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1. INTRODUCTION

In a recent article of the authors and their co-author, the notion of a B-class was
introduced which allows us to treat certain complexity problems for quasivarieties in
a uniform way [13]. Namely, the existence of such a class with respect to a quasivari-
ety implies extremely high level of complexity from many points of view. In addition
to known properties of @-universality and the undecidability of certain decision
problems, the existence of a B-class leads to continuum many subquasivarieties
lacking finitely partitionable quasi-equational bases, continuum many subquasivar-
ieties whose quasi-equational theory is undecidable, and continuum many non-
standard subquasivarieties [14, 18]. Yet another consequence of the existence of
a B-class is a series of representation results for finite lattices and their ordinal
sums [15, 16].

Although the variety Dm of differential groupoids and a certain quasivariety V
of unary algebras with two unary operations do not admit B-classes, a series of
complexity results holds for them. For example, the representation, undecidability,
and independent axiomatization results can be proven for these two quasivarieties,
see [11, 12]. Notice that the proof of the facts that the quasivarieties Dm and V
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are (Q-universal in [8] and [7] required an individual approach and adjustment of
known sufficient conditions for @-universality.

As is mentioned in [18], quasivarieties with finite B-classes possess natural classes
of Boolean topological structures (i.e., the structures carrying a compatible compact
Hausdorff topology with a basis of clopen sets). Such structures and topological
quasivarieties arise, for example, in the study of natural dualities [2, 6] and profinite
structures [19].

Recall that a quasivariety K is said to be standard if every Boolean topological
structure whose algebraic reduct belongs to K is profinite with respect to K. As
is proven in [18], the existence of a finite B-class with respect to a quasivariety K
implies the existence of continuum many non-standard subquasivarieties with no
independent quasi-equational bases and continuum many non-standard subquasi-
varieties with finitely patitionable quasi-equational bases. These results cannot be
applied to the quasivarieties of differential groupoids and unary algebras mentioned
above because they admit no B-classes. In the present article, we prove similar
assertions for Dm and V.

2. BASIC DEFINITIONS AND AUXILIARY RESULTS

For all definitions and notation concerning (algebraic) structures and their quasi-
varieties, we refer to the monograph [4, Ch. 1] and the articles [11, 12, 13, 14, 17, 18].

2.1. Quasivarieties and class operators. Quasi-identities are universal Horn
sentences of the form

VZ [01(T) &... & or(T) — o(T)],
where ¢;(Z) is an atomic formula for each i < k. A class K of structures is
a quasivariety if it coincides with the class of all models of some set ® of quasi-
identities. Then the set ® is called a quasi-equational basis of K.

We denote structures by calligraphic letters. The universe of a structure is
denoted by the corresponding italic letter. For classes of structures, we use boldface
letters. We assume that all classes are abstract, i.e., closed under isomorphism.

Let K(o) denote the class of all structures of type o. For a class K C K(o),
let Q(K) denote the least quasivariety extending K. Let H(K) denote the class of
homomorphic images of structures from K; let P(K) denote the class of structures
that are isomorphic to the Cartesian product of a family of structures from K; let
S(K) denote the class of structures that are embeddable into structures from K;
see, for example, [4, Sec. 1.2.7]. Finally, let T denote the trivial (quasi)variety.

We recall the notion of the inverse (projective) limit, see, for example, [3, Sec. 1].

Definition 1. A triple A = (I, A;, ;) is an inverse spectrum if (I; <) is an up-
directed partially ordered set, {.A; | i € I'}is a set of structures of the same similarity
type o, the mapping m;;: A; — A; is a homomorphism for all 7,5 € I with i < j,
and the following holds:

(i) the mapping m;; is the identity automorphism on A; for each i € I;

(i) we have m;, = m;;mjy, for all 4,5,k € I with i < j < k.
If each homomorphism 7;; is onto then the inverse spectrum is said to be surjective.
A structure A € K (o) is the inverse limit of A if its universe

A:{(ai|iEI)GHAi|7Tij(aj):ai foralligjinl}
el
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is not empty.

We denote the inverse limit of A whenever it exists by lim A. It is clear that
HmA € SP(A; | i € I) if A is as in Definition 1. For ¢ € I, we denote by m; the
canonical projection from lim A to A;. Notice that 7; is surjective if so is A.

A subclass K’ of K is a K-quasivariety if K’ is defined within K by a set of
quasi-identities or, equivalently, K' = Q(K’) N K.

2.2. Finite B-classes. As usual, we denote the least infinite cardinal by w. For
a set X, we denote by Pg,(X) the set of all finite subsets of X and by Pi,(X)
the set of all infinite subsets I C X such that the complement X\I is infinite too.
Notice that |Pine(X)| = 2 for each countable infinite set X.

The following notion is introduced in [13].

Definition 2. Let M C K(o) be a quasivariety of a finite type o. A class A =
{Ax | X € Psn(w)} € M of finite structures is a finite B-class with respect to M
if A satisfies the following conditions:

(Bp) Ag is a trivial structure;

(By) f X =Y UZ in Pg,(w) then Ax € Q(Ay, Az);

(BQ) ifog£Xe fpﬁn(w) and Ax € Q(.Ay) then X =Y

(B3) if F' € Pan(w), i € w, and f: Ap — Ayggy is a homomorphism then either
fAR) 2 Agori€ F;

(By) if F' € Pgin(w) then H(Ap) "M C A.

