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AN ALGORITHMIC APPROACH TO FIND N-COVERING SETS
AND AN INTRODUCTION TO VE-POSET OF A GRAPH
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ABSTRACT. In this paper, we defined strong (weak) n-covering number
and strong (weak) n’-covering number and obtained Gallai’s type result.
We obtained algorithms to find the above defined numbers and showed
that it is possible to get arbitrarily large difference between n-covering
and strong n-covering numbers. Further, we investigated a partial order
on set of vertices using ve-degree conditions and studied some of its
properties.
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1. INTRODUCTION

By a graph G = (V, E) we mean a finite, undirected, simple graph of order
|[V| = p and size |E| = q, where V' and F respectively denote the vertex set and
the edge set of G. The terminologies and notations used here are as in [2, 5]. For
v € V, the open neighbourhood of v is given by N(v) = {u € V : uv € E} and the
closed neighbourhood of v is N[v] = N(v)U{v}. In 1985, E. Sampathkumar et al. [4]
initiated the study of neighbourhood set of a graph. A set S C V is a neighbourhood
set of G if G = |J (N[v]) where (N[v]) is the subgraph of G induced by N[v]. The

veS

neighbourhood number n¢(G) is the minimum cardinality of a neighbourhood set
of G. A vertex v € V is said to n-cover an edge e = uw € F if u,w € N[v]. The
concept of ve-degree of a vertex was introduced by S.S. Kamath and R.S. Bhat [3].
A vertex v € V is ve-adjacent to an edge e € FE if e is an edge of the subgraph
(N[v]). The ve-degree of a vertex v € V denoted by dy.(v) is the number of edges
ve-adjacent to v. In other words, d,.(v) is the number of edges n-covered by v. A
graph G = (V, E) is said to be ve-regular if dye(v) = dye(u),Vv,u € V. A partial
order on a set A is a relation on A which is reflexive, antisymmetric and transitive.
A set on which a partial order is defined is called a partially ordered set or briefly
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poset. A lattice is a poset in which every pair of elements has greatest lower bound
and least upper bound. For a survey refer [1].

2. STRONG n-COVERING SET AND STRONG n/-COVERING SET OF A GRAPH

Definition. A vertex v € V is strongly (weakly) n-covers an edge e = vw € E if
v n-covers e and dye(v) > dye(t) (dpe(v) < dye(u)) and dye(v) > dye(w) (dye(v) <
dye(w)). A set S CV is said to be a strong (weak) n-covering set of G if elements
of S strongly (weakly) n-covers all the edges of G. The strong (weak) n-covering
number sno(G) (wno(G)) of G is the minimum cardinality of a strong (weak) n-
covering set of G.

Definition. A set S C V is said to be a strong (weak) n/-covering set of G if for
every v € S and for any edge e in (N[v]) there exists a vertex w € V — S such
that w weakly (strongly) n-covers e. The strong (weak) n’-covering number sn{(G)
(wngy(G)) of G is the maximum cardinality of a strong (weak) n'-covering set of G.

Example 2.1.

U1

V2 U3
Fia. 1. Graph Gh

Consider the graph G with vertex set V = {vy,v2,...,v9} as given in the FIG.
1. Then S; = {v1,v4, 05,06} is both n-covering set and weak n-covering set of G4
and So = {vy1,v9,vs3,v7,v8} is a strong n-covering set of G1. Also, V — S is a strong
n/-covering set of G1 and V — S5 is a weak n/-covering set of G1. We observe that,
no(G1) =4, wng(G1) =4, sno(G1) =5, sny(G1) = 5 and wn((G1) = 4.

