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ASYMPTOTICS OF SOLUTIONS FOR TWO ELASTIC PLATES
WITH THIN JUNCTION

A.M. KHLUDNEV

ABsTrRACT. The paper concerns an equilibrium problem for two elastic
plates connected by a thin junction (bridge) in a case of Neumann
boundary conditions. An existence of solutions is proved. Passages to
limits are justified with respect to the rigidity parameter of the junction.
In particular, the rigidity parameter tends to infinity and to zero. Limit
models are investigated.
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1. INTRODUCTION

Boundary value problems describing elastic structures have a lot of applications.
As a rule, a complex geometry of the structure implies additional difficulties from
the standpoint of mathematical modeling. In this paper, we analyze an equilibrium
problem of two Kirchhoff-Love elastic plates connected by a thin elastic junction
assuming that boundary conditions for one plate have the Neumann type. The
junction can be seen as an elastic inclusion for both plates with a suitable equilibrium
equation. In cases with inclusions, equilibrium equations for the elastic body are
fulfilled outside the inclusion, i.e. in a nonsmooth domain with cuts. In addition
to this, Neumann boundary conditions provide a non-coercivity for the problem
considered. To overcome difficulties related to the non-coercivity, we have to find
solutions in suitable subspaces. The boundary value problems considered in this
paper, along with non-coercivity, are formulated in nonsmooth domains.
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2 A.M. KHLUDNEV

General approaches to non-coercive boundary value problems can be found in
[1]. Last years, a lot of papers are published concerning equilibrium problems for
elastic bodies with inclusions of different nature [2-13]. We can also mention different
results related to boundary value problems for elastic bodies in nonsmooth domains
[14-19], see also [20-22].

The structure of the paper is as follows. In Section 2, we provide variational and
differential formulations of the problem. Passages to limits, as a rigidity parameter
of the junction tends to infinity and to zero, are investigated in Sections 3,4. Limit
models are analyzed.

2. PROBLEM FORMULATION

Let Qp, Qg C R? be bounded domains with Lipschitz boundaries I'', I'2, respectively,
such that Q7 N Qg = 0. Assume that I'? is divided into two smooth parts '} and
'3, meas ['%4 > 0, and denote v = (—2,2) x {0}, 71 = (=2,-1) x {0}, 72 =
(1,2) x {0}, 70 = (—1,1) x {0}. Moreover, v; C £;, and v crosses I'", i = 1,2, see
Fig. 1. Denote by v = (0,1), n = (n1,n2) unit normal vectors to v, ['*, respectively,
7=(1,0), and set @ =Qp UQg, 2, =0\ 7.

The set ), fits to two elastic Kirchhoff-Love plates, and «y corresponds a thin
elastic junction (bridge) with suitable properties. We describe v in the frame of
Euler-Bernoulli beam model. Thus, the junction v is partially incorporated into
Q;, and it can be seen as a bridge between €1 and Qg. The junction v would be
characterized by a positive rigidity parameter §. At the first step this parameter is
fixed, and in the sequel we analyze passages to the limit as § goes to infinity and
to zero.

We denote w,, = g—;‘j, w, = g—’;’. If m = {ms;},i,j = 1,2, then VVm = my;,;.
For a scalar function w we put VVw = {w;},i,j = 1,2. Summation convention
over repeated indices is used; all functions with two lower indices are assumed to
be symmetric in those indices.

