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FINITE GROUPS WHOSE MAXIMAL SUBGROUPS HAVE ONLY

SOLUBLE PROPER SUBGROUPS

D.V. LYTKINA, A.KH. ZHURTOV

Abstract. We give a description of a �nite group whose maximal
subgroups possess only soluble proper subgroups, which implies the ans-
wer to the well-known question on composition factors of �nite groups,
whose second maximal subgroups are soluble.
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1. Introduction

In 1968 J. Thompson published a paper [1] containing classi�cation of minimal
simple groups by proving the fact that a �nite simple nonabelian group, all of whose
proper subgroups are soluble, is isomorphic to one of the groups of the following
list:
List 1. Minimal simple nonabelian groups:

(1) L2(2p), p is a prime;
(2) L2(3p), p is an odd prime;
(3) L2(p), p is a prime, p > 3 and p ≡ ±2 (mod 5);
(4) Sz(2p), p is an odd prime;
(5) L3(3).

NOTE. Throughout, we use the notation from [2].
The goal of the paper is to get a description of a �nite group whose maximal

subgroups possess only soluble proper subgroups.
Of course, the desired result will generalize the mentioned classi�cation theorem

by Thompson. The only di�erence from the original study is that we use the
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classi�cation theorem on �nite simple groups stating that every nonabelian �nite
simple group is isomorphic to one of the groups from the following
List 2. Nonabelian �nite simple groups:

(1) One of 27 sporadic groups, including the Tits group 2F4(2)′;
(2) An, n ≥ 5;
(3) Ln(q), n ≥ 2, (n, q) /∈ {(2, 2), (2, 3), (2, 4), (2, 5), (2, 9), (3, 2), (4, 2)};
(4) Un(q), n ≥ 3, (n, q) 6= (3, 2);
(5) Sn(q), n ≥ 4, n is even, (n, q) /∈ {(4, 2), (4, 3)};
(6) O2n−1(q), O+

2n(q), O−2n(q), n ≥ 4;
(7) G2(q), q > 2;
(8) F4(q), E6(q), E7(q), E8(q);
(9) Sz(22n+1); 2G2(32n+1); 2F4(22n+1), n ≥ 1; 3D4(q); 2E6(q).

Note that the list is designed to avoid repetitions. For example, part 3 does not
include groups L2(4) and L2(5) isomorphic with A5, L2(9) isomorphic with A6,
L4(2) isomorphic with A8 and L3(2) isomorphic with L2(7).

2. Main result

Theorem 1. Suppose that G is a �nite group. Then all proper subgroups of any
of its maximal subgroups are soluble if and only if one of the following conditions
hold:

(1) G is soluble;
(2) G/Φ(G) is a minimal simple group, i. e. it is isomorphic to one of the groups

from List 1.
(3) G contains a normal subgroup G0 of prime index, and G0/Φ(G0) is a minimal

simple group.
(4) G/Φ(G) is a simple group, isomorphic to one of the groups from the following

List 3.

List 3.

(1) L2(2rs), r and s are primes;
(2) L2(3rs), r and s are odd primes;
(3) L2(p), p is a prime and p ≡ ±1 (mod 5);
(4) L2(pr), r is an odd prime, p = 5 or p is a prime, such that p ≡ ±2 (mod 5);
(5) L2(9) ' A6;
(6) U3(3);
(7) Sz(2rs), r and s are odd primes.

Proof. Suppose that case (1) is not true, i. e. G is insoluble. Suppose �rst that every
of its proper subgroups is soluble. Let N be a maximal normal subgroup of G. Then
G = G/N is a simple group and N is soluble. Therefore, G is nonabelian, all of its
proper subgroups are soluble, and G is isomorphic to one of the groups from List
1. If M is a maximal subgroup of G, then MN 6= G and hence N ≤ M . So, N is
contained in the intersection Φ(G) of maximal subgroups and case (2) is true.

Next suppose that G has an insoluble maximal subgroup M . If M E G, then
G/M is a group of prime order, all proper subgroups of M are soluble, and case
(3) is true.

