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ÎÏÅÐÀÒÎÐÀÕ Â ÊËÀÑÑÀÕ È.È. ÏÐÈÂÀËÎÂÀ

Ô.À. ØÀÌÎßÍ, Í.Ì. ÌÀÕÈÍÀ

Abstract. In this paper we consider the invariance of Privalov classes
with respect to the di�erentiation operator. We prof a necessary and
su�cient condition for the invariance of a plane weighted Privalov classes
in the unit disc and we have expanded the indicated results for an any
bounded domain on the complex plane.

Keywords: Privalov class, di�erentiation operator, Whitney decompo-
sition.

1. Ââåäåíèå

Ïóñòü D = {z ∈ C : |z| < 1} � åäèíè÷íûé êðóã íà êîìïëåêñíîé ïëîñêîñòè
C, T � ãðàíèöà D; H(D) � ìíîæåñòâî âñåõ àíàëèòè÷åñêèõ ôóíêöèé â D.

Ïóñòü òàêæå Πp, 0 < p < +∞, � êëàññ È.È. Ïðèâàëîâà â D:

Πp =

f ∈ H(D) : sup
0<r<1

1

2π

π∫
−π

(
ln+

∣∣f(reiϕ)
∣∣)p dϕ < +∞

 ,

ãäå ln+ |a| = max (ln |a| , 0) ,∀a ∈ C.
Õîðîøî èçâåñòíî, Π1 = N, ãäå N � êëàññ ôóíêöèé îãðàíè÷åííîãî âèäà Ð.

Íåâàíëèííû: ôóíêöèé, àíàëèòè÷åñêèõ â D, c îãðàíè÷åííîé õàðàêòåðèñòèêîé

T (r, f) =
1

2π

π∫
−π

ln+
∣∣f(reiϕ)

∣∣ dϕ, 0 < r < 1.

Shamoyan, F.A., Makhina, N.M. Some remarks on differential operators in the

classes of I.I. Privalov.
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Èçâåñòíàÿ ãèïîòåçà Áëîõà-Íåâàëèííû (ñì. [1]) óòâåðæäàåò, ÷òî êëàññ N èí-
âàðèàíòåí îòíîñèòåëüíî äèôôåðåíöèàëüíîãî îïåðàòîðà: åñëè f ∈ N , òî f ′ ∈ N .

Î. Ôðîñòìàí âïåðâûå (ñì. [2]) ïîñòðîèë ôóíêöèþ, à èìåííî, ïðîèçâåäå-
íèå Áëÿøêå, ïðîèçâîäíàÿ êîòîðîé íå ïðèíàäëåæèò êëàññó Ð. Íåâàíëèííû N :
∃B(z, zk) ∈ N : B′(z, zk) /∈ N.

Âîçíèê âîïðîñ î õàðàêòåðèçàöèè òàêèõ ïðîèçâåäåíèé.
Ô.À. Øàìîÿí, Â.À. Áåäíàæ, Â.À. Êóñòîâà ïîëó÷èëè (ñì. [3]), â òåðìèíàõ

íóëåé, ïîëíóþ õàðàêòåðèçàöèþ òåõ ïðîèçâåäåíèé Áëÿøêå (íåîáõîäèìîå è äî-
ñòàòî÷íîå óñëîâèå), ïðîèçâîäíàÿ êîòîðûõ ïðèíàäëåæèò íå òîëüêî êëàññó N, íî
è êëàññó Πp äëÿ âñåõ 0 < p < +∞, à èìåííî, áûë äîêàçàí ñëåäóþùèé ðåçóëüòàò:

Ïóñòü {zk}∞k=1 � ïîñëåäîâàòåëüíîñòü òî÷åê èç D:

∞∑
k=1

(1− |zk|) < +∞;

E � ìíîæåñòâî ïðåäåëüíûõ òî÷åê ïîñëåäîâàòåëüíîñòè {zk}∞k=1 íà T ;{
eiαkeiβk

}∞
k=1

� ïîñëåäîâàòåëüíîñòü äîïîëíèòåëüíûõ äóã E íà T . Åñëè

∞∑
k=1

(βk − αk) lnq
1

βk − αk
< +∞,

ãäå zn = rne
iθn , n = 1, 2, ..., êîëè÷åñòâî òî÷åê â êàæäîì èíòåðâàëå (αk, βk) ,

k = 1, 2, ..., ðàâíîìåðíî îãðàíè÷åíî, òî B(n)(z, zk) ∈ Πp, n ∈ N, 0 < p < +∞.
Îáðàòíî, ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {zk}∞k=1 ⊂ D, óäîâëåòâîðÿþ-