By A ={aijri}, 4,7, k,1 = 1,2, we denote a given elasticity tensor with the usual
properties of symmetry and positive definiteness,

Qijkl S LOO(Q),
A£ f > C()|£|2 Vf = {gij}v cop = const > 0.
Introduce notations for a bending moment m,, and a transverse force t" = ¢t"(m),
(1) mp = —mygngng; t" = —myj inig — M RTETiN , (T1,T2) = (N2, n1).
Then for smooth functions w, m = {m;;},i,j = 1,2, the following Green’s formula

holds
f/m~VVw:f/wVVm+/mnwnf/t"w, i=1,2.
Q; T

Q; i i
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e

Puc. 1. Elastic plates 2y, Qg with thin junction ~

Hence, we can write Green’s formula for €2, with the cut v; U 72,

(2) —/m'VVw = —/wVVm— / [myw,] + / [t7w]+
Qy

Qy Y1U72 Y1U72
n
+ / My Wy, — / t"w,

Tiurz Tiur:

where [¢] = ¢ — ¢~ is a jump of a function ¢ on 7;; ¢F are the traces of ¢ on the
crack faces ’yii, i = 1,2. The signs = fit to positive and negative directions of v; the
values m,,,t” with the normal vector v are defined on + similar to (1).

An equilibrium problem for the plates Qp, Qg and the junction v is formulated
as follows. For given external forces f € L?(Q) acting on the plates, we have to find
plates displacement w, a moment tensor m = {m;;},4,j = 1,2, defined in Q, 2,
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respectively, and a thin junction displacement v defined on 7 such that

(3) VVm=fin Q,,
(4) m+ AVVw =0 in Q,
(5) vi111 = 0onyp; vi111 = —[t"] on v Ura,
(6) w=w,=00onT%; m, =t"=0onT ' UT%
(7) 1111:1)111:Oasx1:72,2,
(8) =v, [w] = [mu] =0 on 7 Uy,
9) [v(£1)] = [v’l(i )] =0, [vi11(£1)] =[v111(£1)] =0,

(10) / /m2+/w2—0

Qr, Qr,

Here [h(a)] = h(a+0)) — h(a — 0); wq = g—;ﬁ, (1, 22) € Q. Functions defined on
~ we identify with functions of the variable x;.

Relations (3)-(4) are the equilibrium equations for the elastic plates Qr, Qg
and the constitutive law; (5) are the Euler-Bernoulli equilibrium equations for the
junction parts 7;. The right-hand sides —[t] describe forces acting on v; U s from
the elastic plates. Relations (9) provide glue conditions at the points where the
junction v crosses the external boundaries of the elastic plates. Neumann conditions
on I'' correspond to a non-coercive boundary value problem. As for the condition
(10) it provides a uniqueness of the solution.

We can provide a variational formulation of the problem (3)-(10). Introduce a
space

V= {(w,v) € H*(Q) x H*(7) |
w—wnfoonF ;w=wvony Uy}
and the energy functional I1: V — R,
M(w,v) = %B(w,w) - /fw—|— % /U?H,
Q v
where B = By, + Bpg,
Br(w,w) = /aijkzmklu_},m Bpr(w,w) = /aijkzw,kzﬂ),ij-
Qr Qr
Introduce a space (with arbitrary as)
S ={(w,v) €V |w(z) =azzzin Qr; w=01in Qg;
v=0on7v; az € R}

and consider the following inner product in V :

(11) (w,v), (@,7)) :/w/w+/VwVw+
Q Q Q

+B(’w,1f))+/1})11?7’11.
Y
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It is easy to prove that the inner product (11) induces a norm equivalent to the
standard one. We need to prove the following statement.

Proposition 1. The space V' can be presented as a direct sum of two orthogonal
subspaces with respect to the inner product (11),

V=5ast,
where
St = {(w,v) eV | /w/xg—&—/w’g:O}.
QL Q Qr
Proof. We take (w,v) € V, (w,7) € S, w(x) = asxzs in Qf, az € R. Then
((w,v) / /G2I2+/azw2
QL QL

From here, it follows that a necessary and sufﬁment condition for the identity
((w,v), (w,v)) =0 V (w,v) € S is of the form

/L {xﬁ/wzo

Proposition 1 is proved.
Consider the problem

(12) Find (w,v) € S* such that TI(w,v) = 13113“1_[
To check a solvability of the problem (12) it suffices to establish a coercivity of the
functional II on the set S+ since the weak lower semicontinuity of II is obvious. To

this end, we prove the following statement.
Proposition 2. There ezists a constant ¢ > 0 such that

Blw,w) + /U?H > ell(w, )2 V(w,v) € -
vy

Proof. Assume that the statement is not true. In this case, there exists a
sequence (w* v¥) € S+ such that

(13) [(w*, )3 =1,
(14) B(w®, w") + /(vﬁl)2 — 0.

