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HOMOGENIZED ACOUSTIC EQUATIONS FOR A LAYERED

MEDIUM CONSISTING OF A VISCOELASTIC MATERIAL

AND A VISCOUS COMPRESSIBLE FLUID

V.V. SHUMILOVA

Abstra
t. We 
onsider homogenized a
ousti
 equations for a two-

phase layered medium with periodi
 mi
rostru
ture. The �rst phase of

the medium is an isotropi
 vis
oelasti
 material and the se
ond one is

a vis
ous 
ompressible �uid. In addition, we assume that all layers are

parallel to one of the 
oordinate planes. By means of solutions of auxiliary


ell problems, we show that 
oe�
ients and 
onvolution kernels of the

homogenized equations depend on the volume fra
tion of the �uid phase

in the periodi
ity 
ell and do not depend on the number of layers and

their geometri
al position.

Keywords: homogenization, 
ell problems, layered media.

1. Introdu
tion

The paper deals with the homogenization of an initial-boundary value problem

for a system of partial di�erential and integro-di�erential equations whose


oe�
ients are periodi
 and rapidly varying in one dire
tion. The stated problem

des
ribes the joint motion of alternating layers of vis
oelasti
 materials and vis
ous


ompressible �uids.

Homogenized a
ousti
 equations for heterogeneous media 
omposed of

periodi
ally repeating solid and �uid phases have been extensively studied by

many authors (for example, see [1�8℄). It was shown that the homogenized systems


onsist of integro-di�erential equations even if the 
orresponding original systems
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onsist only of di�erential equations. The homogenized 
oe�
ients and kernels

are determined by solutions of several auxiliary problems on the periodi
ity 
ell.

However, their expli
it 
al
ulation is available only for the simplest models of solid-

�uid media, namely for layered media 
onsisting of plane isotropi
 solid and �uid

layers. This makes it possible to 
omprehensively study the dynami
al behaviour

of su
h media, whi
h is of great importan
e in pra
ti
al appli
ations.

In this paper, we 
onsider a layered medium whose periodi
ity 
ell 
ontainsM+1
layers of isotropi
 vis
oelasti
 material and M layers of vis
ous 
ompressible �uid,

whereM ≥ 1 is a 
onstant. Relying on the te
hniques outlined in [7�9℄, we write out
the homogenized a
ousti
 equations and �nd expli
it formulas for their 
oe�
ients

and kernels by dire
t solving auxiliary 
ell problems. The analysis of these formulas

allows us to dis
over that the homogenized 
oe�
ients and kernels are independent

of the number of layers M and their lo
ations inside the periodi
ity 
ell.

2. Statement of the original and homogenized problems

Let Ω be a bounded domain in R
3
with smooth boundary ∂Ω o

upied by a

two-phase layered medium with periodi
 mi
rostru
ture. For the periodi
ity 
ell we

take the 
ube Yε = εY , where Y = (0, 1)3 is the unite 
ube and ε is a small positive

parameter. We suppose that all layers are parallel to the Ox2x3-plane and the 
ell

Yε 
ontains M + 1 layers of isotropi
 vis
oelasti
 material and M layers of vis
ous


ompressible �uid (M ≥ 1). We de�ne

Y1 =

M
⋃

m=0

(h2m, h2m+1)× (0, 1)2, Y2 =

M
⋃

m=1

(h2m−1, h2m)× (0, 1)2,

Γ =
2M
⋃

m=1

{hm} × (0, 1)2, 0 = h0 < h1 < h2 < ... < h2M < h2M+1 = 1

and assume that the sets Y1ε = εY1 and Y2ε = εY2 represent, respe
tively, the

�vis
oelasti
� and ��uid� parts of the 
ell Yε.

Denote by h the total volume fra
tion of the �uid in Yε. Then

(1) h =
|Y2ε|

|Yε|
=

|Y2|

|Y |
=

M
∑

m=1

(h2m − h2m−1).

