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ABSTRACT. We analyze a well-known mathematical nonlinear model
describing equilibrium of an elastic body with one volume (bulk) rigid
inclusion. A possible frictionless contact of the body with a non-deformable
obstacle by the Signorini condition on a part of the body boundary is
assumed. On the remaining part of the boundary we impose a clamping
condition. For a family of corresponding variational problems, we analyze
the dependence of their solutions on location and shape of the rigid
inclusion. External volume forces depend on the parameters defining
location and shape of the inclusion. Continuous dependency of the solutions
on location and shape parameters of the inclusion is established. The
existence of a solution of the optimal control problem is proven. For
this problem, a cost functional is defined by an arbitrary continuous
functional on the Sobolev space of sought solutions, while the control is
given by three real-valued parameters describing location and shape of
the rigid inclusion.
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1. INTRODUCTION

The paper aims at shape control of geometry-dependent nonlinear variational
problems, which are motivated by application to mechanics of composite solids.
Clear advantages of using of composite parts in industry have increased the need
for mathematical tools in order to design and optimize in an efficient way composite
structures. One of important issues related to creation of reinforced composites
concerns investigation both of the best locations and shapes of incorporated
components. Nonlinear model approach using well-known Signorini type boundary
conditions can be applied for contact problems. This approach leads to variational
problems with an unknown contact zone.

Optimal control problems in the framework of variational inequalities with
unilateral constraints of the Signorini type for cases where the control given by a
volume or Neumann force were investigated, for example, in [1, 2|. A classification
of the different optimality systems of strong stationarity for the case of optimal
control of the obstacle problem can be found in [3, 4]. The researches on the shape
and topological sensitivity analysis of variational inequalities have been actively
elaborating [5, 6, 7, 8, 9, 10]. A shape-topological control problem for nonlinear
crack - defect interaction was investigated in [9]. In particular, as one of results
of this paper, an asymptotic representation of the strain energy release rate at
the tip of the crack with respect to diminishing defects like holes and inclusions of
varying stiffness has been obtained in [9]. The paper [11] concerns the control of rigid
inclusion shapes in 2D elastic bodies with cracks. In this work, for an optimal shape
problem a control of inclusion shapes is given by possible functions belonging to
some bounded closed set of the space H3(0,1). Existence of optimal shapes for this
problem was proved for a cost functional given by the Griffith formula. An optimal
control problem of finding the most safe rigid inclusion shapes in elastic Kirchhoff-
Love plates with cracks from the viewpoint of the Griffith rupture criterion was
investigated in [12]. An inverse problem of the location of a thin elastic inclusion
in an elastic body was investigated in [13], where the existence of a solution to
the inverse problem is proved and the first variations of the solution of the direct
problem with respect to the shape of the domain and the derivative of the functional
with respect to the shape are calculated. Explicit expressions for first-order shape
derivatives of the energy functionals for elastic bodies with a rigid inclusion and a
crack were obtained in [14, 15]. We refer to [16, 17, 18] for a numerical approaches to
equilibrium problems for elastic bodies with rigid inclusions. Problems for different
models of heterogeneous bodies with both linear and nonlinear boundary conditions
have been under active study; see, for example, [19, 20, 21, 22, 23].

In the present paper, we deal with a shape control problem for a nonlinear
mathematical model describing mechanical contact of a composite with rigid obstacle.
The framework model is formulated on a 2D Lipschitz domain and describes an
equilibrium of the composite body consisting of an elastic matrix and a volume
rigid inclusion. A Signorini nonpenetration condition and a clamping condition are
imposed on different parts of a domain boundary. Varying parameters describing
a location and a shape of rigid inclusion we arrive at a corresponding family of
problems. For the shape control problem the cost functional is introduced by an
arbitrary continuous functional defined on the solution’s space, while the location
and shape parameters of the rigid inclusions serve as a control. A set describing
admissible locations and shapes of the inclusion is supposed to be compact in
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R3. We prove an existence of a solution of the optimal shape problem and the
continuous dependence of the solutions on the location and shape parameters.
Sufficient conditions for the solvability of the optimal control problem are found
and formulated in the framework of propositions. The novelty of the obtained
results compared to the previous investigation [11] related to an optimal shape of
a rigid inclusion consists in a weakening the requirements for the regularity of the
boundary. Furthermore, the result generalizes a problem considered in [24] which
concerns only locations parameters. The present problem also takes into account
a dependence of external forces on the parameters defining location and shape of
the inclusion, whereas the work [24] was dealt with only one unchanged function
of external forces. In fact, we adopt and develop the approach of the work [24] for
the more general case. At the same time, we establish sufficient conditions for the
solvability of the problem under study.

