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HEKOTOPBIE BAMEYAHUA O IJN®PEPEHIINAJIbBHBIX
OITEPATOPAX B KJIACCAX WU.U. ITPUBAJIOBA

O®©.A. IMTAMOSAH, HM. MAXITHA

ABSTRACT. In this paper we consider the invariance of Privalov classes
with respect to the differentiation operator. We prof a necessary and
sufficient condition for the invariance of a plane weighted Privalov classes
in the unit disc and we have expanded the indicated results for an any
bounded domain on the complex plane.
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1. BBEJEHUE

ITycts D = {z € C: |z| < 1} — exuHUYHBI KPyT Ha KOMIUIEKCHO IJIOCKOCTH
C, T — rpanuna D; H(D) — MHOXKeCTBO BeeX aHAJUTHYECKUX QyHKIuil B D.
ITycrs Takxke II,, 0 < p < 400, — xiacc .M. IIpusasosa B D:
s
II,=<feH(D): sup 2i / (In* ‘f(?"ei“")Dpdgo < 400 o,
0<r<1 47T
—T
e In |a| = max (In |al,0),Va € C.
Xoporro u3BectHo, Iy = N, rme N — kmacc ¢dpyHKIHMit orpaHutdeHHoro sujaa P.
Hepanymanbr: GyHKIUH, aHAJIUTHIECKUX B [, ¢ OrpaHUYIEHHON XapaKTepUCTHKOMN

s

1 .
— /1n+ | f(re?)| dp,0 <7 < 1.
7r

—T

T(r7 f) =

Usgectnas runoresa Bioxa-Hepamuuwst (em. [1]) yTBep:kmaer, uro kinace N un-
BapUaHTeH OTHOCUTENIbHO JuddepennuainLuoro oneparopa: ecau f € N, o f' € N.
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O. ®pocrman Buepsbie (cM. [2]) mocrpomn (yHKIUIO, a MMEHHO, IPOU3BEIE-
nne Busamke, mpon3BoaHas KOTOpoil He mpunae:kuT kiaccy P. HeBammunnnr N:
3B(z,z;) € N : B'(z,2) ¢ N.

BosHuK BOMpoC 0 XapaKTepHU3aIlN TAKIX TPOU3BEIeHUI.

®.A. ITamosH, B.A. Bennax, B.A. Kycrosa nonayunin (cM. [3]), B TepMuaax
HyJIefi, TOJIHYIO0 XapaKTepU3aluio Tex npousseennii Bismke (Heobxoqumoe u 10~
CTaTOYHOE YCJIOBHE), IPOM3BOHAs KOTOPBIX [IPUHAJIEXKUT HE TOJILKO Kiaccy N, HO
u kjaccy I, g Beex 0 < p < 400, a ©IMEeHHO, OBLT JJOKa3aH CJIeAYIOMuUil pe3y/IbTaT:

Iyemw {2} e, — nocaedosamenvrocms movex us D:

oo
(1 — |zk]) < +oo;
k=1
oo
E — mnoorcecmeo npedeavhvir moyuex nocaedosamenvrocmu {z,}p_q na T';
v
{e”’c P } w1 — nocaedosamenvrocmy donoarumenvroir dye E na T. Ecau

Z (Br — ag)In? i L +00,

—
k=1 k= %k

2de z, = e’ n = 1,2, ..., Koauwecmeo mouex 6 xascdom unmepeane (ag, Br) , k=
1,2, ..., pagHOMEPHO 02PaHUNEHO, MO B(”)(z7 zk) €II,,n € N,0 < p < +00.
Obpammo, cywecmeyem nocaedosamesbHOCTIb {zk}zozl C D, ydosaemsopaio-
was yeaosuro Baswke, maxas, 4mo ecau
oo
(Br — ag)In?
k=1

1

— = +o09,
Br — ag

mo B (z,2;) ¢ T,,n € N,0 < p < +oc.

