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TWO-DIMENSIONAL INTERPOLATION OF FUNCTIONS WITH
LARGE GRADIENTS IN BOUNDARY LAYERS
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ABSTRACT. The question of interpolation of a function of two variables
with large gradients in the regions of the boundary layer is considered.
The interpolated function has a representation as a sum of regular and
boundary layer components. Such the representation is valid due to
the Shishkin decomposition for the solution of the singularly perturbed
problem. The development of interpolation formulas for such functions
is relevant, since in the case of a uniform grid the error can be of the
order of O(1). In the rectangular domain a Bakhvalov mesh is applied,
which condenses in the boundary layers. The initial domain is divided
into rectangular cells. In each such cell, two-dimensional interpolation
based on the Lagrange polynomial is applied. The interpolation formula
contains k interpolation nodes in each direction. For each cell, an error
estimate is obtained taking into account uniformity in a small parameter.
An estimate of the stability of the interpolation formula is obtained on
a two-dimensional grid from the class of Bakhvalov grids. The results of
numerical experiments are consistent with the obtained error estimates.
The study of the interpolation formula is necessary to continue the
solution of the difference scheme from the grid nodes to the entire original
domain.
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1. INTRODUCTION

On the basis of singularly perturbed problems, various convective - diffusion
processes with prevailing convection are modeled. The use of classical difference
schemes [1] for the numerical solution of such problems leads to significant errors
if the perturbing small parameter € is commensurate with the grid step [2]. The
problem of constructing difference schemes in the presence of a boundary layer has
been widely studied, starting with the works of A.M. II'in [2] and N.S. Bakhvalov
[3]. In [2] it is constructed the difference scheme on a uniform grid based on fitting
to a rapidly growing boundary layer component. In [3], it is proposed to apply the
classical difference scheme on a grid condensed in the boundary layer. Grids dense
enough in the boundary layer were developed in the works of a number of authors.
The grids of Bakhvalov [3] and Shishkin [4] are widely known.

The problem of constructing interpolation formulas for functions with large
gradients in the boundary layer is less studied and relevant, since in the case of
a uniform grid, the error of the interpolation formula is of the order of O(1) if the
grid step is commensurate with a small parameter [5]. In [5], it was proposed to pick
out, up to a factor, the component responsible for the growth of the function in the
boundary layer and build interpolation formulas on a uniform grid that are exact on
this component. In [6] is constructed an interpolation formula on a uniform grid with
an arbitrarily specified number of interpolation nodes. A uniform error estimate
for this formula with respect to the small parameter ¢ was obtained in [7]. Note
that the class of functions for which we construct and study interpolation formulas
corresponds to the solution of a singularly perturbed problem. For functions of
this class, the decomposition in the form of a sum of regular and boundary layer
components is valid, according to the decomposition of Shishkin [4].

In [8], [9], respectively, in the case of a function of one variable, in the presence
of a boundary layer, estimates of the interpolation error by a Lagrange polynomial
of an arbitrarily given degree on the Shishkin and Bakhvalov meshes are obtained.

Let us dwell on the results on the construction of interpolation formulas in the
two-dimensional case in the presence of boundary layers. The considered class of
functions corresponds to the solution of a singularly perturbed elliptic problem.
Interpolation formulas, with k£ nodes in each direction, are built in rectangular cells
covering the original domain. In [10] the interpolation formula of fitting to the
boundary layer component from [6] is generalized to the two-dimensional case. An
error estimate of order O(h*~1) is obtained, where h is the step of the uniform grid.
In the works under consideration, the interpolation error is estimated through the
maximum error over all points of the original domain. The work [11] generalizes
the result from [8] to the two-dimensional case. Interpolation by the Lagrange
polynomial is carried out on a two-dimensional Shishkin mesh, and an error estimate
of order O((In(N)/N)*), uniform in ¢ is obtained.

The purpose of this work is to estimate the error of interpolation by the Lagrange
polynomial on the Bakhvalov mesh in the two-dimensional case, which is a generali-
zation of the result from [9], where the error of the Lagrange polynomial is estimated
when interpolating a function of one variable.