As is mentioned in the introduction, the existence of a (finite) B-class with
respect to a quasivariety K witnesses a very complicated structure of K as well as
of its quasivariety lattice. However, there exists natural classes of structures that do
not admit B-classes by obvious reasons (say, the existence of homomorphic images
in “small” subvarieties, which spoils B or By). In the following two subsections, we
recall necessary information about two such classes.

2.3. Differential groupoids. A differential groupoid is an algebra endowed with
one binary operation - that satisfies the following identities:

Vo [z-z=2], VYaVylz-(x y)=a2a],
VeVyVeVt [(x-y) - (z-t) =(xz-2) - (y-t)].

Let Dm denote the variety of all differential groupoids.
For brevity, we write x125... 2, for (... (z1-22)-...) z, and xy™ for zy...y.
—

We use the following representation of differential groupoids from [20]. A grougoid
G is an Lz-Lz-sum (of orbits G; over a groupoid J) satisfying the left normal law
if there is a partition G = J,.; G such that, for every pair (i,j) € I?, there is
a mapping hf G,; — G, satisfying the following conditions:
(i) for every i € I, h! is the identity mapping;

(ii) we have b (h¥(x)) = h¥(h!(z)) for all i,5,k € I and = € Gy;

(iti) we have a; - a; = h!(a;) for all i,5 € I, a; € G; and a; € G;.
According to [20, Theorem 2.2], a groupoid is differential if and only if it can be
represented as an Lz-Lz-sum satisfying the left normal law. For more detailed

information on differential groupoids, we refer to the monograph [21, Secs. 5.6
and 8.4].
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Let n > 0. The structure defined in Dm by the generators {x,y} and the de-
fining relations {yz = y,xy™ = x} is called the cycle of length n and is denoted
by D,,. It is convenient to regard D,, as Gy U G1, where (1 is the singleton orbit
{b} and Gy = {a,ab,ab?,...,ab" 1}. We denote the trivial groupoid by Dy.

Let P denote the set of all primes; we assume that P = {p; | i < w}, where
p; < p; if and only if ¢ < j for all 4, j < w. For an arbitrary set F' € Pg,(w), we put
[F] =[Licppi if F# @ and [F]=1if F = @.

We will need the following basic properties of the cycles, see [8, 11] as well as [23].

Lemma 3. Let n > 0.

(i) The class {D,, | m divides n} coincides with the class of nontrivial homo-
morphic images of D,,.

(il) If m € w and ¢: D,, = Dy, is a homomorphism then either (D) = Dy
or m divides n and @ is onto.

(iii) If n > 0 and X, X3,...,X,, € Pan(w) are such that the set {1,...,n} is
minimal with respect to the property that Dix) € SP(Dix,,-.-,Dix,])s
then X = X1 U...UX,.

Conversely, if X = X1 U...UX,, then Dix) € SP(Dx,,...,Dix,))-

The structure of the variety lattice of differential groupoids is explicitly described
in [20], see also [21, Theorem 8.4.14]. In particular, each proper subvariety of Dm
is defined by a single identity within Dm and is locally finite. In contrast to
that description, the structure of the quasivariety lattice Lq(Dm) is much more
complicated. Namely, the variety Dm is Q-universal [8], there exist 2¢ classes K of
differential groupoids such that the set of (isomorphism types of) finite sublattices
of Lq(K) is not computable [22, 23], and there exist continuum many quasivarieties
of differential groupoids with no independent quasi-equational basis [1].

The following assertions are proven in [1, 8, 11, 12].

Theorem 4. For each of the following properties, there exists continuum many
quasivarieties of differential groupoids possessing this property:

o (Q-universality;

e the undecidability of the set of (isomorphism types) of finite sublattices of
the lattice of K-subquasivarieties for a suitable subclass K;

e the existence of an w-independent quasi-equational basis and the lack of an
independent quasi-equational basis within Dm;

e the existence of an independent quasi-equational basis;

o the undecidability of the quasi-equational theory;

o the undecidability of the finite membership problem and the membership
problem for finitely presented differential groupoids.

2.4. Unary algebras. As is proven in [7], the variety K3 of unary algebras of the
type o = {f, g} defined by the identities
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is a minimal @-universal variety. It follows from the proof that the proper subquasi-
variety V C K3 defined by the quasi-identities

Vo [f( )= f(f(z)) — f(z) = g(2)],
z [9(z) = g(9(x)) — f(x) = g(2)],
z [f(z) = g(x) — f(z) = f(f(2))],
Vwa [f(z) = f(y) — g(z) = g(y)],
VaVy [g(z) = g(y) — f(z) = f(y)]

is Q-universal; moreover, so is the lattice of W-quasivarieties, where W denotes
the subclass of V defined by the sentences

(1) Ve Vy [9(z) = g(y) &z # y — g(z) = g(g9(2))],
(2) vz [g(x) = g(g(x))] — Vo Vy [z = y].