Choosing a sequence (with the same notation), we assume that as k — oo,
(wF,v*) = (w,v) weakly in V.
By (14), it follows
B(w,w) + /v?ll = 0.

3
Then we conclude

(15) w=0 in Qg; v=0o0n s,
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(16) w(x) = ag + a121 + asxs in Qp; v(x) = ag + a1z on 7.

Moreover, (15) implies v(1) = v,;(1) = 0. Taking into account that v(x) = co+c121
on 7, one concludes that

v =0 on 7.
Analogously,
v=0o0nm7vy.
Consequently, from (16) it follows
w(z) = agwe in O,

i.e. the limiting function (w,v) belongs to S. The set S+ is weakly closed, hence
(w,v) € S*. Thus,

(17) (w,v) =(0,0)in V.

On the other hand, as k — oo,

/wk/wk+/\Vwk|2+B(wk,wk)+/(v,kn)2 -
) Q ) v

—>/w/w+/|Vw|2+B(waw)+/U,211 = [|(w,v)[3-
Q O Q v

Consequently,
k
[[(w®, o*) v = [[(w, v)]|v-

Taking into account the weak convergence of the sequence (w*,v*) in the space V,
we conclude that

(w”,v*) — (w,v) strongly in V.
In this case, from (13) it follows
[(w, v)[[v =1

what contradicts to (17). Proposition 2 is completely proved.
Proposition 2 provides a coercivity of the functional IT on the set S+ what implies
a solvability of the problem (12). A solution of this problem satisfies the relations

(18) (w,v) € S*,
(19) B(w,w) — /fw + /v,u@,u =0 Y(w,7) € S*.
Q vy

Now assume that the following condition is satisfied

(20) / —

Qr
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In this case, we can write (18)-(19) in the form
(21) (w,v) € S+,

(22) B(’U)ﬂf)-’-’l[)) - f(vI)—HD) + 1},11(’[7]’11 +’l~)’11) =0
SZ "/
Y(w,v) € ST, V(w,) € S.

By (20) and Proposition 1, relations (21)-(22) can be rewritten as
(23) (w,v) € S*,

(24) B(w,w)— [ fu+ [ v11011 =0 Y(w,0) € V.
fr)

To conclude the above reasonings, we formulate the result obtained.

Theorem 1. There exists a solution of the problem (23)-(24) provided that the
condition (20) is satisfied.

Note that the condition (20) is also necessary for a solvability of the problem
(23)-(24). To prove this, it suffices to substitute (w,0) € S in (24).

The problem (23)-(24) is, in fact, a differential formulation of (3)-(10). The
following statement takes place providing a connection between problem formulations
(3)-(10) and (23)-(24).

Theorem 2. Problem formulations (3)-(10) and (23)-(24) are equivalent for
smooth solutions.

Proof. Let (3)-(10) be fulfilled. Then we have for all (0,v) € V,

—/(VVm+f)@+/v,1111@+ / (v.1111 + [t*])0 = 0.

Qny Yo Y1U72

From here, by (2), it follows

(25) _/mvvw_/fw—i-/v,uﬁ,u—i— / v110,11+
Q,

Q. Yo Y1U72
+ / [y y] — / [#4i] — / P + / o
Y1Uv2 Y1U72 riur2 riur:2

+ / ]9+ v,1110]"y —v1101]1+

Y1Uv2

0111923 — v119,1] 23 + v1110f; —v1194]7 = 0.

