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A STUDY ON STRONG (WEAK) VE-COVERING SETS AND
VE-POSETS OF A GRAPH

L. ANUSHA !, N. V. S. UDUPA'* AND N. PRATHVIRAJ?

ABSTRACT. The ve-degree of a vertex v € V denoted by dy.(v) is
the number of edges in the subgraph (N[v]). A vertex v is said to ve-
cover an edge e if e is an edge of the subgraph (N[v]). A set S C V is
called a ve-covering set of a graph G if every edge of G is ve-covered
by some vertex in S. The ve-covering number denoted as aw.(G) is the
minimum cardinality of a ve-covering set of G. In this paper, we define
new parameters such as strong (weak) ve-covering number and strong
(weak) ve-separating number, and we establish a relationship between
them. In addition, we define a partial order on the vertex set of a graph
using ve-degree conditions, and study some of its properties.

Keywords: ve-covering number, strong ve-covering number, strong ve-
separating number, ve-poset.

1. INTRODUCTION

By a graph G = (V, E) we mean a finite, simple and undirected graph of order
|V | = p and size |E| = ¢, where V and FE respectively denote the vertex set and the
edge set of G. The terminologies and notations used here are as in [1, 2]. For any
v € V, the set N(v) = {u € V : uv € E} is the open neighbourhood of the vertex
v and the set N[v] = N(v) U {v} is the closed neighbourhood of v. Then (N[v])
denotes the subgraph of G induced by the set Nv].

A vertex v is said to cover an edge e if e is incident on v. A set D C V is
called a vertex cover of G if every edge in G is covered by some vertex in D. The
vertex covering number (@) is the minimum cardinality of a vertex cover of G.
The strong (weak) vertex coverings of a graph was first introduced by S. S. Kamath
and R. S. Bhat [5]. For an edge e = uv, v strongly covers the edge e if d(v) > d(u).
Then u weakly covers e. A set S C V is a strong (weak) vertex cover of a graph
G if every edge in G is strongly (weakly) covered by some vertex in S. The strong
(weak) vertex covering number sa(G) (wa(G)) is the minimum cardinality of a
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strong vertex cover (weak vertex cover) of G. These two parameters satisfy the
following inequality: for any graph G, sa(G) < wa(G) < a(G).
In 1985, E. Sampathkumar and P. S. Neeralagi [4] initiated the study of neighbourhood
set of a graph. A set S C V is a neighbourhood set of G if G = |J (N[v]) where
veS

(N[v]) is the subgraph of G induced by N[v]. The neighbourhood number ny(G) is
the minimum cardinality of a neighbourhood set of G. The concept of ve-degree of
a vertex was introduced by S. S. Kamath and R. S. Bhat [3]. The ve-degree of a
vertex v € V' denoted by dy.(v) is the number of edges in the subgraph (N[v]). For
any graph G without triangles, we have d,.(v) = d(v), for every vertex v € V. The
maximum ve-degree of a graph G is denoted by A,.(G) and the minimum ve-degree
of G is denoted by 0,.(G). A graph G is said to be ve-regular if dye(v) = dye(u),
for every v,u € V. A vertex v is said to ve-cover an edge e if e is an edge of the
subgraph (N[v]). A set S C V is called a ve-covering set of a graph G if every edge
in G is ve-covered by some vertex in S. The ve-covering number denoted as o, (G)
is the minimum cardinality of a ve-covering set of G. Note that, for any graph G
without isolated vertices, any ve-covering set of G is also a neighbourhood set of G,
and vice versa. Hence, ng(G) = a,e(G), for any graph G without isolated vertices.
Further, if a graph G has k isolated vertices, then ny(G) = ay.(G) + k.

2. STRONG (WEAK) VE-COVERING SETS AND STRONG (WEAK) VE-SEPARATING
SETS OF A GRAPH

Definition. Let G = (V, E) be a graph. We say that a vertex v € V strongly
(weakly) ve-covers an edge e = uw € E if v ve-covers e and dye(v) > dye(u)

(dpe(v) < dye(u)) and dye(v) > dye(w) (dye(v) < dye(w)). A set S C V is said to
be a strong (weak) ve-covering set of G if elements of S strongly (weakly) ve-covers
all the edges of G. The strong (weak) ve-covering number sa,.(G) (wa,.(G)) of G
is the minimum cardinality of a strong (weak) ve-covering set of G.

