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ABSTRACT. In this paper, we study the rank characteristics of families
of cubic theories, as well as new properties of cubic theories, such as
pseudofiniteness and smooth approximability. It is proved that in the
family of cubic theories, any theory is a theory of finite structure or
is approximated by theories of finite structures. The property of
pseudofiniteness or smoothly approximability allows one to investigate
finite objects instead of complex infinite ones, or vice versa, to produce
more complex ones from simple structures.
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1. INTRODUCTION

The ranks [17] and degrees for families of complete theories similar to the Morley
rank and degree for a fixed theory, as well as the Cantor-Bendixson rank and
degrees, were introduced by Sergei Vladimirovich Sudoplatov. The problem of
describing ranks and degrees for natural families of theories is posed. The ranks
and degrees for families of incomplete theories are studied in [13, 14], for families
of permutation theories are described in [11] and also for families of all theories of
arbitrary given languages are described in [12].

In work [16], approximations of theories are investigated both in the general
context and with respect to some natural families of theories. The problem of
describing the forms of approximation for natural families of theories is posed.
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This work is devoted to the description of the ranks and degrees of families of
cubic theories, as well as approximation by theories of finite cubic structures.

1.1. Preliminaries from cubic theories. Cubic structures are defined in [20],
model-theoretic properties are studied and included in monograph [18], applications
in discrete mathematics are shown [19]. The following necessary terminology about
cubic structures is taken without specifications from [19, 20].

Definition 1. A n-dimensional cube, or a n-cube (where n € w) is a graph
isomorphic to the graph Q, with the universe {0, 1}" and such that any two
vertices (01,..., d,) and (df,..., d7) are adjacent if and only if these vertices
differ exactly in one coordinate. The described graph Q,, is called the canonical
representative for the class of n-cubes.

Let A be an infinite cardinal. A A-dimensional cube, or a A-cube, is a graph
isomorphic to a graph I' = (X; R) satisfying the following conditions:

(1) the universe X C {0; 1}* is generated from an arbitrary function f € X by
the operator (f) attaching, to the set {f}, all results of substitutions for any finite
tuples (f (Zl) et f(Zm)) by tuples (1 - f (7'1) IR 1- f(lm))v

(2) the relation R consists of edges connecting functions differing exactly in one
coordinate.

Any graph I' = (X; R), where any connected component is a cube, is called a
cubic structure. A theory T of graph language {R®} is cubic if T = Th(M) for
some cubic structure M. In this case, the structure M is called a cubic model of
T.

The invariant of theory T is the function
Invr : wU {oo} —w U {0},

satisfying the following conditions:
(1) for any natural n; Invr(n) is the number of connected components in any

model of T, being n-cubes, if that number is finite, and Invr(n) = oo if that
number is infinite;
(2) Invr(oco) = 0 if models of T do not contain infinite-dimensional cubes (i.

e., dimensions of cubes are totally bounded), otherwise we set Invyp(co) = 1.

The diameter d(T) of cubic theory T is the maximal distance between elements
in models of T, if these distances are bounded, and we set d(7T) = oo otherwise.
The support (accordingly the oo-support) Supp(T)(Supps(T)) of theory T is the
set {n € w/Invr (n) # 0}({n € w|Invp(n) = co}).

If the diameter d(T) is finite then there exists an upper estimate for dimensions
of cubes, being in models of T. It means that Supp(T) is finite, i. e., Invy(co) = 0.
In this case the co-support is non-empty.

If d(T) = oo then Invr(co) = 1. In this case the support Supp(T) can be either
finite or infinite.

1.2. Preliminaries from model theory and approximations of theories.
Historically, pseudofinite fields were first introduced by J. Ax and S. Kochen [1] in
the form of non-principal ultraproducts of finite fields. Later, J. Ax in [3] connect
the notion of pseudofiniteness and the construction of ultraproducts. The class of
pseudofinite fields was defined in the work of J. Ax [3] and regardless of him in the
work of Yu.L. Ershov [7] with an axiom system indicating this class.
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In 1965 James Ax [2] investigated fields F' having the property that every
absolutely irreducible variety over F has a F-rational point. It was shown that
the non-principal ultraproduct of finite fields has such property. Yuri Leonidovich
Ershov called such fields reqularly closed. The notion of pseudofiniteness is credited
to work in the 1968s by James Ax [3]. He introduced the notion of pseudofiniteness
to show the decidability of the theory of all finite fields, i.e. there is an algorithm
to decide whether a given statement is true for all finite fields. It was proved
that pseudofinite fields are exactly those infinite fields that have every elementary
property common to all finite fields, that is, pseudofinite fields are infinite models
of the theory of finite fields.