ùàÿ óñëîâèþ Áëÿøêå, òàêàÿ, ÷òî åñëè

∞∑
k=1

(βk − αk) lnq
1

βk − αk
= +∞,

òî B(n)(z, zk) /∈ Πp, n ∈ N, 0 < p < +∞.
Îáçîð íåêîòîðûõ ðåçóëüòàòîâ, ñâÿçàííûõ ñ èíâàðèàíòíîñòüþ îòíîñèòåëü-

íî äèôôåðåíöèàëüíûõ îïåðàòîðîâ êëàññîâ àíàëèòè÷åñêèõ ôóíêöèé, ñîäåðæàò,
íàïðèìåð, ðàáîòû Ä. Êýìïáåëëà, Ã. Óèêñà (ñì. [4]); Ñ.Â. Øâåäåíêî (ñì. [5]).

Îáîçíà÷èì, äàëåå, îîîòâåòñòâóþùèé ïëîñêèé âåñîâîé êëàññ È.È. Ïðèâàëîâà,
0 < p < +∞,

Sp(ω,D) =

f ∈ H(D) :

1∫
0

ω(1− r)
π∫
−π

(
ln+

∣∣f(reiϕ)
∣∣)p dϕdr < +∞

 .

ãäå ω(x), x ∈ (0; 1), � ïîëîæèòåëüíàÿ íåïðåðûâíàÿ íà (0; 1) ôóíêöèÿ.
Ãèïîòåçó Áëîõà-Íåâàíëèííû â êëàññàõ È.È. Ïðèâàëîâà Πp ìîæíî ñôîðìó-

ëèðîâàòü ñëåäóþùèì îáðàçîì: êàêîâî áû íè áûëî 0 < p < +∞ ïðîèçâîäíàÿ
ëþáîé àíàëèòè÷åñêîé â D ôóíêöèè èç êëàññà Πp ïðèíàäëåæèò êëàññó Πp.

Ô.À. Øàìîÿí, Å.Ã. Ðîäèêîâà (ñì. [6]) äîêàçàëè íåèíâàðèàíòíîñòü êëàññà
È.È. Ïðèâàëîâà îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèàöèÿ: â êëàññàõ È.È. Ïðè-
âàëîâà Πp, 0 < p < +∞, ãèïîòåçà Áëîõà-Íåâàíëèííû íåâåðíà, ïðè ýòîì åñëè
f(z) 6= 0, z ∈ D, òî f ′ ∈ Sp(w,D).
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Ô.À. Øàìîÿí, È.Ñ. Êóðñèíà (ñì. [7]) óñòàíîâèëè èíâàðèàíòíîñòü âåñîâûõ
ïëîñêèõ êëàññîâ È.È. Ïðèâàëîâà Sp(ω,D) îòíîñèòåëüíî îïåðàòîðà äèôôåðåí-
öèðîâàíèÿ äëÿ äîâîëüíî îáùèõ âåñîâûõ ôóíêöèé ω, ïîëó÷åíî ïîëíîå îïèñàíèå
òàêèõ âåñîâ:

Ïóñòü ω ∈ S, ãäå S � ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ ôóíêöèé èç L1(0; 1),
äëÿ êîòîðûõ ñóùåñòâóþò ÷èñëà mω > 0, Mω > 0, qω ∈ (0; 1) òàêèå, ÷òî

mω ≤
ω(λr)

ω(r)
≤Mω ïðè r ∈ (0; 1), λ ∈ [qω; 1].

Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:
à) êëàññ Sp(ω,D), 0 < p < +∞, èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðà äèô-

ôåðåíöèðîâàíèÿ D(f)(z) = f ′(z);

á)

1∫
0

ω(t) lnp
1

t
dt < +∞.

2. Ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Â ñâÿçè ñ ðåçóëüòàòàìè ðàáîò [3], [6] åñòåñòâåííî âîçíèêàåò âîïðîñ îïèñàíèÿ
íàèìåíüøåãî âåñîâîãî ïðîñòðàíñòâà X àíàëèòè÷åñêèõ â êðóãå D ôóíêöèé, äëÿ
êîòîðûõ èç óñëîâèÿ f ∈ Πp ñëåäóåò f

′ ∈ X.
Â ïåðâîé ÷àñòè ýòîé ðàáîòû, èñïîëüçóÿ ìåòîäû ðàáîòû [7], ìû äîêàæåì

ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû èç óñëîâèÿ f ∈ Πp, 0 < p < +∞, ñëåäîâàëî
f (n) ∈ Sp(ω,D), n ∈ N, 0 < p < +∞, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

1∫
0

ω (1− r)
(

ln
1

1− r

)p
dr < +∞.

