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Abstract
We consider systems of semigroup equations with constants. A semigroup S is
called equationally Noetherian if any system of equations is equivalent over S to
a finite subsystem. In the current paper we describe all semigroup varieties that
consist of equationally Noetherian semigroups. Our result solves the problem of
B.Plotkin [5] for languages with constants.

1 Introduction

The universal algebraic geometry is the discipline on the edge of algebra and model
theory and it deals with equations over arbitrary algebraic structures. Obviously,
algebraic structures of the same variety have common equational properties. It
allows us to develop a uniform algebraic geometry for all algebraic structures of a
fixed variety.

An atomic formula of a language L is called an L-equation. E.g. a semigroup
S is a structure of the language £; = {-} and any Ls-equation is an equality of
two products of variables (examples of L,,-equations are: x179 = w971, 73 = 1,
x1x5x1 = x2). Recall that an algebraic structure A is L-equationally Noetherian if
any system of L-equations is equivalent over A to its finite subsystem.

The problem for varieties of equationally Noetherian algebraic structures was
posed by B. Plotkin in [5].

Problem 1. Describe all varieties V of algebraic structures such that every A € V
is equationally Noetherian?

Problem 1 admits positive solution in certain varieties. For example, any abelian
variety of groups consists of equationally Noetherian elements (see [2] for more
details). In the class of semigroups, the following varieties

e the variety of semigroups with zero multiplication,
e the variety of left (right) zero semigroups

satisfy the statement of Problem 1.
We see above that the language L defines the class of equations with no con-
stants. One can reformulate Problem 1 for equations with constants.

Problem 2. Descibe all varieties V of L-algebras such that each A € V is equa-
tionally Noetherian with respect to equations with constants from A (i.e. A is
equationally Noetherian in the language £L(A) = LU {a |a € A})?

In the current paper we completely solve Problem 2 for semigroup varieties. The
description of such varieties V is given in Theorem 3.18.



2 Basic notions

Let S be a semigroup, and E(S) = {e € S | ee = e} be the set of its idempotents.
A set I C S'is called an ideal if sI C I and Is C I for any s € S. A semigroup S is
simple if it has a unique ideal I = S. By (a)g we denote the ideal of S generated
by an element a € S.

An element s € S is reducible if there exist a,b € S with s = ab. The set of all
reducible elements of a semigroup S is denoted by Red(.S). Obviously, Red(S) is an
ideal of S, and E(S) C Red(S).

An idempotent e is primitive if for any f € E(S)\{0} the equalities fe =ef = f
imply f = e. A simple semigroup S is completely simple if it contains a primitive
idempotent.

The next classic theorem describes completely simple semigroups.

Theorem 2.1. For any completely simple semigroup S there exists a group G and
sets I, A such that S is isomorphic to the set of triples (A, g,i), g€ G, N\€ A, i €1
with the multiplication

(/\7 g, Z.)(:Ula ha]) = ()‘7 gpi,uh7j)7
where p;, € G is an element of a matriz P such that

1. P consists of |I| rows and |A| columns;

2. the matriz P is (1,1)-normalised, i.e.
pl=pix=1€G forall\e A, i€ I.

Following Theorem 2.1, we denote any completely simple semigroup S by
S = (G,P,A,I). The group G and the matrix P are called the structural group
and sandwich-matriz, respectively. If the sandwich-matrix P consists of 1 € G we
will use the short denotation (G, A, I) instead of (G, P,A,I).

Suppose a semigroup S has an ideal I. Then the factor-semigroup H = S/I is
called the Rees factor semigroup. The semigroup H always contains the zero (the
ideal I is mapped into the zero of H).

An infinite direct power S of a semigroup S is the set of all sequences

(al,ag,...,an,...), a; €8,

and with the element-wise multiplication.

Let L5 = {-} be the semigroup language. An equation over Ly (Ls-equation) is
an equality of two Ls-terms: (X ) = s(X). The examples of Ls-equations are the
following: zy = yz, 2% = x, ryx = yxy.

