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ON THE COLLECTION PROCESS E

V.M. LEONTIEV

ABsTRACT. We present an approach to studying the divisibility of the
exponents of the commutators that arise in collection formulas obtained
for positive words of a free group. It deals with logical formulas that
establish a connection between the exponents of the commutators and the
structure of the positive word to which the collection process is applied.
Using our approach, we obtain several generalizations of known collection
formulas with some divisibility properties of the exponents.
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1. INTRODUCTION

In [3], P. Hall introduced the concept of a collection process, which can be briefly
described as follows. Let W be a positive word on the generators ay, ..., @y, m > 2,
of the free group F = F(ay,...,an). By rearranging step by step consecutive
occurrences of elements in W with use of commutators: QR = RQ[Q, R], Q,R € F,
the collection process transforms W into the following form:

(1) W=q*...q¢;T;, j=>1,

where ¢i,...,q; are commutators in ai,...,a, arranged in order of increasing
weights, T; consists of commutators of weights not less than w(q;) (the weight of
)

P. Hall applied the collection process to the word (aja2)™, n > 1, and obtained
the following collection formula in [3]:

(2) (ara2)™ = ¢7* qjez;;) (mod I's(F)), s2>2,
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where g1, ..., ;(s) are commutators in ay, az of weights less than s and I's(F) is the
s-th term of the lower central series of F, which is defined as follows: I'y(F) = F,
Li(F) = [Tk—1(F), F], k > 2. It was proved that the exponents of the commutators
can be expressed as integer-valued polynomials in n vanishing for n = 0:

w(g:) n
3 ei(n) = Ck ,
Q =3 e (+)
where non-negative integers c; do not depend on n. This result is significant for
the theory of p-groups, since the expression e;(p®) is divisible by the prime power
p* if w(gi) < p.

Research has been carried out in different directions. On the one hand, an
explicit form for some series of the exponents e;(n) has been found [5], [8], [4]. On
the other hand, collection formulas for different words of the free group with the
same divisibility property of exponents have been obtained.

In [2], M. Hall applied the collection process to the word (aj ...am)" m = 1,
and using P. Hall’s approach, obtained exactly the same result for the exponents.

In [7], an arbitrary word W (not necessarily positive) of the group F' was con-
sidered. By making use of Lie algebras, it was proved that W", n > 1, can be
expressed as follows:

W™ = gt qjié;) (mod T's(F)), s=2,

where q1,...,qj(s) are commutators in ay, ..., a, of weights less than s and e; is
divisible by n if n is a prime power number p® and w(g;) < p.

R. R. Struik dealt with the word aj'a5?, where ni,ne > 1, in [9]. Using a
modification of P. Hall’'s approach, she proved the following collection formula:

(4) attay® = it g5%g5t g5 (mod Ty(F)), s> 2,

where ¢ = as, ¢2 = a1 and

wal(q7 wag(fh n n
1 2
= > w()(T) e

Here wg,(g;) is the Welght of ¢ ina,l =12 Ifn, 1l =1,2, is a prime power
number p® and 1 < wy, (¢;) < p, then e; is divisible by n;.

H. W. Waldinger obtained formula (4) in [10] by methods of [7] for n; = 1,
ng = p, s = p + 2, where p is prime. A. M. Gaglione proved (4) by means of the
Magnus Algebra [7] for ny =1, ng =p®, a > 1, s =p?> + 1 in [1].

In this paper we present an approach to studylng the divisibility of the exponents
of the commutators that arise in collection formulas obtained for positive words of
a free group. Our approach is based on P. Hall’s idea that he used in the proof of
formula (2). Let us very briefly describe three basic steps of that proof.

Labeling process. All occurrences of a; and as in (ajas)™ are assigned labels
as follows: aj(1)az(1)a1(2)az(2)...a1(n)az(n). During the collection process, new
occurrences of commutators are assigned labels by the following rule:

QA1, .., Ni)R(pa, - -5 1)
= R(p1, - 1) Q(A1s -, A)[Q, RI(A1, s Aiy s - i)
Thus, the exponent e; is equal to the number of sequences (A1,...,Au(g;)) €
{1,...,n}*(@) that are labels of g;’s occurrences.
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FEzistence and precedence conditions. Let E,, be a condition that satisfied by
the sequence (A1,..., Ay(g,)) € {1,..., n}(4) iff the occurrence Qi (A5 5 Aw(gy))
has arisen during the collection process. Then E,; can be obtained by disjunction
and conjunction of such conditions as A\; = A;, Aj < Aj.

