S@MR ISSN 1813-3304

CUBUPCKNE SJIEKTPOHHBIE
MATEMATUHECKNE N3BECTINA

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Tom 19, cmp. 1-21 (2022) VK 517.956
DOI 10.17377 /semi.2022.19.xxx MSC 35K70,35D35, 35Q35, 35Q79

THE ONE-DIMENSIONAL IMPULSIVE
BARENBLATT-ZHELTOV-KOCHINA EQUATION

IVAN KUZNETSOV AND SERGEY SAZHENKOV
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ed Dirac delta-function concentrated at some time moment. From a
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2 IVAN KUZNETSOV AND SERGEY SAZHENKOV

drop phenomena in filtration problems. Existence and uniqueness
of solutions for fixed values of the small parameter of smoothing is
proved. After this, the limiting passage as the small parameter tends
to zero is fulfilled and rigorously justified. As the result, the limit
instantaneous impulsive microscopic-macroscopic model is establish-
ed. This model is well-posed and involves the additional equation on
a transition layer posed on a ‘very fast’ timescale.

Key words: pseudoparabolic equation, impulsive equation, strong

solution, Fourier series, transition layer

1. INTRODUCTION
The classical Barenblatt—Zheltov—Kochina equation
(1) Or = X u+ v u+ | (x,v > 0)

(here, in one-dimensional case) describes nonstationary filtration of a viscous
fluid in a cracky-porous ground [4]. In this framework, the sought function
u in has a physical sense of the distribution of pressure in the gallery
of cracks. Equation also arises in studies of non-equilibrium processes in
the heat transfer 7], where u plays the role of one of the temperatures in a
two-temperature continuum. As well, some dynamical problems regarding non-
Newtonian second-order fluid reduce to boundary value problems for equation
, and in this context u means some expression of velocity components [28].

If processes under study are rather regular, we can confine ourselves to
consideration of rather regular coefficients y = x(z,t) and v = v(x,t). The
relevant theory of equation and of its multi-dimensional version is vast and
deep; its systematic exhibition can be found, for example, in [9]. On the other
hand, irregular processes, like very fast pressure drop in the cracky gallery in
the problem of filtration, lead to the cases when coefficients become highly

non-smooth. More certainly, in this case coefficient ¥ may behave closely to
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THE IMPULSIVE BARENBLATT-ZHELTOV-KOCHINA EQUATION 3

Yy + ad=r), where 1y = const > 0, a = const # 0, and dy—,) is the Dirac
delta concentrated at the time moment ¢ = 7 of the (instant) pressure drop.
For example, such quick capillary pressure drops were experimentally observed
in [20] in a two-phase flow. We can also note that the additional term ad—r)
may correspond to pressure fluctuations linked with ‘impulsive’ fast diffusion
in porous media. In this view, we remark that fast diffusion can be simulated
also with the help of nonstandard gradient growth [6].

In the present paper, we approximate d;—ry on the so-called transition
e-layer. To this end, instead of d(—-), we put into equation the sequence
{KZ}. 50+, which converges weakly* to 0(—,). We observe that the similar
approach was applied in [2, [I2], where the Dirac delta-function 6(—,) was
encompassed in the minor (source) term, not in the term containing a derivative.

Now, in addition to the modification of described above regarding
the approximation of the Dirac delta, we also set vy =1, y = 1 and f =0
for simplicity and formulate the following initial-boundary value problem for
the Barenblatt—Zheltov—Kochina equation with the homogeneous boundary

conditions, which will be studied further in the article:

(2a) Oue = O ue + (1 +aKI(t) 0% u., (x,t) € Iy,
(2b) u:(0,t) = u.(1,t) =0, te(0,7),
(2¢) us(z,0) =g(x), z€(0,1).

