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ON DIRECTED AND FINITELY PARTITIONABLE BASES FOR
QUASI-IDENTITIES

A. V. KRAVCHENKO

ABSTRACT. We prove that, under certain conditions on a quasivariety,
there exists continuum many subquasivarieties of this quasivariety with
both finitely partitionable (independent) and directed bases for quasi-
identities. We also notice that such a situation is impossible for bases for
anti-identities.
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1. INTRODUCTION

In [3], the notion is introduced of a B-class. Existence of such a class with
respect to a quasivariety K witnesses a very complicated structure of K. A series of
examples is listed in [4]. They include quasivarieties of well-known structures with
no independent basis for their quasi-identities. As is shown in [5], the intersection
of a family of such subquasivarieties admits a finitely partitionable (independent)
basis for its quasi-identities.

In [1], the notion is introduced of a directed basis for sentences of a class of
structures; moreover, conditions are indicated that are equivalent to existence of
such a basis for anti-identities. The notions of directed and independent bases are
quite opposite; namely, a basis is both directed and independent if and only if it
is a singleton. However, existence of a B-class with respect to a quasivariety K
implies existence of continuum many subquasivarieties of K admitting a finitely
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partitionable basis and (another) directed basis for its quasi-identities. We also
notice that such a situation is impossible for anti-identities.

2. PRELIMINARIES

Throughout the article, we consider structures and classes of structures of a fixed
finite similarity type o.
Recall that a quasi-identity is a universal Horn sentence of the form

YT (((pl(m)& &y (T)) — (po(m)>
and an anti-identity is a (negative) universal Horn sentence of the form
VZ (—p1(@) V-V e (T)),
where each ¢; is an atomic formula with free variables among the entries of Z.
A quasivariety (antvariety) is a class of structures defined by a set of quasi-identities

(anti-identities).
Let K C M, where K and M are universal Horn classes.

Definition 1. A set ® of quasi-identities (anti-identities) is a finitely paritionable
basis for quasi-identities (anti-identities) of K in M if there is a countable set J
and a partition ® = (J,,; ®, such that &, is finite for every n € J, we have
K = M N Mod(®), and the condition K # M N Mod(®\®,,) holds for every n € J.

Notice that no block ®,, can be empty. If ® is a finitely partitionable basis with
|®,,| =1 for every n € J then @ is said to be independent.

Notice that our definition slightly differs from the generally accepted one (see,
for example, [7]). Namely, infinite bases are usually considered and the set of
natural numbers is taken for J. Consideration of both infinite and finite bases
allows us to establish a more convenient connection between properties of a basis
(see Proposition 1).

The following notion was introduced in [1].

Definition 2. A set ® = {p; : i € I} of quasi-identities (anti-identities) is directed
in M if, for all 4,5 € I, there exists k € I such that ¢; and ¢; are consequences
of ¢y in the class M. If ®@ is a directed in M set of quasi-identities (anti-identities)
and K = M N Mod(®) then we say that ® is a directed basis for quasi-identities
(anti-identities) of K in M.

The following fact is immediate from Definitions 1 and 2.

Proposition 1. If a basis © is simultaneously directed and finitely partitionable
then it is finite. In particular, if ® is simultaneously directed and independent then
it is a singleton.

Proof. Consider two representations of ®. Since it is finitely partitionable, we have
® = U, Pn, where each ®,, is finite. Since it is directed, for every n € J, there
exists i, € I such that every sentence in ®,, is a consequence of ¢, in M. If
@i, ¢ ®, then M N Mod(®) = M N Mod(®\®,,), which is a contradiction. If
|J| > 1 then we consider n,m € J with n # m and find k£ € J such that ¢;,
and ¢;, are consequences of ¢y in M. Since ¢ ¢ ®, NP, = &, we again arrive at
a contradiction. We conclude that J =1, i.e., ® is a finite set (which is a singleton
if @ is an independent basis). O
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Kartashov [2] found a quasivariety of monounary algebras that admits an infinite
directed basis and another infinite independent basis for its quasi-identities. We
show that, under certain conditions, a quasivariety possesses 2“ subquasivarieties
with a similar property; however, such a situation is impossible for anti-identities.