Combinatorial result. Suppose C' is an arbitrary condition obtained by disjunc-
tion and conjunction of such conditions as A\; = Aj, A; < A;. Then the number of
elements (A1,...,A.) € {1,...,n}", r,n € N, that satisfy the condition C can be
expressed as c; (711) 4+ +c (:‘), where non-negative integers c; do not depend on
n.

We will generalize this idea to obtain an approach applicable to various positive
words of the free group.

In Section 2 we introduce in a formal manner basic notation of the collection pro-
cess and give some necessary properties. Note that we define the collection process
without restrictions on the arranging of the commutators. So, the commutators
can be collected not only in order of increasing weights.

In Section 3 existence and precedence conditions are defined. Using a combina-
torial interpretation of the collection process in terms of binary representations of
integers (Theorems 1, 2), we provide a system of recurrence relations for the exis-
tence and precedence conditions (Theorem 3) in Section 4. That system establishes
a connection between the exponent of a commutator and the structure of the initial
positive word.

In Section 5 we give a generalization of the P. Hall’s combinatorial result, which
make it possible to deal with a numerous positive words of the free group.

Finally, in section 6 we use our approach to obtain several series of collection
formulas with some divisibility properties of the exponents (Theorems 4, 5, 6).
Those formulas generalize the results from [2], [9], [7] mentioned above.

2. BASIC NOTATION

Definition 1. For the letters aq,...,a,, n = 2, we define the set of formal com-
mutators T'(aq,...,a,) and the weight w by induction:
(1) {a1,...,an} CT(a1,...,a,), w(a) = =w(a,) =1;

(2) If C1,C2 € F(a’17 ceey a’n)? then [Clac2] € F(a17 ceey a’n) and w([clch]) =
w(er) + w(ez).
We will usually suppress the adjective formal and so call a formal commutator

simply a commutator.

Definition 2. A finite sequence of commutators from T'(aq,...,ay,) is called a
commutator word. We say that two commutator words ¢y ...cp and dy ...dy are
equal and write cy . .. cp, = dy .. . dy iff they have the same length m = k and ¢; = d;,
foriel,m.

We can consider a commutator word as an element of the free group F'(aq,...,ay,)
if we put [y, 2] = y~to~lyx for any x,y € F(ay,...,a,).
Example 1. The commutator words of length 1,2, and 3, respectively:
[a17a2]7 a3[a17a2}7 [a?n [a17a2]}a3[a17a2]'

If a commutator word contains several occurrences of the same commutator, then
we should clearly distinguish these occurrences from each other. For this purpose,
it would be natural to use the following tool.
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Definition 3. Suppose that a commutator word X of length m > 1 contains an
occurrence of a commutator R. A certain finite sequence of integers assigned to
that occurrence is called the label of the occurrence of R. If any two occurrences of
the same commutator in X have pairwise different labels of the same length, then
the map that takes i € 1,m to the label of the occurrence of a commutator at the
i-th position is called the labeling of X.

If an occurrence of a commutator R has the label A and we need to point out
this fact, then we denote that occurrence by R(A). Obviously, any commutator
word t; .. .1, can be labeled, for example: ¢1(1)... ¢, (m).

Further on, we use multiplicative notation for the operation of concatenation of
finite integer sequences. For example, if A; = (1,1,2), As = (1,2), then AjAs =
(1,1,2,1,2).

Definition 4. Suppose X = t1(A1)...tm(Am) is a commutator word with some
labeling, and there exist e > 1 occurrences of the commutator q in X. A stage of
the collection process applied to X is a transformation of X to the commutator
word Y by the following algorithm. Let t; (As,), ..., ti, (A;,) be all occurrences of q
in X, and 1 < iy < -+ < i, < n. We move t;,(A\;;) to the beginning of the word
rearranging step by step consecutive occurrences of commutators by the rule

y(A)z(Ay) = 2(Ao)y(Au)ly, 2] (Auhy).

Then we move t;,(A;,) immediately to the right of t;, (Ai,) by the same way. Con-
tinuing this line of reasoning, we get the commutator word

where T consists of all commutators that have occurrences in X except q, as well
as of commutators arising from the collection of occurrences of q. All occurrences
of commutators in T are labeled.

Definition 5. Let Wy be a labeled commutator word consisting only of commutators
of weight 1. The collection process applied to Wy is a construction of the sequence
of commutator words

(5) {w; = ¢t ...qjjTj }j>0

by the following rule. The word Wj, j = 1, obtained by the j-th stage of the
collection process applied to the commutator word T;_1. At that stage an arbitrary
commutator q; in T;_1 has been collected. The words ¢;* ...q;?’ and T are called,
respectively, collected part and uncollected part of W;. The initial word Wy = Ty
with empty collected part is considered as the result of zero stage of the collection
process.