Definition. A set S C V is said to be a strong (weak) ve-separating set of G if for
every v € S and for any edge e in (N[v]) there exists a vertex w € V — S such that
w weakly (strongly) ve-covers e. The strong (weak) ve-separating number sa/ (G)
(wal (Q)) of G is the maximum cardinality of a strong (weak) ve-separating set of
G.

Remark 2.1. (i) For a null p-vertex graph K,, we assume that soe(K,) =
woue(Kp) = 0 and sat, (K,) = wa, (Ky) = p.

(i) Let G = (V, E) be a non-trivial and non-null graph and ua,, (us,,) be a vertex
of G of mazimum (minimum) ve-degree. Then V — {us,.} (V —{ua,.}) is a
strong (weak) ve-covering set of G. Further, {ua,, } ({us,,}) is a strong (weak)
ve-separating set of G.

Example 2.1. For the graph G given in the Figure 1, dy.(vi) = 3, dye(ve) =
dye(v3) = 5, dye(vea) = 4, dye(vs) = 2 and dye(vs) = 1. Thus, {vs,vs} is a ve-
covering set of G, {vs,vs4,v5} is a strong ve-covering set of G and {v1,v4,v5,06}
is a weak ve-covering set of G. Further, {vs,vs} is a strong ve-separating set of G
and {v1,vs, v} 15 a weak ve-separating set of G. Hence, c,e(G) = 2, saue(G) = 3,
wawe(G) =4, sal . (G) =2 and wal, (G) = 3.
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2.1. Preliminary results.
(i) For any graph G, au,.(G) < min{sa,e(G), way.(G)} and, for any ve-regular
graph G, a,e(G) = $Qye(G) = waye(G)
(ii) If a graph G has no triangles, then sa,.(G) = sa(G) and wa,.(G) = wa(G).
(iii) Let G be a connected graph of order p. Then sa,.(G) = 1 if and only if there
exists v € V such that d(v) =p — 1.
(iv) Let G be a connected graph of order p. Then way.(G) = 1 if and only if
G=K,.

2.2. Gallai-type results. We now obtain Gallai-type results for the new parameters
defined. We first prove the following.

Lemma 2.1. Let G = (V, E) be a graph. For any set S CV,
(i) S is a strong ve-covering set of G if and only if V — S is a weak ve-separating
set of G.
(i1) S is a weak ve-covering set of G if and only if V — S is a strong ve-separating
set of G.

Proof. Let S be a strong ve-covering set of G and W = V' —S. Then for any w € W,
let e be an edge in the subgraph (N[w]). Since S is a strong ve-covering set, there
exists s € .S such that s strongly ve-covers e. Thus, W is a weak ve-separating set, of
G. Conversely, let W be a weak ve-separating set and S =V —W. Let e = uv € E.
Then we consider the following cases:

case 1: If either u € W or v € W, then either e € (N[u]) or e € (N[v]). Since W is a
weak ve-separating set, there exists s € V — W = S such that s strongly ve-covers
e.
case 2: If u ¢ W and v ¢ W. Then either u or v strongly ve-covers e.

Hence, S is a strong ve-covering set.

Similarly, we can prove that the complement of a weak ve-covering set of G is a
strong ve-separating set of G. O

Theorem 2.2. For any graph G = (V, E) of order p,
(i) stwe(G) +wa, (G) =p
(i1) wa,e(G) + sal (G) = p.

Proof. Let S be a strong ve-covering set of G such that |S| = saw(G). Then by
Lemma 2.1, V — S is a weak ve-separating set of G. Hence, wal (G) > |V — S|.
Therefore, sau,(G) + wal, (G) > p. Again, if W is a weak ve-separating set of G
such that |W| = wal (G). Then V — W is a strong ve-covering set by Lemma 2.1.
Hence, say(G) + wal,.(G) < p. Then from the above inequalities () follows. With
similar arguments we can prove (7). O
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Remark 2.2. (i) A minimum strong (weak) covering set of a graph G is a ve-
covering set of G, but need not be a strong (weak) ve-covering set of G. For
example, consider the graphs G and H given in the Figure 2. Note that S =
{va, v3,v4,v5} is the minimum strong covering set of G; i.e., |S| = sa(G).
But S is not a strong ve-covering set. Further, W = {uy,us,uq,ug} is the
minimum weak covering set of H, which is not a weak ve-covering set of H.