The main tool is the notion of a B-class introduced in [3]. Let M be a quasivariety.
We denote by Prn(w) the set of finite subsets of the set w of natural numbers. We
denote by Q(K) the least quasivariety extending a class K and by H(K) the class
of homomorphic images of structures in K. A class A = {Ap : F € Pao(w)} CM
is called a B-class with respect to M if A satisfies the following conditions:

(Bp) for every nonempty F' € Pxy(w), the structure Ap is finitely presented in
M; the structure Ag is trivial;

(By) if F=GUH in Pg,(w) then Ar € Q(Ag, An);

(By) if F,G € Pgy(w), F # &, and Ap € Q(Ag) then F = G;

(B3) if F € Pan(w), i € w, and [ is a homomorphism from Ar to Ay then
either f(Ap) 2 Ay or i € F;

(By) if F' € Pgy(w) then H(Ap) "M C A.

As is shown in [3, 4, 5, 6], existence of a B-class with respect to a quasivariety M
witnesses complexity of M from many points of view. Namely, such a quasivariety
is Q-universal, there exists a subclass K C M such that the set of (isomorphism
types) of finite sublattices of the lattice Lq(K) of its relative subquasivarieties is
undecidable, and there exist 2* elements of L, (M) with no covers, 2* subquasiva-
rieties of M with no finitely partitionable bases for their quasi-identities, and
2“ nonstandard subquasivarieties of M; moreover, a series of natural algorithmic
problems is undecidable for 2* subquasivarieties of M. In the present article,
we indicate one more point of view from which a quasivariety with a B-class is
complicated.

3. BASES OF QUASI-IDENTITIES

By [5, Theorem 8.1], if there exists a B-class with respect to a quasivariety M
then there exist 2¢ subquasivarieties of M without finitely partitionable bases for
their quasi-identities such that the intersection admits a finitely partitionable basis
for its quasi-identities. Moreover, in [5, Theorem 8.2], conditions are found for such
a basis to be independent.

The proofs of those assertions are “relatively constructive,” i.e., they provide us
with a description of the intersection of subquasivarieties in terms of the B-class.

We denote by Pi,r the set of infinite subsets I C w such that the complement
w \ I is infinite too. For every I € P, we consider the class K; of all structures
A € M with the following property: The structure Ap is embeddable into A if
and only if /" C I. We put K = (), K;. The following assertion is immediate
from [5, Claim 8.3].

Proposition 2. The class K is a quasivariety and consists of all structures A € M
with the following property. If Ap is embeddable into A then F = &.

By [5, Claim 8.5], there exists a finitely partitionable basis for quasi-identities
of K in M. We find another basis for its quasi-identities.

Proposition 3. There exists a directed basis for quasi-identities of K in M.
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Proof. Consider a nonempty set F € Pg,(w). According to condition (Byg), there
are a finite set X of variables and a finite set Ap of atomic formulas with free
variables belonging to X such that Ap = Fp(Xp,Ar), i.e., the structure Ap is
finitely presented in M by the generators X and relations Ap. Let vp: Xp — Ap
be the corresponding interpretation of the variables from X . Consider an arbitrary
set G C F. By [3, Lemma 2.2(ii)], there is a homomorphism from Ar onto Ag.
Then there is a finite set AL of atomic formulas such that Ag = Fnv(Xp, AL) with
an interpretation 75 of the variables from Xp in Ag and AL Em Arp (the reader
is referred to [3, Sec. 1] for more detail).

Let F € Pg,(w). We consider the following sentence 1 which is equivalent to
a finite set of quasi-identities:

VT (&AF(F) = &AL(T)),

where the tuple T corresponds to the set X of generators. Let U = {¢p : F €
Pﬁn(w)}.

We show that Wk is a directed set. For F,G € Yk, we put H = F UG. Let
A € M and let A satisfy the sentence ¥ g. Assume that A satisfies the premise
&Ap with an interpretation  of the variables from Xp in A. Then there exists
a homomorphism f from Ar to A. We represent Ar = Fp(Xp, A) with an
interpretation v of variables from Xy in Ap. Then A satisfies the premise &A%
with the interpretation fyH. Since AZ |=np Ap, we conclude that A satisfies
the premise &Apy with the same interpretation. Since A = ¢y, the structure A
satisfies the conclusion of 1y with the same interpretation, i.e., the homomorphic
image of Ay under the composition of homomorphisms is a trivial structure. This
means that f(Ap) is a trivial structure too, i.e., the conclusion of ¢ holds in A
with the interpretation ~.