We recall the notation for certain unary algebras, see [7, 9].
For n > 1, let C,, denote the algebra whose universe is

Cp={0}UA, UB, with 4, = {al,...,a"_,}, B, ={b0,....b"_,}

and the operations are defined as follows: f(0) = ¢g(0) = f(a?) = g(a?) = 0 and
g(b}) = ai for 0 <i<n—1, f(b7) = aj,, for 0 <i < n—2, and f(b)_,) = ag.
Let C; denote the 2-element algebra with the universe {0, a}, where f(0) = g(0) =
f(a) = g(a) = 0. Let €y denote the trivial algebra.

It is clear that, for n > 0, we have C,, € W.

We recall necessary properties of the algebras €,, from [7, 9, 11].

Lemma 5. Ifn > 1 then the following assertions hold.

(i) If m divides n then there exists a homomorphism ¢ from C, onto C,;
moreover, the kernels of all such homomorphisms coincide and we have

kerp = {(z,z) : x € C,,} U{(a;,q;), (bi,b;) |i=j (mod m)}.

(ii) If A € W is nontrivial and there exists a homomorphism from C,, onto A
then A is isomorphic to C,, for a suitable divisor m of n.

(iii) If A € V is nontrivial and there exists a homomorphism ¢ from C,, onto A
then one of the following conditions holds:

(a) A €W and assertion (ii) is valid;

(b) the kernel ker ¢ contains a pair of one of the forms (0,al), (0,b1),
(ai',b}), (af,a}), where the difference i — j is a multiple of no divisor
of n, and the structure A satisfies the premise of sentence (2);

(c) the kernel ker ¢ contains a pair of the form (a},a}, ;) but (b7, b ;) ¢
ker ¢, where k is the least positive number with this property, we have
k> 1, and k divides n (in this case, the algebra A satisfies the premise
of sentence (1) but violates its conclusion, i.e., Cy is a substructure
of A and |g~ (p(a2))] > 1),

If XY, Z € Pgu(w) and n > 1 then the following assertions hold.

(iv) There exists a homomorphism from Cix) onto Cry) if and only if Y C X.
(v) We have Cx) < €y x Cz) if and only if X =Y U Z.

If n > 1 and m > 0 then there emsts a quasi-identity q(n,m) such that, for every
k > 1, the structure Cy, satisfies q(n, m) if and only if either k is not a divisor of mn
or k divides n.
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The following assertions are proven in [7, 9, 11, 12].

Theorem 6. For each of the following properties, there exists continuum many
W -subquasivarieties possessing this property:
o (Q-universality;
o the undecidability of the set of (isomorphism types) of finite sublattices of
the lattice of K-subquasivarieties for a suitable subclass K;
o the existence of an w-independent quasi-equational basis and lack of an
independent quasi-equational basis within V;
e the existence of an independent quasi-equational basis;
o the undecidability of the quasi-equational theory;
o the undecidability of the finite membership problem and the membership
problem for finitely presented unary algebras of the type {f,g}.

2.5. Standard and non-standard quasivarieties. For a structure A € K(o),
we say that A = (A, 7) is a topological structure if T is a topology on A and all
the basic operations of A are continuous and all the basic relations on A are closed
with respect to 7. For a topological structure A, we denote its algebraic reduct by
A and its topology by 74. A topology 7 on a set A is Boolean if the topological
space (A,7) is compact Hausdorfl and has a base of clopen sets. A topological
structure A is Boolean if 7, is Boolean. Profinite structures (with respect to K) are
exactly those that are isomorphic to the inverse limits of families of finite structures
(from K). Each profinite structure is naturally equipped with a Boolean topology
(in this case, this is the product topology). A quasivariety K is standard if every
Boolean topological structure A with A € K is profinite with respect to K. For more
information and results about natural dualities, topological quasivarieties, Boolean
topological structures, and topology, the reader is referred to [2, 3, 6].
We will need the following property of the inverse limit, see [3, Lemma 3.2].

Lemma 7. Let o contain no relation symbols, let A = l<i£1iejfl7;, where A is a
surjective inverse spectrum and A; is a finite structure for every i € I, let B be a
finite structure, and let p: A — B be a (continuous) homomorphism. Then there

exist i € I and a (continuous) homomorphism ¢ : A; — B such that ¢ = Ym;.

The following notion from [3] and its connection with standard quasivarieties is
an essential tool in the proof of our main results.

Definition 8. Let M C K(o), where ¢ contains no relation symbols. A structure
A is pointwise non-separable with respect to M if there exist ai,a2 € A such
that a3 # as and p(a1) = @(az) for every finite structure B € M and every
homomorphism ¢: A — B.

The following assertion is immediate from [3, Lemmas 3.3 and 3.4].

Lemma 9. Let A = @ieI‘Ai’ where A is a surjective inverse spectrum and A;
is a finite structure for every i € I, and let K be a quasivariety. If A is pointwise

non-separable with respect to K then A is not profinite with respect to K.
In particular, if A € K then K is not standard.
3. MAIN RESULTS

We formulate and prove similar results for Dm and V. Namely, we find
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(a) continuum many non-standard subquasivarieties with no independent quasi-
equational bases;

(b) and continuum many non-standard subquasivarieties having an independent
quasi-equational basis.

3.1. Differential groupoids.

Theorem 10. There exist continuum many subquasivarieties of Dm that are not
standard and have no independent quasi-equational basis.

Proof. Let I Cw and let F € Pg,(w). We denote by ¢l the quasi-identity

VaeVy syl =2 & ye =y — ayF = 2.