Ó÷èòûâàÿ âûøåóêàçàííûå ðåçóëüòàòû äëÿ åäèíè÷íîãî êðóãà D, âîçíèêàåò
çàäà÷à î ðàñïðîñòðàíåíèè äàííûõ óòâåðæäåíèé íà ñëó÷àé îáëàñòåé êîìïëåêñ-
íîé ïëîñêîñòè C, îòëè÷íûõ îò D.

Ïóñòü G� íåêîòîðàÿ îáëàñòü íà êîìïëåêñíîé ïëîñêîñòè C, ∂G� åå ãðàíèöà;
ρ(ζ, ∂G) � ýâêëèäîâî ðàññòîÿíèå îò òî÷êè ζ äî ãðàíèöû ∂G;H(G) � ìíîæåñòâî
âñåõ àíàëèòè÷åñêèõ ôóíêöèé â G.

Â äàëüíåéøåì íàì òàêæå ïîòðåáóåòñÿ âåñîâàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà
âñåé ïîëóîñè R+ = (0; +∞): ïóñòü ω � ìîíîòîííî óáûâàþùàÿ, íåïðåðûâíàÿ
ôóíêöèÿ íà R+, óäîâëåòâîðÿþùàÿ óñëîâèÿì: ñóùåñòâóþò ÷èñëà mω > 0, Mω >

0, qω ∈ (0; 1) : mω ≤
ω(λr)

ω(r)
≤Mω ïðè r ∈ (0; +∞), λ ∈ [qω; 1].

Äàëåå ðàññìîòðèì êëàññû ôóíêöèé ñëåäóþùåãî âèäà:

Sp(ω,G) =

f ∈ H(G) :

∫
G

ω

(
1

ρ(ζ, ∂G)

)(
ln+ |f(ζ)|

)p
dm2(ζ) < +∞

 ,

ãäå 0 < p < +∞; m2 � ïëîñêàÿ ìåðà Ëåáåãà íà G.
Îêàçûâàåòñÿ, óòâåðæäåíèÿ, àíàëîãè÷íûå âûøåóêàçàííûì, ìîæíî ñôîðìó-

ëèðîâàòü äëÿ âñåõ îãðàíè÷åííûõ îáëàñòåé:
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Òåîðåìà 2. Ïóñòü ω � âûøåóêàçàííàÿ âåñîâàÿ ôóíêöèÿ; G � íåêîòîðàÿ
îãðàíè÷åííàÿ îáëàñòü íà êîìïëåêñíîé ïëîñêîñòè C, ïðè÷åì∫

G

ω

(
1

ρ(z, ∂G)

)((
ln+ 1

ρ(z, ∂G)

)p
+ 1

)
dm2(z) < +∞.

Òîãäà êëàññ Sp(ω,G) èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèðî-
âàíèÿ ïðè ïðîèçâîëüíîì 0 < p < +∞.

3. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ

Äîêàæåì òåîðåìó 1 ïî ìåòîäó, ïðèìåíåííîìó â ðàáîòå [7] ( ñì. äîêàçàòåëü-
ñòâî òåîðåìû 1 äàííîé ðàáîòû).

Äîêàçàòåëüñòâî. Ñíà÷àëà çàìåòèì, ÷òî åñëè f ∈ Πp, òî

ln+
∣∣f(reiϕ)

∣∣ . 1

(1− r)1/p
. (1)

Îöåíêà (1) ïðè 1 ≤ p < +∞ ñðàçó ñëåäóåò èç íåðàâåíñòâà Ãåëüäåðà è èç
ñëåäóþùèõ ðàññóæäåíèé.

Ïîñêîëüêó
(
ln+

∣∣f(reiϕ)
∣∣)p ÿâëÿåòñÿ ñóáãàðìîíè÷åñêîé ôóíêöèåé, òî

(
ln+

∣∣f(reiϕ)
∣∣)p ≤ 1

2π

π∫
−π

(R2 − r2)
(
ln+

∣∣f(Reiθ)
∣∣)p

R2 − 2rR cos(θ − ϕ) + r2
dθ

ïðè âñåõ 0 ≤ r < R < 1.