A system S of Ls-equations (Ls-system for shortness) is an arbitrary set of Ls-
equations. The set of all solutions of S in variables X = {z1,z9,...,z,} over a
semigroup S is denoted by Vg(S(X)) C S™ (i.e. Vg(S’) = Vg(S)).

A semigroup S is equationally Noetherian if any infinite Ls-system S in variables
X ={x1,29,...,2,} is equivalent to a finite subsystem S’ C S over S.

By Ls(S) we denote the language £, U {s | s € S} extended by new constant
symbols. The language extension allows us to use constants in equations. The
examples of equations in the extended language L£(S) are the following: 22 = s,
xs = sz, s1x = Sox, where s, 51,52 € S. Obviously, the class of £4(S)-equations is
wider than the class of L-equations, so an equationally Noetherian (in the language
L) semigroup S may lose this property in the language £4(S). To avoid the ambi-
guity, we say that S is S-equationally Noetherian if S is equationally Noetherian in
the language Ls(5).



Let
HX) =up ... up

be an Ls(S)-term, u; € SUX, X = {x1,...,2,} and ui11 ¢ S if u; € S. Each w; is
said to be a literal of the term ¢(X). Moreover, the number m is called the length
of t(X) and denoted by |t|. For example, if S is the free semigroup generated by
elements a, b then the length of the Ls(S)-term x1abroz3b? is 5.

Let S be a semigroup, and #(X),s(X) be Ls;-terms. We say that S satisfies
the identity t(X) = s(X) (and denote S | [t(X) = s(X)]) if for any n-tuple
(s1,82,.-.,8n) € S™ it holds t(s1, s2,...,5n) = $(81,82,...,8n). The class of semi-
groups V. = {S | S | [t(X) = s(X)] for all ¢(X) = s(X) € Z} is called the variety
defined by the set of identities Z. It is the well-know fact that any variety is closed
under the taking direct products, homomorphic images and subsemigroups.

Let var(.S) denote the variety generated by a semigroup S, i.e. var(.S) consists of
all semigroups which satisfy all identities ¢(X ) = s(X) such that S = [t(X) = s(X)].

3 Main result: structure

Since any variety is closed under direct powers, one should study semigroups that
define equationally Noetherian direct powers.

Lemma 3.1. Let S be a semigroup such that the direct power S is S°-
equationally Noetherian. Then the solution set Y = Vg(za = zb) (respectively,
Y = Vg(ax = bx)) is either 0 or S.

Proof. Let us consider an equation za = xb, a,b € S. If Y ¢ {0, S}, there exists
¢,d such that ca = cb, da # db. Let us consider the following system of L4(S5)-
equations

x(a,a,a,...)=x(a,a,a,...),
x(a,a,a,...) =x(b,a,a,...),
S =1 x(a,a,a,...) =x(b,b,a,...),
x(a,a,a,...) =x(b,bb,...),

An element x = (z1,x9,x3,...) from the solution set of S has z; # d for all i.
However, the solution set of the first n-equations of S contains the point

(¢ce...,c,ddd,...).
N——
n — 1 times

Thus, S is not equivalent to its finite subsystems, and S is not S°°-equationally
Noetherian. O

Corollary 3.2. Let S be a semigroup with a zero 0 such that S is S°°-
equationally Noetherian. Then S has a zero multiplication.

Proof. Let a,b € S and consider an equation ax = 0z. Since the given equation is
consistent over S (0 € Vg(ax = 0z)), Lemma 3.1 provides that b € Vg(az = 0x).
Thus, ab = 0b = 0. O



One can consider any group G in the semigroup language L. For direct powers
of groups we have the following result.

Lemma 3.3. For any non-abelian group G the direct power G*° is not G-
equationally Noetherian.

Proof. Let us consider the following system of £4(G*)-equations

x(1,1,1,...) = (1,1,1,...)x,
x(a,1,1,...) = (a,1,1,..)x,

S =1{x(a,a,1,...)=(a,a,1,...)x,
x(a,a,a,...)=(a,a,a,...)x,
.-

where an element a € G does not commute with some b € G.
An element x = (z1, 22, x3,...) from the solution set of S has x; # b for all i.
However, the solution set of the first n-equations of S contains the point

(1,1,...,1,bbb,...).
—

n — 1 times
Thus, G is not G*°-equationally Noetherian. O

On the other hand, any abelian group G is G-equationally Noetherian (see [2]).
In Lemmas 3.4-3.14 we assume that a semigroup variety V satisfies the following
statement:
“any S € V is S-equationally Noetherian”.

