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HOMOGENIZED ACOUSTIC EQUATIONS FOR A LAYERED
MEDIUM CONSISTING OF A VISCOELASTIC MATERIAL
AND A VISCOUS COMPRESSIBLE FLUID

V.V. SHUMILOVA

ABSTRACT. We consider homogenized acoustic equations for a two-
phase layered medium with periodic microstructure. The first phase of
the medium is an isotropic viscoelastic material and the second one is
a viscous compressible fluid. In addition, we assume that all layers are
parallel to one of the coordinate planes. By means of solutions of auxiliary
cell problems, we show that coefficients and convolution kernels of the
homogenized equations depend on the volume fraction of the fluid phase
in the periodicity cell and do not depend on the number of layers and
their geometrical position.
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1. INTRODUCTION

The paper deals with the homogenization of an initial-boundary value problem
for a system of partial differential and integro-differential equations whose
coeflicients are periodic and rapidly varying in one direction. The stated problem
describes the joint motion of alternating layers of viscoelastic materials and viscous
compressible fluids.

Homogenized acoustic equations for heterogeneous media composed of
periodically repeating solid and fluid phases have been extensively studied by
many authors (for example, see [1-8]). It was shown that the homogenized systems
consist of integro-differential equations even if the corresponding original systems
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consist only of differential equations. The homogenized coefficients and kernels
are determined by solutions of several auxiliary problems on the periodicity cell.
However, their explicit calculation is available only for the simplest models of solid-
fluid media, namely for layered media consisting of plane isotropic solid and fluid
layers. This makes it possible to comprehensively study the dynamical behaviour
of such media, which is of great importance in practical applications.

In this paper, we consider a layered medium whose periodicity cell contains M +1
layers of isotropic viscoelastic material and M layers of viscous compressible fluid,
where M > 1is a constant. Relying on the techniques outlined in [7-9], we write out
the homogenized acoustic equations and find explicit formulas for their coeflicients
and kernels by direct solving auxiliary cell problems. The analysis of these formulas
allows us to discover that the homogenized coefficients and kernels are independent
of the number of layers M and their locations inside the periodicity cell.

2. STATEMENT OF THE ORIGINAL AND HOMOGENIZED PROBLEMS

Let © be a bounded domain in R?® with smooth boundary 9 occupied by a
two-phase layered medium with periodic microstructure. For the periodicity cell we
take the cube Y. = €Y, where Y = (0, 1) is the unite cube and ¢ is a small positive
parameter. We suppose that all layers are parallel to the Oxsx3-plane and the cell
Y. contains M + 1 layers of isotropic viscoelastic material and M layers of viscous
compressible fluid (M > 1). We define

M M
Yi= U (q2m7q2m+1) X (07 1)2a Yo = U (q2m—1anm) X (07 1)27
m=0 m=1

2M
I'= U {gm} x (0,1)*, 0=1qo<q1 <q2<...<qom < qan41 =1
m=1

and assume that the sets Yi. = €Y7 and Yo, = Y5 represent, respectively, the
“viscoelastic” and “fluid” parts of the cell Y..
Denote by ¢ the total volume fraction of the fluid in Y. Then

M
Yoe| _ Y2
(1) q= = = (q2m _q2m71)-
AR

The subsets of Q occupied by the viscoelastic and fluid layers are denoted by
Q1. and Qo,, respectively. Note that Q,. = Q NeF,, where E; is the Y-periodic
continuation of Yy, i.e.,

E,= | (iU (@YinoY)+k), s=1.2.
keZ3

The initial-boundary value problem describing the joint motion of viscoelastic
and fluid layers in 2 has the form

0%us 0oy )
Pspp = o, + fi(z,t) in Qu x (0,T), s=1,2,
(2) [w)ls. =0, [05]ls. =0, S.= 091Ny,

ous
u(z,t)|oo =0, u°(z,0)= 5

(:1770) =0,
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where p; = const > 0 is the density in Qg., u®(x,t) is the displacement vector, o° is
the stress tensor, f(x,t) € H?(0,T;(L?(2))%) is the external force vector, and the
square brackets [-]|s. mean the jump in the enclosed quantity across the boundary
S.. Note that in (2) and everywhere below the summation convention over repeated
subscripts is employed.