Let ®; = {¢L | F € Pgin(w)} and let K; be the subquasivariety of Dm defined by
the set of quasi-identities ®;.
Let I € Pint(w), F € Pgn(w), and p € w\F. We denote by ¢4, the quasi-identity

Valy ayfY P = o &y =y — aylf = 2.
We put W), = {¢, | F € Pan(w), p € w\F} and ¥ = ¢, ; ¥p- We denote by

K/, the subquasivariety of Dm defined by the set of quasi-identities ¥;.
The following assertion is proven in [12, Theorem 4].

Proposition 11. We have K; = K/ for every I € Piye(w). The set Uy is an w-
independent quasi-equational basis of K. There is no independent quasi-equational
basis of K.

We fix T € Pipe(w) and k € w\I. Assume that the numbers in I are ordered in
the natural way, i.e., we have I = {i,, | n < w}, where i,, < i,, if and only if n < m
for all m,n < w. For every n < w, we put

Fo = {io,...,in}, A=Dy,, An=Dir,, Bn=Dyriur,-
By the definition of K, we immediately obtain the following assertion.
Claim 1. For every F € Pgy(w), we have D) € K7 if and only if F C I.

In particular, we have A ¢ K; and A,, € K; but B,, ¢ K; for every n < w.

We construct an inverse spectrum A. By Lemma 3, if i < j < w then there is a
surjective homomorphism ;;: B; — B,; moreover, we may assume that m;;(b) = b
and 7;;(a) = a, where {b} is the singleton orbit and a is the second generator of D,,
for every n < w. According to the definition of the inverse limit, we denote by ;;
the identity automorphism on B; for every i < w.

We immediately obtain the following assertion.

Claim 2. The triple A = (w, B;,m;;) is a surjective inverse spectrum.

We put B = lim A. Since each m;; fixes a and b, we conclude that B # @.
Moreover, we have B € SP(Dm) C Dm. For every n < w, we denote by =, the
restriction of the nth projection [] B, — B, to B.

n<w

Claim 3. The differential groupoid B is infinite and belongs to K.

Proof of Claim. We show first that B = ®;. Indeed, consider an arbitrary quasi-
identity 1, € ®;. Suppose that the premise of ¢, holds in B under an interpretation
v:{z,y} — B. Then there exists a homomorphism f: Dpj — B such that f(a) =
y(z) and f(b) = y(y). For all n < w and u € Dip), we put f,,(u) = mn(f(u)).
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We find that f, is a homomorphism from Dip) to B,. By Lemma 3, we have
either f,(Dip)) = Digp < B, for some nonempty G C F or fn(Dip) < Dy.
Since all proper subgroupoids of B,, are left-zero modes, we conclude that either
In(Dir)) = By, or fu(Dipy) = Dy, or fu(Dir)) = Do. In the first case, we have
|Bn| < [F] + 1. Since Dipy is a finite groupoid and |B,| < |B, 41| for each n < w,
there is s < w such that [F] + 1 < |B,| for all n > s. This implies that f,(D(g)) is
isomorphic to a subgroupoid of Dy if n > s. We denote J, = {n <w |n > s}.

We summarize the above conclusions as follows. The differential groupoid B
is isomorphic to the inverse limit @(J&Bj,mj) and is a subdirect product of
the family of differential groupoids {B,, | n € J,}. The differential groupoid f(Dz))
is a subdirect product of the family {f,(Ds)) | n € Js} of subgroupoids of Dy;
hence, it is a left-zero mode.

We conclude that the subgroupoid f(D(p)) of B generated by the set {a,b} is a
left-zero mode. But then the conclusion of (%, holds in B.

Finally, if the universe B were finite then, by Lemma 7, we would obtain | B, 41| <
|B| < |By| for some n < w. Since |By4+1| > |By|, we arrive at a contradiction. O

We remind that A ¢ K;, A,, € K, and B,, ¢ K; for every n < w. By Lemma 3,
the differential groupoid B,, is a subdirect product of the differential groupoids A
and A,,. We denote the corresponding projections (which are onto homomorphisms)
by an: B, — A and S,: B, — A,. As B, ¢ K; and A, € Kj, the kernel
ker 3,, is the least congruence on B, for no n < w. For each n < w, we can
find distinct elements b},b5 € B, such that §,(b7) = £,(b5). We conclude that
an (b)) # an(by).

By Lemma 3, if 7 < j < w then there is a surjective homomorphism ¢;;: A; —
Aj;; moreover, we may assume that ¢;;(b) = b and ¢;;(a) = a, where {b} is the
singleton orbit and a is the second generator of D,, for every n < w. It is easy to
see that, for all 4, j < w with ¢ < j and all u € B;, we have 3;(m;;(w)) = ¢i;(8;(w)).

The proof of the following assertion repeats the proof of Claim 4 from the proof
of [18, Theorem 4].