v )
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v v
13 12 Graph H
Graph G
FiG. 2

(ii) The numbers sou,e(G) and wa,e(G) are incomparable in general. For example,
in Figure 8, {v1, vq, v5, 06} is a weak ve-covering set of G1 and {v1,vs,vs,v7,v8}
is a strong ve-covering set of G1. Hence, sa,o(G1) =5 > 4 = wa,.(G1). On
the other hand, let S5 denote the star graph with 3-vertices. Then sa,e(S3) =
1 < 3 = woe(Ss).

V2

Fic. 3. Graph G;

2.3. Construction of a graph with arbitrarily large difference between
soue(G) and oy, (G). Consider the graph G4 given in the Figure 3 and rename v; by
v15,Vj. We have soue(G1) — aye(G1) = 1. Let G4 = G and we rename v; by v;,Vj.
Let G5 be the graph obtained by joining the vertices v1; of G and vgs of GY by an
edge, as shown in the Figure 4. Note that {'U117 V12, V13, V17, V18, V21, V22, U23, V27, Ugg}
is a strong ve-covering set of minimum cardinality and {v11, v14, V15, V16, V21, V24, V25, U26 }
is a ve-covering set of minimum cardinality of Ga. Hence, saye(G2) — e (Ga) = 2.
Similarly, for n > 3, let G/, = G and rename v; by v,;, Vj. Consider the graph
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G, obtained by joining the vertices v,_11 of G,—1 and v,s of G/, by an edge. Then

U {vi1, via, vis, vi7, vig } is a strong ve-covering set of minimum cardinality of G,, and
i=1
n

U {vi1, via, vis, vig } is a ve-covering set of minimum cardinality of G,,. Therefore,
i=1

$Qpe(Gr) — pe(Gr) = n. Thus, it is possible to find a graph with arbitrarily large
difference between so,. and aye.

Remark 2.3. Consider a star graph S, with n vertices. We observe that the
difference between quye(Sy) and cuyye(Sn) is n — 1, which can be made arbitrarily
large.

2.4. Algorithm to find the strong ve-covering number of a graph G =
(V,E). Input: The vertex set V = {v1,v2,...,0p} with dye(v1) > dye(ve) > ... >
dye(vp), the edge set E and the edge set E((N[v;])) of the subgraph (N{v;]), for all
1,1 <1< p.
Output: sa,.(G), wa,,(GQ)
Algorithm:
S = {’Ul}
E=E - E((Nu])
for (i=2;i<p;i=i+1)
if ENE({(N[vi])) # ¢ then
for (j=i+1;j<p;j=3j+1)
if dye () = due(v;) AND [E((N[v]] - $))| < [E((N[v;] - 5))| then
temp =v; (Here temp is a temporary variable)

V; = Vj
vj = temp
end if

end for
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S=5uU {Uz}
E=F-E(N[v]))
end if
end for
S (G) = |5
W=V-8
wa, (G) = [W]|

Note: In a similar manner. we can construct an algorithm to find way.(G) and
sl (G) by considering the vertex set V = {v1, v, ..., vp} with dye(v1) < dye(v2) <
e <dye(vp).

Remark 2.4. The time complexity of the algorithm 2.4. in worst case scenario is

O(n?).

3. STRONG AND WEAK VE-DEGREE OF A VERTEX

Definition. The strong (weak) ve-degree of a vertex v € V denoted by dsy.(v)
(dwve(v)) is the number of edges strongly (weakly) ve-covered by v.

Definition. The regular ve-degree of a vertex v € V denoted by d,.(v) is the
number of edges which are both strongly and weakly ve-covered by v.

Definition. The balanced ve-degree of a vertex v € V' denoted by dpye(v) is the
number of edges which are neither strongly nor weakly ve-covered by v.