By boundary conditions (6)-(9), the second, third and fourth lines give zero in (25),
thus the identity (24) follows. In so doing, we change the integration over Q. by
integration over § in the first two integrals of (25). Hence, we proved that (3)-(10)
imply (23)-(24).
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Conversely, assume that (23)-(24) hold. Integrating by parts in (24) we obtain
(with m = —AVVw)

—/VVm~w—/fw+/v,11f;,11+ / 1)711’[}711%—

v Qy Y1Uv2

Yo
Y1U7y2 Y1U72 riury rurgy
+ / [tu]’f) — 1},111’[1‘1_1 + U,llﬁ,1|1_1_
Y1U2

—v 1110 "5 + 0110175 — 011107 +v1101]3 = 0.

This identity holds for all (w,0) € V. Consequently, equations (3)-(5) and boundary
conditions (6)-(9) follow. Notice that the second boundary condition of (8) and the
first group of conditions (9) are consequences of the definition of the space V.
Theorem 2 is proved.

3. RIGIDITY PARAMETER § TENDS TO INFINITY

In this section, we introduce a positive parameter J into the model (18)-(19) and
analyze a passage to the limit as § — oo. The parameter § characterizes a rigidity of
the inclusion ~. The condition (20) is assumed to be fulfilled. Instead of (18)-(19),
for any § we consider the following problem

(26) (w’,0°) € 5T,
(27) B(w®, ) — /fw +5/uj§1@,n =0 V(w,0) € 5.
Q bl

The solution of this problem is supplied with the index §. Note that we can take
test functions from V in (27) and write an equivalent differential formulation of
the problem (26)-(27) similar to (3)-(10). In this case, instead of (5) we have the
following equations

5”,61111 = 0 on 7o; 5”551111 = —[t"] on v Uya.

Our aim is to justify a passage to the limit as 6 — oo in (26)-(27). To this end,
we first obtain a priori estimates of the solutions. From (26)-(27) it follows

(28) B(w, uwb) - /fufS + 5/(v§11)2 0.
Q ol

By the arguments used to prove the coercivity of the functional II (see Section 2),
the following estimate takes place being uniform in § > dg > 0,

(29) I(w®, v)lv <e,

moreover, the relation (28) implies

(30) /(U§11)2 < g
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By (29)-(30), we assume that as § — oo

(31) (w?,v°) = (w,v) weakly in V,

(32) v(x1) = ap + a1x1, 1 € (—2,2); ag,a1 € R.

Now define a space of infinitesimal rigid displacements for the limit problem
L(y1Uy) ={l|l(z1) = by + by21,
x1 € (—2,-1)U(1,2); bo,by € R}
and a space of suitable functions
Ve = (@ € H(Q) | = @ = 0 on T ],00, € L Ura)}.
Also, denote

Vio = {w € H*(Q) | w(x) = axy in Qp;w = 0in Qg; a € R}.

Vrﬁz{wevw|/w/az2+/w,2:0}.
Qr,

QL QL
From the proof of Proposition 1 it follows
(33) Ve =V @ Vg

with respect to the inner product in V'*°

{w,w}z/w/w+/VwVw+B(w,w),
Q Q Q

We take any element w € V™ and denote ¥ = @|,,u~,. Let 0(x1) = by + Bra:.
It is clear that we can consider v(x;) for z; € (—2,2). In this case (w,v) € S*.
Substitute this function in (27) as a test one. By (31)-(32), it is possible to pass to
the limit in (26)-(27) as 6 — oco. The limit relations are of the form

(34) w € Vg,

(35) Blw, @) /fw —0 Vo e VL.
Q

We can rewrite (35) in the form

B(w,w+u§)—/f(w+w):0 Vi € Vg, Vi € Vg,
Q

and, by (33), it implies
(36) we Vs,

(37) B(w, ) — /fzb =0 Vi € V.

Now we can formulate the main result of this section.

Theorem 3. As § — oo, the solutions of the problem (26)-(27) converge in
the sense (31)-(32) to the solution of (36)-(37) provided that the condition (20) is
fulfilled.