Claim 4. If (b1, bs) € ker B; \ ker a; for some j < w then, for i < j, we have
(m-j (b1), 45 (bz)) € ker 5; \ ker o;.
Claim 5. The differential groupoid B is pointwise non-separable with respect to K;.
Proof of Claim. We consider the set
H_y = [ J{(n,h3) € BY | (b}, h5) € ker B, \ ker o, }.

n<w
Since (b},b%) € H_1 N B2 # @ for every n < w, the set H_; is infinite. Since the
set By is finite, there is a pair ¢y of elements of By such that the set
Hy = |J{(n}.n3) € H_y | (mon(h}), mon(h3)) =0}
n<w
is infinite. By Claim 4, we have ¢, € ker 3y \ ker ay.
We use induction on 7 and construct a chain of infinite sets H;, i < w. Assume

that, for some ¢ < w, we have already found pairs ¢; € ker 8;\ ker o; for 0 < j <4
such that the set

Hy = {83 15) € Hjr | (min(B2), min(h5)) =}

n>j
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is infinite and ;s takes the pair ¢, into the pair ¢; whenever 0 < j < 5/ < 4. Since
H; is an infinite set and B; and B, are finite sets, there is a pair ¢; 1 of elements
of Bj"t; such that the set

Hipn= |J {7 h8) € Hi | (miyrn(h}), mip1n(hB)) =it}
n>i+1
is infinite. By Claim 4, we have ¢;;1 € ker ;11 \ ker ;1. Moreover, ¢;11 € H;11 C
H;. We conclude therefore that m; ;1 takes the pair ¢;;; into the pair ¢;. By the
definition of an inverse spectrum and the induction hypothesis, we deduce that
7Tj,i+1(zi+1) = Tji (7T7L,i+1(6i+1)) = Wji(éi) = 6j Wheneverj <1+ 1.

We introduce a pair ¢ = (c1,c2) of elements of B such that for all n < w and
i € {1,2}, m;(c;) is the ith component of ¢,.

We consider a homomorphism f: B — D, where D € K; and D is a finite
differential groupoid. By Lemma 7, there exist n < w and a homomorphism g: B,, —
D such that f = gm,. By Lemma 3 and Claim 1, we obtain g(B,,) = Dig) € K;
for some G C {k}UF,) NI = F, or g(B,) &2 Dy. We can find therefore
a homomorphism h: A, — D with g = hf3,. We conclude that f = gm, = hfB,m
whence ker 8,7, C ker f. As ¢, € ker 3, we obtain (¢1,cz) € ker S,m, Cker f. O

By Claims 3 and 5 and Lemma 9, the quasivariety K; is not standard.
It remains to notice that, in view of Claim 1, the quasivarieties of the form K;
are pairwise distinct. ([l

Following [5], a set ® of first-order sentences is said to be directed if, for arbitrary
wo,p1 € P, there is p € ® such that both ¢y and ¢, are consequences of .
Directed sets of first-order sentences are, in a sense, antagonists of independent sets
of sentences.

Theorem 12. There exist continuum many subquasivarieties in Dm that are not
standard and have an independent quasi-equational basis [a directed quasi-equational
basis, respectively].

Proof. This proof is similar to the one of Theorem 10 but less complicated.

We consider an infinite set I = {i,, | n < w} and assume that its members are
ordered in the natural way. That is, we have i, < i,, if and only if n < m for all
m,n <w. Weput F'_y =3, F, = {io,...,in}, and B,, = Dp,; for every n < w.

For each m < w, let &, denote the quasi-identity

Frn—l]

VaVy aylfml = 2 & yz =y — ayl =z

We denote
Er={&m | m<w} and Mj;=ModZE; N Dm.

Claim 1. The set Z; is an independent quasi-equational basis of M within Dm.
The quasivariety My consists of all structures A € Dm with the following property:

if F € Pan(w) is nonempty and Dip € S(A) then F ¢ I.

Proof of Claim. It is not difficult to see that B,, satisfies &, if m # n and violates
&n. Hence, Z is an independent set of quasi-identities.

If Dipy is embeddable into A for no F' € Pgn(w) with @ # F C I then, for
every m < w, the premise of the quasi-identity &,, can hold under no interpretation
v: {x,y} — A in view of Lemma 3. Therefore, A |= &, for all m < w and A € Mj.
Conversely, let A € My and let D(p) embed into A for some nonempty set F' €
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Pan(w) with F C I. Let i,, be the greatest element of F; then F' C F,,. Therefore, the
differential groupoid Dg satisfies the premise of &, under the interpretation v with
~v(x) = a, v(y) = b but violates the conclusion of &, under the same interpretation ~y
in view of Lemma 3. Hence, A [~ &, which contradicts our assumption A € M;. O

Notice that Claim 1 also provides us with a directed quasi-equational basis of M
within Dm. Namely, for each nonempty set F' € Pg,(w) with F C I, we introduce
the following quasi-identity x p:

VeVy syl =2 & yz =y — 2y = .
We consider the set X = {xp | F' € Pan(w) and @ # F C I}.
Claim 2. The set X forms a directed quasi-equational basis of My within Dm.

Proof of Claim. It is clear that X is a quasi-equational basis of M; within Dm.
Moreover, the quasi-identities xr, xa¢ € X are consequences of the quasi-identity
xruc for all nonempty sets F, G € Pap(w). O

We construct an inverse spectrum A = (w,B;,m;;) as follows. According to
Lemma 3, for all 4, j < w with ¢ < j, there is a surjective homomorphism 7;;: B; —
B;; moreover, we may assume that m;;(b) = b and m;;(a) = a, where {b} is the
singleton orbit and a is the second generator of D,, for each n < w. According to
the definition of an inverse spectrum, let 7;; be the identity automorphism of B;
for each i < w.