Lemma 3.4. Let I be an ideal of S € V. Then Red(S) C I.

Proof. The Rees factor semigroup S/I belongs to V and contains a zero. By Corol-
lary 3.2, S/I has zero multiplication. Hence for all a,b € S it holds ab € I. Thus,
Red(S) C I. O

Lemma 3.5. The set of all reducible elements Red(S) of a semigroup S € V is a
stmple semigroup.

Proof. Assume there exists an element * € R = Red(S) such that (z), C R.
Consider an ideal

I = (2°)g = {azzzaad | a,b e S'}

of the semigroup S. By Lemma 3.4, we obtain the contradiction:

R C I={azzzzzb|a,be S}
{rizry | 7 € Stzx C R,ry € z2S' C R}
{rizry | r1,79 € R}

= (@)p

N

Lemma 3.6. Any element of a semigroup S € V has finite order.



Proof. Assume that s € S generates an infinite cyclic semigroup Co,. Then Cy X
Cx € V, and the two-element idempotent semigroup Ly = {0,1} belongs to V
(since Lo is a factor of Coo X C).

However, L3° € V is not L$°-equationally Noetherian (Corollary 3.2). O

Let us give some facts about the bicyclic semigroup B = (a,b | ab = 1)

Proposition 3.7. ([1], Theorem 2.54) The bicyclic semigroup B is embedded into
a simple but not completely simple semigroup S if S has at least one idempotent.

Proposition 3.8.  ([3] Theorem 4.1) The bicyclic semigroup B is not B-
equationally Noetherian.

Lemma 3.9. Let S € V then R = Red(S) is a completely simple semigroup.

Proof. By Lemma 3.5, R is simple. By Lemma 3.6, any element of R € V has a
finite order. Hence, R contains idempotents.

If R is not completely simple, it contains the bicyclic semigroup B (Proposi-
tion 3.7), and therefore B € V. Since B is not equationally Noetherian (Proposi-
tion 3.8), we obtain a contradiction with the choice of V. O

Lemma 3.9 provides that Red(S) has the form (G, P, A, I).

Lemma 3.10. Let S € V then Red(S) = (G, P, A, I) has the abelian group G of
a finite period n (i.e. there exists n with g" =1 for all g € G).

Proof. Since G C S, we have G € V. By Lemma 3.3, G is abelian. According to the
theory of abelian groups, if var(G) does not satisfy any identity ™ = 1, it contains
free abelian groups. Hence, the semigroup variety var(G) contains free commutative
semigroups, and the two-element semilattice Lo belongs to var(G). However, the
direct power L3° € var(G) is not L3°-equationally Noetherian (Corollary 3.2), and
we obtain a contradiction with the choice of V. O

Lemma 3.11. Let S € V then Red(S) is isomorphic to (G, P, A, I) with p;y =1
foralli eI, A€ A.

Proof. Recall that the sandwich-matrix P is (1, 1)-normalized. Let us consider an
equation:
(N 1,1) = 2(1,1,1).

Obviously, this equation satisfies the point = (1,1,1). According to Lemma 3.1,
this equation should be satisfied by any = € S. In particular, we have

(Lipin, 1) = (1,1,4)(N\, 1,1) = (1,1,2)(1,1,1) = (1,1,1).

Thus, p;» = 1. O

Lemma 3.12. Let S € V and R = Red(S) = (G,A,I). Then for the any a € S
there exist g, € G, Aq € A, iq € I such that the multiplication in S is defined as
follows:

a(u7g7i) = (Aa7gag7i)7 (,u,,g,i)a = (/’L7gga7ia) (1)
forallpe A, geG,iel.