Ïîýòîìó, òàê êàê
2(R− r)
(R− r)2

.
2

(R− r)
, òî

(
ln+

∣∣f(reiϕ)
∣∣)p ≤ sup

0<R<1

π∫
−π

(
ln+

∣∣f(Reiθ)
∣∣)p dθ.

Òåïåðü, ïîëîæèâ R =
r + 1

2
, ïîëó÷èì íóæíóþ îöåíêó.

Åñëè 0 < p < 1, òî âîñïîëüçóåìñÿ èçâåñòíîé òåîðåìîé Ôåôôåðìàíà-Ñòåéíà
(ñì. [8]), ñîãëàñíî êîòîðîé(

ln+
∣∣f(reiϕ)

∣∣)p ≤ A(p)

(1− |z|)2
∫

K 1
2
(z)

(
ln+ |f(ζ)|

)p
dm2(ζ), (2)

ãäå K 1
2
(z) =

{
ζ : |ζ − z| ≤ 1

2
(1− |z|)

}
.

Òåïåðü ó÷òåì, ÷òî

K 1
2
(z) ⊂ K̃ 1

2
(z) =

{
ζ : |z| − 1

2
(1− |z|) ≤ |ζ| ≤ |z|+ 1

2
(1− |z|)

}
.

Ïîýòîìó èç (2) ïîëó÷àåì

(
ln+ |f(z)|

)p
.

1

1− |z|
sup

0<ρ<1

π∫
−π

(
ln+

∣∣f(ρeiθ)
∣∣)p dθ.
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Òî åñòü îöåíêà ln+ |f(z)| . 1

(1− |z|)1/p
ñïðàâåäëèâà ïðè âñåõ z ∈ D, 0 < p <

+∞.
Òåïåðü èç ýòîé îöåíêè òî÷íî òàêèì æå îáðàçîì, êàê è â [7], ïîëó÷èì

1∫
0

π∫
−π

ω(1− r)
(
ln+

∣∣f ′(reiϕ)
∣∣)p rdrdϕ .

. sup
0<r<1

π∫
−π

(
ln+

∣∣f(reiϕ)
∣∣)p dϕ+

1∫
0

ω(1− r)
(

ln
1

1− r

)p
dr.

Èç äàííîé îöåíêè íåïîñðåäñòâåííî ñëåäóåò äîñòàòî÷íîñòü óñëîâèÿ òåîðåìû.
Ïåðåéäåì ê äîêàçàòåëüñòâó íåîáõîäèìîñòè óñëîâèÿ òåîðåìû. Ñíîâà ïðèìå-

íèì ìåòîäèêó ðàáîòû [7]. Ïóñòü

f(z) =

+∞∑
k=0

2λk(α−1)z2
λk

,

ãäå λ � íàòóðàëüíîå ÷èñëî, 0 < α < 1.
ßñíî, ÷òî f ∈ H∞(D), çíà÷èò, f ∈ Πp ïðè âñåõ 0 < p < +∞.
Ñíîâà òàêèì æå îáðàçîì, êàê â ðàáîòå [7], óñòàíàâëèâàåòñÿ, ÷òî åñëè

rn = exp

(
− 1

2λn

)
, òî ôóíêöèÿ f(z) óäîâëåòâîðÿåò îöåíêå

(
ln
∣∣f ′(rneiθ)∣∣)p ≥ c lnp

1

1− rn
,

ãäå θ ∈ [0; 2π] , n = 1, 2, ..., c � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî.
Ïîâòîðÿÿ ðàññóæäåíèÿ âûøåóêàçàííîé ðàáîòû, ïîëó÷èì, ÷òî

1∫
0

ω (1− r) lnp
1

1− r
dr < +∞.