2. FAMILY OF EQUILIBRIUM PROBLEMS

Let © ¢ IR? be a bounded domain with a boundary I' € C%!, I = Ty U T,
meas(Tg) > 0. Suppose that a simply connected domain w lies strictly inside of €,
i.e. @ C Q. We consider the following family of continuous mappings f, : w — R2
s € 0,T] such that fy(w) = w and the domains fy(w) = w, are simply connected
Lipschitz domains with the property ws C Q for all s € [0, 7. In addition, a family
of domains {ws}, s € [0,T] satisfies the following proposition.

Proposition 1. We suppose that for every fized values of s € [0, T] and e > 0 there
exists a positive number § > 0 such that

(1) wr Cwi  forall |t—s| <o,

where wg is defined according to the following relation

(2) O = {x € R? | dist(z,0) < €}

with an arbitrary subdomain O C Q and any positive number €.

Remark 1. It can be noted that a mapping defining rotations of w by angles 2ms
relative to an arbitrary fived point of the domain w satisfies (1).

Without loss of generality we suppose that (0,0) € w. For every (s,y), s € [0,T],
y = (y1,y2) € Q, we can consider induced domains

w(s,y) ={z = (z1,22) | (x1,72) = (y1,92) + (21,22), where (21,22) € ws},

which describe transformations and translations of initial domain w. In what follows
we will consider some given compact set A C [0,7] x Q C IR? consisting of all (s, y)
such that

s€[0,T], y=(y,y2) €N, and w(sy) Q.
The set A defines allowable shapes and locations (translations) of one incorporated
rigid inclusion. Note that, for all (s,y) € A we have that a domain Q \ w(s,y) has
a Lipschitz boundary.

As an evident example providing an appropriate set A, we propose following
set Aep = [0,1] x [=1,1] x [=1,1], with 0 < | < 2 — /2, for square domains 2 =
[—2,2] x [-2,2], w = [-1,1] x [-1,1] and w;, defined by rotations of w by angles
27s relative to the center of the square subdomain w.

Furthermore, we assume that the following proposition is valid.
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Proposition 2. For an arbitrary strictly inner subdomain D C w(s,y) there exists
a positive sufficiently small number § > 0 such that D C w(8,4) Nw(s,y) for all
(8,9) € A such that

Denote by W = (wy,ws) the displacement vector. Introduce the Sobolev spaces
HY(Q)={ve H'(Q) |v=0 on Ty}, H(Q)=H""(Q)%
Introduce the tensors describing the deformation of an elastic part of the inhomogeneous
body
(9’(01 1 8’UJ1 81U2 3w2
€ W = -, I3 W =& W = = ) 3 W = .
n(w) 011 12(W) 21(W) 2 <8x2 + 0z (W) 0z
UZ](W) = Cijk:lgkl(W)) Za] = 1a 27
where c;;; is the given elasticity tensor, assumed to be symmetric and positive
definite:
Cijkl = Cklij = Cjiki, 5 J,k, 0 =1,2,  ¢ijp = const,
cijméis€el = colél®, V&, &y =& 1,j=1,2, co=const, co>0.
By the assumption concerning the domain 2 and the Korn’s inequality [27, 28], the
following inequality holds

3) [ oaW)es(W)d = Wy, W € H(S)
Q
with a constant ¢ > 0 independent of W.