By C and C; we mean positive constants that do not depend on the parameter
¢ and the number of grid steps IN. We will restrict different values to one constant
Cj, if it is clear from the text.
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2. FORMULATION OF THE PROBLEM

We assume that the interpolated function w(z,y) is a solution of a singularly
perturbed elliptic problem, so we use the following decomposition [4, 12]:

(1) u('% y) = p(x, y) + El(x’ y) + E2(x7 y) + E1,2(xa y)v

where (z,y) € , Q = [0,1]2. We assume that in the representation (1) p(z,y) is
a regular component with bounded derivatives up to some order, E1, F, I/; o are
boundary-layer components with large gradients in boundary layers. All components
in (1) are not explicitly given, but estimates of derivatives are known for them,
namely, for some constant C' we have

) 92y <0,

0" E;
< - -
ax" (mvy)’ = en ) 8?;/" (l'vy) — = =

3)

O"E,
ox"

(5) ‘ GEE:;Q 8”E71L72
x dy
where @ > 0,8 > 0, ¢ € (0,1]. The constant k will be given as the number of
interpolation nodes in x and y. According to (3)—(5) the derivatives of the functions
E1, Ey, E; 5 can grow indefinitely as € — 0.
According to [4, 12], for a given k, one can perform a decomposition of the form
(1) for the solution of an elliptic problem with regular boundary layers:

4 (wy)|<C.

oy™

C C
(.’Iﬁ,y)‘ S 76_(13?/6’ (l‘,y)‘ S 76_ﬁy/€7 0 S n S k
en en

gz + Ellyy + a1 (2)ug + az(y)uy — c(z,y)u = f(z,y), (z,y) € L;

(6) a1(z) > a >0, as(y) = >0, u(z,y) =g(2,y), (z,y) €T,
where I is the boundary of €.

Let us estimate the error of polynomial interpolation formulas on the Bakhvalov
mesh in the case of a function with large gradients of the form (1).

3. SETTING OF THE MESH

First, let’s define the grid in general form:
Q" = {(v;,y;), i=0,1,...,N, j=0,1,...,N},
hi =Ti — Ti—1, Tj =Yj — Yj—1, To = O,JTN = 17 Yo = O’yN =1
Next, we define a grid related to Bakhvalov-type grids, in accordance with
[13], where the case of a singularly perturbed problem for a second-order ordinary
differential equation is considered. So let

(1 ke 1
(7 Ul—mm{z, alne},ege .
For e > e™! we set 07 = 1/2.
For o1 = 1/2 we define a grid Q" uniform in x, h; = 1/N.
For o1 < 1/2 we set

ke . . N
®) xiflen{le(lfe)z/N},sz,l,...,E,
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(9) LEi:O'1+(2Z'/N—1)(1—O'1), N/QSZSN
According to the y variable, we set the grid nodes in the same way:
1k
(10) ogzmin{i,fﬁelna}, e<e b

For € > e™1 we set 09 = 1/2.
For 03 = 1/2, we set the grid Q" uniform in y with steps 7; = 1/N.
For o9 < 1/2 we set

(11) yj:—%ln [1—2(1—5)3'/N], j:O,l,...,%,
(12) yj =02+ (2j/N —1)(1 —02), N/2<j<N.

So, the grid Q" is built.

4. TWO-DIMENSIONAL POLYNOMIAL INTERPOLATION

We will interpolate the function u(z,y) in rectangular cells K; ; = [z, Zitk—1] X
[Yj,Yj+k—1], forming the cover of the original domain 2. For interpolation, we will
use the Lagrange polynomial with % interpolation nodes in z and y. To interpolate
over x for a given value of y, we use the Lagrange polynomial:

i+k—1 i+k—1

xr — a2
(13) La(u,x,y) = Z U(Tm, Y) H P
m=i I=i,l#m
Similarly, for a given x, we interpolate with respect to y
jHk—1 jHE—1 y—y
— Y
(14) Ly(uaxay) = Z u(xaym) H :
— . Ym — Y1
m=j l=3,l#m

Based on (13), (14) we build a two-dimensional interpolation formula:

(15) Lx,y(uvxvy) = Ly(Lx(u,x,y),w,y), (xvy) € Ki,j~

5. PRELIMINARY RESULTS

In [9] the error of interpolation by the Lagrange polynomial on the Bakhvalov
mesh of a function of one variable with a boundary layer component is estimated.
It is assumed that the decomposition is valid for the function v(z) :

(16) v(z) = p(z) + ®(z), = € [0,1],

where for some constant C;
C "
(17) P (@) <O @M (@) < e 0<n <k

The functions p(z) and ®(z) do not explicitly given, a > 0,¢ € (0, 1].