O0630p HEKOTOPBIX PE3YILTATOB, CBI3aHHBIX C MHBAPUAHTHOCTHIO OTHOCHTEIIb-
o auddepeHITnaIbHbIX OIEPATOPOB KJIACCOB AHAJIUTHIECKNX (DYHKINH, COmepKaT,
HanpuMmep, paborst . Kamnbenna, I'. Yukca (em. [4]); C.B. HIsenenko (cum. [5]).

Ob6ozHaunM, JaJjiee, 000TBETCTBYIOIIHUII II0CKUiT BecoBoii Kitacc V.U. [Ipusasiosa,
0 <p< 4oo,

™

1
Sp(w,D) =< fe HD): /w(l —r) / (In* ‘f(?“ei“’)|)p dpdr < 400
0

—T

rie w(x), z € (0;1), — monoxkurenpras HenpepsisHast Ha (0; 1) dyHKIMA.

I'mmoresy Bioxa-Hepansmnns! B kiaccax I1.11. ITpusasosa 11, moxkno cdopmy-
JINPOBAThH CJIEJYIONUM 00pa30M: KakoBO Obl Hu 0610 0 < p < 400 HPOU3BOIHAS
moboit anasmTHIecKoit B D dynkmmn u3 xiaacca I, mpurasgmexnT knaccy 1I,.

®.A. MMamosin, E.I. Ponnkosa (cMm. [6]) oKa3ann HeMHBAPHAHTHOCTH KJIacca
.M. [TpuBamoBa oTHOCUTEIHHO ontepaTopa auddepennuanus: B kiaccax V. 1. Ilpu-
Basiosa II,,0 < p < +o00, runoresa Bioxa-Hepannunnel HeBepHa, IIPU 3TOM €CJIT
f(2) #0,z€ D, 1o f' € Sp(w, D).

®.A. IMTamosin, 1.C. Kypcuna (cM. [7]) ycTaHOBUIN MHBAPUAHTHOCTH BECOBBIX
wiockux knaccos I1.11. ITpusasosa S,(w, D) orHOCHTEIBHO OmepaTopa auddeper-
IIUPOBAHUS JJIsT JIOBOJIBHO OOIIMX BECOBBIX (DYHKIHI W, MOy IEHO ITOJTHOE OIMCAHNE
TaKUX BECOB:
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IIyemv w € S, 2de S — mnooicecmeo 6cex nososcumenvuux dynxyud us L1(0;1),
das Komopuix cywecmsyrom wucaa my, > 0, M, > 0,q, € (0;1) maxue, wmo

w(Ar
My < w(dr) < M, npur € (0;1), XA € [qu; 1].
w(r)
Tozda caedyrowue ymeepocoerus PABHOCUALHDL:
a) xaace Sp(w, D), 0 < p < 400, UHBGPUAHMEN OMHOCUMEALHO ONEPATOPa Udh-

depenyuposanun D(f)(z) = f/(2);
1

6) /w(t) In? %dt < 400.
0

2. ®OPMVYJINPOBKA OCHOBHBIX PE3VJ/IbTATOB

B cBasu ¢ pesynbraramu paor [3], [6] ecrecTBeHHO BOSHUKAET BOIPOC OLUCAHMSI
HaWMEHBITIET0 BECOBOTO TIPOCTPAHCTBA X AHAIUTHICCKUX B Kpyre DD OyHKIMMA, 1151
KoTOpbIX U3 ycosus f € I1, cienyer f/ € X.