In @), IIr = (0,1) x (0,T) is a space-time rectangle, ' = const > 0 and
7 € (0,T) are given fixed time moments, o € R is a given fixed value, u. =
us(x,t) is the sought function, ¢ = g¢(z) is a given function, and K7 is a
given smooth kernel. For a fixed value 7, kernel K7 = K7 (t) is supported on

{7’ - g <t< 7T+ g} and is defined by the formula
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4 IVAN KUZNETSOV AND SERGEY SAZHENKOV

KT(t) = éK (t ; T) . telo,T],

where K = K(¥) is a nonnegative smooth even function supported on segment
~ ~
2 . 2 . 2 .
e > 0 is a small parameter. Thus, K] approximates the Dirac delta-function

d(4=r) in weak* sense as € — 0+, i.e., the limiting relation hIglJr/ o) KI(t)dt =
E—r R

1 1 2
{—— <9< —}, with the mean value equal to unity, i.e., /2 K(¥)dy =1,and
1

¢(7) holds for any integrable in a neighborhood of {¢t = 7} C R function ¢
having the trace at the point ¢ = 7. Note that

(3) eKT (7 +¢l) = K(D).

By the analogy with the theory of generalized ordinary differential equat-
ions 10} 1], 21], we may call the generalized Barenblatt—Zheltov—Kochina
equation corresponding to the pressure of a liquid in cracks.

Further, in Section [2| for any fixed rather small ¢ (say, ¢ € (0,1]), we
construct a solution to problem in the form of Fourier series and
establish that this solution is unique and satisfies the first and the second
energy estimates uniform in e, see Propositions [I] In Section [3| we formulate
Theorems [I] and [2) which are the main results of the paper and which relate
to the limiting transition in problem , as ¢ — 0+. Theorem [1| asserts the
compactness of the family {u.}.co1 as € — 0+ and the fact that the limit
function u = Eli%lJr u. satisfies the homogeneous Barenblatt—Zheltov—Kochina
equation outside the section {t = 7}. The proof of Theorem [l] is given in
Section 4] In order to prove compactness of {u.}.c(,1), we apply the Aubin—
Lions—Simon lemma [24] Theorem 3], see also [3], 8, 14}, [15], [19]. Theoremdeals
with the study of the family {u.}.c(o1) near the section {t = 7} and is proved in
Section ] More certainly, in Section [f] in order to link the one-sided traces of

the limit solution at ¢t = 7, we rescale u. on <0,T — g), <7’ — g, T+ g), and
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THE IMPULSIVE BARENBLATT-ZHELTOV-KOCHINA EQUATION 5

<7‘ + %,T) and apply the Aubin—Lions lemma [I6, Lemma 2.48, p. 36],[24,
Corollary 6] to the rescaled solution. As the result, for the rescaled solution
we derive the so-called equation on the transition layer between t = 7 — 0
and t = 7+ 0, see (11b]), which incorporates not the ‘macroscopic’ (‘slow’)
time variable ¢, but the ‘microscopic’ (‘fast’) time variable ¢, so that ¢ € [0, 1],
t =7 — 0 corresponds to t = 0+, and ¢t = 7 + 0 corresponds to t = 1 — 0.

The main difference between the aforementioned results from [2] [12] and
the results from the present article is that, in the present article, the dissipative
term persists on a transition layer {0 < ¢ < 1} after rescaling, since €92, .
does not vanish, as ¢ — 0+ in equation ([10). This is one of the novelties in
the present paper.

Concluding this introduction, let us remark that pseudoparabolic equat-
ions are of Sobolev type [1],[9] and are also applied for regularization of forward-
backward parabolic equations [5, (17, I8, 25]. The presence of 93 ,u. is essential
in our study. The purely parabolic equation of the form , i.e., the equation
where the third order derivative 92 ,u. is discarded, requires an additional
research and this question lays beyond the present article. As well, an interesting
direction of further research may be devoted to inclusion of a non-local term

of the Fredholm type into . Specifically, inserting the term

T
KZ() [ KI(5)2(a,) ds
0

on the place of K7 (t)0%,u.(x,t), we encounter the generalized Fredholm type
integro-differential pseudoparabolic equation, which may have a significant
place in the theory of non-local in time partial differential equations |26, 27, [30]

and in the theory of impulsive integro-differential equations [13].
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6 IVAN KUZNETSOV AND SERGEY SAZHENKOV
2. EXISTENCE. THE FIRST AND THE SECOND ENERGY ESTIMATES
Proposition 1. Whenever g € W:2(0,1), there is a unique solution u. =

ue(x,t) to problem . Moreover, the solution satisfies the uniform in € first

and second enerqy estimates

(4) el Foe 0722 00,0)) F 100ttel| T 0.7 20,1y <

C (g2 ) + 19:9172001)) € M, Ve € (0,20),
(5) 10tte |70 0.7 220.0)) + 107 tie Lo 0.1:22(0.0)) < Mo,
and the maximum principle
(6) | Otic || Loo (1) < M,

where My, My, M3 = const > 0 do not depend on €.