In the early 1990s, E. Hrushovski resumed research in the field of pseudofinite
structures in meeting on Finite and Infinite Combinatorics in Sets and Logic [§],
as well as in the joint works of E. Hrushovski and G. Cherlin and the following
definition first occurs in [5], subsequently in [6]:

Definition 2. Let 3 be a language and M be an Y-structure. An X-structure M
is pseudofinite if for all X-sentences ¢, M = ¢ implies that there is a finite M,
such that Mg = ¢. The theory T = Th(M) of the pseudofinite structure M is
called pseudofinite.

Definition 3. [16] Let 7 be a family of theories and 7' be a theory such that
T ¢ T. The theory T is said to be T -approxzimated, or approximated by the family
T, or a pseudo-T -theory, if for any formula ¢ € T there exists 7" € T for which
peT.

If the theory T is T-approximated, then 7T is said to be an approximating
family for T, and theories T € T are said to be approxzimations for T. We put
T, ={T € T | ¢ € T}. Any set T, is called the ¢-neighbourhood, or simply a
neighbourhood, for T. An approximating family 7 is called e-minimal if for any
sentence ¢ € X(7T), T, is finite or 7-, is finite. It was shown in [16] that any e-
minimal family 7 has unique accumulation point T" with respect to neighbourhoods
T,, and T U{T'} is also called e-minimal.

Recall that the E-closure [15] for the family 7 of complete theories is characterized
by the following proposition.

Proposition 1. Let T be a family of complete theories of the language . Then
Clg(T) =T for a finite T, and for an infinite T, a theory T belongs to Clg(T) if
and only if T is a complete theory of the language ¥ and T € T, or T # T and for
any formula ¢ the set T, is infinite.

We denote by T the class of all complete elementary theories of relational
languages, by T i, the subclass of T consisting of all theories with finite models,
and by T, the class T\T fin.

Proposition 2. [16] For any theory T the following conditions are equivalent:
(1) T is pseudofinite;
(2) T is T pin-approzimated;
(3) T e CZE(Tfm)\Tfm.

The structure of relational language ¥ with universe | J,.; M; and interpretations
of relation symbols from ¥ represented as a combination of their interpretations in
the structures M, i € I, is called a disjoint union | |;c; M; of disjoint structures
M;, i el
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1.3. Preliminaries from ranks for families of theories. In paper [17], the rank
RS(+) for families of complete theories is inductively defined.

(1) For the empty family 7 we put the rank RS(7) = —1,

(2) For finite nonempty families 7 we put RS(T) = 0,

(3) For infinite families 7 we put RS(7) > 1.

(4) For a family 7 and an ordinal @ = g+ 1 we put RS(7) > « if there are
pairwise inconsistent X(7)-sentences ¢,, n € w, such that RS(7,,) > 8, n € w.

(5) If v is a limit ordinal then RS(7) > « if RS(7) > g for any 5 < a.

(6) We set RS(T) = a if RS(T) > a and RS(T) # a+ 1.

(7) If RS(T) > « for any «a, we put RS(7) = co.

A family T is called e-totally transcendental, or totally transcendental, if RS(T)
is an ordinal.

If T is e-totally transcendental, with RS(7) = « > 0, we define the degree
ds(T) of T as the maximal number of pairwise inconsistent sentences ¢; such that

RS(T,,) = .

Proposition 3. [17] The family T is e-minimal if and only if RS(T) = 1 and
ds(T) =1

Definition 4. [17] A family 7, with infinitely many accumulation points, is called
a-minimal if for any sentence ¢ € 3(T'), T, or T-, has finitely many accumulation
points.