ITyctb Teneps n najiee w — BecoBast GyHKIWs, 3a1aHHast Ha (0; +00), MOHOTOHHO
yOBIBaKOIasi M YIOBJIETBOPSIONIAs YCJIOBUSIM: CYIIECTBYIOT ducja m,, > 0, M, >
w(Ar)
w(r)

B neproit wacTu 370l paboThI, HCTIONIB3YS METOBI PABOTHI [7] MBI JOKarXKeM cJte-
JLyIOITiee yTBEpKIeHNE:

0,q. € (0;1) Takue, uro my, < < M, mpu r € (0;+0), A € [qu; 1]

Teopema 1. Jlaa moeo, wmobw u3 ycaosus f € II,, 0 < p < 400, caedosano
fm e Sp(w,D),n € N,0 < p < 400, Heobzodumo u docmamouwHo, 4mobov

1
1 1 \?
1 .
/w(1r>(n1r> dr < +00
0

YauThiBasi BbIIEYKA3aHHBIE PE3YJIBTATHI I €IUHUIHOTO Kpyra [, BOZHUKAET
3ajatva O pacIpOCTPAHEHNN JAHHBIX YTBEPXKICHUN Ha CIydail obacTeil KOMILIEKC-
Hoit rockoctu C, ormanbix or D.

[Iycts G — HekoTopast 0b1acThb Ha KoMiuiekcHoi mtockoctu C, 0G — ee rpaHuiia;
p(¢, 0G) — 3BKINIOBO paccroguue oT Touku ¢ 10 rpanuipt 0G; H(G) — MHOKECTBO
BCeX aHAJMTUYIECKUX PyHKINH B G.

Paccvorpum Kacesr GyHKIHH CIETYIONET0 BUIA

w = : w # n+ r m o0
5. ) feH(G)-G/ (e ) " 1O dma(6) < o0

e 0 < p < +00; Mg — mwrockast Mepa Jlebera Ha G.
OkasbiBaeTCsl, yTBEPKIEHNS, AHAJIOITYHbIE BBIIIEYKA3AHHBIM, MOYXKHO C(OPMY-
JINPOBATH JIJIs BCEX OFPAHWYEHHBIX O0JiacTeil:

Teopema 2. I[lycmv w — gvuweykadannas gecosas pynkuus; G — nexomopas
o2paruiennas 0baacms na komnaexcrot naockocmu C, npuvem

[ tn) (= )+ )amsr= o=

Tozda kaacc Sp(w, G) ursapuarmer omuocumesvro onepamopa Jugddeperyupo-
sanuA npu npouseosvrom 0 < p < +oo.
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3. JTOKABATEJIbCTBO OCHOBHBIX PE3YJ/IbTATOB

Joxaxkem TeopeMy 1 1o mertomy, IpuMeHeHHOMY B pabote [7] ( cM. jokasaresns-
CTBO TeopeMbl 1 IaHHON paboTHI).

oxazamesvcmeo. Cravamna 3ameTuM, uro ecim f € I, To

- 1
In™ [f(re)] < ————. 1
Ouenka (1) npu 1 < p < 400 cpasy cienyer u3 HepaBeHCTBa lesbiepa u u3
CHEYIOMMNX PACCYZKICHUIL.
IlockonbKy (ln+ | f (rew)|)p SIBJISIETCsI CyOrapMOHUYIeCKOi (byHKIHEit, To

o o L (B2 =) (" [ f(Re)])"
(In™ |f(re™)])" < o R 2rReos(d — ) 12

—T

mpu Beex 0 <r < R < 1.
2(R—r) 2
(R—r)?

ITosTomy, Tak Kax

r4+1
Teneps, nostoxxkus R = 5 MOJTyIUM HY2KHYIO OITEHKY.

Ecmm 0 < p < 1, To Bocmosb3yemcs u3Bectroit Teopemoit Creitna-Dedbdepmana
(cm. [8]), cormacHo KOTOpOI

A(p)

Int | f(ret?)])’ < —2
L)y’ < A0

[ 1501 amac), ®)

K1 (2)
2

e Ky(2) = { ¢ 0= 21 < 51 - 12D}

- 1 1
Tenepn yurem, uto K1 (2) C K1 (2) = {( sz — 5(1 —lz]) <[] < |2| + 5(1 - |z|)} .