The decomposition (16) is valid for the solution of singular perturbed problem
in the case of a second-order ordinary differential equation [4].

Let Ly(v,z) be the Lagrange interpolation polynomial for the function v(z),
corresponding to (13) when interpolated over x on the interval [x;, ;4 ,—1]. According
to [9], the following theorem is valid.
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Theorem 1. Let the function v(x) have the representation (16), N is a multiple
of 2(k — 1) and the nodes of the one-dimensional grid correspond to the nodes
of the constructed grid Q" in the variable x. Then for some constant C for all
x € |25, xipk—1] and i = 0,k —1,...,N — k + 1 depending on the value of i, the
following error estimates are valid:

c N
(18) Li(v,2) —vo(a)| < p itk -1,

Cras 1 , N

(19 |Lk(,2) - v(@)] £ 15 [1n (1+N—5)+1], i+h—1=".

In [9], stability estimates for the Lagrange polynomial on the Bakhvalov mesh
are obtained. Let w(z) be some bounded function on the interval [0, 1], @(x) is
some perturbation of this function. Then for some constant C' at = € [x;, ;4 5,-1],
depending on the value of 4, stability estimates are obtained [9]:

(20) |Ly(w,z)—Li(w,2)| < C < Iga—fk 1|wn*ﬁ}n|a wy, = w(wy,), i+k—1%# N/2,

1
- Ll o)) < “l[te = (1 )
|Lp(w,z) — Li(w,x)] < Cignrélgi(k71 |wy, — W, | [1 +1In 1+ v )l

(21) i+k—1=N/2.

6. THE ERROR OF A TWO-DIMENSIONAL INTERPOLATION FORMULA

Let us estimate the error of the two-dimensional interpolation formula (15) on
the given grid Q".

Theorem 2. Let the function u(z,y) have the representation (1) and nodes of grid
Q" correspond to relations (7)- (12), N is a multiple of 2(k — 1). Let the cells
Kij =[x, Tiyk—1] X [Yj, Yj+k—1] do not intersect and form the coverage of Q. Then
there is a constant C' such that for all (x,y) € K, ;, depending on the values of , j,
the following error estimate is valid:

c . N . N
(22) | Loy (u, 2, y) — u(z,y)| < NE itk—1# B Jtk—14# EE

|Lay(u,z,y) —u(z,y)| < % {lnkf1 (1 + ]\%) + 1},

N N N N
(28)  itk-l= k1% or jrk—l=itk—1# 7,

|Lyy(u,z,y) —u(z,y)| < % [1112]“73 (1 + Nig) + 1},

N N
24 +k—1=—"j+k—1=—.
(24) i+ 5o+ 5
Proof. From (15), we get

Laf:,y(uaza y) - u(x,y)‘ S

(25) < Ly<L$(uaxvy) - u(x,y)w,y)‘ + ‘Ly(uvx’y) - u(m,y) .
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Taking into account the relations (1)—(5), we obtain that, for a fixed value of y,
the function u(x,y) can be represented in a form similar to (16) :
(26) w(z,y) = p(z,y) + ®(z,y), =,y €[0,1],
where for some constant C

I"p e C .
27 ‘— : (<O, ‘— , ‘<f—‘“/€,0< <k
(27) Hon (& Y)| < oo (D Y)| S e <n<
Similarly, for a fixed value of x we have