We will use the following notation for commutators:
[y,()‘r] =Y [yalx] = [[ym'—lx]vx]’ { 2 ]-7 [y,a:,z] - [[y,I],Z]

Example 2. Let us consider the commutator word Wy = a1(1)az(1)as(2)az(2).
Here is a possible variant of the collection process applied to Wy (for clarity, the
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uncollected parts of the words are separated by a dot):
WQ = al(l)ag(l)al(Q)ag(Q),
W1 = al(l)al(Z) . a2(1)[a2, 0,1](1, 2)a2(2),

E W2 = (11(1)(11(2)@2(1)&2(2) . [ag,al](l, 2)[@2,@1,@2](1, 2, 2),
W3 = a1(1)a1(2)az(1)az(2)[az, a1](1,2) - [ag, a1, a2](1,2,2),
W4 = al(l)al(Z)ag(l)ag(Z)[ag, al](l, 2)[0,2, ay, a2]<1, 2, 2)

Note that the sequence (5) can be finite in two cases: we decided to stop the
collection process at some stage, or the collection process terminated at some word
W;, j > 1, the uncollected part of which turned out to be empty (see the previous
example).

Any commutator from I'(ay, ..., a,) can be written in various ways, for example,

[[[a2,a1],a1],a1} = laz,301] = [[az, a1], 2a1] = [[az,3a1], 0as3].
From now on we will use the following important rule.

Remark 1. For any commutators Q,R € T'(ay,...,a,), we can write [Q, ,R)]
only with mazimum possible parameter u, i.e. for any S € '(ay,...,a,) we have

[Q,uR] # [S, ut1 ).
Let us note some obvious facts about the collection process.

Proposition 1. Consider an arbitrary word Wj, j = 1, from the sequence (5).
The following statements hold:

(1) In the free group F(a1,...,a,) we have the equality Wo = W;. In other
words, the collection process does not change the element Wy € F(aq,...,ay,).

(2) If the uncollected part T; is non-empty, then any commutator in T has the
form [R, ,q;] for some R € I'(a1,...,a,) and p > 0.

(3) Any two occurrences of the same commutator in T; have different labels of
the same length. In other words, the labels in T; form the labeling of T}.
Moreover, labels do not change during the collection process.

(4) If the occurrence R(A,) precedes (is to the left of) Q(Ay) in T;_1 and
R # qj, Q # q;, then R(A,) precedes Q(A,) in T;. In other words, the
j-th stage of the collection process preserves the relative arrangement of
occurrences of commutators different from q; in Tj_q.

Since the initial word Wy contains only the commutators a1, ..., a,, the following
statement holds.

Proposition 2. For any commutator word Wj, j > 1, from the sequence (5), the
uncollected part T; does not contain occurrences of the commutators qi,...,q;. As
a consequence, the commutators qi,...,q; are pairwise different.

Proof. We prove the statement by induction on the number of the stage of the
collection process (on the number of the word in the sequence). At the first stage the
occurrences of ¢; were collected and only occurrences of the commutators [R, ,q;],
p > 1, arose. Therefore, the word W7 contains occurrences of ¢; only in its collected
part.

Assume that the statement is true for all words in the sequence up to W; =
a7t ...q;jTj, j = 1, and the uncollected part Tj is nonempty. Let us prove the
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statement for the word
Wit =qi" i .45 ¢ T

by reductio ad absurdum. Let g, has an occurrence in T, for some k € 1,5 + 1.
Note that k # j + 1 since at the stage j + 1 all occurrences of the commutator
¢j+1 in the word Tj; were collected. Further, at the stage k all occurrences of g
were collected. By the inductive assumption, new occurrences of ¢, could arise
only at the stage j + 1. Therefore, gi, = [R, ¢;j+1] for some commutator R. Recall
that the initial word Wy contains only the elements aq,...,a,, so the commutator
gr = [R, q;+1] arose during the collection process at some stage h, where h < k <
Jj+1, ie g =[Q,qn] for some Q. From the equality [R, gj+1] = [@, qn] of formal
commutators it follows that g, = gj41. This contradicts the inductive assumption:
gn has occurrences both in the collected part ¢ ...q; and in the uncollected part
T;. |

3. EXISTENCE AND PRECEDENCE CONDITIONS

Suppose Wy is a labeled commutator word consisting only of commutators of
weight 1. Consider an arbitrary variant of the collection process

(6) {WJ = qfl R q;jTj}j>0 .

Denote by D(ay), k € 1,n, an arbitrary fixed set of integer sequences of the same
length that contains all labels of the occurrences of a; in Wy.