2.1. Preliminary results.
(i) For any graph G, no(G) < min{sno(G), wno(G)}.
(ii) For any ve-regular graph G, ng(G) = sng(G) = wno(G)
(iii) Let G be a connected graph of order p. Then sng(G) = 1 if and only if there
exists v € V such that d(v) =p — 1.
(iv) Let G be a connected graph of order p. Then wno(G) = 1 if and only if
G =K,.
(v) For a path graph G = P, with n > 2, ng(G) = sno(G) = | 2| and wno(G) =
3]+,
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(vi) For a complete bipartite graph G = K.y, 1, no(G) = sno(G) = min{m,n} and
wng(G) = max{m,n}.

Proof. (iv) If G is connected graph of order p and size ¢ with wng(G) = 1, then
there exists v € V which weakly n-covers all the edges of G. This implies that
q = dye(v) < dye(u),Vu € V. Therefore, dye(u) = ¢, Vu € V. Thus G = K.
Conversely, if G = K, then d,(v) = ¢,Vv € V. Hence, wno(G) = 1. O

Theorem 2.1. For any graph G = (V, E) of order p,
sno(G) +wng(G) =p
wng(G) + sny(G) = p.

Proof. Let S be a strong n-covering set of G and W =V — S . Then for any w € W,
let e be an edge in the subgraph (N[w]). Since S is a strong n-covering set, there
exists s € S such that s strongly n-covers e. Thus, W is a weak n’-covering set of
G. Conversely, let W be a weak n’-covering set and S =V — W. Let e = uwv € E.
Then we consider the following cases:

case 1: If either u € W or v € W, then either e € (N[u]) or e € (N[v]). Since W is
a weak n/-covering set, there exists s € S such that s strongly n-covers e.

case 2: If u ¢ W and v ¢ W. Then either u or v strongly n-covers e.

Hence, S is a strong n-covering set.

Similarly, we can prove that the complement of a weak n-covering set of G is a
strong n'-covering set of G. O

3. ALGORITHMS

Let G = (V, E) be a graph of order p. If e is an edge joining the vertices v and
w, then we denote e by vw. For any v € V', let E((N[v])) denote the edge set of the
subgraph (N[v]).

3.1. Algorithm to find N[v] and ve-degree of a vertex v € V. Input: The
vertex set V' and the edge set F of a graph G and a vertex v € V.
Output: N(v), N[v], dye(v).
Algorithm:
N(v) = ¢
while V # ¢
if ue V AND wv € E then
N(v) = N(v)U{u}
end if
V=V—{u}
end while
N[v] = N(v) U{v}
dye(v) =0
N=2¢
while N (v) # ¢
if u € N(v) then
N = N U {uv}
while N(u) # ¢
if we N(u)NN(v) AND uw € E then
N = N U {uw}
end if
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N(u) = N(u) - {w}
end while
end if
N(v) = N(v) — {u}
end while

dye(v) = |N|
3.2. Algorithm to find a neighbourhood set of a graph G.

3.2.1. Algorithm to find the edge set E((S)) of the subgraph induced by a subset S
of V. Input: The vertex set V = {v1,v2,...,v,} and the edge set E of of a graph
G. A set S ={uy,ug,...,ux} CV.
Output: E((S))
Algorithm:
E(S) = 6
for i=1,i<k,i=i+1)
for (j=i+1,j<k,j=j+1)
if u;u; € E then
E((S)) = E({5)) U{uu;}
end if
end for
end for

3.2.2. Algorithm to sort the elements of the vertex set V of a graph G in the
descending order of the ve-degrees. Input: The vertex set V = {v1,vs,...,v,} of
a graph G and the ve-degree of each vertex v; € V,Vi.
Output: The vertex set V' with elements arranged in the descending order of the
ve-degrees.
Algorithm:
initialize v[ | = {v1,v2, ..., vp}
temp =0
for (i=1;i<pyi=i+1)

for (j=i+1;j<pji=j+1)

if dye(v[i]) < dye(v[j]) then

temp = vli]
ofi] = v[j
v[j] = temp
end if
end for
end for

Note: We name the above algorithm by the function sort(V,G).