The proof of this proposition can be divided into four stages and is given
in Sections 2.IH2.4] further.

2.1. Existence and uniqueness. Since we deal with the linear case, we apply
the Fourier series method. Taking into account homogeneous conditions, a

solution is sought as a Fourier series:

(7) ue(,t) = Z Cs,n(t)(pn(x)a

where ¢, () = sin(\,z), A\, = nm. Therefore, the coefficients satisfy the set of

Cauchy problems (n € N)

2

(80) &t = {0 (L QKT (W)eealt), t€ (0.T),
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THE IMPULSIVE BARENBLATT-ZHELTOV-KOCHINA EQUATION 7
(8b) Czn(0) = gn,

where, in turn, g, are the Fourier coefficients of initial data g € VVO2 ’2(0, 1).

Now, let us apply the results from [22} 23] to (8). Namely, for every ¢ €
[0, +00) and & > 0 we introduce the linear operator E.(t): L*(0,1) — L*(0,1)
by the rule:

*© A2 t
E.(t)v = Zexp (_1 +n>\2 (t + a/o KI(s) ds)) Unon(x), t>0,
n=1 n

for an arbitrary function v with [|v[|72,) = 77;1 v? < oo,
Operator E.(t) depends on t as on a parameter and has the following

properties.
(i) E-(0) =1,
(if) [|EC[| < exp(|al).

Proof of assertion (ii). By Parseval’s inequality, we have

> 2)2 K
B0l = S teww (-~ (14 [ K2 as) ) <

o
>
=
)
L
\M8
S
3N
I
o
>
=
)
L
<=
=~

5

and the estimate follows.
(iii) E.(t)v € C(]0,+00); L*(0,1)) for any v € L(0,1).

Proof of assertion (ii). We remark that inclusion g € W22(0,1) is

equivalent to

i MgZ < +oo.
n=1
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128 Getting ahead of the proof of Proposition [I, we can take v = 9,,¢ in
129 Section [2.3] With this note, we have

A(a@gw—a@gm%mz

/01 (i (eXp (‘1f?%; (“”/j Kg(s)ds)) -

n=1

2
)\2 t1
exp (_1 n)\2 (t1 +a KI(s) ds)) Un sin()\n:v)> dr <
n 0

1« A 2
- __ln KT _
5 exp T <t2+a i 8(s)als))

n=1
22 1 2
exp (—1 +")\% (t1 +a i Kg(s)ds)) v = 0asty—t; — 0,
130 and the assertion (iii) follows.

131 2.2. The first energy estimate uniform in . We start by establishing the
132 first energy estimate for the solution of problem .

133 We multiply by the solution w., integrate over (0,1) x (0,t), where
134 t € (0,7), integrate by parts in z, taking into account , and then use
135 to get the first energy identity

1

51(m@ﬁfﬂa%mm%mH%A(M@P+@mm%mz
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THE IMPULSIVE BARENBLATT ZHELTOV KOCHINA EQUATION 9
t 1 9
__ / / (1+ K7 () |Duuc (e, )| dadt’ <
0 0

t 1
|a]//Kg(t’)]8qu(x,t’)|2 dedt', Vte|0,T).
0 0

Applying the Gronwall-Bellman lemma to this equality, we immediately estab-
lish estimate .

2.3. The second energy estimate uniform in €. Since u. = E.(t)g, 02,9 €
L*(0,1) and 92 u.(-,t) € L*(0,1), we are eligible to multiply by —02 u.,
integrate over (0,1) x (0,¢), where t € (0,7"), integrate by parts in z in the
first two terms, taking into account , and then use to get the second
enerqgy identity

1
5/0 (|81u5(x,t)|2 + |aixu€(x,t)|2) dx

1 1
2 [ o 1) e -
t 1
= [ [ arze e, o <
0 JO

topl
/ / || KT ()02 uc(z, t)|? dadt’, Yt €[0,T].
o Jo

Applying the Gronwall-Bellman lemma to this inequality, we arrive at the

second energy estimate .