The subsets of Ω o

upied by the vis
oelasti
 and �uid layers are denoted by

Ω1ε and Ω2ε, respe
tively. Note that Ωsε = Ω ∩ εEs, where Es is the Y -periodi



ontinuation of Ys, i.e.,

Es =
⋃

k∈Z3

(Ys ∪ (∂Ys ∩ ∂Y ) + k) , s = 1, 2.

The initial-boundary value problem des
ribing the joint motion of vis
oelasti


and �uid layers in Ω has the form

(2)

ρs
∂2uε

i

∂t2
=

∂σε
ij

∂xj

+ fi(x, t) in Ωsε × (0, T ), s = 1, 2,

[uε]|Sε
= 0, [σε

i1]|Sε
= 0, Sε = ∂Ω1ε ∩ ∂Ω2ε,

uε(x, t)|∂Ω = 0, uε(x, 0) =
∂uε

∂t
(x, 0) = 0,
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where ρs = 
onst > 0 is the density in Ωsε, u
ε(x, t) is the displa
ement ve
tor, σε

is

the stress tensor, f(x, t) ∈ H2(0, T ; (L2(Ω))3) is the external for
e ve
tor, and the

square bra
kets [·]|Sε
mean the jump in the en
losed quantity a
ross the boundary

Sε. Note that in (2) and everywhere below the summation 
onvention over repeated

subs
ripts is employed.

The 
omponents of the stress tensor σε
are de�ned by

σε
ij = aijkhekh(u

ε) + b
(1)
ijkhekh

(

∂uε

∂t

)

− dijkh(t) ∗ ekh(u
ε), x ∈ Ω1ε,

σε
ij = −δijp

ε + b
(2)
ijkhekh

(

∂uε

∂t

)

, pε = −γ div uε, x ∈ Ω2ε,

where ekh(u
ε) = exkh(u

ε) = (∂uε
k/∂xh + ∂uε

h/∂xk)/2 are the 
omponents of the

strain tensor, δij is the Krone
ker symbol, pε(x, t) is the �uid pressure, γ is the

bulk modulus of elasti
ity, the symbol ∗ denotes the 
onvolution operation with

respe
t to t, a and b(s) are the positive-de�nite tensors of elasti
ity and vis
osity


oe�
ients, respe
tively, and d(t) is the tensor of the regular parts of relaxation

kernels. The 
omponents of the tensors a, b(s), and d(t) are given by

aijkh = λδijδkh + µ(δikδjh + δihδjk),

b
(s)
ijkh = ζsδijδkh + ηs(δikδjh + δihδjk), s = 1, 2,

dijkh(t) =

(

G1(t)−
1

3
G(t)

)

δijδkh +
1

2
G(t)(δikδjh + δihδjk),

where λ and µ are the Lam�e parameters, ζs and ηs are the vis
osity 
oe�
ients

in Ωsε, and G(t) and G1(t) are the regular parts of the bulk and shear relaxation

kernels. In what follows, we will assume that G(t) and G1(t) satisfy the following


onditions:

G1(t) = k1G(t), G(t) =

N
∑

n=1

vne
−γnt, k1 ≥ 0,

Ns
∑

n=1

vn
γn

≤ K,

where vn, γn ∈ R
+
(n = 1, ..., N), K = min{(3λ + 2µ)/(3k1), 2µ} for k1 > 0 and

K = 2µ for k1 = 0.
The asymptoti
 behaviour as ε → 0 of solutions of problems like (2) was widely

studied in [7�9℄. Based on the results of these studies, one 
an easily dedu
e that

uε(x, t) → u(x, t) in (L2(Ω))3 for every t ∈ [0, T ],

where u(x, t) is given as the solution of the 
orresponding homogenized problem,

whi
h is the initial boundary-value problem for a system of integro-di�erential

equations of 
onvolution type. Their 
oe�
ients and 
onvolutions kernels are

expli
itly expressed in terms of Y -periodi
 solutions of auxiliary 
ell problems. Let

us write down the homogenized and 
ell problems for our layered medium [7, 8℄.

