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ABSTRACT. We prove the relations (related to A;-Muckenhoupt weight)
between two capacities of a generalized condenser and the moduli of
vector measures on the curve configuration.
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1. INTRODUCTION

In 1999 H. Aikawa and M. Ohtsuka [2] defined the extremal length of vector
measures. In particular, they established relations (related to A,-Muckenhoupt
weight w with p € (1,+400)) between two capacities of a two plates condenser
and the associated moduli of vector measures on the curve configuration.

Here we note that Aikawa-Ohtsuka constructions are essentially based on the
properties of (p,w)-precise functions and absolutely continuous functions along
(p,w)-a.e. curves on the open set G C R™, n > 2. The detailed properties of
absolutely continuous functions along (p,w)-a.e. curves on G for w € A4,, 1 <p <
00, are given in [13, Sect. 4.1-4.3]; respectively, properties of (p, w)-precise functions
for 1 < p < oo are given in [13, Sect. 4.4].

In this paper we extend mentioned above Aikawa-Ohtsuka relations to the case
of A;-Muckenhoupt weights and condensers with finite number of plates.

Some relations (see Theorem 3) could be established only for Hesse condensers,
for which, by definition, plates lie either inside G or one of plates is 0G.
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2. BASIC DEFINITIONS, NOTES AND AUXILIARY STATEMENTS

For n > 2 we note by R" = R"U{oo} the one-point compactification of Euclidean
space R™. All topological considerations refer to the metric space (R",q), where ¢
is a chordal metric defined by stereographic projection [10].

If F C R™ then F, OF notes the closure and boundary of set F in topology of
R", respectively.

n 1/2
The norm of point z = (z1,...,2,) € R" is defined by |z| = (Z x%) and
k=1

let v-y =Y apyr fory = (y1,...,yn) € R N={1,2,...}.If a € R™ then ¢(a, F)
k=1

is a chordal distance from a to ' C R™. If a € R™ then dist(a, F') is the Euclidean
distance from a to F' C R". Replacing a by a set K C R* (K C R"), in the same
way we define ¢(K, F) (dist(K, F)).

Given r > 0 and z € R", let B(z,7) = {y € R" : |x —y| < r}. For z = oo let

B(co,r) = R*\B (0, i) The set O(F,e) = |J B(z,¢) we call the e-neighborhood
zeF
of set F C R™, where ¢ > 0.
Denote by my, the k-dimensional Lebesgue measure, k € N, and set |F| = m,,(F).
We will use the abbreviation ”a.e.” for phrase “almost every” with respect to m,,-
measure. Analogously the phrases “measurable set”, "measurable function”, locally
integrable function” are understood in the sense of m,,-measure.
Let F be a measurable set of R™ and u : F — [—00,400| be a measurable
real-valued function. For 1 < p < oo we let

1/p

e, = | [ @) do
P

Below in the text let G be a nonempty open set in R™ and let u be a real-valued
function on G. We say that u € L,(G,loc) , if [|u[|z, () < oo for every compact set
F C G. The class of all functions u, for which ||u||z,(a) < oo, denote by L,(G).

2.1. A;-Muckenhoupt weight. Following by Muckenhoupt [12], the function w :
R™ — (0,+00) is called Aj-weight, if there exists a constant A > 0 such as for
every ball B = B(x,r) C R"

1 1
—/wdw ~essinf —— < A.
Bl veB w(y

B

Denote by A; the class of all A;-weights.
Next in the text let w be an A;-weight. Let for z € R

M(uw(z)) = ?‘i‘éWl,rn / wly) dy.
B(z,r)

Besides, define L, ,,(G) as the set of all measurable functions v on G with

lallze o) = / fufw der < o
G
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and denote by L ,(G,loc) the set of all measurable functions u on G such that
u-w € L1(G,loc).
We need the following properties of A;-weights.

Proposition 1 ([16, Remark 1.2.4]). Given A;-weight w, there exists positive
constants C1, Co such that the inequalities

Co
M < Cruw(z), >_ 2
hold a.e. on R™. Moreover, L1 ,,(G) C L1(G,loc) and if G is a bounded open set in
R™ then L1,,(G) C L1(G).

Remark 1. It follows from Proposition 1 that essinf w is locally positive in R™.

2.2. (1,w)-modulus of family of curves, exceptional families of curves in
G. Let T be a numeric interval (a,b) or segment [a,b], a < b. The curve v in R"
is the image of T under continuous map z = z(t) into R™. Next we assume that
the map = z(¢t) : T — R" is non-constant on all non-degenerate intervals from
T, and define the parametrization of curve «, in which ~ is locally rectifiable curve
if T = (a,b). If T = [a,b] then we assume that the arc x = z(t),a; <t < by, is a
rectifiable curve for all segments [aq,b;] C (a,b). We call such curve also a locally
rectifiable. Sometimes we call it a locally rectifiable closed arc. If 2(a) = 2(b) then
~ is called a locally rectifiable closed curve.

For locally rectifiable curve (locally rectifiable closed arc) there exists the arc-
length parametrization (see [13, Sec. 2.1]) x = z(s), —00 < a < s < b < 400 (—o0 <
a < s <b< +400) such that the length of any arc x = 2(s), a < 51 < s <89 < b, is
s2—s1. Then the integral [ pds for v C G and Borel function p : G — [—00, 4], we

8!

b
define as integral [ p(z(s)) ds in Lebesgue’s sense. In particular, the linear measure

a
m~(e) of Borel set e C 7 is [ x.ds, where x. is a characteristic function of set e.
¥
We assume that this measure m., is complete on v and its element we denote as

ds = ds..
Let for Borel function p : G — [0, +o0] and for family T' of curves v C G the
inequality [ pds > 11is true for all v € I'. Then we call p an admissible function for

¥
I" and write p AT

Define the (1, w)-modulus of family T' of curves v C G with weight w € A; as
the quantity

M ,(T") = inf /pwdw tpAT
a

If I' = () then by definition M; ,,(T") = 0.
The family T’y of curves in G is called an (1, w)-exceptional (or simply (1, w)-exc.)
it My,,(To) =0.If pAT\ Ty and T’y is (1, w)-exc., then we write p AT (1, w)-a.e. It

is known [13, Theorem 1.3.6] that M ,,(I") = inf {f pwdzr : p AT (1,w) — a.e.}.
G

Remark 2. Let T be a family of curves in G and g : G — [0, +00] be a measurable
function in G. We call g a my-admissible function for T" if there exists a Borel



CAPACITIES OF GENERALIZED CONDENSERS WITH A;-MUCKENHOUPT WEIGHT 167

function p : G — [0,400], which is equal g except a Borel set FF C G, |F| = 0,

where
/pds=/gdsz 1
¥ ¥

for ally € T\Tq, Ty is (1, w)-exc. Then, applying the well-known Fuglede’s theorem
[8, Theorem 3|, we deduce that

M ,(T") = inf /gw dx : g is my,-admissible function for T’
G
Let « is a curve in R™ with parametrization x = x(t), a < t < b. We will say that
xo = s(7) is a starting point (yo = ¢(y) is a terminate point) for v, if s(y) = flim x(t)
L—a
(t(y) = }ini x(t)) in R™.
—
Besides, if zo = s(7), yo = t(7), then we will say that 7 connect zo and yo. If at
least one of limits 1%irn x(t) and 111111) x(t) does not exist in R then we say that ~y is
—a t—
oscillating.
Next, we will consider a closed arc as a locally rectifiable curve © = z(t),a < t <
b, in GG, that has starting and terminal points lying in G.