3.2.3. Algorithm to find a minimal neighbourhood set of a graph G. Input: The
vertex set V' = {v1, v2, ..., v} and the edge set E of a graph G. The ve-degree and
E((N[v;])) of each vertex v; € V,Vi.

Output: A minimal neighbourhood set S of G.

Algorithm:

S=¢

while F # ¢
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v[] = sort(V —S (V- 5))
if ENE((N[v[1]])) # ¢ then

S =SuU{v[l]}
E=FE-E(N[[1]]))
end if

end while

3.3. Algorithm to find the strong n-covering number of a graph G. Input:
The vertex set V = {v1,vs, ..., vp} With dye(v1) > dye(v2) > ... > dye(vp) and the
edge set E of a graph G. E((N[v;])) of each vertex v; € V.
Output: sng(G), wny(G)
Algorithm:
S = {’Ul}
temp =0
for (i=2;i<p;i=i+1)
if ENE((N[vi])) # ¢ then
for (j=i+1;j<pj=7j+1)
if dye(vi) = doe(v;) AND [E((N[vi] = 5))[ < |[E((N[v;] —5))| then
temp = v;
Uy = V5
vj = temp
end if
end for
S=S5uU {Ui}
E = E - E((N[u)))
end if
end for
sno(G) = |5
W=VvV-5
wn(G) = (W]

Note: In the similar manner we can construct an algorithm to find wno(G) and
sng(G) by considering the vertex set V = {v1,v2, ..., vp} with dye(v1) < dye(ve) <
e <dye(vp).

3.4. Construction of a graph with arbitrarily large difference between
sno(G) and ng(G). Consider the graph G given in the FIG. 1 and rename v; by
v1,¥j. We have sng(G1) — no(G1) = 1. Let G4 = G7 and we rename v; by vs;,Vj.
Let G4 be the graph obtained by joining the vertices v1; of G1 and vay of Gf by an
edge, as shown in the FIG. 2.

Note that {UH, V12, V13, V17, V18, V21, V22, V23, V27, UQS} is a StI“OIlg n—covering set of

minimum cardinality and {v11,v14, V15, V16, V21, V24, V25, V26 } 1S a n-covering set of

minimum cardinality of Go. Hence, sng(G2) — ng(G2) = 2. Similarly, for n > 3, let

G’, = G1 and rename v; by v, ¥j. Consider the graph G,, obtained by joining the
n

vertices v,_11 of G_1 and v, of G), by an edge. Then | {vi1,vi2, vi3, vi7, Vig } 18
i=1
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V21

V12 V13

Fia. 2. Graph Gy

a strong n-covering set of minimum cardinality of G,, and U {vi1, Vi, Vi5, Vg } 1s a

n-covering set of minimum cardinality of G,,. Therefore, sno(G ) — no(Gr) = n.
Thus, it is possible to find a graph with arbitrarily large dlfference between sng and
ng-

4. STRONG AND WEAK VE-DEGREE OF A VERTEX

Definition. The strong (weak) ve-degree of a vertex v € V denoted by dsye(v)
(dwwe(v)) is the number of edges strongly (weakly) n-covered by wv.

Definition. The regular ve-degree of a vertex v € V denoted by d,,.(v) is the
number of edges which are both strongly and weakly n-covered by v.

Definition. The balanced ve-degree of a vertex v € V denoted by dpye(v) is the
number of edges which are neither strongly nor weakly n-covered by v.

Example 4.1.