Firstly, we de�ne Zkh(y) ∈ (H1
per(Y ))3 as the solutions of the problems

(3)

∂

∂yj

(

σ
(2)
ij (Zkh)

)

= 0 in Y,

∫

Y

Zkhdy = 0, [σ
(2)
i1 (Zkh)]|Γ = 0,

where H1
per(Y ) is the Sobolev spa
e of Y -periodi
 fun
tions and

σ
(2)
ij (Zkh) = b

(s)
ijkh + b

(s)
ijlmeylm(Zkh), y ∈ Ys, s = 1, 2.
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Next, we de�ne Dkh(y) ∈ (H1
per(Y ))3 as the solutions of the problems

(4)

∂

∂yj

(

σ
(1)
ij (Dkh)

)

= 0 in Y,

∫

Y

Dkhdy = 0, [σ
(1)
i1 (Dkh)]|Γ = 0,

where

σ
(1)
ij (Dkh) = aijkh + aijlmeylm(Zkh) + b

(1)
ijlmeylm(Dkh), y ∈ Y1,

σ
(1)
ij (Dkh) = γδij(δkh + divy Z

kh) + b
(2)
ijlmeylm(Dkh), y ∈ Y2.

Finally, we determine W kh(y, t) ∈ L∞(0, T ; (H1
per(Y ))3) as the solutions of the

evolutionary problems

(5)

∂

∂yj

(

σ
(3)
ij (W kh)

)

= 0 in Y × (0, T ),

∫

Y

W khdy = 0,

W kh(y, 0) = Dkh(y) in Y, [σ
(3)
i1 (W kh)]|Γ = 0,

where

σ
(3)
ij (W kh) = aijlmeylm(W kh) + b

(1)
ijlmeylm

(

∂W kh

∂t

)

−

− dijlm(t) ∗ eylm(W kh)− dijlm(t)eylm(Zkh)− dijkh(t), y ∈ Y1,

σ
(3)
ij (W kh) = γδij divy W

kh + b
(2)
ijlmeylm

(

∂W kh

∂t

)

, y ∈ Y2.

Using the solutions of the above stationary and evolutionary 
ell problems, we

introdu
e the tensors α, β, and g(t) as follows:

αijkh = (1− h)aijkh + γhδijδkh +

∫

Y1

aijlmeylm(Zkh)dy+

+ γδij

∫

Y2

divy Z
khdy +

2
∑

s=1

∫

Ys

b
(s)
ijlmeylm(Dkh)dy,(6)

βijkh = (1− h)b
(1)
ijkh + hb

(2)
ijkh +

2
∑

s=1

∫

Ys

b
(s)
ijlmeylm(Zkh)dy,(7)

gijkh(t) = (1− h)dijkh(t)−

∫

Y1

aijlmeylm(W kh)dy+

+

∫

Y1

(

dijlm(t) ∗ eylm(W kh) + dijlm(t)eylm(Zkh)
)

dy−

− γδij

∫

Y2

divy W
khdy −

2
∑

s=1

∫

Ys

b
(s)
ijlmeylm

(

∂W kh

∂t

)

dy.(8)
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Then, the homogenized problem 
orresponding to (2) takes the form

ρ
∂2ui

∂t2
=

∂σij

∂xj

+ fi(x, t) in Ω× (0, T ),(9)

u(x, t)|∂Ω = 0, u(x, 0) =
∂u

∂t
(x, 0) = 0,

where ρ = ρ1(1 − h) + ρ2h and

σij = αijkhekh(u) + βijkhekh

(

∂u

∂t

)

− gijkh(t) ∗ ekh(u).

3. Solutions of the 
ell problems

We start this se
tion by solving the stationary 
ell problem (3) for k = h = 1.
We seek its solution in the form

Z11(y) = (z0(y1), 0, 0),

where z0(y1) is a pie
ewise linear fun
tion, whi
h is de�ned by

z0(y1) = Amy1 +Bm, y1 ∈ (hm−1, hm), m = 1, ..., 2M + 1.