In order to provide the module description of oscillating curves and curves
connecting points in R™, we use the following statement [13, Theorem 2.2.1].

Proposition 2. Let I' be a family of curves in R™, for each v of which there exists
a compact K, C R™ such that m.(y N K,) = co; v N K, may not be connected.
Then T is (1, w)-exec.

Corollary 1. Let I'(R™, 00) be the family of all curves in R™ each of which connect
two points from R™ and having an infinite length. Then T'(R™,00) is (1, w)-exec.

Proof. Let Ty be the family of curves v which connect points from B(0, k), k € N.

Obviously that yNB(0, k) has an infinite length and by Proposition 2 M; ,,(T'x) = 0.

Since I'(R™, 00) = (JI'k, then by countable semi-additivity of modulus we deduce
k

that My ,(T'(R™, 00)) = 0. O

In the same way it is proved the next statement.

Corollary 2. Let T'ys.(R™) be the family of oscillating curves in R™. Then Tos.(R™)
is (1, w)-exc.

Below a proposition concerning the curves of a family I' in G is said to hold for
(1, w)-almost every v € I' (or (1,w)-a.e. v € I') if the subfamily of I' for which the
proposition does not hold is (1, w)-exc.

Let X; be the set of all straight lines parallel to the coordinate x;-axis, i =
1,...,n. Index every line [ € X; as [, where a is the point of intersection of [ and
hyperplane H;, = {z = (x1,...,2,) : x; = 0}. We will say that some property
P holds for almost every lines [, € X; (for almost every segments parallel to z;-
axis), if the (n — 1)-dimensional Lebesgue measure of the set a € H;, for which the
property P does not hold on line [, € X; (resp. on segment 7 C I, € X;), is zero.
In this definition instead of coordinate x;-axis we can consider any fixed straight
line [p C R".
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Proposition 3 ([13, Lemma 4.2.1]). For every (1,w)-exc. family T' of rectifiable
curves in R™ almost every straight lines parallel to a fized straight line, does not
contain the curves of T'.

Corollary 3. For any (1,w)-exc. family T of segments parallel to a fized straight
line 1, almost all lines parallel to line I, does not contain the segments of .

2.3. h-equivalence classes of points in G. In this section we assume that G is a
domain in R™. Describing (1, w)-exc. families of curves, we apply the next assertion
of Fuglede [8, Theorem 2]:

Proposition 4. The family T of curves v C G is (1, w)-exc. if and only if there
ezists a nonnegative Borel function h € Ly ,,(G) such that [ hds = oo for every
¥

vyel.

The functions similar to h allow to give the classification of points in G, through
which pass the curves v C G such that [hds < oco. Indeed, let h be a Borel

5
nonnegative function from Ly ,,(G). We call two points  and y in G an h-equivalent
if there is a curve v in G which passes through = and y and for which [hds < co.

5
The points of G are divided into h-equivalence classes. A single point for which
there is no other h-equivalent point constitutes a class.

Proposition 5 ([13, Lemma 4.2.6]). Let G be a domain in R"™. For any Borel
function h € Lq1.,,(G), h > 0, there is an h-equivalence class which contains m,,-
almost all points of G. Moreover, every curve v in G except for a (1, w)-exc. family
is contained in this class.

Further the set of points in the above h-equivalence class in Proposition 5 will
be called the main h-equivalence class in G.

2.4. (1, w)-primitives. Let u = (uq,...,u,) be a vector field with Borel components
Uy, - .., U, in G. For locally rectifiable curve v C G with arc-length parametrization
x=x(s) = (x1(8),...,2n(s)), a < s < b, we set

e ot = | ()
¥ ¥ vy Ni=l

when it makes sense. Here dx is the infinitesimal vector (dzi,...,dz,) along the
curve .
Following by Fuglede [8, p. 213], function f is called an (1,w)-primitive for
differential form wudz if for (1,w)-a.e. curves ~ integral [ udz makes sense and
cc’
finite; f(c’) — f(¢) = [ udz, where ¢ and ¢’ are any points of v, and cc’ is a subarc
cc’
of v connecting ¢ and ¢'. Points ¢ and ¢’ may be coinside. In this case cc’ is a locally
rectifiable closed curve.

The following statement is true [13, Theorem 4.3.9]:

Proposition 6. Let u be a Borel vector field in G. Then (1, w)-primitive exists if

and only if [wdx =0 for (1,w)-a.e. closed curve v in G.
¥
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2.5. Absolutely continuous functions on (1,w)-a.e. curves in G. Let v be
a locally rectifiable curve in R™ and its arc-length parametrization is z = z(s),
a < s < b. Real-valued function f(x), € =, is called an absolutely continuous
on v if f(x(s)) is absolutely continuous on every segment [a’,b'] C (a,b). Denote
by ACH™(G) the class of all functions on G which are absolutely continuous on
(1,w)-a.e. curves v C G.

Due to Corollary 3 every function f € ACH%(G) belongs to the class ACL(G).
In other words, f is absolutely continuous on almost all segments parallel to the
coordinate axes and lying in G. We use the next well-known properties of functions
f € ACH*(G) below [13, Theorems 4.3.3-4.3.5].

Proposition 7. Let f € ACY*(G). The following statements are true:
(1) f is finite-valued a.e. on G;
(2) LetT be the family of curves in G with end points of G. Then f(x) — f(z,),
a finite value, where x tends to an end point x., of v, along (1, w)-a.e. v € T

(3) there exists a Borel vector field in G which is equal (gf, ey §f> m G
X1 Ln

except a Borel set of zero m,,-measure.

Denote by V£, f € ACY%(G), the vector field from Proposition 7.
Function f € ACH(QG) is called a (1,w)-precise in G if |V f| € L1 ,(G).

2.6. Sobolev space Lj ,(G). Denote by Lj ,(G) the space of functions f : G —
(—00, +00) which are locally integrable in G and having in G the distributional
first-order partial derivatives that satisfy the condition

/|Vf|w dx < oo.
a
In Li,,(G) we introduce the semi-norm
191240 = [ 1V fhwda,

G

in which the functions that differ by a constant m,-a.e. on each component of
connectivity of set G = |JG; (constants may not coincide on different components
i

G;) are identified.
Below we use known statement about smooth approximation of functions f €
L} ,(G) [15, Theorem 5|.