2.4. The maximum principle uniform in e. The maximum principle @
directly follows from the two energy estimates and the Newton—Leibnitz formu-

la.
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10 IVAN KUZNETSOV AND SERGEY SAZHENKOV

3. THE MAIN RESULTS

The main results of the article are the following Theorems [I] and [2] In
Theorem (1| we deal with the limit u(x,t) = Elir& u. apart from the section
{t = 7}. In Theorem [2| we formulate the initial-boundary value problem on
the ‘transition layer’ between ¢t = 7 —0 and ¢t = 74 0. Solution of this problem

links w(z, 7 — 0) with u(z, 7 + 0).

Theorem 1. The family {u.}ee (0. 5 relatively compact in L*(0, T; Wy'*(0, 1))
and relatively weakly* compact in L>(0,T; W02’2(0, 1)), as € — 0+4. In other

terms, there exist a subsequence from {u.}.~o (still labeled by €) and a limit

function u € L>(0,T; WZ*(0,1)) such that

(9a) Ue =0 U strongly in L*(0,T; W,*(0,1))
and weakly* in L=(0,T; W:?(0,1)),
(9b) ou =202 u+0%u for(z,t) €l \ {t=r1},
(9¢) u(0,t) =u(l,t) =0 forxe(0,1),te (0,7)U(r,T),
(9d) u(z,0) = g(z) forx € (0,1).

In Sections [4 and 5], the identities for the one-sided limits are proved:

. . 8
u(z, 7 —0) = gl—l>%1+ us(z, 7 —0) = el—l>%l+u5 <;13’ T — 5))

: . £
u(z, 7 +0) = al—l>%l+ us(x, 7 +0) = al_lgl+ Ue (x, T+ 5)
Therefore, following the idea presented in [I1], 29 12|, along with the family
{te}es0, in order to link u(x,7 — 0) and u(z, 7 + 0), we use rescaling on the

€ €
transition layer |7 — 57 + 5] and deal with rescaled solutions . (z,t) =

11
us(x, T+ et), where @.: (0,1) x (—5, 5) — R. For every fixed £ > 0, with the
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_ t— 11
help of a new variable t = ys [

—5 5} and multiplication by e, we deduce
€
from the rescaled equation

(10) Ol = 02 i + (e + aK (1)) 02 a., (x,t) €11,
11
where IT = (0,1) x <—§, 5)

Theorem 2. The family of rescaled solutions {u.} ., is relatively compact in
11 11
L? ((O, 1)x (—5, 5)) and relatively weakly* compact in L™ (—5, 3 W02’2(O, 1)> .

In other terms, there exist a subsequence from {u.}c~o, still labeled by e, and

11
a limit function u € L™ (—5, 3 W02’2(O, 1)) such that
(11a) . — @ strongly i L2<(o1)><<—1 1))
a Ue —o» @ strongly in , . 53
and weakly* in L™ (—5, Y W02’2(0, 1))

Moreover, on the transition layer we write out the pseudo-parabolic equation

supplemented with the homogeneous boundary conditions and the initial condit-

on:

(11b) opi = 02 _;u+ oK (1)02,u for (z,t) €11,

(11¢) (0,8) = a(1,8) = 0 for f € (—% %) ,

(11d) H(x,—%—i—()) =u(z, 7 —0) forz € (0,1).
4. PROOF OF THEOREM [I]

4.1. Application of the Aubin—Lions—Simon lemma.
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176 Lemma 1. For all € € (0,g|, the family of strong solutions of problem

177 satisfies the following demands:

178 e uniform boundedness in L*(0,T; W5 >(0,1));

179 e integral equi-continuity

hli}réar | Thue — u6||L2(07T_h;W5,2(0’1)) =0, where Tpuc(z,t) = u(x,t+ h).