We note that the condition (20) is necessary for a solvability of the problem
(36)-(37) .
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Along with the formulation (36)-(37), a differential formulation of this problem
can be provided: find functions w, m = {my;},i,7 = 1,2, defined in Q, .,
respectively, and a function [° € L(y; U~2) such that

(38) ~VVm=fin Q,,
(39) m+ AVVw =0 in Q,
(40) w=w, =00onT%; m, =t"=0onT'UT%,
(41) w=1" [w,] =0, [m,] =0 on v Un,
(42) [ =0 v,
Y1Uy2
(43) /w/x2+/w72:0.
QL QL Qr

Since the function [° can be considered on 7y as well, the problem (38)-(43)
describes an equilibrium state of the elastic plates 2y, Qg connected by the thin
rigid junction ~.

Notice that the identity (42) shows that a principal vector of forces and a
principal vector of moments acting on 1 U~ys (as well as acting on «) are equal to
7Zero.

The following statement takes place providing a connection between problems
(36)-(37) and (38)-(43).

Theorem 4. Problem formulations (36)-(37) and (38)-(43) are equivalent provided
that the solutions are smooth.

We omit a proof of this statement since it basically reminds that of Theorem 2.

4. RIGIDITY PARAMETER OF 7y TENDS TO ZERO

In this section, we analyze a convergence to zero of the rigidity parameter o
assuming that this parameter is changing at vy. In this case, the rigidity parameter
at 1,2 is fixed and is equal to 1. Assume that the function f satisfies the following
condition

(44) fl=0 Ve L),
/

where
L) ={l|U(z) = a0+ a1x1 + agx2, v € Qr; a; € R,i=0,1,2}.
We first provide a formulation of the equilibrium problem for this case. It is necessary

to find functions w’, m = {m;;},i,7 = 1,2, defined in €, (2., respectively, and a
function v° defined on v such that
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(45) —-VVm=f in Q,,
(46) m—+ AVVw’ =0 in Q,
(47) 5011y = 0o yp; v’y = —[t"Jonm Une,
(48) w® =wd =0onT%; m, =t"=0on T UT%,
(49) vf;u = vfslll =0asz =—2,2,
(50) w® =0, [w)] =0, [m,] =0 on 7 U,
(51) [0 (&1)] = [, (£1)] = 0, v, (1 % 0) = 605, (+1 7 0),
(52) U,(Slll(:tl +0) = 5”?111(11 F0),
(53) /uﬁ:o,/wi:o,z’:m.

Qr, Qr,

In relations (51)-(53), we should simultaneously take upper or lower signs.
The problem (45)-(53) can be formulated in a variational form. Indeed, consider
the energy functional 75 : V — R,

1 1) 1
Wa(wav):§B(U/aw)—/fw+§/”,211+§ / v
Q

Yo Y1Uv2

and a subspace V; C V,
Vi ={(w,v) €V | /w:O, /w7¢:0,i:1,2}.
Qr Qr
Since V; C S+, the functional 75 is coercive on V;. Hence, the problem

Find (w,v) € V; such that 75(w,v) = i‘r}f s
1

has a solution satisfying the relations

(54) (w’,v°) € V1, B(w5,w)f/fw+
Q
(55) —1—5/11751117711 + / V0011 =0 V(b,9) € V.
Yo Y1Uvy2

In what follows, we aim to justify a passage to the limit in (54)-(55) as 6 — 0.
Introduce two spaces

Wi = {(w,v) € H*(Qr) x H*(m) | w = v on vi;

/sz, /w7i:0,i:1,2},

Qr Qr
Wr = {(w,v) € H*(Qr) x H*(72) | w = v on 7y;
w=w, =0onT%}.