Let a be an ordinal. A family 7 of rank « is called a-minimal if for any sentence
peX(T), RS(T,) < or RS(T-,) < a.

Proposition 4. [17] (1) A family T is 0-minimal if and only if T is a singleton.
(2) A family T is 1-minimal if and only if T is e-minimal.
(3) A family T is 2-minimal if and only if T is a-minimal.
(4) For any ordinal o a family T is a-minimal if and only if RS(T) = « and
ds(7) = 1.

2. RANKS FOR FAMILIES OF CUBIC THEORIES

Let a language X consist of R). Denote by Teus family of all cubic theories of
language . Let T' be a cubic theory and Q = T. For a given cubic theory T, we
consider the above invariants and the following possibilities:

d(T) is finite d(T) is infinite

the number of Invr(n) | T with Invr(oo) = | T with Invr(oo) =
0 and Supp(T) is |1 and Supp(T) is
finite finite

Teus | is bounded for T € T T with Invp(oo) = | T with Invp(oo) =
0 and Supp(T) is |1 and Supp(T) is
infinite infinite

the number of Invr(n) | T with Invp(oo) = | T with Invr(oo) =
0 and Supp(T) is |1 and Supp(T) is
infinite infinite

is unbounded for T' € T
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2.1. Family of cubic theories with a bounded number of Invr(n). In the
case when for each theory T from the subfamily 7 C 7. it is true that the
diameter d(T") and Invr(n) are finite, as well as Invr(co) = 0 or Supp(T) is finite,
the subfamily 7 is finite, therefore RS(7) = 0, and the degree ds(7) is equal to
the number of invariants. Let’s illustrate how the degrees of families vary.

Example 1. Let us deal with the finite family 7 = {731 }. If we consider ng-cubes
with invariant Invrp, (ng) = m, then RS(T) =0, ds(T) = 1. And if we work with
ng-cubes and nj-cubes with I'nvr, (ng) = m and Invr, (ny) = [ for m # I, then
ds(T) = 2. For a finite number k, if we are dealing with ng-cubes with the set
of invariants {Invr, (ng),...,Invr (ng)}, n; # n;, we still have RS(7) = 0 and
degree ds(T) =k + 1.

Example 2. Let us deal with the finite family 7 C 7., consisting of theories
T1,...,T,. If the number of m;-cubes in each theory T; is equal to k, in other
words, each theory has the same number of m;-cubes, that is, Invy, (m;) = k with
Invr,(mg) # Invr, (my), i # j, then RS(T) = 0, ds(T) = n, since T is represented
as a disjoint union of finite subfamilies 7,, = {T; € Tl|p; € T; is a sentence
describing m;-cubes }.

7:0”1 |_|...|_|7Tp”k
Ty | p11 @12 -+ Q1K
RS(T) =0 | e e
Tn Pnl  Pn2 --- Pnk

In the examples above, one can notice that the degree of the family depends on
the number of invariants. If for the theories considered in Example 2 we complicate
the conditions that each theory has the same number of invariants, let, for example,
s, then the degree of the family 7 is ds(T) = n - s. And if for different sq, ..., s,,
in each theory T; there are s; invariants, then the family 7 has degree ds(7) =
D1 i

For a family 7 C Ty with the property that Invr(co) = 0 and Supp(T) is
finite for every theory T € T, the degree varies in a similar way.

Let us now consider infinite subfamilies 7 C 7. of all cubic theories with a
bounded number of Invy(n) = co and Invr(co) = 0 for every T € T. In this case,
Supp(T) is infinite and the rank of the family increases, and for the degree of the
family, we consider the number of accumulation points.

For natural numbers n,m € w, with n # m, we denote by 7, the family of
cubic theories from 7., with one arbitrary value Invr(n), where T € T, and
Invp(m) =0.

Proposition 5. Fach subfamily T, of the family T.up of all cubic theories is e-
minimal.