Assume that the uncollected part T, m > 0 contains some commutator R and
the parenthesis-free notation of R is (@i, .., @i,p, )-

Example 3. The parenthesis-free notation of “ag, [a1, ag]] , a4] is (a2,a1,a2,a4).

From Definition 4 it follows that any occurrence of R in T, has a label of the
form
Al - Aw(R)7 where A1 S D(ail), ey Aw(R) S D(aiw(R)).

Since different occurrences of R have different labels, the number of all occurrences
of R in T,, is equal to the number of elements from the Cartesian product D(a;, ) X
-+ % D(aj, ) that are the labels of occurrences of R. We denote that Cartesian
product by D(R).

Note that the set D(R) does no depend on the choice of the uncollected part T,
containing occurrences of R. Indeed, the occurrences of R arose at some stage m; <
m. From statement 3 of Proposition 1 it follows that the labels of the occurrences
do not change at the next stages of the collection process. By Proposition 2, new
occurrences of R will never arise in uncollected parts. Finally, the occurrences can
“disappear” only at some stage mo > m > my, when all of them, without exception,
will be collected.

Definition 6. Suppose that some uncollected part in (6) contains an occurrence of
the commutator R. The existence condition of the commutator R is the predicate
E%, A € D(R), that equal to 1 iff there exists a commutator word in (6) such that
its uncollected part contains the occurrence R(A).

Definition 7. Suppose that some uncollected part in (6) contains occurrences of
the commutators R and Q). The precedence condition for the commutators R and
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Q is the predicate PS}I/{\Z, A A2 € D(Q) x D(R), that equal to 1 iff there exists a
commutator word in (6) such that, in its uncollected part, Q(Ay) precedes (is to the

left of ) R(A2).

From the discussion above and statement 4 of Proposition 1 it follows that any
uncollected part in (6) containing occurrences of R or occurrences of R and Q
uniquely determines all values of the predicate F'r or Py g, respectively.

Proposition 3. For the sequence (6) we have
¢j = [{A € D(g;) | By, = 1}].

This statement establishes the connection between the exponent e; of the com-
mutator and its existence condition F,;. So, by investigating the properties of the
predicate E,,, we get information about e;.

Definition 8. Let Ry, Ry be formal commutators. The predicate R; < Ro is equal
to 1 iff there exist commutators ¢;, q; i (6) such that ¢; = R1, ¢ = Ra, i < j,
i.e., the occurrences of Ry were collected at an earlier stage than the occurrences of
Ry in the variant of the collection process (6).

Example 4. Let us consider the variant of the collection process from Example 2.
We have the following relations:

D(a1) = D(az) = {1,2};

D([a'Qv 0,1]) = D(a2) X D(al) = {(L 1)7 (1’ 2)7 (27 1)’ (27 2)}5
D([ag, a1, a3])) = D(az) x D(a1) x D(ay) = {1,2}>;

EQl = B2 =1

Péf‘;;‘ﬁ = [/\1 < )\2} V [)\1 = )\2], where /\1 S D(al),/\g € D(ag);

ay < az; [az,a1] < [az, a1, az)].
4. RECURRENCE RELATIONS FOR THE EXISTENCE AND PRECEDENCE CONDITIONS
Theorem 1. Let G be a group, m € N, and y,x1,T2,...,2, € G. Then the

following identity holds:
2m—1

(7) [y, 1172 ... T ] = H [Ys i1 T15 i2T2, - -+ s i T EI

i=1

where i11s . . . iy, is the binary representation of the index 1.
Proof. We prove the equivalent identity by induction on m:

2m 1
(8) YT1T2 ... Ty = T1T2 . . . Ty H [y i1 T15 0982, - - - s iy Tm-

i=1
For m = 1 the identity has the form yz; = x1y[y,x1]. Consider the product
YT1T2 . .. TmTm41. By the inductive assumption, we get

2m 1
(Y1 Tn)Tmg1 = T1 ... Ty ( H [Y,i, %1, ... 7im$m]> Tm+1
i=1

2™M—1
=T1..-Tm+1 H [yalj:cla e ,imxmaoxm-i—l“yvhmla cee i Tmy lxm-l-l]a
1=0
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where 77 ...%,;,0 and ¢; . ..,,1 are the binary representations of the numbers 27 and
27 + 1, respectively. Thus, we have the equality

om+tl_y
(yl'l e xm)merl =T1..-Tm+41 H [y7 i1 LLy vy i Lmy im+1xm+1]7
i=0
where 47 ...4%,+1 is the binary representation of the index i. O

Using the theorem, we can express the fact of precedence for two occurrences of
commutators in terms of precedence for two binary numbers.

We denote by V and A the disjunction and conjunction of two propositions,
respectively. The sign A will be usually omitted to save space. For example, we
write AB V C instead of (AA B)V C.