U3

V1
Vg

V2
5

FiGc. 5. Graph G

Example 3.1. Consider the graph G given in the Figure 5. Then dsy.(vs) = 2,
dwve(v5) =3, dbve(v5) =1, d'r've(v5) =1

Theorem 3.1. Let G=(V,E) be a graph. Then for any vertez v € V,
dve(v) = dsve(U) + dwve(v) + dbve;’(v) - drv(»;’(v)-

Proof. Consider any vertex v € V and let D be the set of all edges ve-covered by v,
S be the set of all edges strongly ve-covered by v, W be the set of all edges weakly
ve-covered by v, R be the set of all edges which are both strongly and weakly ve-
covered by v and B be the set of all edges which are neither strongly nor weakly
ve-covered by v. By definition, SNW =R, SNB=¢, WNB=¢ and RN B = ¢.
Then, dye(v) = |D|=|SUWUB|=|S|+ |W|+|B|—|SNW|—-|SNB|—|Wn
B4+ |SNW N B| =dspe(v) + dwpe (V) + dppe (V) — dppe (V). O
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3.1. Algorithm to find strong, weak, regular and balanced ve-degree of a
vertex. Input: A vertex v € V and the edge set of the subgraph (N[v]).
OUtPUt: dsve(v)a dwve(v)a drve(v); dbve(v)

Algorithm:
S=¢
W=2¢

while E ((N[t])) #
if uw is any edge in E ((N[v])) then
if dye(v) > dye(u) AND dye(v) > dye(w) then
S =SU{uw}
end if
if dye(v) < dye(u) AND dye(v) < dye(w) then
W =W U {uw}
end if
end if
E((N[o]) = E ((N[o])) — {uw)
end while
dsvra(v) = ‘S|
due(v) = [W|
drpe(v) = |SNW]|
dpoe(v) = [E ((N[v])) = (SUW)|

Remark 3.1. The time complezity of the algorithm 3.1. in worst case scenario is
O(n).
4. VE-STRONG NUMBER AND VE-WEAK NUMBER OF A GRAPH

Definition. A vertex v € V is called a ve-strong (ve-weak) vertex if d,.(v) >
dye(1),Yu € N(v) (dpe(v) < dye(u),Yu € N(v)).

Definition. A vertex v € V is called a ve-regular vertex if dy.(v) = dye(u),Vu €
N(v).

Definition. A vertex v € V is called a ve-balanced vertex if there exists u,w €
N (v) such that dye(u) < dype(v) < dye(w).

Definition. A set S C V is said to be a ve-strong set if every vertex in S is
a ve-strong vertex. The ve-strong number of G denoted by s,.(G) is defined as
Sve(G@) = maz{|S] :S is a ve-strong set of G}.

Similarly, ve-weak set, ve-regular set, ve-balanced set, ve-weak number (w,.(G)),
ve-regular number (r,.(G)) and ve-balanced number (b,.(G)) of G are defined.

Example 4.1. Consider the graph G given in the Figure 6. Here v and vy are the
Vg Vs

&

U3 U6

FiG. 6. Graph G
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ve-strong vertices of G, v1,vs,v3,v5, and vg are the ve-weak vertices of G, v is the
ve-reqular vertex of G and vy is the ve-balanced vertex of G. Hence, s,o(G) = 2,
Wye(G) =5, 14e(G) =1 and bye(G) = 1.

Theorem 4.1. Let G = (V,E) be a connected graph of order p. Then $,.(G) +
Wye(G) — Tpe(G) + bye(G) = p.

Proof. Let S, W, R and B respectively denotes the strong ve-set, weak ve-set,
regular ve-set and balanced ve-set of G. By definition, SOW = R. Also, observe that
any ve-balanced vertex is neither ve-strong vertex nor ve-weak vertex. Therefore,
(SUW)NB =¢. We have V = (SUW) U B. Hence, p = |V| = |SUW| + |B| =
S|+ W[ = [SOW][+|B| = s0e(G) + woe(G) — re(G) + bue(G). 0

4.1. Algorithm to find ve-strong number, ve-weak number and ve-balanced
number of a graph G. Input: The vertex set V' = {vy,v2,...,v,} of a graph G
and N(v;) = {ui,, Wiy, ..., u;y, } of each vertex v; € V, where k; is the usual degree
of Vi, Vi. /
Output: 51)@(G)7 wve(G)a T?)e(G)a bue(G)
Algorithm:
S=¢
W=9
for (i=1;i<p;i=i+1)
flagl =0
flag2 =0
for (j=1j<k;j=3j+1)
if d,. (uij) > dye (Uz) then
flagl =1
else if dye(u;;) < dye(v;) then
flag2 =1
end if
end for
if flagl = 0 then
S=5uU {’Ul}
else if flag2 = 0 then
end if
end for
sve(G) = |S]
Wye(G) = W]
roe(G) = |S N W]
boe(G) =p — [SUW|

Remark 4.1. The time complezity of the algorithm 4.1. in worst case scenario is

O(n?).