The components of the stress tensor ¢¢ are defined by

ou®
O'fj = aijkhekh(us) + bz('gl'l)chekh (8t> — dijkh(t) * ekh(ue), T € Qie,

ot

where ey (u®) = ef,(u®) = (Ou,/Oxp + Ou;/Oxy)/2 are the components of the
strain tensor, J;; is the Kronecker symbol, p°(x,t) is the fluid pressure, v is the bulk
modulus of elasticity, a and b(*) are the positive-definite tensors of elasticity and
viscosity coefficients, respectively, d(t) is the tensor of the regular parts of relaxation
kernels, and the symbol * denotes the convolution operation with respect to t,

ous .
afj = —0;;p° + bg,{hekh < > , pf=—ydivu®, =z € Qo

g1(t) * g2(t) = /0 g1(t — 8)ga(s) ds.

The components of the tensors a, b(*), and d(t) are given by
@ijkh = AijOkn + 1(0ir0jn + 0indjn),
bﬁj,lh = (s0i0kn + Ns(0ixdjn + 0indjx), s=1,2,

1 1
dijin(t) = (G1(t) - SG(t)> 0i0kn + iG(t)((;ikéjh + 6indijk),

where A and p are the Lamé parameters, (s and 7y are the viscosity coefficients
in Q., and G(t) and G1(t) are the regular parts of the bulk and shear relaxation
kernels. In what follows, we will assume that G(t) and G1(t) satisfy the following
conditions:
N N,
Gi(t) = biG(1), G(t) =D vue ™, k>0, Y 7 <K,

n=1 n=1

where vy, v, € RT (n =1,...,N), K = min{(3\ + 2u)/(3k1),2u} for k1 > 0 and
K =2 for ky = 0.

The asymptotic behaviour as € — 0 of solutions of problems like (2) was widely
studied in [7-9]. Based on the results of these studies, one can easily deduce that

uf(z,t) — u(x,t) in (L*(Q))* for every t € [0,T],

where u(x,t) is given as the solution of the corresponding homogenized problem,

which is the initial boundary-value problem for a system of integro-differential

equations of convolution type. Their coefficients and convolutions kernels are

explicitly expressed in terms of Y-periodic solutions of auxiliary cell problems. Let

us write down the homogenized and cell problems for our layered medium |7, §].
Firstly, we define Z*"(y) € (H!,,.(Y))? as the solutions of the problems

per
0

(3) oy (") =0 i v, / Z¥dy =0, [0 (Z*")]Ir =0,
J

Y
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where H},,.(Y) is the Sobolev space of Y-periodic functions and

oD (ZF) = b, + b el (2, yeY,, s=1.2.

Ulmelm

Next, we define D*"(y) € (H!,,.(Y))? as the solutions of the problems

per
9 (1) kh\) _ kh 3., _ (1) nkh _
(4) 8y (D)) =0 in Y, D*'dy =0, [o;;/(D"")]|lr =0,
where
U'L(]l)(th) = a”kh + aljlmelm(zkh) + bgjll)melm(th)ﬂ Yy € Y17
o (D) = 46, (8kn, + divy, Z) + bﬁj}m v (DM, yeYa.

Finally, we determine W*"(y,t) € L>(0,T; (H,,.(Y))?) as the solutions of the
evolutionary problems

; (agj)(w’“h)) =0 in Y x (0,7), /thdy =0,
(5) Yj
W (y,0) = D(y) in Y, [0} (WH)]|r =0,
where
o) W) = aijumet,, (W) + b3, et (W) -
— dijim (t) * €l , (W) — dijim (t)efl (ZM") — digrn(t), y € Y1,

8wkh
UZ(J{%)(th) = vd;; divy whkh 4 b”lm . ( En ) , YEYs.