Denote by w(i) the number of units in the binary representation of the non-
negative integer 1.

Proposition 4. Let N,M € 1,2 — 1 and w(N) = u, w(M) = v, where u,v,m >
1. Suppose (j1,...,ju) and (k1,...,k,) are two tuples such that js, s € 1,u, and
ki, Il € 1,v are the positions of the s-th unit and the l-th unit in the binary repre-
sentations of N and M, respectively (we count units and digit positions from left
to right starting from one). Then

U min{u,v} —
N<M & (<o) AlGi=klv \/ [k <3l /\Jh—kh
t=1 t=1 h=1

Theorem 2. Suppose the commutator word

9) Q(Ao)R(A1) ... R(A), meN,

has an arbitrary labeling with some sets D(Q) and D(R). Applying one stage of
the collection process to (9) we get the following commutator word:

2m_1
(10) R(A1)...R(Am) - Q(Ao) [] (@ wio RI(2()),
i=1
where (i) = NoAj, ... Aj, ., and js, s € 1,w(i), is the position of the s-th unit in
the binary representation of the index i (we count units and digit positions from

left to right starting from one). Moreover, for any u,v € N, we have the following
equalities:

AJAL.AL A‘A}c+1
Byt = By /\ ;

pAbALAZ A2

[Q,«R],[Q,R]
u min{u,v} A2AL k—1
E[Q,HR]“E[QWR] (u < v) /\ A=AV PRl AL =40 |,
k=1 k=1 h=1

where A§, A2 € D(Q), A},... AL A2 ... A2 € D(R).

Proof. The first statement of the theorem immediately follows from identity (8).
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Consider the product over ¢ in (10). Any m-bit binary number is uniquely
determined by the positions of units in its binary representation. Therefore, ¢ is a
bijection map of {1,...,2™ — 1} to

{AoAj, ... A,

s21, 1<j1 < <js<m}.

Any two integer-valued sequences
AoAj, ... Aj, € D([Q,.R]) = D(Q) x D(R)",
AoAg, ... Mg, € D([Q,,R]) = D(Q) x D(R)",
are labels of some occurrences of [@, ,R] and [Q, ,R] in (10), respectively, iff

AoAj, .. A, = ¢(i1) and AgAg, ... Ag, = ¢(i2) for some i1,ip. In other words,
the following conditions must be satisfied:

u—1 v—1
A Ge <dern)s N\ (ke < kega).
t=1 t=1

If in addition the occurrence of [Q,, R] must precede the occurrence of [Q,, R], then
we get the condition ¢y < i5. By Proposition 4, it is equivalent to

u—1 —
N G < i) /\ (ke < kiy1)
t=1 t=1
u min{u,v} —
AMu<o) NGe=k)v /(b <) /\ Jn = kn)
t=1 t=1 h=1
Note that

. . Athjt+1 AktAkt+1
]t<]t+1<:>PR7R s kt<kt+1<:>PRR ,

jt:kt@A‘jt:Ak“ kt<]t<:>PR’ké ]t.

Thus, the existence and precedence conditions for commutators in the product over
i with variables A}, A2 € D(Q), Al,...,AL A2,... A2 € D(R) can be written as
follows:

EAéA}...A}L . EA}, A EA; uilpAiAiH _ EAé uilpAiAiH
r = E" N\ B \ Prla™" =B \ Prla""",
_ - k=1

pALALAZ A2

[Q,uR][Q, v R]
u min{u,v} AZpl k—1
E[Q,uR]uE[Q,yR] (u < v) /\ A2 =Ap)V \/ PRt /\(A2 — AL
k=1 = h=1

O

Corrolary 1. Suppose there are e > 1 occurrences of a commutator R in the
following commutator word with arbitrary labeling:

m

X = H tk(Ak).
k=1
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After one stage of the collection process we get the word
m 2MEk 1
Y =R° H te(Ak)Qe,  where Qp = H [tk wiy Bl (P (4)),
i
my, is the number of occurrences of R that are to the right of t,,(Ag) in X, the label
¢r (1) is defined according to the previous theorem.

Further we will call Qj, the w-product with initial element tj(Ag).