And if G has no proper normal insoluble subgroup and N is a maximal in G
normal soluble subgroup, then E = G/N is a simple nonabelian group and among
its maximal subgroups there is an insoluble subgroup M . By condition all proper
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subgroups in M are soluble and, therefore, M/Φ(M) is a simple group isomorphic
to one of the groups from List 1.

If MN = G, then G/N 'M/N∩M . Since all proper subgroups of M are soluble
and G has exactly one insoluble composition factor, then all proper subgroups of G
are soluble and, using what we proved before, G/Φ(G) is a simple group from List
1. So, N lies in any maximal subgroup of the group G, i.e. N ≤ Φ(G).

Now, to prove the theorem, it is su�ce to con�rm the following statement.
Proposition. Let G be a �nite simple group containing a proper insoluble subgroup,

and let every such insoluble subgroup modulo its Frattini subgroup is isomorphic to
a group from List 1. Then G is isomorphic to one of the groups from List 3.

Since G is isomorphic to one of the groups from List 2, we have to inspect this
list.

Information about maximal subgroups of sporadic groups provided in [2] shows
that none of these groups �ts to be the group G.

Suppose that G = Ln(q), q = ps, p is a prime, s ∈ N. If n = 2, then by [3, Satz
II.8.27] G is isomorphic to one of the following groups:

• L2(2rs), r, s are primes;
• L2(3rs), r, s are odd primes;
• L2(p), p ≡ ±1 (mod 5);
• L2(pr), p = 5 or p ≡ ±2 (mod 5), r is an odd prime;
• L2(9) ' A6.

Note, along the way, that none of the alternating groups Am for m ≥ 7 satis�es the
conditions of the theorem.

If n ≥ 3, then the stabilizer S in G of a one-dimensional subspace of projective
space Pn−1 under natural action of G is isomorphic to

(
[qn−1] : GLn−1(q)

)
/(q −

1, n). If S is insoluble, then it does not satisfy the conditions of the proposition. It
is soluble given n = 3 and q = 2 or 3. For these two cases G is in List 1.

Another case is when G = Sn(q), n ≥ 4, n is even, (n, q) /∈ {(4, 2), (4, 3)}. Then
the maximal subgroup of the smallest index in G is insoluble by [4] and does not
satisfy the conditions of the Proposition.

Let G = Un(q).
If n = 3, then Tables 8.5 and 8.6 from [5] show that the conditions of the

proposition are met only by G = U3(3).
If n = 4, then one of the maximal 2-local subgroups of the group U4(q), which is

isomorphic to
(
[q4] : SL2(q2) : (q − 1)

)
/(q + 1, 4) is insoluble and does not satisfy

the conditions of the proposition.
Now, if n ≥ 5, then the monomial subgroup of Un(q) isomorphic to(

(q + 1)n−1/(q + 1, n)
)

: Sn is insoluble and does not meet the conditions of the
proposition.

If G is an orthogonal group in dimension at least 7, its subgroup of the smallest
index is insoluble and does not satisfy the conditions of the proposition (see [6]).

The same is true for exceptional groups of types F4, E6, E7, and E8, and also
for groups of types 2E6 and 2F4 (see [7, 8, 9]). Maximal subgroups of simple groups
of types G2, Sz,

2G2, and
3D4 are listed in [5] (Tables 8.16, 8.30, 8.41, 8.42, 8.43,

8.51). Except for the groups Sz(22n+1), none of the groups in those tables satis�es
the conditions of the proposition.
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For Suzuki groups, the conditions of the proposition are met only by the groups
Sz(2rs), where r and s are odd primes. This proves the proposition along with the
theorem. �

The theorem ovbiously implies the answer to the known question on composition
factors of �nite groups, whose second maximal subgroups are soluble.
Corollary. Consider a �nite group G, such that every maximal subgroup of its

maximal subgroup is soluble. If C is a composition factor of G, then C is either a
group of prime order, or C is isomorphic to one of the groups from List 1 or List 3.

The earlier version of the paper was published on arXiv e-print repository
(arXiv:2112.09317).
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