Proof. By Proposition 3, we need to prove that RS(7,) = 1 and ds(7T,) = 1. The
family 7, consists of the theories Ti,...,Ts with Invp,(n) = ki, ki > 01 <4 <
s, and the only theory To, with Invr_(n) = oo. The theory T, is the unique
accumulation point for 7, and the number of accumulation points is equal to the
degree of the family. We get RS(7,,) = 1 and ds(7,) = 1, which implies e-minimality
of T,,. O

Example 3. We are dealing with cubes of different dimensions ny and n;. Then we
get a countable number of variants (Invr(ng), Invp(ni)). Thus, there are countably
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many theories with ng-cubes and nj-cubes, forming the family 7’. Here, each family
with one infinite Invr(ng) or Invr(ny) has RS = 1, and the only accumulation
point with Invr(ng) = Invr(ny) = oo, has infinitely many ng-cubes, infinitely
many ni-cubes and RS(T”) = 2. Thus, for a given family 7", we obtain RS(T") = 2
and ds(T’) = 1. Therefore, the family is a-minimal.

Example 4. If there is a countable number of n;-cubes, i € w, having a countable
number of options (Invr(ng),Invr(ny),...,Invr(n;)) one can construct an a-
minimal family 7 consisting of a countable number of e-minimal subfamilies 7,
i € w. By the definition of a-minimality, the family 7 has RS(T) = «, ds(T) =1
and is represented as Tx,_ o,

Thus, by increasing the number of invariants Invr(n) and the dimension of the
cubes, one can unboundedly increase the rank to any pre-given natural number. If
the set of Invp(n) is countable, then the family 7 C T.up of cubic theories is e-
totally transcendental and may contain e-minimal, a-minimal, a-minimal subfamilies.

Realizations of e-minimal, a-minimal, a-minimal subfamilies of the T, family of
all cubic theories allow one to construct a subfamily 7 having a given countable rank
and degree. By the definition of a-minimality, the family 7 of cubic theories with
RS(T) = « and ds(T) = n can be represented as a disjoint union of subfamilies
Tinvr(ko)s - - +» Tinvr (kn_1), for some different Invr(ko), ..., Invp(k,—1), such that
each Trpyp(k,) S a-minimal.

ﬂan(ko) oot (] 7-InuT(k 1)
Ti 7'(1,1) = {T(1,1) T4 oo)} (1 n) = {T(n b Tin oo)}

RS(T)=a | Tk Tk = {T(1 D Ta oo)} Tk m = {T(n 1) T(n,oo)}

7-04 Ta 1) — {Tl 1) - T(l oo)} Ta n) — {Tn 1) - T(n,oo)}

2.2. Family of cubic theories with an unbounded number of Invr(n).
The next result shows that the family 7.,, of all cubic theories is not e-totally
transcendental.

Theorem 1. RS(Teup) = 00.

Proof. Repeating the arguments of [16, Proposition 4.4] and [12, Proposition 2.5]
we can construct a 2-tree of sentences ¢, g, ¢1, @o1, - - - indicating an infinite rank.
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3. APPROXIMATIONS OF CUBIC THEORIES

The following theorem shows that any cubic theory is approximated by theories
of finite cubic structures.

Theorem 2. Any cubic theory T with an infinite set is pseudofinite.

Proof. Let Q be an infinite model of the cubic theory 7. Since for finite £ and
n, Invp(n) = k and Invp(co) = 0 the cubic model Q is finite and consists of a
finite number of finite connected components (n-cubes), we will consider only the
following cases:

Case 1. If Invp(n) = oo and Invr(co) = 0 (that is, co-support is a singleton),
then the model Q consists of an infinite number of connected components of finite
diameters. The Q model is approximated by the disjoint union | |;.,, Qi of models
Q;, i € w which the connected components are n-cubes. Each such n-cubes are
pairwise isomorphic that implies the pseudofiniteness of T

Case 2. If for finite k and n € w, Invr(n) = k and Invr(co) = 1, then the
theory T has models Q = Q| | Q1, where Qg is a finite cubic model consisting of
m < k connected components (n-cubes) of finite diameters, Q; is an infinite cubic
model consisting of k — m connected components of infinite diameters. Since the
components of the model Qg do not affect the pseudofiniteness, Q; is approximated
by increasing the dimension, as well as the diameters of the connected components.
Let Q! be a finite model with k¥ — m connected components which are n-cubes.
Using Q) = 95, U Q) ;,i > 2 in the limit, we obtain the desired model Q;.
The set of theories {Th(Q})|i € w} approximate the theory Th(Q;) and theories
{Th(Qo| ] Q})|i € w} approximate the T theory.