Proposition 8. Let f € L, (G) and {4} be a sequence of open bounded sets
Q; C G such that Q; C Qi1 and U = G. Then there erists a sequence of

K2

bounded functions ¢; € L1 ,,(G) NC>®(G), i € N, such that

1 ,
|f —ilwde < =, lim [|f =il (@) =0.
) i—00 1w
Q;

From Proposition 8 by applying Lebesgue-Vitali theorem on the equivalence
of convergence in measure and convergence in L; ,, [4, Theorem 3.12.6], and Riesz
theorem on the connection between convergence in measure and convergence almost
everywhere, we will get another statement.
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Corollary 4. Let f, v;, i € N be from Proposition 8 then there exists a subsequence
{ix} such that f = klim Y, a.e. on G.
— 00

2.7. Capacities of generalized condensers. Let Ey,...,E,,, m € N, be a
mutually disjoint non-empty compacts (in topology of R") in G; dg,...,5,, be
different real numbers associating to these compacts. Then following by V.N. Dubinin
[5] the triple K = (£,A,G), where € = {E;}7%, A = {§;}]%,, is called a a
generalized condenser (hereafter condenser) in R”. The sets E; and @ = G\ E, where
E = |J E;, are called the plate and field of condenser K, respectively. The number

d; is called a potential of plate E;. If £ C G or Ey = 0G, hence, E1,...,E,, C G,
then K is called a Hesse condenser [9] in R™.

Let A = A(x) = (a;;(z));' ;=1 be a symmetric matrix with measurable components
a;;(x) in G satisfying for all £ = (&1,...,6,) € R” and 2 € G the condition

n

(1) o tw(@)?|E? < ) ai(2)&8 < ()¢,

i,j=1
where a constant ¢y > 1. Note that w(x) has a positive values in G.

Due to (1) the matrix A is positively defined on G and hence for each z € G
there is an orthonormal basis in R™ consists of eigenvectors of matrix A(x). Let
B(x) = A~ (z) = (bij(x))}j—;- Then [1, ch. XIII] we conclude that B is a positively
defined symmetric matrix on G for which

co 2w(z) 2(¢f < Z bij(2)€:&; < cgw(z)~*|€f*,

3,7=1

Besides, it is easily to see that matrices .A and B may be written as A = (vV.A)2,

B = (v/B)? with a positively defined symmetric matrices v/ A and v/B.
1/2

Let A[¢] = ( > aij(x)§i§j> for x € G and £ € R™; and if £ = £(x) is

ig=1

a vector-valued measurable function on @ = G \ E, then let A;(¢) = [ A[¢]dx
Q

Similarly we define B[¢], B1(§).
Then

Al = |VAE|, Bl = VB, A1<£>:/|¢Z§|dx, Bl<f>:/|\/55\dx
Q Q
and for x € Q)

fw(@) €] <[VAE| < cow(x)[€];
e "w(x) "] <IVBE| < cow(w) T g].
Let 7 be a curve with arc-length parametrization z = z,(s), a < s < b; F'is a
subset of (). We will say that x.,(s) — F along the curve 7y if hm q(xv( ),F)=0
or llg}) q(z~(s), F) = 0. The family of all such curves v C @ denote by I'(F, Q). 1

case F' =0 we set ['(F,Q) =0, My ,(['(F,Q)) =
Suppose first that @ is a domain in R™. Then D = D(K) define as the class of
all functions u from ACY*(Q) for which u(z) — §; as x — E; along (1, w)-a.e.

(2)
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curves v € T(E;, Q), if My (T(E;,Q)) > 0,i=0,1,...,m. If My ,(T(E;,Q)) =0
for all i = 0,1,...,m then by definition D(K) = ACY¥(Q) and, in particular,
u=0¢€ D).

Remark 3. In definition D(K) due to Corollary 2 T'(E;, Q) may be considered as
the family of all curves connecting points from E; and @, 0 < i < m.

Let now @ is an open set in R™ and Q = |J Q, where Q1,Qa, ... are mutually
k

disjoint components of connectivity of Q). Then define D = D(K) as the class of all
functions u € ACH"(Q) such that u|g, € D(Ky). Here Ky = ({E:NQk}, {5:}, Qk),
where {E;NQy}’ is a collection of sets E;NQy. # (0, {6;}' is a corresponding collection

of numbers from {§;}7,. In case E; N Q = () for all i = 0,1,...,m then we set
D(Ky) = ACH*(Qy,) and, in particular, u|g, = 0 € D(Ky).
Let D* = D*(K) be another class of functions which are equal J; in some

neighborhood E;, i = 0,1,...,m, and u € AC*(Q). Then define the capacities of
condenser K:
Ca1(K) =inf{A;(Vu) : u € D},

i (K) = inf{ Ay (V) : w € D*Y.
2.8. Moduli of configurations associated with condenser K. Let

V:(V17"'5Vn)

be a vector measure on open set ) in R™ whose components v; are signed Borel
measures. Total variation of v is defined as the measure

n 1/2
)= ()
i \i=1
for Borel sets F' C @, where the supremum is taken over all finite partitions {F}}
of set F into Borel sets. Let & = (£1,...,&,) be a vector function with Borel
components & on Q. If [ €] d|v| < oo then we define
Q

/gduzi/gidw.
Q =1q

[eav] < [1e1am
Q Q

If necessary, consider that the measure v is defined on R" by v(F) = v(F N Q) for
all Borel sets F' C R"™. Also consider that vector function £ =0 on R" \ Q.

For condenser K = ({E;},{d;}, G) we define the collection of curves family H =
{Ho1,..., Hm—1,m} and collection of numbers o = {ao1,...,%m—1,m}, where H;;
is a family of locally rectifiable curves in Q = G \ E connecting F; and E;, and
a;; = [0; — 95|, 0 <i < j < m. We consider that the curve v € H;; is oriented from
E; to Ej in case d; < d;, and in reverse direction if §; > 65, 0 <4 < j < m. Then the
collection aH = {ap1Ho1, - - -, &m—1,mHm—1,m} is called the main configuration for
condenser K. The numbers a;;, 0 < i < j < m, are used below in the definition of
configuration module.

It is known that
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We associate to curve v C () with arc-length parametrization x = z(s) =
(241(8), ..., Tyn(8)), @ < s < b, the vector measure dr = dz, =

(dz41(8), ..., dzyn(s)).