IMostomy u3 (2) momyvaem

p } 4 p
(0 S S 7= e, [ (0 | )])" a0

—T

To ects onenka In' |f(2)] <

—+o00.
Tenepb U3 9TOM OIEHKU TOYHO TAKUM Ke 00pa3oM, Kak u B [7], morydum

1
W cIpaBeJIIuBa 1pu Beex z € D, 0 < p <

T

1
//w(l —7) (In* |f’(7'ew|)prdrd<p <
0

—T
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0<r<1

—T

T 1
P
< sup /(1n+|f(rew)|)pd<p—|-/w(1—r) (lnlir> dr.
0

U3 naHHO} OIEHKHU HEMOCPEICTBEHHO CJIE/IYET NOCTATOIHOCTD yCJIOBUSI TEOPEMBI.
IepefimeM K JOKa3aTEIbCTBY HEOOXOAMMOCTH YCJI0BUs TeopeMmbl. CHOBa mpuMe-
HUM MeTouKy paborst [7]. Ilycrs

+oo
flz) = Z 2)\k(o<71)22”’
k=0

e A — HaTypasbpHoe ducio, 0 < a < 1.
Acuo, aro f € H>®(D), suauur, f € I, mpu Bcex 0 < p < +00.
CHoBa TakuM ke 06pa3oM, Kak B pabore [7|, ycraHaBiImBaeTcst, 9To ecJu

1
Ty = €Xp om0 ro dbyHKuus f(z) yIOBIETBOPSIET OlEHKe

(ln ’f’(rnew)‘)p > cln? ﬁ,

rae 6 € [0;27] ,n = 1,2, ..., ¢ — HEKOTOPOE TOJIOKUTENHHOE THCIIO.
IToBTopsisl pacCy:KIeHNs BBIEYKA3aHHOH PabOTEI, TOMYYINM, YTO

1
1 1
p
/w<1_r)ln 1_Td7’<+oo.

0

O

IepeiimeM K JOKa3aTEIbCTBY TEOPEMBI 2 U OTMETUM, 9TO B HEM CYIIECTBEHHYIO
POJIb UTPAET KJIACCHIeCKas TeopeMa Y UTHHU:

Teopema A (pasnoxenue Yuran). [Tyemo G — nexomopoe omxpuimoe c8asHoe
MHOOCECMB0 1A Komnaekchol naockocmu C, moada cywecmeyem makxot wabop
xeadpamos P = {Qk}:;’ol, wmo |J Qr = G, npunem

k

o o

‘U C?krWCQWL::®7k77éTn;
6) crdiam(Qr) < p(Qr, 0G) < cadiam(Qy), Koncmanmos 1, Ca HE 34BUCAN O
G;

8) das mpoussoavrozo s € Ry, 0 < s < 5/4, xeadpamot {Q,";(s)};ji, UMEIULUE
me oice yenmpul, wmo u xeadpamui {Qy }1>5 coomeememeenio, 1o pacmanymoie 6
S pas, nokpwuearom MHocecmeo G KOHEUHOKPAMHO.

JloKa3aTeanLCTBO TeOpeMbl 2 MPOBEJeM TI0 CXeMe JOKa3aTelbCTBa TeOpeMbl 1 n3
pabotsr [9].

Hoxazameavcmeo. Bocnonbsyemcs teopemoii A. Ilycrs P = {Q1,Q2, ..., Qk, ...}
— BBIIEYKA3aHHBIH HAG0p KBaapaToB, G = | Qf; yuTeM HepaBeHCTBa TeopeMbl A 1
k

1 1
3aMeTuM, YT0 W | ——— | ~ W | ———=—=< | I IPOU3BOJILHBIX TOYEK (1, (2 €

k .
meem:

) el
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‘Z/ (e ) (" |0 @)) dmate) <

+oo
1
< I + | £n)
- Cl;?&%ﬁw (p(z 6G)) (ln ’f (2)

)

+oo
< ¢y gw (p(z:@G)) (hﬁ ‘f(”)(zk)Dpr(zk’aG)’zk € 0Q. (3)