Remark 2. The inequality (3) yields the equivalence of the standard norm in H ()
and the semi-norm determined by the left-hand side of (3).

To formulate the mathematical model for a composite body with a rigid inclusion
w(s,y), we will use the notion of a rigid inclusion which in general can occupy an
arbitrary subdomain O C . In this case the displacements on the domain O
should have a special structure W|p = p, where p € R(O) and R(O) is the space
of infinitesimal rigid displacements on O

R(O) = {p = (p1, p2) | p(x1,22) = b(w2, —71) + (c1, 2);
b,c1,c2 € IR, (x1,22) € O},
see, [29, 20].

Next, we fix the element (s,y) € A and suppose that the domain w(s,y) fits a
volume (bulk) rigid inclusion, while the domain

O\ w(s,y),
corresponds to the elastic part of the body. The Signorini condition of a possible
mechanical contact with a non-deformable obstacle is written as

Wr <0 on Ty,
where v = (v1,12) is an outward normal to I'. For further studies of Signorini’s
contact problem we refer to [30]. The homogeneous Dirichlet boundary condition
is imposed on the external boundary I'y. We introduce the energy functional

(1 HWos9) = 5 [ 0u W)Wy~ [ Fls.pwas,
Q

Q
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where F(s,y) = (fl (s,v), fa(s, y)) € C([0,T] x Q; L2(Q))? is a given vector of
exterior forces.
An equilibrium problem of the composite body can be formulated as the following

minimization problem.
Find U =U(s,y) € K(s,y),

5 hthat II(U,s,y) = inf II(W,s,y),
(5) such that II(U, s,y) werk (W, s,y)
where the set of admissible displacements is defined as follows

K(s,y)={WeHQ)|Wr<0 on T
Wle(s,y) = p, where p € R(w(s,y))}.

The problem (5) is known to have a unique solution U(s, y) € K (s, y), which satisfies
the variational inequality [31, 32]

(6) / 013 (U(s,9))ess (W = U(s,4))dS2 > / F(s,1)(W — U(s, ))dS2,
Q Q
for all W € K(s,y).

3. OPTIMAL CONTROL PROBLEM

Let’s define a cost functional J : A — IR of an optimal control problem with
the use of the equality Jg(s,y) = G(U(s,y)), where U(s,y) is the solution of the
problem (5) and G : H(Q?) — IR is an arbitrary continuous functional.

As examples of such functionals having physical sense, we can provide the functional
G1(W) = |[W — Wo| () characterizing the deviation of the displacement vector
from a given function Wy. Consider the optimal control problem:

(7) Find (s*,y*) € A such that Jg(s*,y*) = sup Jag(s,y).

(s,y)eA
This means that we want to find the best location and shape of inclusion which
provide the maximal value for the cost functional. The following is the main result
of the paper.

Theorem 1. There exists a solution of the optimal control problem (7).

PROOF. Let {(sn,yn)} be a maximizing sequence. By the compactness of the set
A C IR*™ | we can extract a convergent subsequence {(s,,,¥n.)} C {(sn,yn)} such
that

(SnpsYny) = (s*,y") as k— o0, (s%,y") €A

Without loss of generality we can assume that (sp,,yn,) # (s*,y*) for sufficiently
large k.

Otherwise there would exist a sequence {(sp,,¥n,)} such that (s,,,yn,) =
(s*,y*), which implies that Jg(s*,y*) is a solution of (7).

Thanks to Lemma 2 proved below, it follows that the solutions U(sy, ,yn,) of
(5) corresponding to the parameters (Sp,,yn,) converge to the solution U(s*,y*)
strongly in H () as k — co. This allows us to obtain the convergence

JG(Snkyynk) — JG(S*5 y*)7

indicating that

Ja(s*,y") = sup Ja(s,y).
(s,y)eA
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The theorem is proved.
It is important to note that we have proved this result without introducing of
curves that describe possible shifting of inclusions as it was done in [25, 26].