(28) u(@,y) = q(z,y) + O(z,y), =,y € [0,1],
where for some constant C'
a"q oo
29 ‘— , ‘ <c, |22
(29) | |5
Let us prove the estimate (22). In this case i +k—1# N/2, j+k—1%# N/2. Let
w(z,y) be some bounded function in the domain 2, @w(x,y) is some perturbation
of this function. Considering that when interpolating over y for a given x the same
grid is used as in the one-dimensional case, by analogy with (20) we obtain the
stability estimate:

(ﬂf,y)‘ < E6’5""/’/5,0 <n<k.
E’ﬂ

N
— 0 < — W i _ iy
(30)  |Ly(w—,zy)| <C_max (@, yn) =Dz, yn)l, 7+ k-1 % 3

Considering (30) in (25), for some constant C; we get

_ < _
Loy(u.e,9) —u(e,y)| € C1_max  |Lou,,9,) = u(e,yu) -+

(31) |2y (w2, 9) —uz,y)|.

According to (26), ( 27), when interpolated over z for a given y, the function u(z, y)
have a decomposition similar to that of (16), (17) in the case of a function of one
variable, and the same grid is used. The decomposition (28), (29) is used similarly
to estimate the interpolation error over y. Thus, an estimate of the form (18) is
preserved under interpolation with respect to z and y, and we get the estimates

Lo(u,2,y) —u(w,y)| < C/N®, |Ly(u,2,y) = u(z,y)| < C/N®,

Taking into account these estimates in (31), we obtain the required estimate (22).
Let us dwell on the estimate (23). Let be

i+k—1#N/2,j+k—1=N/2.

Taking this case into account in the estimates (18)—(21), by analogy with the proof
of the estimate (22), we obtain the estimate (23).

In the case of the conditions j+k—1 = N/2,i+k—1# N/2, the estimate (23)
can be proved similarly. To obtain the estimate (24), we take into account ( 19),
(21). The theorem is proven. O

Stability of two-dimensional interpolation. Let us dwell on the estimation
of the stability of the two-dimensional interpolation formula on the Bakhvalov
mesh. Let w(z,y) be a function bounded in the domain Q and w(z,y) be some
perturbation for this function. When estimating the stability of the interpolant
L, ,(w,z,y), we use the stability estimates (20), (21) and the relation (15) for the
two-dimensional interpolation formula.
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Let us dwell on the case of the cell K ;, when i +k—1%# N/2, j+k—1# N/2.
Then according to (15), (30) we have

|L$,y(w>1’7y) - Lm,y(wvxvy” = |Ly(L$(w - ﬁ),x,y),%y)\ <
< Crmax | Ly (w — @, 2,y,)| < CF max[wpn,n — Gmnl,
Yn m,n

1 <m<i+k—-1 j<n<j+k—-1
Thus, for some constant C' we obtain the estimate

(32) |Lyy(w,2,y) — Ly y (@0, z,y)| < Cmax |wm,n — Wmnl,

where Wy n = W(Tm, Yn); Wmn = O(Tm,Yn),t <m<i+k—1, j<n<j+k—1

Let us dwell on the case i + k — 1 # N/2, j+ k — 1 = N/2. By analogy with
the considered case, applying the stability estimates (20), (21 ), for some constant
C we get

1
(33) Loy, ,y) = Loy (0,2.9)| < Cmax fwm,n = Bmnl |1+ (14 2]

In the case i+ k—1= N/2, j+k—1%# N/2, similarly the estimate (33) is valid.
Let i+ k—1=N/2, j+k—1= N/2. Applying the estimate (21), we obtain

1
i) € ol 1457 (11 1))
(34) 1Ly (0, ,9) = Ly (@2, )| < Cmax = Bl |14 07 (14

So, in the two-dimensional case, stability estimates (32)— (34) of polynomial
interpolation in the cell K; ; of the Bakhvalov mesh are obtained depending on the
values of 7, j.

Note that in the case of the Shishkin mesh, the grid steps in each cell K; ; are
the same in x and y, so the stability estimate (32) is valid for all ¢, j.

7. RESULTS OF NUMERICAL EXPERIMENTS

Consider a function that can be represented in the form (1)
u(x,y) = (1 — e_’”/a) (1 - e‘2y/€> (1—2)(1 —y)+ cos %xe_y, e>0,z,y €[0,1].