�

Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 2 è îòìåòèì, ÷òî â íåì ñóùåñòâåííóþ
ðîëü èãðàåò êëàññè÷åñêàÿ òåîðåìà Óèòíè:
Òåîðåìà À (ðàçëîæåíèå Óèòíè). Ïóñòü G � íåêîòîðîå îòêðûòîå ñâÿçíîå

ìíîæåñòâî íà êîìïëåêñíîé ïëîñêîñòè C, òîãäà ñóùåñòâóåò òàêîé íàáîð
êâàäðàòîâ P = {Qk}+∞k=1, ÷òî

⋃
k

Qk = G, ïðè÷åì

à)
o

Qk ∩
o

Qm = ∅, k 6= m;
á) c1diam(Qk) ≤ ρ(Qk, ∂G) ≤ c2diam(Qk), êîíñòàíòû c1, c2 íå çàâèñÿò îò

G;
â) äëÿ ïðîèçâîëüíîãî s ∈ R+, 0 ≤ s < 5/4, êâàäðàòû {Q∗k(s)}+∞k=1, èìåþùèå

òå æå öåíòðû, ÷òî è êâàäðàòû {Qk}+∞k=1 ñîîòâåòñòâåííî, íî ðàñòÿíóòûå â
s ðàç, ïîêðûâàþò ìíîæåñòâî G êîíå÷íîêðàòíî.

Äîêàçàòåëüñòâî òåîðåìû 2 ïðîâåäåì ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû 1 èç
ðàáîòû [9].
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Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ òåîðåìîé A. Ïóñòü P = {Q1, Q2, . . . , Qk, . . .}
� âûøåóêàçàííûé íàáîð êâàäðàòîâ, G =

⋃
k

Qk; ó÷òåì íåðàâåíñòâà òåîðåìû À è

çàìåòèì, ÷òî ω

(
1

ρ(ζ1, ∂G)

)
∼ ω

(
1

ρ(ζ2, ∂G)

)
äëÿ ïðîèçâîëüíûõ òî÷åê ζ1, ζ2 ∈

Qk.
Èìååì:

I =

∫
G

ω

(
1

ρ(z, ∂G)

)(
ln+

∣∣∣f (n)(z)∣∣∣)p dm2(z) =

=

+∞∑
k=1

∫
Qk

ω

(
1

ρ(z, ∂G)

)(
ln+

∣∣∣f (n)(z)∣∣∣)p dm2(z) ≤

≤ c1
+∞∑
k=1

max
z∈Qk

ω

(
1

ρ(z, ∂G)

)(
ln+

∣∣∣f (n)(z)∣∣∣)pm2(Qk) ≤

≤ c2
+∞∑
k=1

ω

(
1

ρ(zk, ∂G)

)(
ln+

∣∣∣f (n)(zk)
∣∣∣)p ρ2(zk, ∂G), zk ∈ ∂Qk. (3)

Ïóñòü òåïåðü Q∗k � êâàäðàò, èìåþùèé òîò æå öåíòð, ÷òî è Qk, íî ðàñòÿíóòûé

â (1 + ε) ðàç, 0 < ε <
1

4
, Qk ⊂ Q∗k. Çàìåòèì, ÷òî ñèñòåìà {Q∗k} ïîêðûâàåò îá-

ëàñòü G êîíå÷íîêðàòíî. Ïóñòü 0 < δ =
1

4
ρ(Qk, ∂Q

∗
k). Òîãäà ìîæíî óòâåðæäàòü,

÷òî äëÿ ïðîèçâîëüíîãî zk ∈ Qk, êðóã Kδ(zk) = {z : |z − zk| < δ} ïîëíîñòüþ
âêëþ÷àåòñÿ â êâàäðàò Q∗k.

Äàëåå, ïî ôîðìóëå Êîøè f (n)(zk) =
n!

2πi

∫
∂Kδ(zk)

f(z)

(z − zk)n+1
dz, à çíà÷èò,

∣∣∣f (n)(z)∣∣∣ ≤ c(n)

δn
max

z∈∂Kδ(zk)
|f(z)| ≤ c(n)

ρn(z̃k, ∂G)
|f(z̃k)| , z̃k ∈ ∂Kδ(zk).

Òîãäà ln+
∣∣∣f (n)(z)∣∣∣ ≤ ln+ c(n) + ln+ 1

ρn(z̃k, ∂G)
+ ln+ |f(z̃k)| , z̃k ∈ ∂Kδ(zk).

Îòìåòèì, ÷òî â óñëîâèÿõ òåîðåìû ρ(zk, ∂G) ýêâèâàëåíòíî ρ(z̃k, ∂G). Äåé-
ñòâèòåëüíî, èç òåîðåìû À ïîëó÷àåì:

c3diam(Qk) ≤ ρ(zk, ∂G) ≤ c4diam(Qk),

c5diam(Q∗k) ≤ ρ(z̃k, ∂G) ≤ c6diam(Q∗k),

íî ïî íàøåìó ïîñòðîåíèþ diam(Qk) < diam(Q∗k) < 1
1

4
diam(Qk), à çíà÷èò,

c7ρ(z̃k, ∂G) ≤ ρ(zk, ∂G) ≤ c8ρ(z̃k, ∂G). (4)

Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî ρ(Qk, ∂Q
∗
k) ýêâèâàëåíòíî ρ(zk, ∂G).