5. VE-POSET OF A GRAPH

A partial order on a set A is a relation on A which is reflexive, antisymmetric
and transitive. A set on which a partial order is defined is called a partially ordered
set or briefly poset. A poset P with a partial order < is usually denoted by (P, <).
An element m of a poset (P, <) is called a minimal (maximal) element of P if there
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is no element x € P such that x < m (z > m). A lattice is a poset in which every
pair of elements has greatest lower bound and least upper bound. For a survey on
posets refer [6].

Definition. Let G = (V, E) be a graph. Define a relation > on the vertex set V'
by, for any u, v € V, u > v if either u = v or there exists a u — v path in G say
U = V1, Vg, ..., Uy, = v such that dye(v1) > dye(va > ... > dye(vy,). Then > is a partial
order on V. Hence, (V,>) is a poset, called as the ve-poset of a graph G.

Example 5.1.
v

Vg

U1 Us O v3 V6

vs
V2 Vs

Fia. 7. Graph G and ve-poset (V,>)

Consider the graph G = (V, E) given in the Figure 7. Then d,.(v1) = 2, dye(v2) =
2, dve(US) =4, dve(v4) =1, dve(US) = 3, dve(UG) =9, dve(v7) = 6, dve(v8) = 2.
Then v4 > vy > vg > vs, V4 > V7 > Vg, V4 > V3 > v9 and v is not related to any
element of V' — {v;} with respect to >. The Hasse diagram of the ve-poset (V,>)
is given in the Figure 7.

Remark 5.1. (i) The relation < defined on V by, for any u, v € V, u < v if
either w = v or there exists a uw — v path in G say u = vy, Vs, ..., v, = v Such
that dye(v1) < dye(v2) < ... < dye(vy) is a partial order on V. Moreover,
(V, <) is the dual of the ve-poset (V,>).

(i) If two graphs G1 and G2 are isomorphic then their ve-posets are order isomorphic.

But the converse need not be true. For example, consider the graphs G =
(Vi, E1) and Gy = (Va, Es) given in the Figure 8. Note that the graphs G

Fi1G. 8. Graphs G; and Gy

and Go are not isomorphic, but their ve-posets are order isomorphic. The
Hasse diagram of the ve-posets (V1,>) and (Va,>) is given in the Figure 9.
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FiG. 9. Hasse diagram of the ve-posets (V1,>) and (V3,>)

(iii) If a graph G is ve-regular, then its ve-poset is an antichain.
Theorem 5.1. Let G = (V, E) be a graph and (V,>) be the ve-poset of G. Then

(i) u is a ve-strong (ve-weak) vertex of G if and only if u is a mazimal (minimal)
element of V.
(i) u is a ve-balanced vertex of G if and only if u is neither a minimal nor a
mazximal element of V.
(i5i) w is a ve-regular vertex of G if and only if u is not related to any element of
V — {u} with respect to >.

Proof. (i) Let u be a ve-strong vertex of G. Suppose there exists v € V such
that v > u. Then there is a v — w path in G say v = v, v9,...,v, = u such that
ye(V) > dye(v2) > ... > dye(Vn—1) > dye(u). We observe that v,_1 € N(u). Since
u is a ve-strong vertex, we have dyc(u) > dye(v,—1), which is a contradiction.
Therefore, u is a maximal element of V. Conversely, assume that u is a maximal
element of V. Suppose there exists w € N(u) such that dye(w) > dye(u). Then,
w,u is a w — u path in G with the property dy.(w) > dye(u). This implies, w > u
in V, which is a contradiction to our assumption. Hence, u is a ve-strong vertex of
G.

Similarly, we can prove that u is a ve-weak vertex of G if and only if « is a minimal
element of V.