It follows from (3) that 4M + 2 
oe�
ients A1, ..., A2M+1, B1,..., B2M+1 must

be 
hosen in su
h a way that the following 
onditions hold:

z0(0) = z0(1),

1
∫

0

z0(y1)dy1 = 0, [z0]|y1=hm
= 0, m = 1, ..., 2M,

(

b
(1)
i111 + b

(1)
i111

dz0
dy1

)∣

∣

∣

∣

h2n−1−0

=

(

b
(2)
i111 + b

(2)
i111

dz0
dy1

)∣

∣

∣

∣

h2n−1+0

, n = 1, ...,M,

(

b
(1)
i111 + b

(1)
i111

dz0
dy1

)∣

∣

∣

∣

h2n+0

=

(

b
(2)
i111 + b

(2)
i111

dz0
dy1

)∣

∣

∣

∣

h2n−0

, n = 1, ...,M.

These 
onditions lead to the following linear system of 4M + 2 equations:

(10) B1 = A2M+1 +B2M+1, Amhm +Bm = Am+1hm +Bm+1,

(11) A2n−1b1 + b1 = A2nb2 + b2, A2nb2 + b2 = A2n+1b1 + b1,

(12)

2M+1
∑

m=1

(Am(h2
m − h2

m−1) + 2Bm(hm − hm−1)) = 0,

m = 1, 2, ..., 2M, n = 1, ...,M,

where bs = b
(s)
1111 = ζs + 2ηs, s = 1, 2. It follows immediately from (11) that

A1 = A3 = ... = A2M+1 and A2 = A4 = ... = A2M . Thus, equations (10), (11)

be
ome

A1 −B1 +B2M+1 = 0, A1b1 −A2b2 = b2 − b1,(13)

(A1 −A2)h2m−1 +B2m−1 −B2m = 0, m = 1, ...,M,(14)

(A2 −A1)h2m +B2m −B2m+1 = 0, m = 1, ...,M.(15)

Summing (14) and (15) leads to

(A2 −A1)

M
∑

m=1

(h2m − h2m−1) +B1 −B2M+1 = 0.
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Using (1) and the �rst equation in (13), we obtain

A1(1− h) +A2h = 0,

whi
h together with the se
ond equation in (13) gives

A1 = −
h

b12
(b1 − b2), A2 =

1− h

b12
(b1 − b2),

where b12 = b1h+ b2(1 − h). Substituting these values of A1 and A2 into (14) and

(15), we get

Bm = Bm+1 −
(−1)mhm

b12
(b1 − b2), m = 1, ..., 2M

and 
onsequently

Bm = B2M+1 −
b1 − b2
b12

2M
∑

k=m

(−1)khk =

= B1 +
b1 − b2
b12

(

h−

2M
∑

k=m

(−1)khk

)

, m = 1, ..., 2M.(16)

Further, substituting the expressions

2M+1
∑

m=1

(Am(h2
m − h2

m−1) =
b1 − b2
b12

(

−h+

2M
∑

m=1

(−1)mh2
m

)

,

2M+1
∑

m=1

Bm(hm − hm−1) = B1 +
b1 − b2
b12

(

h−
2M
∑

m=1

(hm − hm−1)
2M
∑

k=m

(−1)khk

)

=

= B1 +
b1 − b2
b12

(

h−
2M
∑

m=1

(−1)mh2
m

)

into (12), we get

B1 =
b1 − b2
2b12

(

−h+
2M
∑

m=1

(−1)mh2
m

)

.

Finally, it remains to use (13) and (16) to �nd the 
onstants B2,..., B2M+1. As a

result, we obtain

Bm =
b1 − b2
2b12

(

h+

2M
∑

k=1

(−1)kh2
k − 2

2M
∑

k=m

(−1)khk

)

, m = 2, ...,M,

B2M+1 =
b1 − b2
2b12

(

h+

2M
∑

m=1

(−1)mh2
m

)

.