Consider the graph G given in the FIG. 3. Then dgy.(vs) = 2, dyve(vs) = 3,
dbve(UB) = ]-7 drve(v5) =1.
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U3
¢
U1
Vg
(o)
V2
(%)

FiGc. 3. Graph G

Theorem 4.1. Let G=(V,E) be a graph. Then for any vertez v € V,
dye ('U) = dsye (U) + dwve(v) + dpve (U) — dyrve (U)

Proof. Consider any vertex v € V and let D be the set of all edges n-covered by v,
S be the set of all edges strongly n-covered by v, W be the set of all edges weakly
n-covered by v, R be the set of all edges which are both strongly and weakly n-
covered by v and B be the set of all edges which are neither strongly nor weakly
n-covered by v. By definition, SNW =R, SNB=¢, WNB=¢ and RN B = ¢.
Then, dye(v) = |D|=|SUWUB|=|S|+ |W|+|B|—|SNW|—-|SNB|—|Wn
B| 4+ |SNW N B| =dspe(v) + dwpe (V) + dppe (V) — dppe (V). O

4.1. Algorithm to find strong, weak, regular and balanced ve-degree of a
vertex. Input: A vertex v € V and the edge set of the subgraph (N[v]).
Output: ds’ue(v)a dwve(v)y drve(v); dbve(v)

Algorithm:
dspe(v) =0
duwe(v) =0
drye(v) =0
dbve (’U) = 0
S=¢
W=2¢

while E ((N[t])) #
if wvw € E((N[v])) then
if dye(v) > dye(u) AND dye(v) > dye(w) then
S =SU{uw}
end if
if dye(v) < dye(u) AND dye(v) < dye(w) then
W =W U {uw}
end if
end if
E((N[o]) = E ((N[o])) — {uw)
end while
dsve(v) = |9]
duve(v) = [W]
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droe(v) =[SO W
dpve(v) = |E ((N]v])) = (SUW) |

5. VE-STRONG NUMBER AND VE-WEAK NUMBER OF A GRAPH

Definition. A vertex v € V is called a ve-strong (ve-weak) vertex if dye(v) >
dye(u),Yu € N(v) (dpe(v) < dye(u), Yu € N(v)).

Definition. A vertex v € V is called a ve-regular vertex if dy.(v) = dye(u),Vu €
N(v).

Definition. A vertex v € V is called a ve-balanced vertex if there exists u,w €
N (v) such that dye(u) < dye(v) < dye(w).

Definition. A set S C V is said to be a ve-strong set if every vertex in S is
a ve-strong vertex. The ve-strong number of G denoted by S,.(G) is defined as
Sve(G) = max{|S] :S is a ve-strong set of G}.

Similarly, ve-weak set, ve-regular set, ve-balanced set, ve-weak number (W,.(G)),
ve-regular number (R,.(G)) and ve-balanced number (By,e(G)) of G are defined.

Example 5.1.

V2 Us

V4

U1 v7

V3 Ve
Fia. 4. Graph G

Consider the graph G given in the FIG. 4. Then v; and vy are the ve-strong
vertices of G, vy, v, v3, U5, and vg are the ve-weak vertices of G, v is the ve-regular
vertex of G and v7 is the ve-balanced vertex of G. Hence, S,.(G) = 2, W,.(G) = 5,
R,.(G) =1 and B,.(G) = 1.

Theorem 5.1. Let G = (V, E) be a connected graph of order p. Then S,.(G) +
Wye(G) — Rye(G) + Bye(G) = p.

Proof. Let S, W, R and B respectively denotes the strong ve-set, weak ve-set,
regular ve-set and balanced ve-set of G. By definition, SNW = R. Also, observe that
any ve-balanced vertex is neither ve-strong vertex nor ve-weak vertex. Therefore,
(SUW)NB = ¢. We have V = (SUW) U B. Hence, p = |V| = |SUW| + |B| =
S|+ W= [SOW|+|B| = Spe(G) + Wee(G) = Rue(G) + Bue(G). 0
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5.1. Algorithm to find ve-strong number, ve-weak number and ve-balanced
number of a graph G. Input: The vertex set V' = {v1,v2,...,v,} of a graph G
and N(v;) = {w;,, uiy, ,u”} of each vertex v; € V', where k; is the degree of v;,
Vi.
Output: S,c(G), Woe(G), Ruoc(G), Bue(G)
Algorithm:
S=¢
W=09
for (i=1;i<p;i=i+1)
flagl =0
flag2 =0
for (j=1;j <hsj=j+1)
if dve(uij) > dve(Ui) then
flagl =1
else if dyc(u;;) < dye(v;) then
flag2 =1
end if
end for
if flagl =0 then
else if flag2 = 0 then
end if
end for
Sve(G) = |S]
er(G) = ‘W|
R,.(G) =|SNW|
Bye(G) =p—|SUW|