Using the solutions of the above stationary and evolutionary cell problems, we
introduce the tensors «, 3, and ¢(t) as follows:

aijen = (1 — @)aijun + vq0ij0kn + /aijlme?m(zkh)dy+

Y1
(6) + 73 / div, Z*"dy + Z / b et (D) dy,
Yo s= 1Y
(7) B = (1= a)bijpn + abi3p, + Z/bszmezm (Z"")dy,

Gijkn(t) = (1 — @)dijrn(t) — /aijZmelym(th)dy+
Y1

+ / (dijim () * €, (WHP) 4 digipn (£)ely, (ZF7)) dy—

Yy

Wkh
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Then, the homogenized problem corresponding to (2) takes the form

0%u;  Ooy;
(9) p—r = 2 + fi(z,t) in Qx(0,T),
8t2 8a:j
u(z,t)lon =0, u(x,0)= %(x,()) =0,
where p = p1(1 — ¢) + p2g and
ou
0ij = Qijkherh(w) + Bijkhekn <8t> — Gijkn(t) * exn(u).

3. SOLUTIONS OF THE CELL PROBLEMS

We start this section by solving the stationary cell problem (3) for k = h = 1.
We seek its solution in the form

Z'(y) = (20(11).0,0),
where 2(y1) is a piecewise linear function, which is defined by
201) = Amyr + Bm, 41 € (gm-1,4m), m=1,...,2M +1.

It follows from (3) that 4M + 2 coefficients Ay, ..., Aopry1, Bi,..., Bapr41 must
be chosen in such a way that the following conditions hold:
1

2(0) = (1), /zo(yl)dyl — 0, [rollyimgn =0, m=1,...,2]M,
0
dz dz
b, + ) 0) - (b@’ + b °>
< 7111 7111 dyl don 10 7111 7111 dyl

dz dz
bl + i) 0> = <b(.2) +b7) 0>
( 3111 3111 dyl om0 7111 71111 dyl

These conditions lead to the following linear system of 4M + 2 equations:

n=1,...M,

b)
g2n—1+0

, n=1,...., M.
q2n—0

(10) By = Aoy + Bayig1, Am@m + B = Anmp1@m + Bt
(11) Agp—1b1 + b1 = Agnby + b, Azpba + by = Agpi1br + by,
2M+1
(12) Z (Am(q,Qn - qg@—l) +2By(¢m — gm-1)) =0,
m=1

m=1,2,...2M, n=1,..,M,
where by = b3\, = ¢ + 2n,, s = 1,2. Tt follows immediately from (11) that

Ay = As = ... = Aoy and Ay = Ay = ... = Agpy. Thus, equations (10), (11)
become
(13) Ay — B1+ Bay1 =0, Ayby — Agby = by — by,
(14) (A1 — As)gom—1 + Bom—1 — Boy, =0, m=1,...., M,
(15) (Aa — A1)gom + Boymy — Baye1 =0, m=1,.... M.
Summing (14) and (15) leads to
M

(A2 — Ay) (g2m — @2m—1) + B1 — Baar41 = 0.

m=1
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Using (1) and the first equation in (13), we obtain
Al(l - q) + qu = O7
which together with the second equation in (13) gives

1 _
Ay ==L by —by), Ay =——L(by —by),
b12 b12

where bia = b1q + ba(1 — ¢). Substituting these values of A; and As into (14) and
(15), we get

By = Byypr — S m gy =1, oM
bi2
and consequently
bi—by o=,
By = Banr1 — b Z (=" =
12 =
by — by 2M .
(16) =B + - <q— > (-1 qk.> . om=1,..,2M.
k=m
Further, substituting the expressions
2M 41 b — b 2M
> (Anmlar, — o) = lb 2 (—q+ Z(—l)’”qfn> 7
m=1 12 m=1
2M 41 by — by 2M 2M .
Z Bp(gm — gm-1) = B1 + bia (q - Z(Qm — qm-1) Z(_l) Qk> =
m=1 m=1 k=m
oM

into (12), we get

b b 2M
Bi=—2|- —1)mg? | .
= (o S,

Finally, it remains to use (13) and (16) to find the constants Ba,..., Bopr+1. As a
result, we obtain

by —b M 2M

1 — 02

B = =5 <q T2 (V-2 :(1)’“%) . m=2 ..M,
k=m

k=1

b b 2M

1 — 02 m

Boni1 = b1 <(I+ Z(_l) qgn) :
m=1

The solutions of the remaining stationary cell problems (3) and (4) are found
similarly to what we have just done to find Z!(y). In order to write the solutions
of all cell problems in a short way, it is convenient to introduce the notation

b12z
2(y1) = ( 1220(y1) a1 = ainn = A+ 24,

(T—q)(bz—b1)’
a2 = a1q+y(1 —q), m2=mq+n(l—q).