We need to prove the following statement.
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Proposition 3. There exists a constant ¢y > 0 such that
(56) Br(w,w) + /U,Zn > cr(wlz o,y + 10l32,) V(w,v) € W
Y1

Proof. Assume that the statement is not true. Then, there exists a sequence
(w*, v¥) € Wy, such that as k — oo

(57) w720,y + 10° 125y = 1,
(58) Br(w", w") + /(v,’“n)2 — 0.
Y1

We can choose a subsequence (with the same notations) such that

(59) w® — w weakly in H?(Qy), strongly in H'(Q),

(60) v* — v weakly in H? (7).
Limit functions w, v satisfy the conditions
Br(w,w) =0, /v?u =0.
71

This means that
w(z) = ag + a1ry + azxe, v € Qp; a; €R, i =0,1,2;
v(z1) = ag + ar1x1, 1 € (—2,—1).
On the other hand, (w,v) € Wy, thus
(61) (w,v) = (0,0).
In addition to this, we have

lo* 12, + B (w*, wk) + / (o) =
Y1

 wlfys o) + Bulww) + [ o4,
71

Consequently, as k — oo,
1w, o*) lwy, = | (w, )l -
Taking into account (59)-(60), we conclude that
wF, v*) = (w, v) strongly in Wy.
( gly
Then from (57) it follows
lwliFrz (@, + 0l =1

what contradicts to (61). Proposition 3 is proved.
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By (54)-(55), we have

(62) B(w’,w®) — [ fu’+
/
+0 (”?11)2 + (U,én)z =0.
Z ’YlU/’Yz

Consequently, taking into account Proposition 3, the following uniform in § estimates
are obtained,

(63) I(w®, ) [lw, < e,
(64) 1w, ")l < c.
In view of (63)-(64), we can assume that as 6 — 0,
(65) (w®,v?) = (w,v) weakly in W,
(66) (w®,v%) = (w,v) weakly in Wg.

Here and below, we use the same notations for functions (w’,v?), (w,v) and for
suitable restrictions of these functions to €2;, ;. Moreover, from (62) we obtain

(67) 5 (w2 <

By (63)-(64), it follows that v°(£1 +0), v%(£1 % 0) are bounded uniformly in é.
Consequently, by the first group of boundary conditions (51), we conclude that

(68) v°(£1), v (£1) are bounded.
Now, for a given function h: [-1,1] — R, introduce the notation
hi (1) = h*(1) 4+ h*(—1) + b7 (1) + B (—1).

To justify a passage to limit as 6 — 0 in (54)-(55), we need to prove one more
statement.
Proposition 4. There exists a constant co > 0 such that

(69) /h,zll + hi(].) > C2||hH%{2(,m) Vh € Hz(")/o)
Yo

Proof. Assume that the inequality (69) does not hold. In this case, there exists
a sequence h® € H?(7) such that as k — oo,

(70) 12 = 1, / (R0)% + Bk (1) = 0.

Yo
Choosing a subsequence (with the same notations) we assume that
(71) h* — h weakly in H(vy), strongly in H' (7).
From (70) it follows that h(z1) = ag +a1x1, ha (1) = 0. Consequently, h = 0 on .
On the other hand,

104 By + [ ) = By + [ 920

Yo Yo
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Le. [[h* ) m2(vg) = 2]l 2(v0)- In view of (71), it follows
(72) hk — h strongly in H? (7).
In this case, (70) implies

180132 30y = 1

and we obtain a contradiction since h = 0. Proposition 4 is proved.
By Proposition 4, (67), (68), we conclude that for a small 4,

V6v° are bounded in H? (7).
By this, we assume that as § — 0,

(73) Vov® — © weakly in H? (7).

In view of (65), (66), (73), we can pass to the limit in (54)-(55) what implies
(74) (wvv) € WLa (’LU,U) € WRa

(75) By (w, @) + Br(w, ) — / it

+ / 1),1117711 =0 V(’Lf),'ﬁ) eW.
Y1Uy2
It is seen that (74)-(75) can be rewritten as two independent relations

(76) (w,v) € Wy, BL(w,w)—/fw+

71
(77 (,v) € Wa, Br(ww)~ [ fo+
Qr
+/1},11T}’11 =0 V(ID,@) € Wkg.
V2

Define the space
VVL0 ={(w,v) € H?() x HQ(%) | 0 =7von~vy}

Consider next an inner product in the space W7}

(78) {(w,v), (w, 7)) 1—/ /w+/VwVw+

QL Qr

+Br(w, w) + /U,1117,11
71
and prove the following statement.
Proposition 5. The space W can be presented as a direct sum of two orthogonal
subspaces with respect to the inner product (78),

WP =W, o Wi,
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where (with arbitrary a;)

Wit ={(l,q) € W, | () = ap + a121 + agwa, © € Q;
q(z1) = ap + a171; a; €R, i =0,1,2}.