Let now dH;; = dH;;(K) = {dz : v € H;;}, 0 < i < j < m. Then the collection
adH(K) = adH = {ap1dHo, - - -, m—1,mdHm—1,m } is called the first configuration
of vector measures for K. We define (A, 1)-modulus of adH as M(adH) =
inf Ay (£) where the infimum is taken over all Borel vector functions £ on @ such
that

/gdx > a;; for (1,w)-a.e. v € H;;
¥
and all H;; such that Ml,'w(Hij) >0,0<i<ji<m.
for this £ we write {AadH (1, w)-a.e. and set £ = (0,...,0) on G\Q. If My ,,(H;;) =
0 for all 0 <i < j < m then by definition any Borel vector function £ on @) may be

considered as function £ A adH, and, in particular, 0 A adH.
As a second configuration, we consider the collection

a|VBAH(K)| = a|VBdH| = (ao1|[VBdHo|, - . . , tm—1,m|VBAdHm—1m))

where [vVBdH;;| = {|\/Eda:| = |VBdz,| = [ Y badrysdry, vy € HJ}
s,l=1

0<i<j<m.

A Borel function p : Q — [0, 4+00] is called admissible for a|vBdH]| if
fp|\/l§dx\ > ayj for all v € H;j and such H;; that H;; # 0,0 <i < j <m.
2t

For these functions p we write p/\a|\/EdH|. If H;j =0forall0 <i<j<mthen
by definition any Borel function (in particular, p = 0) is admissible for a|vBdH|.
The module of configuration a|v/BdH]| is defined as

M, (a|VBdH]|) = inf /pda: :pAa|VBdH|
Q
Similarly we define

M o (a|wVBdH|) = inf /pw dz : p A ajwVBdH|
Q

3. ON THE EQUIVALENCE OF Li ,(G) AND THE CLASS OF (1,w)-PRECISE
FUNCTIONS

Since each (1, w)-precise function on G belongs to L ,,(G), then the equivalence
of L} ,,(G) and the class of (1,w)-precise functions in G will follow from the next
theorem.

Theorem 1. For any function f € L%’w(G) there ezists (1, w)-precise function fo
in G such that fo = f, Vfo=Vf a.e. on G.

Proof. In view of Proposition 8 and Corollary 4 for fixed function f € L{ , (G)
there is a sequence of bounded functions fy, € L1 ,,(G) N C*(G) such that fr — f
a.e.on G and [|[Vfy —VflL, () — 0ask — oc.
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For Vf there exists a Borel field v = (uy,...,u,) which is equal to Vf in G
except a Borel set of zero m,-measure. Obviously that ||V fi —ulz, (@) — 0 as
k — oo,

1w = [19flwds =1y ) < .
G G

Extracting, if necessary, the subsequence from V fi, due to Fuglede theorem |[8,
Theorem 3] on properties of exceptional systems of measures, we will consider that
the next condition fulfilled:

(3) /|ka—u|ds—>0
¥
as k — oo for (1,w)-a.e. v C G.
Let’s introduce the next families of curves v C G. I'y is the family of all curves

v C G for which the condition (3) does not hold; T's is the family of all curves
v C G for which [ |u|ds = +o0; '3 is a family of all oscillating curves in G; 'y

5

is a family of non-rectifiable curves that connect points in G. By virtue of Fuglede
4

theorem mentioned above and Corollaries 1, 2 the family I'o = |J T'; is a (1, w)-exc.

=1
It follows from (3) that

(4) W/kadwﬁv/udx, éf‘gi’: —

(5) /|u\ ds < oo

for all v C G, v ¢ T'y. Let v be a closed curve in G. Then by definition ~ connects
its end points in G and if v ¢ T’y then v is a rectifiable curve. For these closed
curves due to f € C°°(G) the equality

/kada::O, keN,

v

is valid. Then by (3) it is true that [udz = 0 for (1, w)-a.e. closed curves v C G.

5
Thus according to Proposition 6 there exists a primitive function g for differential

form udx on G. By definition on (1, w)-a.e. curves v C G, v ¢ Ty,
o)~ ge) = [uda

for all points ¢, ¢’ € v, where cc’ is a closed subarc of . By the choice of v and (5)
we have

/

lg(c) — g(c)| < /ud:}: §/|u|ds§/|u|ds<oo,
J Z )

>C
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which implies the absolutely continuous of function g on ~. Besides,

(6) /—gds—/udz,

dg
7 — | < |u
@) 2 <
a.e. (in the sense of linear measure m.,) on curve .
Finally considering the segment [a,b] C G parallel to z;-axis, i = 1,...,n, as a
curve v ¢ Iy, we get due to Corollary 3 that g is absolutely continuous on a.e. such

0
segments and [ w; dz; = g(b) — g(a). It implies the equality 85 = u; a.e. on G.
[a,b] 7
99 99
oz’ Oz
(u1,...,un) on G except Borel set F' of zero measure. Let I'; = To U {y C G :
m~(y N F) > 0}. Obviously that I'§ is a (1, w)-exc. Then (6) for v ¢ I'j take the

following form:

(8) /dg ds = /ngac.

Therefore, g is a (1, w)-precise function and ||V f — Vg||1, , (g) = 0. This equality
remains true if G is replaced by its component of connectivity G; from representation
G = |J; G; with disjoint components. Due to Proposition 1 from equality ||V f —
Vallz, .o,y = 0 it follows that [|[Vf — Vgl (p,) = 0 for any bounded domain
D; C G;. It implies [11, Sect. 1.1.5] the equality f = g + ¢; a.e. on G; with some
constant ¢;. Define (1, w)-precise function fy on G as g + ¢; if € G;, i € N. Then
f=fo, Vf =Vfyae. on G that completes the proof of theorem. O

Define Vg as a Borel vector field which coincides with (

Since (1, w)-precise function f on G belongs to class L1 ,,(G), then from (4)—(5),
(7)—-(8) which hold for (1, w)-a.e. curves v C G, it follows another statement.

Corollary 5. Every (1,w)-precise function f on G has a finite limit along (1, w)-
a.e. curves in G and f(t(y)) — f(s(7)) = [V fdz, where Vf is a Borel vector field
Y

of of
Oxy’ " Oz,
and ending point of v, respectively.

which coincides with ( ) a.e on G; s(v) and t(vy) denote the starting

Below, unless otherwise specified, for f € Liw (@) or for (1,w)-precise function
f we will understand V f as a vector field from Corollary 5.

Corollary 6. Let fy be a (1,w)-precise function on G and § be a direction (unit
vector) in R™. Then

9fo
29

Proof. Let in Theorem 1 f = fy. Replace in the proof of Theorem 1 V fi, V fy by
Vfi-& Vio-&, respectively. Then due to Corollary 3, on a.e. segments [a,b] C G

=Vfo-& a.e onG.
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parallel to &, we have

folz) = /Vf0~§ds+constfor all z € [a, b],

[a,z]

that implies %—? =Vfy- €& ae. on G. (]

Remark 4. Below in the proofs of main statements in the above statements we
will consider the field Q@ = G\ E of condenser K instead of open set G.