150 V.V. SHUMILOVA

Note that the coefficients of the piecewise linear function z(y;) depend only on
q, q1, ..., and gop7. More precisely,

—41 — Com, Y1 € (@2m—1,92m), m=1,.., M,
z2(y) = qYy1
1—g¢q

_CQm+17 Y1 S (QQm7(Z2m+1)7 m:O7'-'7M7

where

Cl 2( ( q+ Z m 2)
1 2
Cn = 2(1—¢q) <q + I;(_l)qu - 2];71(—1)’“%) . m=2...M,
1 2M
Conrr = -9 <q+mz_:1(—1)mq?n> :

The next assertion describes the solutions of the stationary cell problems.
Lemma 1. Problems (3) and (4) have the following solutions:
Z(y) = (enz(11),0,0), Z%(y) = Z2*(y) = (c122(11), 0,0),
D™ (y) = (c212(11),0,0), D*(y) = D¥(y) = (c222(1),0,0),
ly) = 2% (y) = (0,c132(1),0), Z¥(y) = Z2°!(y) = (0,0, c132(y1)),
D¥(y) = D*'(y) = (0, c232(31),0), D"(y) = D*(y) = (0,0, c232(31)),

N

Z%(y) = 2% (y) = D*(y) = D*?(y) = (0,0,0),
where - )
o= Loy —b1), c1n= 7q(42 - Q),
12

1-— 1-—

C13 = 7(](772 - 771), C21 = —5— (’Ybl albz),
2 biy
1-— 1-—

C22 = Tq((’y - )\)512 - (C2 - Cl)alz), C23 = w
b1y 7712

Now we turn to the evolutionary cell problems (5). First, we consider problem
(5) for k = h =1 and seek its solution in the form

W (y, ) = (2(y1)p(t),0,0), p(0) = can,

where z(y1) is the piecewise linear function introduced above. It follows from (5)
that the unknown function p(¢) must be chosen in such a way that the condition

02" W =g, =0, m=1,...2M
is satisfied. It is easily checked that this leads to the integro-differential equation

4ds (1) # p(t) + arap(t) = Y21~ gy (1),

dp
1 i
(17) bia by

t

where

di(t) = dun (1) <k1+ )Zvne ut

n=1
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We claim that

N+1

(18) )= 3 prre o,
k=1

where pix and & are uniquely determined by some linear system and rational
equation, respectively. Indeed, substituting (18) into (17) yields

N+1

(19) > Appire 4+ g (kl + ) Z Buvge ™t =0,

k=1

where

Ak—blsz—al2—Q(k1+ >Z
+

Z Dik b2(1 - Q).

= &k = " brag

It is clear that equality (19) is satisfied if and only if Ay =0 and B,, = 0 for all
k=1,...,N+1and n=1,..,N. This means that £,..., {x41 are the roots of the
equation

(20) biol — a1z = g (k1 + ) Z

gk _’Vn

§ 'Yn
whereas p11, ..., py(v+1) is the solution of the linear system
N+1
b 1-—
Z pe 0070 o0y
&k — ’Yn b12q
(21) Nt

By similar arguments as above we solve the evolutionary cell problems (5) for
other values of k and h. In order to formulate the obtained results, we consider the
equation

N
q
22 MaT — g = 5
(22) : Ezj —
whose roots we denote by 71, ..., Ty 1. In addition, denote by pa1, ..., pa(n41) and
P31,---» P3(N+1) the solutions of the linear systems
N+1
Pak q (1-q)(3k1 — 1)
- T 51 oy 07 = ]-7 . 7N7
1 §k — Tn b12 (G =G+ q(3k1 + 2) "

(23) N

szk b2 (v = Nbiz — (&2 — C)ara),
12
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and
N+1
1 —
Z D3k 772( q) =0, n=1,...N+1,
= Tk f’yn M2q
(24)
N+1
Z (1 —q)un2
Pk =——" 5

respectively. Note that before solving systems (21), (23), and (24), we need to find
the roots of equations (20) and (22).