We immediately obtain the following assertion.

Claim 3. The triple A = (w, B;,m;;) is a surjective inverse spectrum.

We put B = @A. Since each m;; fixes a and b, we conclude that B # @.
Moreover, we have B € SP(Dm) C Dm. For every n < w, we denote by =, the
restriction of the nth projection [] B, — B, to B.

n<w

Claim 4. The differential groupoid B is infinite and belongs to M.

Proof of Claim. The same arguments as in the proof of Theorem 10 (see Claim 3
there) show that B is infinite.

We prove that B € M. In view of Claim 2, it suffices to prove that B = X.
Assume that F' € Pgy(w) and @ # F C I. If the premise of xz holds in B under
an interpretation : {x,y} — B then there exists a homomorphism f: Dz — B
such that f(a) = ~v(z) and f(b) = v(y).

For all n < w and u € Dip|, we put f,(u) = 7, f(u). We find that f, is a
homomorphism from D(g) to B,,. By Lemma 3, we have either f,(Dr)) = Dig) <
B, for some G C F or f,(Dir)) = Do. This means that f,(Djp)) is either a
subgroupoid of D, or isomorphic to B,,. In the second case, we have |B,,| < [F]+1.
Since Dypy is a finite structure and |B,,| < |Bp1] for each n < w, there is s < w such
that [F] +1 < |B,| whenever n > s. Therefore, the differential groupoid f,,(Dz))
with n > s is a subgroupoid of D;.

The same arguments as in the proof of Theorem 10 (see Claim 3 there) show
that the subgroupoid f(Dr)) of B generated by the set {a,b} is a left-zero mode,
i.e., the conclusion of xr holds in B. O

Claim 5. The differential groupoid B is pointwise non-separable with respect to M.
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Proof of Claim. As 7, maps B onto B, for all n < w, we have B ¢ Q(D;).
Consider an arbitrary homomorphism f: B — D, where D € My is a finite
differential groupoid. By Lemma 7, there are n < w and ¢g: B,, — D such that
[ = gm, and g is a homomorphism. By Lemma 3, we have either g(B,) = D €
M; for some G C F,, C I or g(B,) = Dy. Since D) € My, we have G = & by
Claim 2 in the first case. This means that f(B) = g(B,) < D; in any case, which
contradicts the fact that B ¢ Q(Dq). O

By Claims 4 and 5 and Lemma 9, the quasivariety M is not standard.
It remains to notice that, in view of Claim 1, the quasivarieties of the form M
are pairwise distinct. ([l

3.2. Unary algebras.

Theorem 13. There exist continuum many subquasivarieties of V that are not
standard and have no independent quasi-equational basis.

Proof. Let I C w and let F' € Pg,(w). We denote by ok the quasi-identity
Vo Vyo .. Vyp—1 V20 - Ve [f@) =2 A glz) =a A

AN )= A N ogw) =2 A N\ glz)=uin
0<i<[F] 0<i<[F] 0<i<[F]
A /\ [(zi) = yir1 N f(zp)—1) = yo] — 9(20) = Y[Fn1)-
0<i<[F]-1

This is the quasi-identity ¢(n,m) from Lemma 5 with n = [FNI], m = [F\ I].

Let ®; = {¢L | @ # F € Paa(w)} and let K; be the subquasivariety of V
defined by the set of quasi-identities ®;.

The following assertion is proven in [12, Theorem 8§].

Proposition 14. Fach of the quasivarieties K; admits an w-independent quasi-
equational basis but lacks an independent quasi-equational basis.

We fix I € Pips(w) and k € w\I. Assume again that I = {i, | n < w} and
in < iy, if and only if n < m for all m,n < w. For every n < w, we put

Fn = {io, e ,in}, .A = ka, .An = G[Fn]a Bn = e[{k.}upn] = epk[Fn]
By the definition of K; and Lemma 5, we immediately obtain the following assertion.
Claim 1. For every I' € Pgy(w), we have Cpp) € K if and only if FF C 1.

In particular, we have A ¢ K; and A,, € Ky but B,, ¢ K; for every n < w.

We construct an inverse spectrum A. By Lemma 5, if i < j < w then there is a
surjective homomorphism 7;;: B; — B;; moreover, we may assume that m;;(0) = 0,
mii(ah) = al, and m;;(b0) = b2, where p = pi - [Fj], ¢ = pr - [Fi], and v = v
(mod ¢). According to the definition of an inverse spectrum, let 7;; be the identity
automorphism on B; for every i < w.

The following assertion holds.
Claim 2. The triple A = (w, B, ;) is a surjective inverse spectrum.

We put B = limA. Since each homomorphism ¢;; fixes the element 0, we
conclude that B # &. Moreover, we have B € SP(V) C V. For each n < w,
we denote by m, the restriction of the nth projection [[,_ ., B, — B, to B. As
there m, is onto for all n < w, the following statement is true.
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Claim 3. We have B [~ Vx g(g9(x)) = g(x).
Claim 4. The algebra B is infinite and belongs to K.