Proof. If a = (M4, ga,ia) € R, we immediately obtain (1). Assume below a € S\ R.
Since a(1,1,1) € R, there exists A4, gq, 7, such that a(1,1,1) = (Ag, ga, ). We
have:

(Aas 9ar 1) = (Nas Gar i) (1, 1,1) = a(1,1,1)(1,1,1) = a(1, 1, 1) = (Aa; gas ia),

hence 7/, = 1.
Since the equation x(u,1,1) = x(1,1,1) has a solution (1,1,1), Lemma 3.1
provides
a(p,1,1) =a(1,1,1) = (Ag, ga, 1). (2)
Therefore,

a(p, g,1) = a(p,1,1)(1,9,7) = (Aa; 9as 1)(1, 9,7) = (Aa, gayg, i)
for all u € A, g € G, i € I. Similarly, one can prove
(1, 9,9)a = (1, 994 ia)
for all p,g,i. Let us prove g, = g,. Namely,
(1, 94:1) = (1,94,4a)(1,1,1) = (1,1,1)a(1,1,1) = (1,1,1)(Aa, ga, 1) = (1, g, 1)

Thus, we proved (1). O

Lemma 3.13. Let S € V, and Red(S) = (G, A, 1), then

ab = (Aa; gagb: i) (3)
for any a,be S.

Proof. The product ab belongs to R = Red(S), so ab = (u, g,7) for some p € A,
gedG,iel
Using (1), we have

(1, gagp: i) = (1, gasta)b = (1,1,1)ab = (1,1,1) (i, g,7) = (1, 9,1),

hence g = gq9p, © = 1. On the other hand,

(14 9aGb, 1) = (11, Gagp, %) (1,1,1) = ab(1,1,1) = a(Xp, gb, 1) = (Aa, Gagp, 1),

Thus, u = Ag, and (3) holds. O

Lemma 3.14. Any S € V satisfies
aeb = afb for all a,b € S, e, f € E(S). (4)

Proof. Since any idempotent belongs to Red(S), and any entry of the sandwich-
matrix of Red(S) equals 1 (Lemma 3.11), arbitrary idempotents of S have the
form: e = (A, 1,ie), f = (Af,1,if) for some A, A\ € A, dc,if € I. Using (3), we
have

aeb = (Aa, Ga,ie)b = (Aas Gagb, iv) = (Aaagayif)b = afb.

O]

Lemma 3.15. Suppose a semigroup S satisfies (4), and Red(S) = (G, P,A,I) is
completely simple. Then



1. any entry of P equals 1,
2. for any a,b € S the equality (3) holds.
Proof. Let e, f € E(S) C Red(S). The equality (4) gives fef = fff = f. Let

f=1(1,1,1) and e has the indexes A € A, i € I. According to the multiplication if
Red(9), e is the triple e = ()\,pi_kl, i). The equality fef = f gives

(L L, D)\ p,li)(1,1,1) = (1,1,1) = (1,p;1, 1) = (1,1,1) = piy = 1.
Let us prove (3). If e = (A, 1,4), f = (1, 1,7), b= (1,1,1) then (4) gives
a(\1,1) =a(p,1,1).

Hence, the exists Ay, gq, 1, with a(\,1,1) = (A4, ga,1,) for any A € A. The further
proof coincides with Lemmas 3.12 and 3.13. ]

Suppose a semigroup satisfies (3) and Red(S) is completely simple. One can
define a mapping;:
¢: S — Red(S), ¢(s) = (Ns, gs, is)-

Moreover, the equality (3) implies that ¢ is a homomorphism of semigroups.

Let P = (p1,...,pn) € S™, then ¢(P) denotes the point (¢(p1),...,0(pn)) €
Red(S)™.