4. AUXILIARY LEMMAS

Now we have to provide a formulation and a proof of Lemma 2 that have been
used in the proof of Theorem 1. However, the assertion of this Lemma 2 is based
on the following lemma.

Lemma 1. Let (s*,y*) € A be a fized vector and let {(sn,yn)} C A be a sequence of
vectors converging to (s*,y*) in IR? asn — oo. Then for an arbitrary function W €

K (s,y) there exist a subsequence {sg,yx} C {Sn,yn} and a sequence of functions
{W} such that Wi, € K(sk,yx), k € IN and Wy, — W strongly in H(Q) as k — oo.

ProoOF. We denote by
P = (b"ze + f, =b*x1 + c3),

is the function describing the structure of W in the domain w(s*,y*). We consider
an arbitrary decreasing sequence of positive numbers {e;} satisfying e, — 0 as
k — o0o. According to (2) we construct a family of domains w® (s*,y*), k =1,2,....

W, y") D . D WwH(sT, YY) D ...

Without loss of generality we suppose that wei(s*,y*) C Q and each domain
O\ wer(s*,y*), k = 1,2,... is a Lipschitz domain. It follows from the fact that
there exists a positive number ¢; small enough such that for all 0 < € < ¢y the
domains
W (%),
would be Lipschitz domains [33].
For every fixed k € IN, we formulate the following auxiliary problem

(8) Find an element Qp € Kj such that p(Qg) = infg p(x),
xX€ Kk
where p(x) = [ 0ij(x — W)ei;(x — W)dQ,
Q

Kp,={x€H®Q)| x=W on Ty, X|w€k(s*’y*) =}

It is easy to see that the functional p() is coercive and weakly lower semicontinuous
on the space H(Q). Besides, one can verify that the set K} is closed and convex
in the reflexive space H(2). This properties provide the existence of a solution Q
of the problem (8) for each k € IN [27]. Since the functional p(x) is convex and
Gateaux differentiable, this solution is characterized equivalently by a variational
inequality

(9) Qi € Ky, / 00 (Qu — Wi (x — Q)2 >0 ¥y € K.
Q

Inequality (3) guarantees that solution @ is unique.
Note that applying a lifting operator for the Lipschitz domain Q\we (s*, y*), we
can construct a function ¥ € H(£2) such that

X=p" on wi(s'y"), x=W on L.
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Since x € K}, for all k € IN, we can substitute ¥ in (9) as the test functions which
yields inequalities

/Uij(Qk - W)Eijbadﬂ + /Uij(W)ffij(Qk)dQ > /Uij(Qk)Eij(Qk)dQ Vk € IN.
Q Q Q

From this relation using the Korn inequality we obtain the following uniform upper
bound:

Therefore, we can extract from the sequence {Qy} a subsequence {Qy, }, which we
denote by

(10) Q=Qk, €N and Q — W weaklyin H(Q),

where W is some function in H (). Tt is now necessary to show that W=Ww.
By construction

2
(Qi—W) e H (N y)
2
Consequently, bearing in mind the weak closedness of H} (Q\w(s*, y*)) we have

— 2

(W —-W) € H} (Q\w(s*,y*)) . We consider now the functions of the form x;i =

Q@ + «a, where « is the function defined by zero extension of an arbitrary function
_ \2

a e Cg° (Q\w(s*,y*)) into Q. It is observed that for sufficiently large [ we

have Xli € Kj,. Substituting the elements of these sequences, X;r and x; , as test
functions into the inequalities (9), we obtain that

(11) /Uij(Ql — W)eij(a)d2 = 0.
Q
The function « is now fixed and by passing to the limit in (11) it is established that