The solutions of the remaining stationary 
ell problems (3) and (4) are found

similarly to what we have just done to �nd Z11(y). In order to write the solutions

of all 
ell problems in a short way, it is 
onvenient to introdu
e the notation

z(y1) =
b12z0(y1)

(1 − h)(b2 − b1)
, a1 = a1111 = λ+ 2µ,

a12 = a1h+ γ(1− h), η12 = η1h+ η2(1 − h).
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Note that the 
oe�
ients of the pie
ewise linear fun
tion z(y1) depend only on

h, h1, ..., and h2M . More pre
isely,

z(y1) =







−y1 − C2m, y1 ∈ (h2m−1, h2m), m = 1, ...,M,

hy1
1− h

− C2m+1, y1 ∈ (h2m, h2m+1), m = 0, ...,M,

where

C1 =
1

2(1− h)

(

−h+

2M
∑

m=1

(−1)mh2
m

)

,

Cm =
1

2(1− h)

(

h+

2M
∑

k=1

(−1)kh2
k − 2

2M
∑

k=m

(−1)khk

)

, m = 2, ...,M,

C2M+1 =
1

2(1− h)

(

h+

2M
∑

m=1

(−1)mh2
m

)

.

The next assertion des
ribes the solutions of the stationary 
ell problems.

Lemma 1. Problems (3) and (4) have the following solutions:

Z11(y) = (c11z(y1), 0, 0), Z22(y) = Z33(y) = (c12z(y1), 0, 0),

D11(y) = (c21z(y1), 0, 0), D22(y) = D33(y) = (c22z(y1), 0, 0),

Z12(y) = Z21(y) = (0, c13z(y1), 0), Z13(y) = Z31(y) = (0, 0, c13z(y1)),

D12(y) = D21(y) = (0, c23z(y1), 0), D13(y) = D31(y) = (0, 0, c23z(y1)),

Z23(y) = Z32(y) = D23(y) = D32(y) = (0, 0, 0),

where

c11 =
1− h

b12
(b2 − b1), c12 =

1− h

b12
(ζ2 − ζ1),

c13 =
1− h

η12
(η2 − η1), c21 =

1− h

b212
(γb1 − a1b2),

c22 =
1− h

b212
((γ − λ)b12 − (ζ2 − ζ1)a12), c23 = −

(1− h)µη2
η212

.

Now we turn to the evolutionary 
ell problems (5). First, we 
onsider problem

(5) for k = h = 1 and seek its solution in the form

W 11(y, t) = (z(y1)p(t), 0, 0), p(0) = c21,

where z(y1) is the pie
ewise linear fun
tion introdu
ed above. It follows from (5)

that the unknown fun
tion p(t) must be 
hosen in su
h a way that the 
ondition

[σ
(3)
i1 (Z11,W 11)]|y1=hm

= 0, m = 1, ..., 2M

is satis�ed. It is easily 
he
ked that this leads to the integro-di�erential equation

b12
dp

dt
− hd1(t) ∗ p(t) + a12p(t) =

b2
b12

(1− h)d1(t),(17)

where

d1(t) = d1111(t) =

(

k1 +
2

3

) N
∑

n=1

vne
−γnt.



HOMOGENIZED ACOUSTIC EQUATIONS FOR A LAYERED MEDIUM 151

We 
laim that

(18) p(t) =

N+1
∑

k=1

p1ke
−ξkt,

where p1k and ξk are uniquely determined by some linear system and algebrai


equation, respe
tively. Indeed, substituting (18) into (17) yields

(19)

N+1
∑

k=1

Akp1ke
−ξkt + h

(

k1 +
2

3

) N
∑

n=1

Bnvne
−γnt = 0,

where

Ak = b12ξk − a12 − h

(

k1 +
2

3

) N
∑

n=1

vn
ξk − γn

,

Bn =

N+1
∑

k=1

p1k
ξk − γn

+
b2(1− h)

b12h
.