Let t(X) = uq ... up, be an L£(S)-term with literals u; € S U X. One can define
the L(R)-term t4(X) = (u1)g - .. (um)e as follows:

( ) qb(uz) if u; € 5,
(% =
¢ u; ifu; € X
For example, if ¢(X) = x1axb then t4(X) = 21(Aa, gas ta)T2(No, 9, b))

Lemma 3.16. Let t(X) be an Lg(S)-term with [t| > 2 and a semigroup S
satisfies (3). Then for any P € S™ we have the equalities:

t(P) = t(d(P)) = ts(P) = ty(4(P)). (5)

Proof. Tt is sufficient to prove the equalities for any term of length 2 (the proof for
longer terms can be done by the induction). Thus, we have the following types of
Ls(S)-terms of length 2 (here z,y € X, s € 5):

1. t(X) = zy,
2. t(X) = xs,
3. t(X) = sx.

Let us consider the first case. For a point P = (a,b) we have t4(X) = 2y, ¢(P) =
((Mas Gasia)s (Abs b,y ip)). One can directly prove that

t(P) = Hd(P)) = ts(P) = ts(d(P)) = (Aas GaGbs ib),

and (5) holds.
For the second case we have (here P = a): ¢(P) = (Aa; ga,ta), te(X) = 254 =
x()\87987 Z’S)? a‘nd

t(P) = t(d(P)) = t(P) = t3(d(P)) = (Aas GaFs: is)-

The third case is similar to the previous one. ]
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In [4] it was proved the following criterion of the Noetherian property for com-
pletely simple semigroups.

Proposition 3.17. ([4], Theorem 8) Let S = (G, P,A,I) be a completely simple
semigroup. The semigroup is S-equationally Noetherian iff G is G-equationally
Noetherian.

In particular, if G is abelian, any semigroup S = (G, P, A, I) is S-equationally
Noetherian.

Theorem 3.18. A wvariety V completely consists of S-equationally Noetherian
semigroups iff there exists a number n such that every S € V satisfies the following
conditions:

1. the set of reducible elements R = Red(S) is isomorphic to a completely simple
semigroup (G, P,A,I);

2. the group G is abelian and of the period n;

3. S satisfies (4).

Proof. The “only if” part of the theorem directly follows from Lem-
mas 3.9, 3.10, 3.14.

Let us prove the “if” part of the theorem. By Lemma 3.15, we obtain that any
entry of the sandwich-matrix P equals 1 and (3) holds.

Let us consider a system of L,(S)-equations S = {t;(X) = s;(X) | j € J} over
a semigroup S.

Let ¢(S) = {(tj)¢(X) = (55)¢(X) | j € J} be a system of Ls(R)-equations. By
Proposition 3.17, the system ¢(S) is equivalent to a finite subsystem Sy C ¢(S)
over the semigroup R.

Denote by S’ the finite subsystem of S such that each equation from S, is an
image of an equation from S’. Let

S' = {(X) = s(X) | [t(X)] = 1 or [s(X)| = 1} C S,

Obviously, S is a union
n

st=s'"Js}, 8! = Ufzi = sQOJHX) = 2}, 8! = {#(X) = s(X) | [t| = [s| = 1}.
=1 s t

Let us choose an arbitrary equation Eq; from each system Sz1 and denote

s" =8| JEquuS" Cs.
7
Let us prove that the finite subsystem S” is equivalent to S over S.
Assume there exists a point P = (p1,...,p,) with P € Vg(S”)\ Vg(S). In other
words, there exists an equation 7(X) = o(X) € S\ S” and 7(P) # o(P).
Since ¢ is a homomorphism, we have ¢(P) € Vr(¢(S”)). By the choice of the
system S’; we have ¢(P) € Vr(¢(S)), in particular

¢(P) € Vr(14(X) = 04(X)). (6)
By (5), P € Vg(r(X) = o(X)) if |7|,|o| > 2. Since 7(P) # o(P), at least one
length of terms 7,0 equals 1. The case |7| = |o| = 1 is impossible, since the system

S'! is included into S”.

Thus, we may assume that 7(X) = x; and |o]| > 2. The choice of the equation
5i = o(X) gives p; # 0(P). By (5.6), (1) = o6(#(P)) = o(P).

Hence, p; # ¢(p;) and the definition of ¢ gives p; € S\ R. However, the system
S” contains an equation of the form z; = s(X), |s| > 2 with p; = s(P). Since
|s| > 2, we have p; = s(P) € R, a contradiction. O
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