Proof of Claim. The same arguments as in the proof of Theorem 10 (see the proof
of Claim 3 there) show that B is infinite. We prove that B = @;.
We consider a quasi-identity ¢L € ®; with F # @ and assume that the premise

of <pf; holds in B under an interpretation ~: {z,yo, .. . S Y[F]=15 205 - - - ,Z[F]_l} — B.
Then there exists a homomorphism ¢: Cr) — B such that p(0) = vy(z), go(aEF]) =
~v(y;), and @(bEF]) = 7(2) for i < [F]. For all n < w and u € Cpg}, we put
fu(u) = mpe(u), ie., we again consider the composition of the projection 7, and
the homomorphism ¢. Then f,, is a homomorphism from C(g} to B,,. By Lemma 5,
one of the following cases is possible:

(a) we have Cig < fn(Cip)) < B, for some nonempty set G C F,, U {k},

(b) we have f,(Cr) = Vo g(g(2)) = g().
In case (a), we have G = F,, U {k} whence |B,| = 2[G] + 1 < 2[F] + 1. Since €/
is a finite algebra and |B,| < |B,y1| for each n < w, there is s < w such that
2[F| +1 < |B,] for all n > s. Therefore, f,(Cp)) | Vxg(g(x)) = g(z) for each
n>s. AsB > B, we conclude that ¢(Cr) = Va g(g(x)) = g(x). Therefore,
the conclusion of (I, also holds in B under v and B |= ¢L. O

Claim 5. There are elements c1,co € B such that (7Tn(01>, T (02)) € ker 8, \ ker o,
and m,(c1), T (c2) € A, for alln < w.

Proof of Claim. As in the proof of Claim 5 (see the proof of Theorem 10), one
can establish the existence of elements ci,c; € B such that (m,(c1),my(c2)) €
ker 8, \ ker o, for all n < w. It follows from Lemma 5(i) that one can choose ¢, ¢o €
B so that m,(c1),m,(c2) € A, for all n < w. O

Claim 6. The algebra B is not profinite with respect to Kj.

Proof of Claim. By Lemma 5, the algebra B,, is a subdirect product of the algebras
A and A,,. As above, we denote the corresponding projections (which are onto
homomorphisms) by «,: B, — A and B,: B, — A,. According to Claim 5,
there is a pair ¢ = (¢1,c2) € B? such that (’TI'n(Cl),’/Tn(CQ)) € ker g, \ ker cv,, and
(1), (ce) € Ay, for all n < w.

Suppose that B = @teT U; and U; € K is a finite unary algebra for every
t € T. Then B < [[,c Us. Let mi: B — U; denote the canonical projection for
every t € T. It follows from Lemma 7 that, for each ¢t € T, there exist n(t) < w
and a homomorphism v;: B,,;y — U, such that 7; = tm, ). Since 7} is an onto
homomorphism, we conclude that 1), is also onto. It follows from Lemma 5 that the
following two cases are possible:

(a) thereis a nonempty set Gy C {k}UF,(;) such that Cg,1 < 9¢(By)) = U €
Ky and U; = 9y(By1)) = {0} UA[q,) Ui (Bp), where Ajg,) = ¥e(Ane));
(b) we have ¢y(Bn)) = Vo g(g()) = g(z).
Since Cjg,] € K; in case (a), we conclude that Gy C ({k} U Fy,4)) N1 = F, ) by
Claim 1. Since B = Vz g(g(z)) = g(z) by Claim 3, the set
To={t € T | Cg,) < ¥¢(Bn)) for some nonempty Gy C F, 1)}

is coinitial in 7. This implies that B = @teTO U; whence B <, [[,cq, Us-
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For each t € Ty, we can find a homomorphism ¥;: A, ) — €g,] < U; such that
VtBnt)(a) = Y4(a) for every a € Ay y). This yields for each i € {1,2}:

m(ci) = Vi) (€i) = Ve Bty Tn(r) (Ci)-

Inclusion (,,(¢)(c1), Tn()(c2)) € ker B, implies that (c1,c2) € kerm, for every
te Ty As B <, HteTo Uy, we have ¢; = ¢g in B, which contradicts Claim 5. [l

By Claims 4 and 6, the quasivariety K; is not standard.
In view of Claim 1, the quasivarieties of the form K; are pairwise distinct. It
remains to refer to Proposition 14. ([l

Theorem 15. There exist continuum many subquasivarieties of V that are not
standard and have an independent quasi-equational basis [a directed quasi-equational
basis, respectively].

Proof. These arguments are similar to the proofs of Theorems 12 and 13.

We consider an infinite set I = {i,, | n < w} and assume that its members are
ordered in the natural way, i.e., i,, < i, if and only if n < m for all m,n < w. We
put .y =@, F, = {io,...,in}, and B, = Cjp, for every n < w.

For each m < w, let &,, denote the quasi-identity ¢([F,], [Fin-1]), i-€.,

Vo Vyo ... Yyip, -1 V20 - - Vap, -1 [f() =3 A g(x) =2 A
AN fw=ea Nogw) =2 N\ glz) =win

0<i<[Fr] 0<i<[Fin] 0<i<[Fr]

NN ) =i A FEE-1) = Y] — 9(20) = Yip,, -
0<i<[Fm]—1

We denote
=7 = {fm | m < w} and Mj;=ModZ;NV.

Claim 1. The set Z; forms an independent quasi-equational basis of M within V.
The quasivariety My consists of all structures A € V with the following property:

if F € Pan(w) is nonempty and Cppy € S(A) then F ¢ 1.