Theorem 3. Suppose {W; =qi* ... q;'j Tj}j>o0 is an arbitrary variant of the collec-
tion process. Then the following recurrence relations hold (if the left-hand side of
a relation is defined for {W;};>0):

u—1
Ay AL _ pho A7 ApAg Ly
[Qi,uRi] — Q1731 Ri,Ry

k=1

(11) E

AL ALAZ. A2 . It
[Q171LR1]7[Q21UR‘2] ts equa 0

ALAL AZLA2

(123) E[QO Igl]E[szRz]F’ futv>l, R =R,Q1 =0
AL.AL A2 _ALAZ ifut+v>1,R = Ry, Q1 # Qo,
(12b) E[Q RI]E[QQ,WRQ] Q1.2 u=0=w(@)=Lv=0=w(Q@2) =1

A AL SAZLAZ SALLLALAR

(12C) [Q RI]E[Q27’UR2]P[Q1)’uR1]7Q27 fuv =1, Ri=< R
Ag...AL A2 SAJAZ.AZ . .
(].Qd) E[Ql Rl]E[Qz,,,RQ] Ql [Q2 1,R2]’ Zf U,V = 1, Ry < Rl,

where [Q1, o R1] # Q2 for u =1 and [Q2, v Ro] # Q1 forv =
A(% € D(Ql)7 Ag € D(QZ)) A%’?A’Ll,b € D(Rl)7 A%?’AIQ) € D(RQ)v

u min{u,v} k—1
A1 AZAL
Peri v AtV R A< a)
k=1 1 h=1

Proof. Relations (11) and (12a). Let u,v > 1. Since the existence condition
EjQ,,.ry) is defined for {W;};>0, it follows that there are occurrences of the com-
mutator [Q1, ,R1] in some uncollected part T,,,. Therefore, they arose during the
I-th stage of the collection process, I € 1,m, when occurrences of the commutator
Ry were being collected. Let us consider a schematic representation of the com-
mutator word T;_;, where we single out two occurrences of @ (at least one such
occurrence exists):

Ti1=...Q1(A1)...Q1(A2) . ...
From Corollary 1 it follows that 7; has the following form:
Q1(A1)Q0, (A, - - Q1(A2)Q20, (Ay) - -+
where g, (a,), 29, (a,) are w-products with corresponding initial elements.
Let A} € D(Q1), Al,...,AL € D(R;) and PSE”AI; = 1. Then by Theorem 2 the
occurrence [Q1,,R1](A} ... AL) exists in w-product with initial element Qq(A{) iff

u—
P
/\ Ri,R1
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Thus, we have

u—
Ag...AL Apyr A A} ApApyy
E[QolyuRl] Ql R1 Ql /\ 1,R1 Q1 Rl PR17R1 :
k=1
Further, commutators of the form [Ql, +R1], t > 1, have occurrences only in the
w-products. Moreover, the label of any occurrence in an w-product begins with the
sequence A; if the initial element is equal to Q1(A1), with Ag if the initial element
is equal to Q1(A3), and so on.
Hence, for arbitrary occurrences [Q1, ,R1](Ad...AL) and [Q1, ,R1](A2...A2),
there are two alternatives: they are in the same w-product (i.e. A1 = A}), or
142 2
in different ones. In the second case the precedence condition P[Q ARIJ]X(EQIA Ri
is equivalent to precedence of corresponding w-products, i.e. of initial elements
Q1(A}) and Q1(A3). In the first case we use the recurrence relation from Theorem
2. Thus, we get
A ALAZ. A2 AL 2
P[QlauRlL[ngle] E[QlyuRl]E[Qlval]F
It is easy to prove that the obtained relation is true when either v = 0 or v = 0. In-

deed, since there are no occurrences of Q; in w-products, for arbitrary [Q1,,R1](A§ - .

and [Q1, ,R1](A3...A2) we have

POV V (A = AB), if u = 0,0 £ 0;

Ad.ALAS.. A2 = Q1,Q1 0), 1L u U ;
[Q1,uR1],[Q1,0R1] ALAZ )

QiQola if u#0,v=0.

Relation (12b). Let u,v > 1. As in the previous case the occurrences of the
commutators [@Q1,,R1] and [Q2,,R1] arose during the same stage of the collection
process. However, the occurrences of [Q1, ,,R1] are in the w-product with initial
element Q1(A), A € D(Q1), and the occurrences of [Q2, ,R1] are in the w-product
with initial element Q2(A), A € D(Q2). As we mentioned above precedence of
w-products is equivalent to precedence of corresponding initial elements. Thus, we
get

Ad. ALAZA2 Ab. AL LA A2 SAAD
[QlauRl] [szRl] E[Qohu}%l]E[Q°27v1§1]PQ?7C§2'

Now let u = 0 and w(Q1) = 1. The commutator ()1 has occurrences in the
initial commutator word Wy = Ty. Therefore Q1 and Q2 have occurrences in the
same uncollected part at the stage when occurrences of R; were being collected
and occurrences of the commutator [Qs, ,R;]| arose. Here we deal with precedence
of an initial element and an w-product, which is also equivalent to precedence of
corresponding initial elements. Since ()1 # @2, we have

ALAZ..AZ A2 SALAZ
o o = Bo Bl i ol e
For the case v = 0, w(Q2) = 1 the reasoning is analogous.