Proof. Take (w,v) € W2, (I,q) € Wi. Let I(x) = ag + a171 + asx2, q(z1) =
ag + a1z1. Then we have

(), (Lo = /w/(ao+a1x1 + asx2) + /aiwyi.

QL QL QL

We conclude that a necessary and sufficient condition for ((w,v), (I,q))1 =0 Y(l,q) €

Wi has the form
/w:O, /w,i:(), i=1,2,

Qr Qr

ie. (w,v) € Wy,. Proposition 5 is proved.
Condition (44) allows us to rewrite (76) in another form. Indeed, we have

(w,v) € Wy,

Br(w,w+1)— [ f(w+1)+
/

+ / v11(Ba1+ qu) = 0 V(@,7) € Wi, V(I q) € Wi,

71

and, according to Proposition 5,

(79) (w,v) € Wy, Bp(w,w)— [ fo+
/

+/U,11@,11 =0 Y(w,d) € W}.

71

Thus, we have proved the following statement.

Theorem 5. As § — 0, the solutions of the problem (54)-(55) converge in the
sense (65),(66),(73) to the solutions of (77) and (79) provided that the condition
(44) is fulfilled.

To complete the proof of Theorem 5, we need to justify the passage from (76)
to (79). To this end, we have to represent the space W as a direct sum of two
subspaces.

To conclude the section, we provide differential formulations of the problems
(77) and (79). First, consider the problem (77). It is necessary to find a plate
displacement w, a moment tensor m = {m;;},4,j = 1,2, defined in Qr, Qg \ 72,
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respectively, and a thin inclusion displacement v defined on ~- such that

(80) —VVm = f in Qr\ 7o,
(81) m+ AVVw =0 in Qp,
(82) v1111 = —[t"] on 72,
(83) v=w, [w,]=][m,]=0on-",,
(84) w=w, =0onT%; m, =t" =0onT%,
(

85) V11 = V111 = 0 as T = 1, 2.

A differential formulation of the problem (79) is as follows. We have to find a
plate displacement w, a moment tensor m = {m;;},4,j = 1,2, defined in Qr, Qz\ 71,
respectively, and a thin inclusion displacement v defined on 7; such that

(86) =VVm = f in Qp\ 71,
(87) m+ AVVw =0 in Qp,
(88) v1111 = —[t"] on 71,
(89) v=w, [wy,]=][m,]=0o0nmy,
(90) m, =t"=0onT",
(91) v11 =vin =0asz = —2,—1,
(92) w:O,/w’i:O,i:LQ.
QL QL

The following statements take place.

Theorem 6. Problem formulations (77) and (80)-(85) are equivalent for smooth
solutions.

Theorem 7. Problem formulations (79) and (86)-(92) are equivalent for smooth
solutions.

We do not provide proofs of Theorems 6, 7 since the arguments remind those of
Theorem 2.

A solution existence of the problems (80)-(85) and (86)-(92) is obtained by
passing to the limit as 6 — 0 in (45)-(53). On the other hand, it is possible to prove
a solution existence directly by the minimization of suitable functionals. Note that
each problem has a unique solution.

We should underline that the problems (80)-(85) and (86)-(92) describe equilibrium
states of the two elastic plates Q2 and €)1, respectively. The plates are not connected
to each other. In fact, we have two independent problems for elastic plates Q7,, Qg
with thin elastic inclusions 1, 2.
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