A simple geometric construction shows that the roots of (20) and (22) are
different positive numbers. Thus, we can assume without loss of generality that

0<& <o <éntl, 0<m <o <7TN41-
The next assertion describes the solutions of the evolutionary cell problems.

Lemma 2. Problems (5) have the following solutions:

N+1
Wll(y, - < yl Z plke tu070> ) W23(y7t) = W32(y7t) = 07
N+1
W2 (y,t) = W¥(y, 1) < 2(y1) Z pake” > ,

N+1
W(y,t) = W (y,t) = <O,Z(y1) > p3k67kt70> :

k=1

N+1
Wy, t) =W (y. 1) = <0,O,z(y1) > p3k€_7kt> .

k=1

4. CALCULATION OF THE HOMOGENIZED TENSOR COMPONENTS

Now we are able to find explicit expressions for the components of the
homogenized tensors «, 3, and g(t). Before stating it let us note that these tensors
satisfy the usual symmetry conditions, and it can be readily seen that o, = 0,
Bijkn = 0, and g;jxn(t) = 0 whenever 6;;6xn + 0ixd;n + dind;rx = 0. Besides, it
immediately follows from Lemmas 1 and 2 that

2323 = (1 —q), Pazes = m (1 —q) + 1724,

_1-q _
ga323(t Z vpe” It

In addition, it can easily be checked that
Q2222 = (3333, (1122 = (¥1133, (1212 = (1313,
Q2222 — (12233 = /(02222 - a2233)dy = 2#(1 - Q) = 2a2323
Y1

and quite similarly for the tensors § and g¢(t). This means that for our purpose
it is sufficiently to deduce explicit expressions for the components with subscripts
{1111}, {2222}, {1122}, and {1212}.
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Setting i = j =k =h =1in (6)—(8) and then using Lemmas 1 and 2, we get

M q2m+1
q
o = a(l —a) +9q+ Z / 1—q(a1011 + bicor)dyr —
m=0 q2m
M 92m
b2q + a1b3(1 —
n Z / (Pycll + b2021)dy1 = 7919 b12 2( Q)7
m=1 12
q2m—1
M Mo bib
c
B1111 = b1(1 — q) + bag + Z / 1 11q dy — Z / bQCHd%:#’
m=0 el 12
q2m—1
(t) = (1 = q)dy( Z / H+b dp -
gi111 1( L dt "
QZm 1
M q2m+1 d
dy(t) +dqi(t 1) — _p dun —
+mz:0 / (C“ 1(t) + da(t) * p(t) — arp(t) 1dt) "
N+1

= Z qeigpige S+,
k=1

where

clk:’y—a1+(b1_b2)§k_(k1+ )ka—’)’

Expressions for the components with subscripts {2222}, {1122}, and {1212} are
obtained similarly. Omitting the detailed calculation, we write them in the following

final form:

1
1195 = — (b17q + boA(1 — ) + (1 — q)(C1 — o) (Yb1 — arbs),
bi2 bis

Q2222 = a1(1 —q) +vq + %(1 —q)(C1— () (2’Y -2+ %(Cl Cz)) ;

1-— 1
o212 = M7 Biiz2 = E(bﬁzq + b2G1(1 = q)),

7712
q
Bazza = b1(1 — q) + bag — b—(l—q)(g1 — ()2, Biore = M’
12 12
N—+1 N
_ 1-— q)(6k1 + 1) _
t) = Ert (— n n't
g2222(1) ]; qCokP2k€ + 3k + 2 ; Un€ ,
NA+1 N+1

grize(t) = Z geipare” M, graia(t) = Z qeskpspe” T,

where we have used the notation

N
co =7 — A+ (G1 — C2)&k — (kl—;>;§klf%7
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1 Up,
C3k = —p+ (N —N2)Tk — 5 .
pt (m —n2) 25 E—

n=1

It is essential to note that the solutions of the cell problems depend on the
number of layers M and their geometrical positions (gx, gx+1) % (0,1)? inside the
unit cube Y. However, substituting these solutions into (6)-(8), we obtain sums
of ordinary integrals of various constants over the intervals (gg, qx+1). As a result
of the direct calculations, we found out that the homogenized tensor components
depend on ¢, but not on M and ¢;. Thus we arrive at the main result of this paper.