Relations (12¢) and (12d). Assume that occurrences of R; were collected earlier
than occurrences of Ry. Since there must be an uncollected part containing both
occurrences of [Q1, ,R1] and [Q2, ,R2], at the stage when occurrences of Ry are
collected the corresponding uncollected part contains both occurrences of [Q1, ., R;]
and Q2. Since [Q1, ,R1] # @2, we use the same argument as above to get the

relation
AL ALA2. A2

AL A2 AL ALAZ
[Q1,wR1], [Q2,sz] E K

[Ql,uRl] [Q2,1;R2]P[Q1,UR1],Q2'

Al
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If occurrences of Ry were collected earlier than occurrences of Ry, the reasoning
is analogous. (Il

Corrolary 2. Suppose a commutator R € T'(ay,...,a,) arose in some variant of
the collection process {W;};>0. Then the existence condition Eg is expressed by
a formula containing at most the operations V and A, the predicates Eq,,, Pa, a;,
i,7 € 1,n, and the equality relation = on Z.

Proof. First of all, we show that for any predicates
Eg, w(Q)=>2 Po.r, w(Q)+w(R) = 3;

there are appropriate recurrence relations from the previous theorem. Any formal
commutator Q, w(Q) > 2, can be expressed as [Q1,R1], u > 1. Therefore, we use
relation (11) for the existence condition Eq.

Consider the precedence condition Pg r. Assume that w(R) = 1 and write Q as
[Q1,wR1], u > 1. If Q1 # R, then we use relation (12b). If @1 = R, then we write
[Q1,wR1], R as [Q1, wR1], [@Q1, 0R1], respectively, and use relation (12a). For the
case w(Q)) = 1 the reasoning is analogous.

Let w(Q),w(R) > 2. Then @ and R can be written as [Q1, ,R1], u > 1, and
[Q2,4R2], v > 1, respectively. If Q1 # [Q2,,Rz2] and Q2 # [Q1,.R1], then we apply
one of the relations (12) to Py r. If Q1 = [Q2, »R2], then we represent [Q1, ,R1]
and [Q2, ,R2] in the form [Q1, ,R1] and [@Q1, o R1], respectively, and use relation
(12a). The reasoning is the same if Q3 = [Q1, ,R1]-

Thus, using the recurrence relations from the previous theorem a finite number
of times, we express Fr by a formula containing at most the operations V and A,
the predicates Fo,, Py, a;,1%,] € 1,n, and the equality relation A, = A,. It remains
to note that for any integer-valued sequences of the same length A, = (M\i;, ..., i),
Ay = (N, ..., Aj,) the relation A, = A, can be written in terms of the equality

relation on Z:
S

k=1

5. L-CONDITIONS
In [6], the concept of an L-condition was introduced.

Definition 9. Let C be a formula containing at most logical operations: disjunc-
tion, conjunction, negation and the predicate symbols: [N; < Aj], [N = A;], where
i,j € N. The formula C is called an L-condition of rank r, r € N, if C con-
tains at least one of the following predicate symbols: [N; < Ar], [Ar < i, [Ni = A,
Ar = Ail, i €N, and does not contain the predicate symbols [N; < A;] and [A; = A;j],
where i > 1 or j > r. Logical constants O are 1 are called L-conditions of rank zero.

From Corollary 2, we get immediately the following lemma.

Lemma 1. Suppose a commutator R € T'(ayq,...,ay) arose in some variant of the
collection process {Wj}j>o0. If the existence and precedence conditions E,,, Pu, q;
in the formula from Corollary 2 are expressed by L-conditions on the sets D(a;),
D(a;) x D(a;), respectively, then Er is expressed by some L-condition on D(R).

E]


Reviewer
only the following ...

Reviewer
Definition 9 does not explain what is an "L-condition on the sets", and it is not immediately clear.

One should explain the interpretation of symbols lambda_i < lambda_j etc. after Def.9, explain when a tuple satisfies C and what an L-condition on the sets is.