4. THE EQUALITY OF CAPACITY C41(K) AND MODULI M4 1(adH),
My (| VBdH))
Let K = ({E;},{0:},G) be a condenser from Section 2.6. As in the case w € A,,
p > 1 [7, Lemma 1], it is easy to construct the function vy € C*°(R™) N D* N
L}, (R™), which is equal to some constant ¢ in some neighborhood of point oo € R™,
where c=0if oo ¢ E, and ¢ = ¢; if oo € F;, i =0,...,m. Hence due to D* C D,

(2)
) 0< Cus(K) < Coi(K) < Ai(Tuo) < e / Voo lw d < +oc.
Q

Therefore C4,1(K), C7 ;(K) are bounded quantities and we may consider that

functions from D, D* are (1, w)-precise on Q. The boundedness of M;(a|vBdH|)
and M4 1(«dH) follows from the next statement.

Lemma 1.
(10) 0 < My (a|VBdH|) < M1 (adH) < Cx1(K).

Proof. As noted above as a corollary from (9), we assume that functions from D
are (1, w)-precise on Q. Then for u € D due to Corollary 5

[ vuds = (k) ~ uls2) = i =16 - &

for (1,w)-a.e v € H;; and all H;;, where M ,,(H;;) > 0,0 < i < j < m. Then
VuAadH (1,w)-a.e, and hence A;(Vu) > M4 1(cdH). Taking the infimum over
all u € D, we set the right inequality in (10) and boundedness of M 4 1(adH). Next
we establish the remaining inequalities of (10). For this we introduce I; = {(4,J) :
0<i<j< m,Hij = [Z)}, I, = {(Z,]) 0<i<g < m,Hij #* (Z),Ml’w(Hij) = 0},
I3 ={(4,7) : 0 <i < j<m,H;; # 0, M .,(H;;) > 0}. Then there exists a sequence

1
& NadH (1,w)-a.e., |§| € L1,,(Q), for which M4 1(adH) < A; (&) + o ke N.

By definition, for Borel vector function & there exists a (1, w)-exc. family T'y C

U H;; such that
(1,5)€ls

o < [edo= [Vag - VBao < [ VA VB
Y Y Y

for all v € H;; \ Ty and all (¢,7) € Is.
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Associate to matrix A(z) the equivalent matrix Ag(z) = {ag;(z)}}"; with Borel
components af;(z) on G, where Ag(x) is A(z) on G except a Borel set Fy of zero
mp-measure, and Ag(x) is the identity matrix J for all z € Fy. If By(x) = Ay ' (x)

on GG then

Ao(af) _ v A(l’), xr € C:\Fb7 BO(.T) _ B(SE), relG \ F(),
) x € Fy, J, x € Fp.

(4,§) €12V (i.4)€l2
By construction and due to (2) Toy is (1,w)-exc., [ ds = 0 and, therefore,
YNFo
[ |VBdz|<ecy [ wlds=0forallye U (Hiy\Tox) k€N
YN Fy YN Fy (i,5)€I2UI3
Since M ,(Tox) = 0, then there exists py A I'gx such that

Let [y = {7 e U Hy:my,(yNk)> 0} and Toy, = FkUF0U< U Hw)

1
0< /copkw|a|dac < z
Q

for all k € N, where |a| = >
0<i<j<m

In the last integral we replace w by an equivalent Borel function w : G — [0, +00]
which is equal w on G except a Borel set F; C G with zero m,-measure, where
W = 400 on F;. Then due to (2) a;; < fco|a|pkw|\/gdx| for all v € Ty, N H;; and

8!
all (i,4) € I, U I3. Then (|V/A&| + cola|pp®) A a|v/BdH|, hence

2
0 < M;(lavVBdH]|) S/|\/74§;€\dx—|—/co|a|pkwdxSMA,l(adH)—i—%.
Q Q

Letting k — oo, we establish the remaining inequalities from (10). g

Lemma 2.

Ca1(K) < My(a|VBdH]|).

Proof. Here we use the notations w, Fi, I, Is, Is from the proof of Lemma 1. First
we will establish that

(11) M, . (aw|VBdH|) = M, (a|VBdH|).

1

Set w; = — on G\ F1 and w; = +o0 on Fy.
w

Given € > 0 take p. A a|v/BdH| such that

Mi(a|VBdH|) < /ps de < My (o|VBAH|) + <.
Q

By choice of p. and w - wy; = +00 on F; we have

ag; < /p5|\/Ed:c\ S/psww1|\/l§dx|

ol v
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for all v € Hy;, (i,4) € I U I3. Hence p.wy A |wv/BdH]|, therefore

My (ajwVBdH|) < /pgwlw dx = /p5 dz < My(a|VBdH|) +e.
Q Q
Letting € — 0, we get

M, (a|lwVBdH|) < M, (a|VBdH|).

Swapping the configurations a|v/B dH| and a|wv/B dH| in the above we establish
the reverse inequality, that implies (11).

Let now Q = |J Qx where Q1, Qo,...are the components of connectivity of @
keN
from Sect. 2.7.

Let Eiﬂ@:Eik, HZJ(Q]C) = {’YE Hij Ly € Qk}, 7 :0,1,...,m, k € N.
Given £ > 0, we choice p A a|wvBdH| such that

M; o (e|wVBdH|) < /pw dz < M (alwVBdH|) + & < 0.
Q

Below we construct the function uy € D(Ky) defining it by restrictions u|g, = ux €
D(K}), where

/A[Vuk] dx < /pwdx, ke N.
Qr Qr
Start this construction from component ()1, for which the next three assumptions
are possible:
(al) Ml,w(F(Eille)) =0 for all 0 < ) < m;
(a2) My (T'(Ei1, Q1)) > 0 for only one value of i. Without loss of generality we
may assume that ¢ = 0.
(ag) At least for two values of ¢ holds M ., (I'(Es1,Q1)) > 0. For another
i holds M ,(T'(Ei1,Q1)) = 0. Without loss of generality we may assume that
Ml,w(F(Eila Ql)) > 0 for only 1=0,1,2.
If (a1) holds, set u; = 0 on Q1. Obviously that u; € D(K1) (see Sect. 2.7) and

(12) /A[Vul] dr=0< /pw dx.
Q1 Q1
Under realization of (ag), set u; = dg on @1, that implies u; € D(K;) and
(13) /.A[Vul]dm < /pwdm.
Q1 Q1
Let now holds (a3). Due to (2) and by choice of p € L; ,(Q) we have

(14) /p|w\/gdx| = /pw|\/l§dx| < co/pds < o0

¥ ¥ ¥

for (1, w)-a.e. curves v C Q1. Let I'y be family of curves v C @1 such that either for v
does not hold (14) or + is oscillating curve. By Corollary 3 it follows that I'y is (1, w)-
exc. Then by Proposition 4 there is a nonnegative Borel function hy € L1 ,,(Q1)

such that [ hy ds = oo for all v € T'y.
¥
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In view of Proposition 5 there exists the main hi-equivalence class £2; such that
my,(Q1\Q1) = 0 and by construction (1, w)-a.e. curves v € I'(E;1, Q1) are contained
in Q7, and any point = € ; may be connect by curve v, C y with E;;,4=0,1,2.
Besides, (1, w)-a.e. curves v C ()1 satisfying (14), contains in ;.