6. VE-POSET OF A GRAPH

Definition. Let G = (V, E) be a graph. Define a relation > on the vertex set V
by, for any w, v € V, u > v if either u = v or there exists a u — v path in G say
U = V1,V2 ...,y = v such that dye(v1) > dye(va) > ... > dype(vyn). Then > is a
partial order on V. Hence, (V,>) is a poset, called as the ve-poset of a graph G.

Example 6.1.
V4

Vg

U1 Us O U3 V6
U1

v v V) U8
7 6 s s

Fia. 5. Graph G and ve-poset (V,>)

Consider the graph G = (V, E) given in the FIG. 5. Then dy.(v1) = 2, dye(v2) =
27 dve(v3) - 47 dve(v4) - 7; dve(v5) - 37 dve(UG) - 57 dve(v7) - 6; dve(v8) = 2.
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Then vy > v7 > vg > vs5, U4 > V7 > vg, V4 > v3 > vy and vy is not related to any
element of V' — {v;} with respect to >. The Hasse diagram of the ve-poset (V,>)
is given in the FIG. 5.

6.1. Preliminary results.

(i) The relation < defined on V' by, for any u, v € V, u < v if either u = v or
there exists a uw — v path in G say u = v1,va,...,v, = v such that d,.(v1) <
dye(v2) < ... < dye(vy,) is a partial order on V. Moreover, (V, <) is the dual of
the ve-poset (V,>).

(ii) If two graphs G and G are isomorphic then their ve-posets are order isomorphic.
But the converse need not be true. For example, consider the graphs G; =
(V1, Eq) and Gy = (Va, E5) given in the FIG. 6.

FiGc. 6. Graphs G; and Gy

Note that the graphs G; and G5 are not isomorphic, but their ve-posets are
order isomorphic. The Hasse diagram of the ve-posets (Vi,>) and (Va,>) is
given in the FIG. 7.

! !

Fia. 7. Hasse diagram of the ve-posets (V1,>) and (V3, >)

(iii) If a graph G is ve-regular, then its ve-poset is an antichain.

Theorem 6.1. Let G = (V, E) be a graph and (V,>) be the ve-poset of G. Then

(i) u is a ve-strong (ve-weak) vertex of G if and only if u is a mazimal (minimal)
element of V.
(i1) w is a ve-balanced vertex of G if and only if u is neither a minimal nor a
mazximal element of V.
(iii) w is a ve-regular vertex of G if and only if u is not related to any element of
V — {u} with respect to >.
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Proof. (i) Let u be a ve-strong vertex of G. Suppose there exists v € V such
that v > w. Then there is a v — u path in G say v = v, v9,...,v, = u such that
dye(V) > dype(v2) > ... > dye(vn—1) > dye(u). We observe that v,_1 € N(u). Since
u is a ve-strong vertex, we have dy.(u) > dye(vnp—1), which is a contradiction.
Therefore, v is a maximal element of V. Conversely, assume that v is a maximal
element of V. Suppose there exists w € N(u) such that dye(w) > dye(u). Then,
w,u is a w — w path in G with the property dy.(w) > dye(u). This implies, w > u
in V', which is a contradiction to our assumption. Hence, u is a ve-strong vertex of
G.

Similarly, we can prove that u is a ve-weak vertex of G if and only if w is a minimal
element of V.