Let us define the Shishkin mesh [4]. As in [8], the grid steps in = are given as:

2(l—-0) N

20
- — — 0 < N
’ N 2 ==

hi i

;o hi =
where .
1
o= min{f7 —ElnN}.
2"«
Similarly, we set the steps in y.
The interpolation error on the Shishkin mesh satisfies the estimate [11]:

In Nk .
(35) ey (u,2,y) = u(ey)| < C() s (@) € Kig, Vi

Let’s compute the error at the nodes (Z;, g;) of the condensed mesh, obtained from
the mesh Q" by division of each grid interval into ten equal parts.

For k = 2, the two-dimensional interpolation formula in a cell K; ; has the form:
T—Ty Y—Uj

Litl = Ti Yj+1 — Y5

Lyy(u,z,y) = <Ui+1,j+1 — Ui j+1 — Uit1,5 + ui,j)
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+<ui,j+1 - Um)

Y—Yj
Yji+1 — Yj

+ ('LLZ‘_HJ‘ — um-)

r—x

%
— T
Tit1 — T4

TABLE 1. The error of the interpolation formula on the uniform

grid, k =2
€ N
16 32 64 128 256 512

1 1.34e —3 | 3.37e—4 | 847e -5 | 2.12e —5 | 5.3le —6 | 1.33e — 6
1071 | 8.28¢ — 2 | 2.76e — 2 | 8.0le — 3 | 2.16e — 3 | 5.62¢ — 4 | 1.43e — 4
1072 | 6.77e —1 | 5.09¢ — 1 | 2.98¢ — 1 | 1.40e — 1 | 4.98¢ — 2 | 1.50e — 2
1073 | 7.19e —1 | 7.35e — 1 | 7.42e — 1 | 7.26e — 1 | 5.95¢ — 1 | 3.66e — 1
107% [ 7.19e —1 | 7.35¢ — 1 | 7.42e — 1 | 7.46e — 1 | 7.48¢ — 1 | 7.49¢ — 1
1075 | 7.19e—1 | 7.35e — 1 | 7.42e — 1 | T.46e — 1 | 7.48¢ — 1 | 7.49¢ — 1

TABLE 2. The error of the interpolation formula on the Shishkin

mesh, kK =2
5 N
16 32 64 128 256 512
1 1.34¢ — 3 | 3.37Te —4 | 847¢ — 5| 2.12¢ — 5 | 5.3le — 6 | 1.33¢ — 6
1.99 1.99 2.00 2.00 2.00
107! | 3.58e —2 | 1.48¢ —2 | 5.72e — 3 | 2.04e — 3 | 5.62e — 4 | 1.43e — 4
1.28 1.37 1.49 1.86 1.97
1072 | 4.30e —2 | 1.87e —2 | 7.34e — 3 | 2.63¢ — 3 | 8.88¢ — 4 | 2.86¢ — 4
1.20 1.35 1.48 1.57 1.63
1073 | 4.52¢e —2 | 1.95e — 2 | 7.57e — 3 | 2.70e — 3 | 9.05¢ — 4 | 2.91e — 4
1.21 1.37 1.49 1.58 1.64
107% | 4.55¢ —2 | 1.96e — 2 | 7.62e — 3 | 2.72¢ — 3 | 9.13e — 4 | 2.94¢ — 4
1.21 1.37 1.49 1.57 1.64
1075 | 4.55e — 2| 1.97e —2 | 7.63e — 3 | 2.72e — 3 | 9.14e — 4 | 2.94e — 4
1.21 1.37 1.49 1.57 1.64

In Table 1, in the case of kK = 2 and a uniform grid, the following error is given
AE,N = H}%X Lx,y(ua Zi, g]) - U(i'h :’jj)

for different values of ¢ and N. It follows from Table 1 that the use of a uniform
grid is unacceptable if ¢ < h.