Theorem 1. If the viscoelastic and fluid layers are parallel to one of the coordinate
planes, then the coefficients and convolution kernels of the homogenized equations
(9) depend on the volume fraction of the fluid in the periodicity cell Yz and do not
depend on the number of layers and their geometrical position inside Y.

5. HOMOGENIZED TENSORS FOR OTHER TYPES OF SOLID PHASE

Up until now we have been dealing with the case when both tensors b(") and
d(t) are nonzero. However, using the similar arguments as before, we can deduce
the required explicit formulas if at least one of these two tensors is zero. We now
briefly review the cell problems and the homogenized tensor components for three
cases described below.

Case 1: bM) £ 0 and d(t) = 0. This case corresponds to a medium whose solid
part is a viscoelastic Kelvin-Voigt material. The cell problems (3) and (4) as well
as the homogenized tensors o and [ are exactly the same as above. Further, the
solutions of the cell problems (5), where we set d;;xn(t) = 0 for all possible indices,
are as follows:

t
W (y, 1) = <c21z<y1> exp (—2) ,070) WSyt = W(y.1) = 0,

algt

W2(5,0) = W0) = (s exp (52 ) 0.0)

b12

t
W12<yat) = WQl(yat) = (07 0232<y1) €xp (_M) 70) )
M2

. t
W3y, 1) = Wy, 1) = (o,o, a2 (1) exp (;ﬂ)) .

Substituting Z*"(y) and W*"(y,t) into (8), we get

1-— aqat
g (t) = M(’Ybl — a1bs)? exp <—12> )
biy bi2

g2222(t) - w((v - >‘>b12 - (<2 - Cl)a12)2 exp (abmt) ,
12 12
guz2(t) = (](1():%_2(1)(71)1 —a1b2)((y — A)biz — (¢ — C1)aiz) exp <_6;;1122t> ;

1 —q)p?n3 t
q(1 — q)p’ns exp <uq>

gi212(t) =
77:1)’2 M2
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Case 2: b = 0 and d(t) # 0. In this case the cell problems (3) and (4) are
replaced by

0 (a§?>(zkh)) =0 in Y, (s=1,2),

8yj J
/Zkhdyzo, UZ(?)(Zkh)nj =0 on T,
Y
and 5
Y (B pkhy) _
a9, ( i (D )) 0 in Yo,
/thdy 0, UE?)(th)n] 0(1)(Zkh)n on T,
Y

respectively, where
1
Uz(j)(Zkh) = aijrn + aijimel, (28, y e Y1,

o2 = b2+ b3 et (7, y e Ya,

US))(DM) = Y0ij (6n + divy, ZFh) + bgl)me%’m(th), y €Yo.
Further, the initial conditions in the cell problems (5), where we set bl(.;l)ch =0
for all possible indices, must be replaced by the same conditions in Y5.
Repeating the above reasoning (with natural modifications), we find that the
components of «, 3, and g(t) are the same as in Section 4, if we put everywhere

bl =C1 =m :O, b12 :bg(l—q)_

Case 3: b1 = 0 and d(t) = 0. This case corresponds to a medium whose solid
part is an elastic material. The cell problems and the tensors « and [ are the same
as in Case 2, while the components of g(t) are found by the formulas

g (t) = Lexp (_C‘Ut)
ba(1 —q)? ba(1—q))’

2
g2222(t) = % ()‘ -t 172(82@(1» P <_b2(all2tf])> ’
__mg [ anG ool
guze(t) = s (A T q)) eXp( ba(1 —q)> ’

gt = — P <_Mqt> ,
n2(1 — q)? n2(1 —q)

Note that Theorem 1 remains true in all three cases (it is clear that in Case 3
we must write “elastic” instead of “viscoelastic”).
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