(ii) Let u be a ve-balanced vertex of G. Then there exists v,w € N(u) such that
dye(V) > dye(u) > dye(w). Then v,u is a v — u path and w,w is a w — w path
in G such that dye(v) > dye(u) > dye(w). This implies, v > u > w in V. Hence,
u is neither a minimal nor a maximal element of V. Conversely, let v € V such
that u is neither a minimal nor a maximal element. Then there exists v,w € V
such that v > uw > w. Then there is a v — u path in G say v = v1,v9,...,v, = u
such that dye(v) > dye(va) > ... > dye(vn—1) > dye(u) and a u — w path in G say
U = UL, Uz, ..., u = w such that dye(u) > dye(uz) > ... > dye(w) . We observe that
Un—1,u2 € N(u) such that dye(vn—1) > dye(u) > dye(usz). Hence, u is a ve-balanced
vertex of G.

(i5i) A vertex u of G is ve-regular if and only if u is both ve-strong and ve-weak
vertex of G if and only if w is both maximal and minimal element of V' if and only
if w is not related to any element of V' — {u} with respect to >. O

Theorem 6.2. Let G = (V, E) be a connected graph. Then the Hasse diagram of
the ve-poset (V,>) is a connected graph if and only if for any two vertices u and v
of G, there exists a w— v path in G having adjacent vertices of distinct ve-degrees.

Proof. Assume that the Hasse diagram of the ve-poset (V, >) is a connected graph.
Suppose there exists two vertices u and v such that every u — v path in G contains
some adjacent vertices of same ve-degree. Then u and v are not related to each
other in (V,>). Now, suppose a lowerbound of v and v exists in V. We choose a
lowerbound [ of w and v such that [ is a maximal element of the set of all lowerbounds
of w and v. Then v > [ and v > [ in V. This implies, there exists a u — [ path in
G say u = uy,Ug, ..., u, = I such that dye(u) > dye(uz) > ... > dye(l) and a v — 1
path in G say v = vy, 02, ...,v, = [ such that dye(v) > dye(v2) > ... > dye(l). Then
Uy Uy eeey U—1, 1, Vp—1, ..., V2,0 I8 & u — v path in G such that adjacent vertices has
the distinct ve-degrees, which is a contradiction. Hence, a lowerbound u and v does
not exists in V. Similarly, we can prove that a upperbound v and v does not exists
in V. This implies, u and v does not lie in the same component of the Hasse diagram
graph of ve-poset (V,>), which is a contradiction to our assumption. Thus, for any
two vertices v and v of G, there exists a u — v path in G having adjacent vertices of
distinct ve-degrees. Conversely, assume that for any two vertices v and v of G, there
exists a u—wv path in G having adjacent vertices of distinct ve-degrees. Let u,v € V.
Then by our assumption there exists a v — v path say u = uy,u9,...,u, = v in G
having adjacent vertices of distinct ve-degrees. For any i, 1 < i < n — 1, consider
u; and w;y1. Then either dye(u;) > dye(uir1) or dye(u;) < dye(uir1). This implies,
either u; > wu;41 or u; < w41 in V. Then there is a line between u; and u;y; in
the Hasse diagram of (V,>). Therefore, v and v lies in the same component of
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the Hasse diagram graph of the ve-poset (V,>). Hence, the Hasse diagram of the
ve-poset (V,>) is a connected graph. O

Theorem 6.3. Let G = (V, E) be a graph of order p > 1. If (V,>) is a lattice,
then Sye(G) =1, Wy (G) = 1, Rye(G) =0 and B,(G) =p — 2.

Proof. Assume that the ve-poset (V,>) is a lattice. Then V has unique maximal
and minimal elements. By the Theorem 6.1, we have S,.(G) =1 and W,.(G) = 1.
Also, if G has a ve-regular vertex say u, then by the Theorem 6.1. we observe that
the greatest lower bound of u with any element of the set V' — {u} does not exists
in V, which is a contradiction to our assumption. This implies, R,.(G) = 0. Hence,
by Theorem 5.1., By.(G) = p — 2. O
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