180 Proof. The uniform boundedness follows from ([]). In order to prove the integral

181 equi-continuity, we rewrite

T—h
||Thu€ u€||L2 0,7— th 2(0 1)) /0 (||u5(7t+h’) _/U’E('?t)H%Q(O,l)
+ ||azus(7 L+ h) - 8$U5(', t)“%Q(O,l)) dt.

182 Therefore,

e (-t + ) = e ()22 0,0 + 10zt t + h) = Batie (-, 1) [0,y =

Z(l + )\2) (Cs,n(t +h) — Cs,n(t))2 _

n

_ Z(l +A2) /t Lo (8)ds (con(t +h) — con(t)) =

n=1

0 t+h
- ; A2 /t Con(8)(1+ KT (s)) ds (con(t + h) — con(t)) <

t+h
2/ (1+|a|KI(s) dSZ)\2 max |c.,(t)]* <
t

t€[0,T]

t+h
20/ 1+ o KI(s) dsZ)\ngn
t

183 This provides
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THE IMPULSIVE BARENBLATT-ZHELTOV-KOCHINA EQUATION 13

I7ntte = well a0 w2y <

T—h t+h 00
20/ (/ (1+|a|Kg(s))ds> dt» \.g2 < Ch,
0 t n—=1

since
T—h
/ (/ KI(s )dt /KT )sds + KI(s)hds
+/ KI(s)(T /KT )ds = h,
T—h
forO<7<T, h, egl. O

4.2. Relative compactness of {uc}ec(,co) in L2(0,T; W, ?(0,1)). Lemma
enables to apply the Aubin—Lions—Simon lemma, see |24, Theorem 3|, where
X = WJ*0,1) and B = W,?(0,1), such that X << B. Under this result
and Lemma (1| sequence {u.}._,o, is relatively compact in L2(0,T; W,*(0,1)).
Bound (5)) implies {u, }. 04 is relatively weakly* compact in L>(0, T’; W02 ’2(0, 1)).
Due to these properties, there exist a subsequence from {u.}. o, and a limit
function u € L>(0,T; W:*(0,1)) satisfying the limiting relation and the
initial-boundary value problem f. This completes the proof of Theorem
1l

5. PROOF OF THEOREM

In the present section, we rescale the solution u. in the time variable,

correspondingly, in three domains:

e (0,1)x(0,7—%) is mapped into (0 1) x (0, 7) and a rescaled solution u,,

defined by Fourier coefficients , satisfies the problem , stated
further;
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14 IVAN KUZNETSOV AND SERGEY SAZHENKOV

11
e (0,1) x (1 — 5,7+ 5) is mapped into (0,1) x (—5, 5) and a rescaled
solution 7., defined by the Fourier coefficients , satisfies problem
(0D, (5a), (L5D);
e (0,1) x (1+5,T) is mapped into (0,1) x (7,7') and a rescaled solution
U, defined by the Fourier coefficients , satisfies problem ([17)).
Therefore, with the the help of rescaling, we can link lilglJr ue(z, 7—0) with
E—
lim u.(x,7+0) and, correspondingly, lim O, u.(xz,7—0) with lim Ou.(x, 7+
e—0+ e—0+ e—0+
0). Moreover, in each domain we apply the original version of the Aubin—Lions

lemma.

€
5.1. Rescaling on t € [0, T — 5] . Here we are going to rescale system ({]).

On {OgtéT—i}WetaketA:: 7~ €[0,7] and

2 r—9)
enll) i =Cep | ———1 | .
Cen(t) == ce, ( -
(=) o |
With dt = ——==dt, system is rewritten in the form:
T

(12a) ¢ (t) = —( - 2) . +”)\%c€,n(t), te(0,7), neN,
(12b) Cen(0) = gn-

We introduce a function

iL\E(CC,%\) - ng,n(%\)spn(m)

n=1

as a solution of the rescaled equation

(13a) Ofu. =

2~ 3~
81‘33u5 + 8m?ua

(r-3)

satisfying the respective initial and homogeneous boundary conditions
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(13b) U (x,0) = g(x),
(13c) 0.(0,1) = 0.(1,7) = 0.