Let I'? be a family of all curves v € Q; connecting FE;; with the point x € Q;,
1=20,1,2. Then set

ui(z) = + inf /pw|\/Eda:|
very
N
In points z € Q1 \ 21 we define u;; (z) arbitrarily.

Show that

(1) w; is a (1, w)-precise function on Q1;

(ii) for a.e. z € Q1

(15) IV A(@)Vun (2)] < p(z)w().

(iii) limw; (x) = 6; as x — Ej;; along (1,w)-a.e. curves v € T'(E;1, Q1);

(iv) liminf u;1 (z) > 65 as © — Ej; along (1, w)-a.e. curves v € I'(Ej1, Q1), where
j=0,1,2 and j # i.

From definition of €y and (14), for (1,w)-a.e. curves v C 4

(16) [uin (b) — w1 (a)] < /p\w\/gdﬂd < co/pds
ab ab
for any a,b € 7, where ab is an arc of ~ connecting a and b. This implies that wu;; is

absolutely continuous on 7. by Corollary 3 almost all segments v C Q)1 parallel to

< ¢op for

O
some coordinate axis satisfy (16) and therefore by Fubini’s theorem %
Ty

I=1,...,n. Thus |Vu;1| € L1,,(Q1) and therefore u;; is a (1, w)-precise function
on Qq,i=0,1,2.

In order to establish (15), take a countable dense set {¢;} on the unit sphere
{z € R™ : || = 1}. Then by Corollary 3 it is easily to see that (16) holds along
almost all segments v C @), parallel to one of £;. Hence

w(a+t€;)\/Bla+t&;)| dt

A
i (a+ AE) — win(a)] < / plat 1))

0
for a.e. a € Q1. Dividing by A and letting A — 0 we have due to Corollary 6
(17) [Vuii(a)é;] < pla)|w(a)y/B(a);]

for a.e. a € Q1.
If Vuil( ) = 0 then (15) is true for x = a. Suppose that Vu;i(a) # 0. Then
a

|v/A(a)Vu;i(a)| > 0. Take the sequence {¢;, } tending to M By (17)

.A(a)Vuﬂ(a)Vuﬂ(a)
|A(a)Vui (a)|
< playu(a)| YE@AVua(a

|A(a)Vui (a )I

a)|v/ A(a)Vu;i(a)

[A(a)Vuir(a)|
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This and | A(a)Vui(a)Vu (a)] = |v/A(a)Vu (a)|? implies (15) for x = a.

In order to proof (iii), take v € T'(E;1, Ql) v C Q1 satisfying (14) and write (iii)
in terms of arc-length parametrization of v: z~(t),to < t < t1, where z,(t) = Ejp
as t — to. By definition of u;; and (14)

¢ ¢
0i <wup(zy(t) <0 + /pw|\/Eda:| <4 + CQ/pdS — 0
to to
as t — to. Therefore limu;;(x) = 0; as ¢ — E;; along « that implies (iii) for
i=0,1,2.

Let’s prove (iv) by contradiction as * — FE;; along (1,w)-a.e. curves v €
I'(E;1,Q1) for u;; in case ¢ = 0,7 = 1. For another pairs (¢,7),4,5 = 0,1,2,7 # j,
the proof is similar.

Suppose that § = litm 1nf u(z4(t)) < 81 and & = x(¢) is arc-length parametrization

—11
of v such that x.,(t) — E11 as t — t1.
Let ¢ = 61 — d > 0. By definition there is ¢, g < t < t1, such that

t1

€ £
luo (z+(t)) — 0] < 3 /Pds < Eo
t

By definition of ug; there is v/ € I'§, 7/ C 4, with parametrization = z/(t) such
that

do + /p|w\/gdx| < up1(z) + %
b
Let 4" be a subcurve of 7 associated to (¢,t1). Then v U~" € Hy1(Q1) and by
(14)
tq
(18) do + / ,0|w\/gdac|<u01(x)+§+co/pds<5+§+§+§:51
yUy ¢
On the other hand by choice of p

oo + / p‘UJ\/Edl‘| Z50+O¢01:50+|51—50| > 0y,
,Y/U,Y//
that contradicts (18). Then (iv) is proved.
Moreover, by Corollary 5 the condition (iv) may be enhanced as follows:

limu;i (z) > 6; as @ — Ej along (1, w)-a.e. curves v € I'(Ej1,Q1),4,5 =0,1,2,4 # j.

Let uy = min{ug1, u11, u21 } and from (16) we immediately get that for (1, w)-a.e
curves v C (1

lug (b) — ui(a)] < max |ui1 (b) — w1 (a)| < /p|w\/de\ < co/pds

ab ab

for all a,b € 4. As in the case w;;, i = 0,1,2, it implies u; € ACY*(Q1); uy is
(1, w)-precise function on @1,

(19) WV A(@)Vu(2)] < p(z)w(z) ae. on Qu;
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limuy(z) = 0; as ¢ — FE;; along (1,w)-a.e. curves I'(E;1,Q1), ¢ = 0,1,2. Then
u; € D(K1) and by (19)

/\\/Mvul(x)mx = /A[Vul]dx < /p(:c)w(x) dz.
Q1

Q1 Q1

Thus for each asuumptions (a1), (a2), (as) there exist a function uy € D(Ky) with
required properties. Replacing above the component Q1 by Q2, Qs,..., similarly
construct the function uy € D(Ky), k € N, where

/ [V A(x)Vug(x)| de = /A[Vu;g] dx < /p(m)w(x) dx.
Qk Qk Qk
Obviously that u : Q — (—o0, +00), where u|g, = ug, k € N, belongs to D(K) and

satisfies the inequalities
Cai1(K) < /.A[Vu] dz < /pw dz < My (alwVBdH|) +¢.
Q

Q
Letting € — 0, we obtain the statement of lemma. O

Connecting Lemmas 1, 2 and (11), we obtain the following theorem
Theorem 2. C1(K) = M (a|vVBdH|) = M (adH) = M ,(a|wvBdH|).
5. EQUIVALENCE (7 ;(K) AND C4,1(K) FOR HESSE CONDENSERS

First we will refine the requirements for p A a|w\/l§ dH|, VB and introduce a few
notes.