In Table 2 in the case of kK = 2 and the Shishkin mesh the error A, y and the
calculated order of accuracy

AS,N
M. n = log, A.on
for different values of € and N are given. The results of the calculations agree with
the estimate (35).
Table 3 for £ = 2 shows the error and the order of accuracy in the case of the
Bakhvalov mesh given above. The calculation results give an error of the order of

O(1/N?), which agrees with the estimate (22).
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TABLE 3. The error of the interpolation formula on the Bakhvalov

mesh, kK =2
€ N
16 32 64 128 256 512
1 1.34e — 3 | 3.37Te—4 | 847e — 5| 2.12¢ — 5 | 5.3le — 6 | 1.33¢ — 6
1.99 1.99 2.00 2.00 2.00
1071 | 1.30e —2 | 3.63¢ — 3 | 9.85¢ —4 | 2.59¢ — 4 | 6.67e — 5 | 1.69¢ — 5
1.84 1.88 1.93 1.96 1.98
1072 | 1.49¢ —2 | 3.98¢e —3 | 1.1le —3 | 3.21le —4 | 9.32¢e — 5 | 2.62e — 5
1.90 1.84 1.79 1.79 1.83
1073 | 1.54e —2 | 3.87e — 3 | 9.77e — 4 | 2.50e —4 | 6.59¢ — 5 | 1.81e — 5
1.99 1.99 1.97 1.92 1.86
1074 | 1.55¢ — 2 | 3.90e — 3 | 9.75¢ — 4 | 2.44e — 4 | 6.12e — 5 | 1.54e — 5
2.00 2.00 2.00 2.00 1.99
107° | 1.56e —2 | 3.90e — 3 | 9.76e — 4 | 2.44e — 4 | 6.10e — 5 | 1.53e — 5
2.00 2.00 2.00 2.00 2.00

TABLE 4. The error of the interpolation formula on the Bakhvalov

mesh, k=3
€ N
16 32 64 128 256 512
1 8.86e —5 | 1.1de —5 | 1.45e — 6 | 1.82e — 7 | 2.29¢ — 8 | 2.86e — 9
2.96 2.98 2.99 2.99 3.00
107! | 943e —3 | 1.54e—3 | 2.19e—4| 293¢ —5 | 3.78e — 6 | 4.8le — 7
2.62 2.81 2.90 2.95 2.98
1072 | 1.8le—2 | 1.74e — 3 | 1.69e — 4 | 1.7Tle — 5 | 1.86e — 6 | 2.22¢ — 7
3.38 3.36 3.31 3.20 3.07
1073 | 3.93¢ —2 | 4.10e — 3 | 4.21e — 4 | 4.24¢ — 5 | 4.19¢ — 6 | 4.10e — 7
3.26 3.28 3.31 3.34 3.35
1074 ] 6.22¢ —2 | 6.83¢ — 3 | 7.50e — 4 | 8.10¢ — 5 | 8.60e — 6 | 8.93¢ — 7
3.19 3.19 3.21 3.24 3.27
107° | 8.56e —2 | 9.65e — 3 | 1.10e — 3 | 1.24e — 4 | 1.39e — 5 | 1.53e — 6
3.15 3.14 3.15 3.16 3.18

Table 4 for £ = 3 shows the error and the order of accuracy in the case of the
Bakhvalov mesh. The calculation results correspond to the estimate (22).

Application of the interpolation formula on the uniform grid leads to errors of the
order of O(1). The most accurate results are obtained on the Bakhvalov mesh. The
results of numerical experiments are consistent with the obtained error estimates

CONCLUSION

For the first time, the question of polynomial interpolation of a function of two
variables on the Bakhvalov mesh in the presence of exponential boundary layers
was studied. The function to be interpolated is given in terms of the Shishkin
decomposition, which is valid for the solution of a singularly perturbed problem.
Lagrange interpolation is carried out in rectangular cells with an arbitrary number
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of interpolation nodes k in each direction. The estimate of the interpolation error
of order O(1/N* ) is obtained on the Bakhvalov mesh, as in the regular case when
the interpolated function has bounded derivatives. Only in the cells at the end
of the boundary layer there is a weak logarithmic dependence on the parameter
€. Estimates of the stability of a two-dimensional interpolation formula on the
Bakhvalov mesh are obtained. The usefulness of stability estimates is due to the
fact that the function at the grid nodes can be found with some error.
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