/Uij (W - W)Eij (O[)dQ = / aij(W - W)Eij (a)dQ = 0,
& 2\w(s,y")
for all @ € C§°(Q\w(s*,y*))?. Hence, by consideration of the density of
2 2 —
(Ofs (Q\w(s*,y*)) in H} (Q\w(s*,y*)) , we conclude that W — W = 0 in
NG .
H} <Q\w(s*,y*)) . Finally, by construction, the equality W = W is satisfied in

the domains w(s*,y*) and on the external boundary I'. Therefore, W =W in
H(€). This means that there is a sequence {Q;} such that Q; € Kj,, I € IN and
Q) — W weakly in H(Q) as | — co. Now we are in a position to prove the strong
convergence. By the Mazur theorem there exist a function 77 : IN — IN and a
sequence of sets of real numbers {a(l);|i = I,...,T(l)} satisfying a(l); > 0 and
()

Z a(l); = 1 such that the sequence {Q;} defined by the convex combination

i=l

~

A0
Q=) oal)Q;

i=l
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converges to W strongly in H (). According to this construction, we have subsequence
{ki} of natural numbers which corresponds to the subsequence {@Q;} from (10),
therefore to the sequence {T'(I)} we will have the corresponding subsequence of
natural numbers {kp(;}, which we denote by {m(l)}, i.e. m(l) = kg, for all

[ € IN. Note that we have the following inclusion

Qi € R(w™®(s™,y")),
which we will use in the sequel.
As the next step, we should determine a subsequence {(sn;,yn,)} C {(sn,yn)}
providing the assertion of the theorem. At first we prove that for every k there
exists a natural number N (k) such that for every n > N (k)

(12) wW(sn,yYn) Cw*(s*,y")
Indeed, for € there exists some § > such that for |s,, — s*| < § we have
‘k €k
ws, Cwz  or w(se,y) Cw? (s*u),
for all | € N. By the convergence of {s,} there exists some natural number N (k)
such that (12) holds for n > N(k).

It is obvious that parallel translation of the set w (s*,y1) by the vector y* —y,

with length |ly; — y*[|g2 < % gives us that
wH (5% ) C W (5" 07).

Therefore, to obtain (12), we can choose the number N (k) as the maximum of two
natural numbers N (k) and N (k), i.e. N(k) = maxz{N(k), N(k)}, where the number
N (k) provided by the condition ||y — y*|lre < % for all I > N(k).

Now, we determine a subsequence {(sn;,Yn;)} C {(Sn,¥n)} by the following
procedure, for every ¢ € IN we set n; = N(m(7)). In this case we have w(sp,, yn,) C
wem (s* y*), whereas the function )1 belongs K (s,,,yn, ), and analogously

W(Snys Yn;) C W™D (8%, y"), Qz € K(Sn;s Yn,)-
As a consequence, we set
Wi ZQk, k=1,2,..
This completes the proof.

Now, we are in a position to prove an auxiliary statement which was used in the
proof of the theorem.

Lemma 2. Let (s*,y*) € A and let {(sn,yn)} C A be a sequence of real numbers
converging to (s*,y*) in IR® as n — co. Then U(sy,yn) — U(s*,y*) strongly in
H(Q) as n — oo, where U(sn, yn), U(s*,y*) are the solutions of (5) corresponding
to parameters (Sn,yn), (8*,y*), respectively.

Proor. We proceed by contradiction. Let us assume that there exist a number
eo > 0 and a sequence {(sn,yn)} C A such that (sp,yn) — (s*,9%), |U(sn,yn) —
U(s*,y")lm) > €0, where U, = U(sn,yn), U* = U(s*,y*) are the corresponding
solutions of (5).

Because of W° = (0,0) € K(sy,yy,) for all n € IN, we can insert W = W0 in (6)
for fixed n € IN. This provides

Q Q
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Since F(s,y) € C([0,T] x Q; Ly(£2))?, there exists some constant C' > 0 such that
1E (s, 9) | Lo (02 < C,

for all (s,y) € [0,T] x Q. Taking into account the last estimate, from (13) we
conclude that for all n € IN the following uniform estimate holds

1UnllE@) <c

with some constant ¢ > 0 independent of n € IN. Consequently, replacing U,, by
its subsequence if necessary, we can assume that U,, converges to some function U
weakly in H ().