Lemma 2. The following energy estimate holds true:

ASLlp Ha6<'7t)|’]2/[/02’2(071) + ASLlp ||afa€(7 t)||12/v0272(071) < CHQH?}[/OQQ(OJ)
te(0,7) t€(0,7)

Proof. The proof of this lemma is similar to the deduction of the first and the
second energy estimates, see Sections [2.2] and 2.3 O

The family of the functions 4. is compact in C([0,7]); Wy*(0,1)). This is
guaranteed by Proposition [T, Lemma [2] and the original version of the Aubin—

Lions lemma, since the space
{v e L*0,7;W2*(0,1)) : dw € L=(0,7;W,2(0,1))}

is compactly embedded in C([0, 7]; W,2(0,1)).

t—T1

5.2. Rescalingont € [T—%,T—|—§]. Lett := fort € [7—_5 T+f]_

€
_ 11 _ _
Note that t € [—5, 5] , dt = edt, and t = 7 + t. Applying , for

Cen(t) = con(T +2t)

system transforms into

. 2 ol - 11
(a)  el,(0) = =725 (e + aK (D)en(?), t€<—§,§>, neN,

—_
+ | >
3

(14b) Es,n(—%) — Cn(r).



226

227

228

229

230

231

232

233

234

235

236

16 IVAN KUZNETSOV AND SERGEY SAZHENKOV

As in Section , it follows from that

.(2,1) =Y Cnlt)en(2).

n=1

satisfies equation ((10) with initial and boundary conditions

(15a) U <a:, -

(15b) 7.(0,7) = 7.(1,7)

I
e

Lemma 3. The following energy estimate holds true:

sup Hﬂs('az)H?/Vg’?(o’l) +7 SHP1 ”a%ﬂs('?z)"?yg!?(o,l) < 6ozHgH?/V(fVQ(o,l)'

te(-3.3) fe(-1.3
Proof. The proof is based on Lemma [2] and is similar to the proof of the first

and the second energy inequalities, see Secs. and 2.3 O

11
> 5} W2 (0, 1)). This is

guaranteed by Lemma [3] and the original version of the Aubin—Lions lemma,

The family of functions @, is compact in C ([—

since the space
{v c LQ(—%, %;WOQ’Q(O, 1)): O € L™ (—% %;W&’Q(O, 1))}
is compactly embedded in C( [—l l] : W01’2(0, 1))

5.3. Rescaling on t € [‘r + %,T). Fort € [T+ 5,T) we set

t = + er,T),

and, correspondingly,

al®) = e (L0 ) = O
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Finally, we rewrite as

(168“) /cva,,n@) = (T _ 7_)2 ’ 1 +n)\2 Ea,n@)v te (Ta T)a n e N7
1
(16b) Cen(T) = Con(5 +0).

2

We introduce a solution

n=1
of the rescaled problem
~ (T —7— %) 2 3
1 e — € +We>y
(17a) o7u =7 Oprtic + 07 -
1
(17Db) Ue(z, 7) = . (x, 3 +0),
(17¢) u:(0,1) = u.(1,£) = 0.

Lemma 4. The following energy estimate holds true:

sup Dy + sup 95(T)

< Callgl?
te(r,T) 0 te(r,T)

2
HWOZ’Q(O,I we2(0,1)"

The family of the functions . is compact in C([7, T]; W,*(0,1)). This is
guaranteed by Lemma [] and the original version of the Aubin—Lions lemma,

since the space
{U € L*(r,T;W2*(0,1)) : dyv € L=(r,T; Wy (0, 1))}

is compactly embedded in C([r,T]; Wy*(0,1)).
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5.4. Matching conditions. Note that the sequences {u.}, {u.}, and {u.}
are compact in the following spaces, respectively:

11

C([0,7]; Wy*(0, 1)), C([ 272

]W (0,1)), and C([r, T]; W22(0,1)).

Moreover, lim u, and hm u, satisfy problem . , and, correspondmgly,

e—=0+ e—0

lim w, satisfies the problem - - From initial conditions and

e—0+

-, the matching conditions

1
lim u.(x,7 —0) = lim u.(z,7 —0) = lim u5<x —= —i—O)
e—0+ e—0+ e—0+ 2
and
1
lim ua<$ - — 0) = lim w.(z,7+0) = hm ue(z, 7+ 0)
e—0+ 2 e—0+ —0+
follow.
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