It remains to show that VUi is a basis for quasi-identities of K in M. Let A € K
and let A satisfy the premise of ¢p with an interpretation 7 of the variables from
Xp in A. Then there exists a homomorphism f from Ag to A. The homomorphic
image f(Ar) belongs to H(Ap) and is a substructure of A. We have A € K C M;
hence, f(Ar) € M. By (By), we find that f(Ap) = Ag for some G € Pg,(w).
By Proposition 2, we have G = &. Therefore, the structure f(Ap) is trivial
and, consequently, satisfies the conclusion of ¢p with the same interpretation ~.
Conversely, if A € M and A E ¢p for every F € Pg,(w) then no nontrivial
structure of the form Ar admits a homomorphism to A. We conclude that Ap is
embeddable into A if and only if F = &. It remains to apply Proposition 2. O

We summarise the above results as follows.

Proposition 4. If there exists a B-class with respect to a quasivariety M then there
exist distinct bases Pk and Vi for quasi-identities of a suitable subquasivariety
K C M such that ®k is finitely partitionable and Yk is directed.

By [5, Claim 8.1], existence of a B-class with respect to M implies existence of
2“ such classes; moreover, the corresponding quasivarieties for distinct B-classes are
distinct too. Hence, we take into account Proposition 4 and obtain the following
assertion.

Theorem 5. If there exists a B-class with respect to a quasivariety M then there
exist 2 subquasivarieties K of M such that K admits a finitely partitionable basis
$i and a directed basis Vi in M.



BASES OF QUASI-IDENTITIES 745

An additional condition on a B-class guarantees that the finitely partitionable
basis for quasi-identities becomes independent, see [5, Theorem 8.2]. Thus, there
exist examples of quasivarieties with (distinct) independent and directed infinite
bases for their quasi-identities. The proof of the following assertion is immediate
from [5, Corollary 9.1] and Theorem 5.

Corollary 6. If X is one of the classes below then the conclusion of Theorem 5
holds for a suitable subquasivariety M C X:

o the variety U of monounary algebras without 1-cycles,

the variety R of all commutative rings with unit,

the variety C,,,, of all Cantor algebras, where 0 < m < n < w,

the quasivariety G of all directed loopless graphs,

the quasivariety Mo 1 of all modular (0,1)-lattices,

every variety of (0, 1)-lattices that contains a finite non-distributive simple

(0, 1)-lattice,

e cvery quasivariety of undirected antireflexive graphs that contains a non-
bipartite graph.

In the first four cases, the bases Pk are independent.

4. BASES OF ANTI-IDENTITIES

We prove that an analogue of Theorem 5 is no longer valid for anti-identities.

By [1, Theorem 4.8], if M is a proper universal Horn class (i.e., no structure
in M possesses a trivial substructure) and K is an M-antivariety then the following
conditions are equivalent:

(1) there exists a directed basis for anti-identities of K in M;
(2) the element K is meet irreducible in the lattice of M-antivarieties;
(3) we have A x B M\ K for all A,Bc M\ K.

We show that each of these equivalent conditions is equivalent to the following
condition:

(4) each basis for anti-identities of K in M is directed.

Indeed, it is clear that (4) yields (1); it suffices to prove that, say, (3) implies (4).
Essentially, we pass to the set of (isomorphism types) of finitely presented structures
in M\ K partially ordered by homomorphisms and take into account the fact that
each subset generating a directed set is directed.

Theorem 7. If an antivariety possesses a directed basis for its anti-identities then
each basis for its anti-identities is directed.

Proof. Let K be defined in M by a basis ¥ = {; : ¢ € I'} for its anti-identities.
For every anti-identity

© = VT (1 (T) V- V- (T)),

let A(yp) denote the structure defined in M by the generators T and the relations
P1,..., 0y, It is easy to see that a structure B € M satisfies an anti-identity ¢ if
and only if A(p) admits no homomorphism to B.

In particular, for every i € I, the anti-identity ¢; is false in A(yp;), i.e., for
all 7,7,€ I, we have A(yp;), A(¢;) ¢ K. By (3), we obtain A(p;) x A(p;) ¢ K.
Hence, there exists k € I such that A(p;) x A(p;) does not satisfy ¢5. This means



746 A. V. KRAVCHENKO

that A(py) admits a homomorphism to A(y;) x A(p;). Hence, A(py) admits a
homomorphism to both A(y;) and A(yp;).

Let B € M be an arbitrary structure obeying . Then A(¢x) admits no
homomorphism to B. Hence, none of A(y;), A(y;) admits a homomorphism to B.
This means that B satisfies both ¢; and ¢;. Since B € M is arbitrary, we conclude
that ¢; and ¢; are consequences of ¢y in M. |
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