As follows from definition of p A a|wv/BdH]|, p is a Borel function on Q = G\ E.
Let p = 0 on R™\Q. Then by Vitali-Carathéodory theorem [14, Theorem 2.24] there
exists a lower semicontinuous (lsc) function g > p with [|g||z, , (rn) arbitrarily close
to |lpllz,., (rn)- Therefore

(20) M; o (a|wVBdH|) = inf /pw dz : pislsc on Q, p A alwVBdH]|
Q

1 1
Let IC be a Hesse condenser. For %—neighborhoods 0] <Ei, k:) of its plates E;, 0 <

i < m, k €N, choose ko such that the closures of this neighborhoods are mutually

~ 1
disjoint for k = kg. Let O;(k) C O <EZ—, k) be an open set with a piecewise smooth

boundary and E; C Oi(k+1) C O(k), k > ko. Then denote E(k) = U Oi(k),

Q(k) = G\ E(k).

By H;;(k) denote the family of locally rectifiable curves in Q(k) connecting O; (k)
and O;(k), 0 < i < j < m. The curves from H;;(k) is oriented from O;(k) to O;(k)
in case J; < d;, and in reverse direction if d; > d;, 0 < i < j < m. Besides, it is
easily to see that in case H;; = () the family H;;(k) also is empty for all large k.
We will assume that it is true for k& > IZ:O.

Next lemma goes back to Lemma 6 from [6].
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Lemma 3. Let Gy, k € N, be an open sets ezhausting of open set G C R™ with
piecewise smooth boundaries, i.e. Gy, C Ggy1, |UGr = G. For simplicity we set
k

Go = 0. Let By, k € N, be a sequence of positive numbers (some of which may
be equal +00). There is a function A(z) € C*°(G) such that 0 < Ax) < B,
\V)\(x)| < ﬁk Zf.’L' S Gk\kal; ke N.

Proof. For convenience we suppose that G_; = (). There exists A\;(z) € C°°(G) such
that Ax(2) > 0on G, Ag(z) > 0on G\ Gx—1 and Mg (z) =0 on (G\ Git1)UGr—a.
Multiplying by constant, we may assume that A, |VAi| < émin{/ﬁk_l,ﬂk,ﬂk_l’_l}
if x € Gry1 \ Gi—2, where we set Sy = +o00. The function A(z) = > Ap(x) is
required. * U

Theorem 3. If K is a Hesse condenser in R™ then

(21) Caa(K) < C441(K) < CregCaa(K),

where C1, ¢y are constants from Proposition 1 and (2), respectively.
For proof of theorem 3 we need next statements:

Lemma 4. Given n > 0, there exists a function p A oz\w\/gd]ﬂ for which these
conditions are true:
(1) p is continuous on @ = G\ E and for every compact K C R™*, KNQ # 0,
inf p>0;
KNQ
(2) My (alwvBdH|) < [ pwdr < C1c3 My (alwVBdH|) + 1.
Q

Proof. Given 1 > 0 by (20) there exists a lower semicontinuous on @ function
p1 A a|lwvBdH| such that

M o (alwVBdH|) < /plwdx < My w(a|wVBdH]|) + an
1€o
Q

By Lemma 3 for 0 < ¢ < 1, taking 85 = min {e, dist(Gx, R" \ G)} for G = Q, we
find a function A(z) € C*°(Q) with properties: A(z) < dist(z, R\ Q), |VA(z)| < e
on Q.

Let for x € Q

22) pala) = T(pr(0) = 55

B, 1)] / pi(z + A(z)y) dy,

B(0,1)
where T is averaging operator introduced in [3] and studied in details in [9, Lemma
4.3]. In particular, ps is continuous on ) because A(z) > 0 on Q.
Note that for fixed y € B(0, 1) the mapping 6,, defined by formula z = 6, (x) =
x + A(z)y, satisfy the inequalities
(23) (1 —e)la’ — 2" < 10,(a") — 0y (a")| < (1 + &)]a" — 2"

for z’, " € Q. Moreover, 0, is quasi-isometric diffeomorphism R" onto itself, in
particular, 6,(Q) = Q [13, Lemma 2.4.2]. The Jacobian J(z,6,) of mapping 0, is
equal to 1 +y - VA(x) [8, p. 209]. Hence

(24) l-e<J(x,0,)) <1l+c¢
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on @ and Qy(Hij) = Hz'j for0<i< i< m.
From (22) by integration we get

P21 (@) = T / dy/m + AM2)y)w(z) dz.

B(0,1) @

Applying the change of variables z = x + A(z)y to the inner integral in the right
side and changing the integrations, by (23), (24), get the estimate

1
lp2llLy.0 (@) < 1—5/ B 0 0] w(z(2))dy | p1(2) dz.
Q B(0,1)

Due to Proposition 1 and = z — A(z(z))y we conclude that

1
oy [ e e dy
B(0,1)
1
T B AEE)] w(y)dy < M(w(2)) < Cruw(z).
B(z,A(z(2))
Therefore
(25) o211, (@) < p1(2)w(z) dz.
Q

Let’s show that p3 = (1 + &)cpa A alwv/BdH|. Consider the curve v € Hyj;, 0 <
i < j < m. Then by (22) and Fubini theorem

/cop2|w )/ B(x)dz| > ——— 0 0] / dy/p1 x4+ Mx)y)dsg.

¥ B(O 1)

Applying in the inner integral of right side the changing of variables z = x+A(x)y,
get the estimate

L/mu+xwwm%

ol

1+€)

= / p1(z )Zzzd >yt / \/7dz| >
271(7) 271()
Here we use that z71(y) € H;; and by (22)
ds, |ds d

for all s from domain of arc-length parametrization except a set of zero linear
measure. This implies the property ps A a|wv/B dH|. Besides, by choice of py, ps it
follows that
M (ajwVBdH|) < /pgw dx < 2Cy My o (a|lwVBdH|) + g +o(1),
Q
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where o(1) — 0 as ¢ — 0. Choose ¢ such that o(1) < # and set p = p3 + g where

g € Lq,,(R"™) is continuous and positive on R™ function with C{gw dr < 3.1t is
obvious that p satisfies the conditions of lemma and the lemma is proved. O

If wy/B is continuous on @ (i.e. each component of this matrix is continuous on
Q) then Lemma 4 may be refined, in the right side of 2) we may omit the constant
Co.

