e regular (2n + 1)-
oloring with the same parametermatrix, moreover, it is not redu
ible be
ause its parameter matrix is not redu
ible.Finally, we 
an state the main theorem.Theorem 2. For an arbitrary irredu
ible distan
e regular r-
oloring of n-dimen-sional re
tangular grid, it holds r ≤ 2n+1. An irredu
ible distan
e regular (2n+1)-
oloring exists.Proof. Let ϕ be an irredu
ible distan
e regular 
oloring of the n-dimensional re
tan-gular grid. By Theorem 1, every two 
olors have di�erent degree triples. This meansthat J(ϕ) − I(ϕ) ≤ 2. By de�nition (4) of I(ϕ), we have cI(ϕ) < bI(ϕ), and alsowe know that cI(ϕ) + bI(ϕ) ≤ 2n. It follows from Lemma 3 that {c1, . . . , cI(ϕ)} arepairwise di�erent. Then I(ϕ) + 1 ≤ n. Analogously, we obtain that J(ϕ) ≥ r − n.Finally, r = (I(ϕ) + 1) + (J(ϕ)− I(ϕ) − 1) + (r − J(ϕ)) ≤ n+ 1 + n = 2n+ 1.The 
oloring ϕφ de�ned by (10, (11) gives us the example of the irredu
ible
(2n+ 1)-
oloring. �Let us rewrite Theorem 2 in terms of 
ompletely regular 
odes:Corollary 1. The 
overing radius of an arbitrary 
ompletely regular 
ode in the
n-dimensional re
tangular grid is at most 2n.



COMPLETELY REGULAR CODES 151We also 
an obtain the upper bound for the minimal distan
e of the 
ompletelyregular 
ode in n-dimensional re
tangular grid.Theorem 3. The minimal distan
e of an arbitrary 
ompletely regular 
ode in n-dimensional re
tangular grid is at most 4.Proof. Let D be an arbitrary 
ompletely regular 
ode with minimal distan
e d =
d(D) ≥ 5 in the graph Gn, and x ∈ D. Let us 
onsider the 
orresponding distan
eregular r-
oloring Φ = (Φ0 = D, . . . ,Φr−1). Here r − 1 is equal to the 
overingradius of the 
ode D, and r − 1 ≥ 2 as far as d ≥ 5. Then any vertex of the sphere
S2(x) (of radius 2 
entered in the vertex x) is of the 
olor 2 and has aja
ent verti
esof 
olor 1 only in the sphere S1(x) (of radius 1 
entered in the vertex x).We put the verti
es x+ 2e1 and x+ e1 + e2 in the sphere S2(x). Theirs sets oflower dire
tions are C(x + 2e1) = {e1} and C(x + e1 + e2) = {(e1, e2} and havedi�erent 
ardinalities. This lead us to the 
ontradi
tion. �Referen
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