Proof of Claim. It is not difficult to see that B,, satisfies &, if m # n and violates
&, Hence, = is an independent set of quasi-identities.

If €|y is embeddable into A for no F' € P, (w) with @ # F' C I then, for every
m < w, the premise of the quasi-identity &, holds in A under no interpretation
YAz, 90, Y[F]—15 20, - - -5 2[F]—1} — A in view of Lemma 5. Therefore, A |= &,
for all m < w and A € M. Conversely, let A € My and let €} embed into A
for some nonempty set F' € Pg,(w) with F C I. Let 4, be the greatest element of
F; then F' C F,,. Therefore, the algebra Cp) satisfies the premise of &, under the
interpretation vy with

F F .
'7(517) =0, 'Y(yz‘) = ag(rlmd [F]) ’V(Zz‘) = bE(r]nod [F]) 0<i< [Fn]a

but violates the conclusion of £, under the same interpretation -, see Lemma 5.
Hence, A [~ £, which contradicts our assumption A € M;. (I
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As above, Claim 1 also provides us with a directed quasi-equational basis of M
within V. Namely, for each nonempty set F' € Pg,(w) with F' C I, we introduce
the following quasi-identity x p:

VaVyo ... Yyp—1 V20 ... Vap -1 Yy [f(x) =z A glz)=xA
NN Fw)=a A N ogw) =2 A N\ oglz) =win

0<i<[F] 0<i<[F] 0<i<[F]
A /\ f(zi) = vir1 N feip-1) = yo] — T =Y.
0<i<[F]—1

We consider the set X = {xp | F € Pan(w) and @ # F C I}.
Claim 2. The set X forms a directed quasi-equational basis of My within V.

We construct an inverse spectrum A = (w,B;, m;;) as follows. According to
Lemma 5, for all 4, j < w with ¢ < j, there is a surjective homomorphism ;;: B; —
B;; moreover, we may assume that m;;(0) = 0, m;; (aLFj]) = aEF"], and wij(bgfj]) =
bEF"], where k£ = [ (mod [F;]). According to the definition of an inverse spectrum,
let 7;; be the identity automorphism of B; for each i < w.

We immediately obtain the following assertion.

Claim 3. The triple A = (w, B, m;;) is a surjective inverse spectrum.

We put B = lgnA. Since each m;; fixes 0, we conclude that B # &. Moreover,
we have B € SP(V) C V. For every n < w, we denote by , the restriction of the
nth projection [] B, — B, to B. As 7, is onto for every n < w, the following
statement is true.

Claim 4. B [~ Ve g(g(x)) = g(z).
Claim 5. The algebra B is infinite and belongs to M.

n<w

Proof of Claim. The same arguments as in the proof of Theorem 12 (see Claim 4
there) show that B is infinite.

We prove that B € M;j. In view of Claim 2, it suffices to prove that B |=
X. Assume that F' € Pgy(w) and @ # F C I. If the premise of ypr holds in B
under an interpretation v: {z,yo,...,¥Y[F—1,20,---,2[F]—1} — B then there exists
a homomorphism ¢: €z — B such that ¢(0) = 0, Lp(aLF]_l) = ’y(y,[cF]_l), and
By = 7171 for 0 < k < [F).

For all n < w and u € Cig}, we put fn(u) = m,p(u). We find that f, is a
homomorphism from €z to B,. By Lemma 5, one of the following cases occurs:

(a) we have Cig < fn(Cir)) < B, for some nonempty set G C F,

(b) we have f,(C(r)) =V g(g(z)) = g().
In case (a), we have I, = G C F whence |B,| = 2[G] + 1 < 2[F] 4 1. Since Cjp
is a finite algebra and |B,| < |B,41| for each n < w, there is s < w such that
2[F]+1 < [By| for all n > s. Therefore, f,,(Cir)) = YV g(g(x)) = g(x) for all n > s.
As B = lim ;>4 B,, we conclude that B = Vz g(g(x)) = g(z), which contradicts
Claim 4. ﬁerefore, the premise of xp holds in B under no interpretation v and
B = xr. U

Claim 6. The algebra B is not profinite with respect to M.
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Proof of Claim. Consider an arbitrary homomorphism ¢: B — D, where D € M;
is a finite structure. By Lemma 7, there is n < w and a homomorphism ¢: B,, — D
such that ¢ = ¢m,. By Lemma 5, one of the following cases occurs:

(a) we have Cig < ¥(B,) € M for some nonempty set G C Fy,;

(b) we have ¢(B,) |= vV g(g(x)) = g(x).
Since C|g) € M in case (a) and @ # G C F,, C I, we arrive at a contradiction with
Claim 2. Therefore, case (a) is impossible. Thus, we conclude that case (b) takes
place and ¢(B) = ¥(B,,) = Vzg(g(x)) = g(z). Hence if the unary algebra B were
profinite with respect to My, it would satisfy the identity Va g(g(x)) = g(x) which
contradicts Claim 4. O

By Claims 5 and 6, the quasivariety M; is not standard.
It remains to notice that, in view of Claim 1, the quasivarieties of the form M
are pairwise distinct. 0

For quasivarieties possessing finite B-classes, similar results on the existence of
directed quasi-equational bases (cf. Claims 2 in the proofs of Theorems 12 and 15)
were established in [10].
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