It is 
lear that equality (19) is satis�ed if and only if Ak = 0 and Bn = 0 for all

k = 1, ..., N + 1 and n = 1, ..., N . This means that ξ1,..., ξN+1 are the roots of the

equation

(20) b12ξ − a12 = h

(

k1 +
2

3

) N
∑

n=1

vn
ξ − γn

,

whereas p11, ..., p1(N+1) is the solution of the linear system

(21)



























N+1
∑

k=1

p1k
ξk − γn

+
b2(1− h)

b12h
= 0, n = 1, ..., N,

N+1
∑

k=1

p1k =
1− h

b212
(γb1 − a1b2).

By similar arguments as above we solve the evolutionary 
ell problems (5) for

other values of k and h. In order to formulate the obtained results, we 
onsider the

equation

(22) η12τ − µh =
h

2

N
∑

n=1

vn
τ − γn

,

whose roots we denote by τ1, ..., τN+1. In addition, denote by p21, ..., p2(N+1) and

p31,..., p3(N+1) the solutions of the linear systems

(23)



























N+1
∑

k=1

p2k
ξk − γn

+
1− h

b12
(ζ2 − ζ1) +

(1 − h)(3k1 − 1)

h(3k1 + 2)
= 0, n = 1, ..., N,

N+1
∑

k=1

p2k =
1− h

b212
((γ − λ)b12 − (ζ2 − ζ1)a12),
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and

(24)



























N+1
∑

k=1

p3k
τk − γn

+
η2(1− h)

η12h
= 0, n = 1, ..., N + 1,

N+1
∑

k=1

p3k = −
(1− h)µη2

η212
,

respe
tively. Note that before solving systems (21), (23), and (24), we need to �nd

the roots of equations (20) and (22).

A simple geometri
 
onstru
tion shows that the roots of (20) and (22) are

di�erent positive numbers. Thus, we 
an assume without loss of generality that

0 < ξ1 < ... < ξN+1, 0 < τ1 < ... < τN+1.

The next assertion des
ribes the solutions of the evolutionary 
ell problems.

Lemma 2. Problems (5) have the following solutions:

W 11(y, t) =

(

z(y1)

N+1
∑

k=1

p1ke
−ξkt, 0, 0

)

, W 23(y, t) = W 32(y, t) = 0,

W 22(y, t) = W 33(y, t) =

(

z(y1)

N+1
∑

k=1

p2ke
−ξkt, 0, 0

)

,

W 12(y, t) = W 21(y, t) =

(

0, z(y1)
N+1
∑

k=1

p3ke
−τkt, 0

)

,

W 13(y, t) = W 31(y, t) =

(

0, 0, z(y1)

N+1
∑

k=1

p3ke
−τkt

)

.

4. Cal
ulation of the homogenized tensor 
omponents

Now we are able to �nd expli
it expressions for the 
omponents of the

homogenized tensors α, β, and g(t). Before stating it let us note that these tensors

satisfy the usual symmetry 
onditions, and it 
an be readily seen that αijkh = 0,
βijkh = 0, and gijkh(t) = 0 whenever δijδkh + δikδjh + δihδjk = 0. Besides, it
immediately follows from Lemmas 1 and 2 that

α2323 = µ(1− h), β2323 = η1(1− h) + η2h,

g2323(t) =
1− h

2

N
∑

n=1

vne
−γnt.