ITycTs Tenepr ()} — KBaJpaT, IMEIOMIAI TOT Ke IIEHTP, UTO U (), HO PACTAHY THIi

1
B(l+¢)pa3, 0 <e< 7 Qr C Q. 3amernM, uTo cucreMa {(Q}} MOKpbIBaeT 06-

1
nactb G koneuHokparHo. I[Tyers 0 < § = —p(Qg, 0Q7%). Torga MOXKHO yTBEPXKIATS,

9TO JIS IPOU3BOJILHOTO 2 € Qp, Kpyr Ks(zi) = {2z : |z — zi| < ¢} monmocTbIO
BKJTIOYaeTCA B KBaapar Q.
(n) n! f(z)
Hasnee, o dbopmyne Komm f\"(z) = — ———~ 2z, a 3HAYUT,

2mi (z — z)"t1
aKa(Zk)

c(n)

c(n)

(n) < < ———_|f(z Z .
OIS T NNCIES o e IHCOIERSCY
Torza In™ ’f(”)(z)‘ <In"e¢(n) +Int W +In" | f(ZR)], 2, € OK5(2k).

Ormerum, 9TO B yCJIOBUAX TeopeMbl p(zi, 0G) sxBusasentuo p(Zx, 0G). Heii-
CTBUTEIBHO, U3 TEOPEMBI A TI0JTydaeM:

csdiam(Qg) < p(zk, 0G) < cadiam(Qy),
csdiam(Qy,) < p(Zk, 0G) < cediam(Qy),
1
HO 110 HaimeMy nocrpoerunto diam(Qy) < diam(Qj) < 11diam(Qk), a 3HAYUT,

crp(Zk, 0G) < p(z, 0G) < csp(Zg, 0G). (4)

Anamornaso MOXKHO MOKa3aTh, 9T0 p(Qg, 0Q)}) sKBuBaIenTHO (2K, 0G).
Torna u3 (3) ¢ yaerom (4) moaygaem

I<CQZ ( (500 > (1n+’f<n)(Zk)

)pr(zk,aG) <
+00 p
_ (3 nt e n 1 nt|f(Z
<o (maa ) ¢ 00) (1 el <ttt 5t ) <

<°‘°Z ( zk,aa>>”2(2’“’ag)((ln+wz:,acz>>p+l>+

*C”Z ( zk,a@) (3, 0G) (" | ()])"- (5)
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1
IIycts Tenepb Takxke 0 < § = gp(Qk,ﬁQZ), Ksi(zx) = {2z : |z — 2| < &'},

suaunt, Ks(Z,) C Qf. Tak kak (In" |f|)? — cy6rapmonmueckas byHkIms, TO

WG < = [ (1) dmal) <
K6 (3)
& I1+ z P molZ).
SpZ(zk,aG)Q[(l F(@)" dme()

Amnajyrornano,

(1 M)p“ < e (0 p<18c>>+ 1) dma(z).

*

k

OxonvaresbHo ¢ yueroM (5), Hosrydaem

!w <P(Z,16G> (W ’f(">(z)‘>”dm2(z) -

() ) i <

con () (o )

terr ! v (p(laa)) (In* [(2)))” dims ().

B mociieiHeM HepaBEeHCTBE MBI BOCIIOJIB30BAJIUCH TEM, UTO cucTeMa { QF } MOKpBI-
BaeT MHOXKeCTBO (G KOHETHOKPATHO.
Taxum obpaszom, ecyin

(i) (o ) Jomsr<om

[ ) (o ool it <

u knacc Sp(w, ) HIBapHAHTEH OTHOCUTEIBLHO omeparopa Tud bepeHnnpoBaHus.
(|

TO

Bameyanune. OrmernM, 4T0 yeiosue (6) siisiercst HeoOXoauMbIM, ecian G = D
(em. [7])-



(1
2l
(3l
[4]
(5]
(6]
7]

(8]
(9]
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