(ii) Let u be a ve-balanced vertex of G. Then there exists v,w € N(u) such that
dye(V) > dye(u) > dye(w). Then v,u is a v — u path and w,w is a v — w path
in G such that dye(v) > dye(u) > dye(w). This implies, v > v > w in V. Hence,
u is neither a minimal nor a maximal element of V. Conversely, let © € V such
that u is neither a minimal nor a maximal element. Then there exists v,w € V
such that v > uw > w. Then there is a v — u path in G say v = v1,v9,...,v, = u
such that dye(v) > dye(va) > ... > dye(vn—1) > dye(u) and a u — w path in G say
U = UL, U, ..., U = w such that dye(u) > dye(ug) > ... > dy(w) . We observe that
Un—1, U2 € N(u) such that dye(vn—1) > dye(u) > dye(uz). Hence, u is a ve-balanced
vertex of G.

(i1i) A vertex u of G is ve-regular if and only if u is both ve-strong and ve-weak
vertex of G if and only if w is both maximal and minimal element of V' if and only
if u is not related to any element of V' — {u} with respect to >. O

Theorem 5.2. Let G = (V, E) be a connected graph. Then the Hasse diagram of
the ve-poset (V,>) is a connected graph if and only if for any two vertices u and v
of G, there exists a u — v path in G having adjacent vertices of distinct ve-degrees.

Proof. Assume that the Hasse diagram of the ve-poset (V, >) is a connected graph.
Suppose there exists two vertices u and v such that every v — v path in G contains
some adjacent vertices of same ve-degree. Then u and v are not related to each



A STUDY ON STRONG (WEAK) VE-COVERING SETS AND VE-POSETS OF A GRAPH 11

other in (V,>). Now, suppose a lowerbound of v and v exists in V. We choose a
lowerbound [ of w and v such that [ is a maximal element of the set of all lowerbounds
of w and v. Then u > [ and v > [ in V. This implies, there exists a u — [ path in
G say u = uy,Ug, ..., u, = I such that dye(u) > dye(uz) > ... > dye(l) and a v — 1
path in G say v = vy, 02, ...,v, = [ such that dye(v) > dye(v2) > ... > dye(l). Then
Uy Uy eeey U—1, 1, Vp—1,-.-, V2,V I8 & u — v path in G such that adjacent vertices has
the distinct ve-degrees, which is a contradiction. Hence, a lowerbound « and v does
not exists in V. Similarly, we can prove that a upperbound v and v does not exists
in V. This implies, u and v does not lie in the same component of the Hasse diagram
graph of ve-poset (V, >), which is a contradiction to our assumption. Thus, for any
two vertices u and v of G, there exists a u — v path in G having adjacent vertices of
distinct ve-degrees. Conversely, assume that for any two vertices u and v of G, there
exists a u—wv path in G having adjacent vertices of distinct ve-degrees. Let u,v € V.
Then by our assumption there exists a u — v path say v = uy,ug,....,u, = v in G
having adjacent vertices of distinct ve-degrees. For any i, 1 < i < n — 1, consider
u; and ;1. Then either dye(u;) > dye(u;q1) or dye(u;) < dye(u;yq). This implies,
either u; > w;41 or u; < w41 in V. Then there is a line between u; and u;y; in
the Hasse diagram of (V,>). Therefore, v and v lies in the same component of
the Hasse diagram graph of the ve-poset (V,>). Hence, the Hasse diagram of the
ve-poset (V,>) is a connected graph. O

Theorem 5.3. Let G = (V,E) be a graph of order p > 1. If (V,>) is a lattice,
then $ue(G) =1, wye(G) =1, 14¢(G) =0 and b, (G) =p — 2.

Proof. Assume that the ve-poset (V,>) is a lattice. Then V' has unique maximal
and minimal elements. By the Theorem 6.1, we have s,¢(G) = 1 and w,(G) = 1.
Also, if G has a ve-regular vertex say u, then by the Theorem 6.1. we observe that
the greatest lower bound of u with any element of the set V' — {u} does not exists
in V', which is a contradiction to our assumption. This implies, 7,.(G) = 0. Hence,
by Theorem 5.1., b,.(G) =p — 2. O

CONCLUSION

The notion of mixed degrees namely, ve-degree motivated us to define strong
(weak) ve-covering sets and their compliment sets. Further, we defined a partial
order on the vertex set using ve-degree which relates the special type of vertices
with poset related parameters. In a similar manner, strong (weak) neighbourhood
sets can be defined using ve-degree conditions for graphs with isolated vertices,
which yields the similar results.
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