In addition, it 
an easily be 
he
ked that

α2222 = α3333, α1122 = α1133, α1212 = α1313,

α2222 − α2233 =

∫

Y1

(a2222 − a2233)dy = 2µ(1− h) = 2α2323

and quite similarly for the tensors β and g(t). This means that for our purpose

it is su�
iently to dedu
e expli
it expressions for the 
omponents with subs
ripts

{1111}, {2222}, {1122}, and {1212}.
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Setting i = j = k = h = 1 in (6)�(8) and then using Lemmas 1 and 2, we get

α1111 = a1(1− h) + γh+

M
∑

m=0

h2m+1
∫

h2m

h

1− h
(a1c11 + b1c21)dy1−

−

M
∑

m=1

h2m
∫

h2m−1

(γc11 + b2c21)dy1 =
γb21h+ a1b

2
2(1− h)

b212
,

β1111 = b1(1 − h) + b2h+

M
∑

m=0

h2m+1
∫

h2m

b1c11h

1− h
dy1 −

M
∑

m=1

h2m
∫

h2m−1

b2c11dy1 =
b1b2
b12

,

g1111(t) = (1 − h)d1(t) +

M
∑

m=1

h2m
∫

h2m−1

(

γp(t) + b2
dp

dt

)

dy1+

+

M
∑

m=0

h2m+1
∫

h2m

h

1− h

(

c11d1(t) + d1(t) ∗ p(t)− a1p(t)− b1
dp

dt

)

dy1 =

=
N+1
∑

k=1

hc1kp1ke
−ξkt,

where

c1k = γ − a1 + (b1 − b2)ξk −

(

k1 +
2

3

) N
∑

n=1

vn
ξk − γn

.

Expressions for the 
omponents with subs
ripts {2222}, {1122}, and {1212} are
obtained similarly. Omitting the detailed 
al
ulation, we write them in the following

�nal form:

α1122 =
1

b12
(b1γh+ b2λ(1− h)) +

h

b212
(1− h)(ζ1 − ζ2)(γb1 − a1b2),

α2222 = a1(1 − h) + γh+
h

b12
(1− h)(ζ1 − ζ2)

(

2γ − 2λ+
a12
b12

(ζ1 − ζ2)

)

,

α1212 =
µη22(1 − h)

η212
, β1122 =

1

b12
(b1ζ2h+ b2ζ1(1− h)),

β2222 = b1(1− h) + b2h−
h

b12
(1− h)(ζ1 − ζ2)

2, β1212 =
η1η2
η12

,

g2222(t) =
N+1
∑

k=1

hc2kp2ke
−ξkt +

(1− h)(6k1 + 1)

3k1 + 2

N
∑

n=1

vne
−γnt,

g1122(t) =

N+1
∑

k=1

hc1kp2ke
−ξkt, g1212(t) =

N+1
∑

k=1

hc3kp3ke
−τkt,

where we have used the notation

c2k = γ − λ+ (ζ1 − ζ2)ξk −

(

k1 −
1

3

) N
∑

n=1

vn
ξk − γn

,
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c3k = −µ+ (η1 − η2)τk −
1

2

N
∑

n=1

vn
τk − γn

.

It is essential to note that the solutions of the 
ell problems depend on the

number of layers M and their geometri
al positions (hk, hk+1) × (0, 1)2 inside the

unit 
ube Y . However, substituting these solutions into (6)-(8), we obtain sums

of ordinary integrals of various 
onstants over the intervals (hk, hk+1). As a result

of the dire
t 
al
ulations, we found out that the homogenized tensor 
omponents

depend on h, but not on M and hk. Thus we arrive at the main result of this paper.

Theorem 1. If the vis
oelasti
 and �uid layers are parallel to one of the 
oordinate

planes, then the 
oe�
ients and 
onvolution kernels of the homogenized equations

(9) depend on the volume fra
tion of the �uid in the periodi
ity 
ell Yε and do not

depend on the number of layers and their geometri
al position inside Yε.

5. Homogenized tensors for other types of solid phase

Up until now we have been dealing with the 
ase when both tensors b(1) and

d(t) are nonzero. However, using the similar arguments as before, we 
an dedu
e

the required expli
it formulas if at least one of these two tensors is zero. We now

brie�y review the 
ell problems and the homogenized tensor 
omponents for three


ases des
ribed below.