Now we show that U € K (s*,y*). Indeed, we have

Un|w(sn,yn) = pn € R(w(snayn))

for all n € IN. In accordance with the Sobolev embedding theorem [27], we obtain

(14) Unlw(s®,y) = U\w(s*7y*) strongly in Lo (w(s*,y*))? as n — oo,

(15) Unlp = Ulr  strongly in Ly(I')? as n — oc.

Choosing a subsequence, if necessary, we assume as n — oo that U, — U a.e. on
w(s*, y*).

In the next step we fix an arbitrary strictly inner subdomain D C w(s*,y*).
According to the Proposition 2 there exists a sufficiently large N such that if n > N,
then D C w(s*,y*) Nw(sn,yn). Therefore, the sequence {p,} converges to U a.e.
on D as n goes to infinity. This allows us to conclude that each of the numerical
sequences {b"}, {1}, {4}, defining the structure of functions p,, n = 1,2,... on D
is bounded in IR. Thus, we can extract subsequences (retain notation) such that

b" = b, ¢ —ci, i=1,2, as n— 0.
Therefore, we can choose a subsequence {(sy, ,¥n, )} such that
(16) U(SnyrYn,) = (bxa +c1,—bx1 +c2) ae. on D as k— oo.

Consequently, we obtain that

U= (bxa +c1,—bry +¢3) ae. on D.
Due to arbitrariness of the domain D C w(s*,y*) we get that
U= (bxe + 1, —bx1 +c2) ae. on w(s*,y").

Whence we can conclude that (j’|w(s*7y*) € R(w(s*,y*)) holds.

We now show that U satisfies the inequality Urv < 0 on I',. Bearing in mind the
convergence (15), if necessary, we can once again extract a subsequence satisfying
Unlr — U|1" a.e. on I'. This fact allows us to pass to the limit in the following
inequality

U,v<0 on T4.
This leads to Uv < 0 on I',. Therefore we get the inclusion U € K (s*,y*).

Our next goals are to prove the following equality U = U* and to establish the
existence of a sequence U, = U(sy,yn), n = 1,2... of solutions strongly converging
in H(Q) to U(s*,y*). Now, let us prove that U = U(s*,y*). For this purpose we
will analyze the variational inequality (6) and its limiting case. From Lemma 1,
for any W € K(s*,y*) there exist a subsequence {(sn,,¥n,)} C {(Sn,yn)} and a
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sequence of functions {W}.} such that Wy, € K(sn,,yn,) and Wy — W strongly in
H(Q) as k — oc.

Bearing in mind that F(sn,,yn,) — F(s*,y*) in L2(Q)? for k — oo, and
properties of the convergent sequences {Wy} and {U,} allow us to pass to the
limit as k — oo in following inequalities derived from (6) for {(sn,,yn,)} and with
the test functions Wy, € K (Sn,, Yn,)

(17) /Gij(Unk)sij(Wnk - U"k)dQ 2 /F(Snwynk)(wnk - Unk)dQ'
Q Q
As a result, we have

/aij(U)aij(W —U)dQ) > /F(s*,y*)(W —0)dQY VYW e K(s*,y").
Q Q

The unique solvability of this variational inequality ensures that U = U*.

To complete the proof, it is sufficient to establish the strong convergence U,, —
U*. By substituting W = 2U,, and W = 0 into the variational inequalities (6) for
n € IN, we get

Q Q

The equalities (18) together with a strong convergence F(s,,y,) — F(s*,y*) in
L?(Q)? and the weak convergence U, — U* in H(Q) as n — oo imply

lim O'U(Un)EZJ(Un)dQ = lim F(Sn, yn)UndQ =

n— oo n— oo

Q Q

/ P(s*, ") U*d = / 053 (U)o (U2,

Q Q
Since we have the equivalence of norms (see Remark 2), one can see that U,, — U*
strongly in H(2) as n — oo. But this contradicts to the initial assumption. The
Lemma is proved.

Remark 3. As can be seen from the proofs of the present paper, the main result
remains true in 3D case, as well as for equilibrium problems related to the two-
dimensional solids with classical linear conditions.
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