Òîãäà èç (3) ñ ó÷åòîì (4) ïîëó÷àåì

I ≤ c2
+∞∑
k=1

ω

(
1

ρ(zk, ∂G)

)(
ln+

∣∣∣f (n)(zk)
∣∣∣)p ρ2(zk, ∂G) ≤
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≤ c9
+∞∑
k=1

ω

(
1

ρ(z̃k, ∂G)

)
ρ2(z̃k, ∂G)

(
ln+ c(n) + ln+ 1

ρn(z̃k, ∂G)
+ ln+ |f(z̃k)|

)p
≤

≤ c10
+∞∑
k=1

ω

(
1

ρ(z̃k, ∂G)

)
ρ2(z̃k, ∂G)

((
ln+ 1

ρn(z̃k, ∂G)

)p
+ 1

)
+

+c11

+∞∑
k=1

ω

(
1

ρ(z̃k, ∂G)

)
ρ2(z̃k, ∂G)

(
ln+ |f(z̃k)|

)p
. (5)

Ïóñòü òåïåðü òàêæå 0 < δ′ =
1

8
ρ(Qk, ∂Q

∗
k), Kδ′(z̃k) = {z : |z − z̃k| < δ′},

çíà÷èò, Kδ′(z̃k) ⊂ Q∗k.
Ó÷èòûâàÿ ñóáãàðìîíè÷íîñòü ôóíêöèè (ln+ |f |)p ïðè 1 ≤ p < +∞ è òåîðåìó

Ôåôôåðìàíà-Ñòåéíà ïðè 0 < p < 1, êàê è âûøå, ïîëó÷èì:(
ln+ |f(z̃k)|

)p ≤ A

δ′2

∫
Kδ′ (z̃k)

(
ln+ |f(z)|

)p
dm2(z) ≤

≤ c12
ρ2(z̃k, ∂G)

∫
Q∗k

(
ln+ |f(z)|

)p
dm2(z).

Àíàëîãè÷íî,(
ln+ 1

ρn(z̃k, ∂G)

)p
+ 1 ≤ c13

ρ2(z̃k, ∂G)

∫
Q∗k

((
ln+ 1

ρn(z, ∂G)

)p
+ 1

)
dm2(z).

Îêîí÷àòåëüíî ñ ó÷åòîì (5), ïîëó÷àåì∫
G

ω

(
1

ρ(z, ∂G

)(
ln+

∣∣∣f (n)(z)∣∣∣)p dm2(z) ≤

≤ c14
+∞∑
k=1

∫
Q∗k

ω

(
1

ρ(z, ∂G)

)((
ln+ 1

ρn(z, ∂G)

)p
+ 1

)
dm2(z)+

+c15

+∞∑
k=1

∫
Q∗k

ω

(
1

ρ(z, ∂G)

)(
ln+ |f(z)|

)p
dm2(z) ≤

≤ c16
∫
G

ω

(
1

ρ(z, ∂G)

)((
ln+ 1

ρn(z, ∂G)

)p
+ 1

)
dm2(z)+

+c17

∫
G

ω

(
1

ρ(z, ∂G)

)(
ln+ |f(z)|

)p
dm2(z).

Â ïîñëåäíåì íåðàâåíñòâå ìû âîñïîëüçîâàëèñü òåì, ÷òî ñèñòåìà {Q∗k} ïîêðû-
âàåò ìíîæåñòâî G êîíå÷íîêðàòíî.

Òàêèì îáðàçîì, åñëè∫
G

ω

(
1

ρ(z, ∂G)

)((
ln+ 1

ρn(z, ∂G)

)p
+ 1

)
dm2(z) < +∞, (6)
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òî ∫
G

ω

(
1

ρ(z, ∂G)

)(
ln+

∣∣∣f (n)(z)∣∣∣)p dm2(z) < +∞,

è êëàññ Sp(ω,G) èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðà äèôôåðåíöèðîâàíèÿ.
�

Çàìå÷àíèå. Îòìåòèì, ÷òî óñëîâèå (6) ÿâëÿåòñÿ íåîáõîäèìûì, åñëè G = D
(ñì. [7] è òåîðåìó 1).
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