We can also grow connected components to get a pseudofinite model Q' with
Invr(n) = oo and Invr(co) = 1, having components of both finite and infinite
diameters.

Case 3. Let Invp(n) = oo and Invp(oo) = 1. Let the cubic model Q have only an
infinite number of connected components of infinite diameters. For the cubic model
Q, it is true that Q = | |,, Q;, where Q] = Q5 U Q] ,,i > 2. That is, first we take
the finite model and increase the diameters of the connected components, we get
a model with a finite number of connected components, each of which is infinite-
dimensional cubes, then, increasing the number of the connected components, we
get the desired model Q. O

4. DISCUSSION

Pseudofinite structures in an explicit form after J. Ax were not studied for a
long time. Until the 1990s, only a few results on this topic were obtained, and
the very first result is the result of B.I. Zilber [23] asserting that w-categorical
theory is not finitely axiomatizable. At the time, the property of being pseudofinite
was not considered particularly important or interesting, but the proof is based on
pseudofiniteness.

One of the first results in the theory of classification of pseudofinite structures
is the famous theorem of G. Cherlin, L. Harrington and A. Lachlan [4], which
generalizes Zilber’s theorem to the class of w-stable w-categorical structures, stating
that totally categorical theories (and in more generally, w-categorical w-stable theo-
ries) are pseudofinite. They also proved that such structures are smoothly approxi-
mated by finite structures.
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Recall that the w-categorical structure M is said to be smoothly approzimated
if it is the union of an w-chain of finite homogeneous substructures; or equivalently,
if any sentence ¢ € Th(M) is true of some finite homogeneous substructure N of
M.

A. Lachlan introduced the concept of smoothly approzimable structures to change
the direction of analysis from finite to infinite, that is, to classify large finite
structures that appear to be smooth approximations to an infinite limit.

Smoothly approximated structures were first examined in generality in [9], subse-
quently in [10]. The model theory of smoothly approximable structures has been
developed very much further by G. Cherlin and E. Hrushovski [6]. The class of
smoothly approximable structures is a class of w-categorical supersimple structures
of finite rank which properly contains the class of w-categorical w-stable structures
(so in particular the totally categorical structures).

Remark 1. Note, that the above shows that the stable structures which are
homogeneous in a finite relational language are w-categorical and w-stable, and
w-categorical w-stable structures are smoothly approximated and pseudofinite. The
converses of these statements are false.

Recall [21, 22] that a countable model Q of a theory T is called a limit model
if @ is represented as the union of a countable elementary chain of models of the
theory T that are simple over tuples, and the model Q itself is not simple over any
tuple. A theory T is called [-categorical if T has a unique (up to isomorphism) limit
model.

Homogeneity and [-categoricity, as well as the Morley rank for a fixed cubic
theory, are studied in [20, 18].

Theorem 3. Any model Q of the l-categorical cubic theory T is smoothly approxi-
mable by finite cubic structures.

Proof. The limit model Q of I[-categorical cubic theories T is represented as an
ascending chain of finite prime substructures Qj C Q) C ... C Q such that Q =
Uic. Qi and there is an automorphism o of Q such that o(Q}) = Q;. O

5. CONCLUSION

In the paper the ranks and degrees for families of cubic theories are described.
Several examples of families of finite rank cubic theories are given. It is proved that
any cubic theory on an infinite set is pseudofinite.

d(T) is finite d(T) is infinite

the number | for T with | for T with

of Invp(n) is | Invp(co) = 0| Invp(oo) = 1

bounded and  Supp(T) is|and Supp(T) is
finite, RS(T) =0 | finite, RS(T) =

RS(Tewp) = 00 for T with | for T with

Invp(co) = 0 and | Invp(co) = 1 and
Supp(T) is infinite, | Supp(T) is infinite,
RS(T) =« RS(T) =«

the number | for T with | for T with

of Invr(n) is | Invr(oco) = 0 and | Invr(oco) = 1 and

unbounded Supp(T) is infinite, | Supp(T) is infinite,
RS(T) =00 RS(T) =0
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