Lemma 5. Let wv/B be continuous on Q. Then for n > 0, there exists a function
p A alwvBdH| for which these conditions are true:

(1) p is continuous on @ = G\ E and for every compact K C R", KNQ # 0,

inf p>0;
i

(2) M w(alwvBdH|) < [ pwdz < Cy My (alwvBdH|) +1.
Q

Proof. Let e, € (0,1). There exists a lower semicontinuous on @ function p; A
alwvBdH| such that

M o (ajwVBdH|) < /plwda: < My (a|lwVBdH))
Q
Let G = @ and Gy, be exhaustion of G from Lemma 3. Since the function (z,&) —

|w(z)+/B(x)€| is continuous on @ x (R"™\ {0}) and by (2) function |w(x)+/B(z)¢| >
5 M1€] > 0 then log |w(z)\/B(z)E| is continuous on @ x (R™ \ {0}). Hence the last

N
+ 30

2 2
— 1
Then there exists dj, such that for all (2, &), (z”,£") € ka{ﬁ € R": B <)¢ < 3},

— 1 3
function is uniformly continuous on compact Gy x <€ € R": = < [¢] < }, keN.

|z" — 2| < dg, | — &"| < dj), we have

L |t /B
) N N T

We can assume that all di < % Due to Lemma 3,
where (; = min {e, dist(G, R" \ Q), di+1,dist(Gk, 0Gr4+1)}, we find a function
A(z) € C*(Q) with properties: A(x) < dist(z, R™ \ Q), |VA(z)| < e on Q; A(z) <
min{dk+1, diSt(Gk, 8Gk+1)}, \V)\(x)| <dg41 if v € Gy \ Gr_1, keN.

Construct the mollified function py as in the Lemma 4, we get in the same way
the inequality (25). For v € H;j;, 0 < I < j <m, consider the integral

1
/pg(x)|w(x)vB(x) dx| = MB(O/U dyv/pl(erA(ff)y)IW(ﬂf)\/B(ﬂf) da|.

In the inner integral on the right side let z = z(z) = = + A(a)y. This integral is
equal to

jw(z(z)) v B(2(2)) dz(z)|.

S e B 2
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If x € v then © € Gy for some k. By properties of A(x), z(z) € Ggy1. Also

2(@) = ol = N@yl < diss, | Z2 - % = |88y] < der < §and 2] = 1,
therefore § < dfi(f) < 3. Then by (26)

Thus
[ @@ VEE a2 [ VR

1)
since 27! (y) € Hy; for v € Hyj, 0 < i < j < m. Therefore p3 = (1+¢)paAlwvBdH|.
Further as in Lemma 4 we put p = p3 + g, where ¢ is continuous and positive in
R, lgllz,..rmy < g Taking e sufficiently small, we obtain the statements of this

lemma. O

Lemma 6. Let K be a Hesse condenser in R™ and function p A a|wBdH | satisfies
the conditions of Lemma 4 with given n > 0. Then for € € (0,1) and all H;; # 0,
0<1i<j<m, there exists kg > ko such that

(27) /mw¢Em42aﬁu—e)

for all v € H;;j(k) and all k > ko. Here ko, H,;;(k) defined in the beginning of
Section 5.

Lemma 6 is proved by scheme proposed in [7, Lemma 4] for arbitrary condenser in
R™ and weighted capacity with A,-weight, 1 < p < co. Moreover, due to topological
condition (9G \ E)NE = () for Hesse condenser this scheme is simplified and allows
replace the exponent p > 1 by p = 1. Therefore we omit the proof of this lemma.

Proof of Theorem 3. By (9) and Theorem 2, it is sufficiently to prove that C7 | (K) <

C1cE M, o (alwvBdH|). Let € (0,1) and function p A a|wv/BdH| satisfies the

conditions of Lemma 4 with given 7. Applying the Lemma 6 to this function p
1

with given ¢ € <0, 2>, and find for p, £ the number kg = ko(e, p) for which the

inequalities (27) holds with k > ko.

Let
7o,  zeR"\Qk).

Then po A alwvBdH(k)|, k > ko, by construction pg is continuous on Q(ko) =

G\ E (ko) and therefore pg is locally bounded on Q.11 = GU < U Oi(ko + 1)> \{oo}
=0
and continuous on Qg,4+1 a.e.
Here we let \/A(z) = J-w(z), \/B(z) = J-w(z)! on G141\ G, where J is an

identity matrix of order n.
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Let u; = 0; on Oi(ko + 2) and
ui(z) = 6; + inf/po|w\/gdx|,
Yz

for all z € Qpy+1 \ Oi(ko + 2), where the infimum is taken over all rectifiable curves
Yo C Qrot+1 \ Oi(ko + 2) connecting the point = and O;(ko+2), i = 0,...,m. If
there is no such curves, then let u; = Jax 9; d;. Due to local boundedness of po

<j<m
on Qr,+1 the function u,(x) satisfies locally the Lipschitz condition and therefore
by Rademacher theorem u;(z) is differentiable a.e. on Gg,11. Besides, applying
arguments from proofs of conditions (i), (ii), (iii) of Lemma 2, we establish that

(1) [Vui(z)] < copo(x) ae. on Qroy1;
i(x ) is a (1, w)-precise function on Qpy+1;

(2) u

()|\/ 2)Vui(z)| < po(x)w(x) ae. on Qpoy1;

(4) u; )7 d; in some neighborhood of E; and for € O; (ko +2) \ {oco}, where
0 <j<mand j#i, either u;(z) > 6; + v; > 6; orul(x)—0r<nlfix 9 > 6.

If oo € O;(ko + 2) then let u;(c0) = Jmax o > 9.

Let u(x) = 12i<nm u;(x) on Qpy+1 and u(oo) = 12{1i<n u;(00) if 0o € U O;(ko + 2).

By construction u(z) = §; in some neighborhood of E;, i = 0,. . Besides,
for any rectifiable curve v C Qgy+1
28 [ulh) — ula)| < wax [us) ~ ()] < [ poluvB < / copo ds
sm

ab ab

for all a,b € v, where ab if a subcurve of ~ connecting points a and b.

By (28), applying the arguments from proof of the conditions (i)—(iii) in Lemma 2,
we obtain that |Vu| < copg a.e. on Qpy+1; u(x) is a (1, w)-precise function on Qp,+1;
IVAVu| < pow a.e. on Qp,11. Hence u € D*(K) and

Cua(K) < /Pow dx < /7111 dr = /pw dx +o(1) <
Q
ClcOMLw(a\w\/EdHD +o(1) +n,
where o(1) = 0 as ¢ — 0.
Letting € — 0, n — 0, by Theorem 2 we conclude that

C1(K) < C 1 (K) < §C1C41(K).
Therefore inequalities (21) in Theorem 3 are established. O

Assuming the continuity of wv/B on Q, replacing Lemma 4 by Lemma 5, similarly
we set the following result.

Theorem 4. Let wv/B be continuous on Q. Then C.41(K) < Ch1(K) £ C1CA1(K).
In particular, if w =1 then Cy =1 and C41(K) = C ,(K).

Remark 5. This theorem extends [2, Theorem 4| to the case p = 1, in which
uniform continuity of wv/B is required. Moreover, above arguments allows to prove
Theorem 4 from [2] for 1 < p < oo with a weaker condition of continuity for

wl/P\/B.
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