Case 1: b(1) 6= 0 and d(t) = 0. This 
ase 
orresponds to a medium whose solid

part is a vis
oelasti
 Kelvin-Voigt material. The 
ell problems (3) and (4) as well

as the homogenized tensors α and β are exa
tly the same as above. Further, the

solutions of the 
ell problems (5), where we set dijkh(t) = 0 for all possible indi
es,

are as follows:

W 11(y, t) =

(

c21z(y1) exp

(

−
a12t

b12

)

, 0, 0

)

, W 23(y, t) = W 32(y, t) = 0,

W 22(y, t) = W 33(y, t) =

(

c22z(y1) exp

(

−
a12t

b12

)

, 0, 0

)

,

W 12(y, t) = W 21(y, t) =

(

0, c23z(y1) exp

(

−
µht

η12

)

, 0

)

,

W 13(y, t) = W 31(y, t) =

(

0, 0, c23z(y1) exp

(

−
µht

η12

))

.

Substituting Zkh(y) and W kh(y, t) into (8), we get

g1111(t) =
h(1− h)

b312
(γb1 − a1b2)

2 exp

(

−
a12t

b12

)

,

g2222(t) =
h(1− h)

b312
((γ − λ)b12 − (ζ2 − ζ1)a12)

2 exp

(

−
a12t

b12

)

,

g1122(t) =
h(1− h)

b312
(γb1 − a1b2)((γ − λ)b12 − (ζ2 − ζ1)a12) exp

(

−
a12t

b12

)

,

g1212(t) =
h(1− h)µ2η22

η312
exp

(

−
µht

η12

)

.



HOMOGENIZED ACOUSTIC EQUATIONS FOR A LAYERED MEDIUM 155

Case 2: b(1) = 0 and d(t) 6= 0. In this 
ase the 
ell problems (3) and (4) are

repla
ed by

∂

∂yj

(

σ
(s)
ij (Zkh)

)

= 0 in Ys (s = 1, 2),

∫

Y

Zkhdy = 0, σ
(2)
ij (Zkh)nj = 0 on Γ,

and

∂

∂yj

(

σ
(3)
ij (Dkh)

)

= 0 in Y2,

∫

Y2

Dkhdy = 0, σ
(3)
ij (Dkh)nj = σ

(1)
ij (Zkh)nj on Γ,

respe
tively, where

σ
(1)
ij (Zkh) = aijkh + aijlmeylm(Zkh), y ∈ Y1,

σ
(2)
ij (Zkh) = b

(2)
ijkh + b

(2)
ijlmeylm(Zkh), y ∈ Y2,

σ
(3)
ij (Dkh) = γδij(δkh + divy Z

kh) + b
(2)
ijlmeylm(Dkh), y ∈ Y2.

Further, the initial 
onditions in the 
ell problems (5), where we set b
(1)
ijkh = 0

for all possible indi
es, must be repla
ed by the same 
onditions in Y2.

Repeating the above reasoning (with natural modi�
ations), we �nd that the


omponents of α, β, and g(t) are the same as in Se
tion 4, if we put everywhere

b1 = ζ1 = η1 = 0, b12 = b2(1− h).

Case 3: b(1) = 0 and d(t) = 0. This 
ase 
orresponds to a medium whose solid

part is an elasti
 material. The 
ell problems and the tensors α and β are the same

as in Case 2, while the 
omponents of g(t) are found by the formulas

g1111(t) =
a21h

b2(1− h)2
exp

(

−
a12t

b2(1− h)

)

,

g2222(t) =
h

b2

(

λ− γ +
a12ζ2

b2(1 − h)

)2

exp

(

−
a12t

b2(1− h)

)

,

g1122(t) =
a1h

b2(1− h)

(

λ− γ +
a12ζ2

b2(1− h)

)

exp

(

−
a12t

b2(1− h)

)

,

g1212(t) =
µ2h

η2(1− h)2
exp

(

−
µht

η2(1− h)

)

.

Note that Theorem 1 remains true in all three 
ases (it is 
lear that in Case 3

we must write �elasti
� instead of �vis
oelasti
�).
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