Reviewer
It would be nice to have an example (maybe continuing examples 2-4) for the obtained recurrence relations. Theorem 3 is rather technical so it would help to have such an example
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The following statement was proved in [6, Theorem 2|. Suppose My, ..., M, are
nonempty finite subsets of any totally ordered set, C' is an L-condition of rank at
most r. If the following conditions hold:

M=MnN---NM, # ; [min M, max M| N (M;\M) =@, i€l,r;
then the number of elements from the Cartesian product
My x--- XM,-Z{(AM...,A/,-) | A EML',Z.EW}
that satisfy C' are expressed as follows:
T r—1
M M
zat<'t')+zbt<'t'), as,bs € Ny,
t=1 t=0
where by depend on My, ..., M, and C, as depend only on C. Moreover, if M €
{M;}I_,, then by = 0; if My = --- = M, then all b, are equal to zero.
Using this statement, we obtain the following lemma.
Lemma 2. Suppose finite sets M, ..., M, C Z satisfy the following conditions:
M=Mn---NM, e {M};_; [min M, max M| N (M, \M) =2, iecl,r.

Then the number of elements from My X --- x M, that satisfy an L-condition C' of
rank at most r is expressed as follows:

(13) ict (l‘]\f'), ¢t € Ny,

t=1
where ¢; do not depend on My,... , M, if My =---= M,.
We do not require here the sets Mi,..., M, to be nonempty. Indeed, if some
M; =@, then M; x --- x M, =@, M = @, and all terms in sum (13) are equal to
ZEero.

If My =... = M, = [1,n], then we get the P. Hall’s combinatorial result (see
Introduction).

Example 5. Any family of intervals of integers with fized left or right endpoint
satisfies the conditions of Lemma 2. For example,

M, = {17233}3 My = {132,37475}7 M3 = {1723354,57677}'

6. COLLECTION FORMULAS

Theorem 4. Suppose {W; =qi* ... q;j Tj}j>o0 is an arbitrary variant of the collec-
tion process in the free group F(ay,...,ay), n € N, with the initial word

N
wo=]] (af(z’l)...aﬁ(l’n)) . NeN, pi,4): {1,....N} x {1,...,n} — {0,1}.

i=1
Suppose My = {j | p(i,j) =1}, i € T,n, and (a,, ..., a;,(q,;)) is the parenthesis-free
notation of q;. If the set M = M;, N---N M, satisfies the following conditions:
M e {My}%:  [min M, max M] N (M \M) = @, k€T, w(g);

then

w(q;)
- M
ej:ZCt(|t>, ¢t € Np.

t=1


Reviewer
Shouldn't it be

M_j = { i | p(i, j) = 1 } for j = 1...n?

Notice that in the text i belongs to 1..n, while

p : {1, ..., N} x {1, ..., n} -> {0, 1}
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Proof. Consider the positive word W = (aj ...a,)" with the following labeling:
N
W =[](a1(d)...an(i));  D(a;)={1,...,N}, icTn.
i=1

We see that for any A1 € D(a;), A2 € D(a;), i,j € 1,n, the following equalities
hold:

[/\1 < )‘2]7 1= j;
EQY =1, PO =<\ <X VIA =X, i<
A1 < A2, i> 7.

Now for each i = 1,7 we delete all occurrences of the letter a; in the word
W whose labels belong to the set D(a;)\M;. Thus, we get the labeled word Wy
for which D(a;) = M;, i € 1,n. Moreover, the equalities for the existence and
precedence conditions mentioned above remain true for Wy. Indeed, since D(a;)
contains only the labels of occurrences of a; from Wy, we have Eé?l) =1 for any
A1 € D(a;). Further, deleting occurrences of letters in the word W does not change
the relative arrangement of the remaining letters. In other words, an occurrence
a;(A1) precedes an occurrence a;(Az) in Wy iff a;(A1) precedes a;(A2) in W. Thus,
the equality for Péf‘jij) stays the same as we go from W to Wj.

Suppose (a;,, ... ,aiw(q].)) is the parenthesis-free notation of the commutator g;.
From Lemma 1 it follows that the existence condition Eé\] is expressed by an L-
condition on the set D(q;) = D(a;,) X -+ X D(aiw(qj)) =M; XX Miw(qj)' If the
set M =M;, N---NM,

satisfies the following conditions:

w(qy;)
M e {M;,}"%;  [min M, max M| (M;\M) =@, ke L uw(g),

then by Proposition 3 and Lemma 2 we have

w(gy)
—ae D) BN =1 = Y oM N
ej = {A € D(q)) | Eg, = 1} = th ¢ ) & ho

t=1

O

The theorem actually shows that for any family of sets that satisfies the condi-
tions of Lemma 2 we can construct the corresponding initial word Wy. This provides
numerous examples of collection formulas with nontrivial divisibility properties of
the exponents of commutators. We consider only a few examples.

Example 6. Let M; = {1,...,p%}, i # s, and Mg = {1,...,7}, where s € 1,n,
p® 1s a prime power number, p* < r. Then we have the initial word Wy =
(a1...an)?"al in the variant of the collection process {W; = q}* ...q;jTj}j20.
Thus, the following collection formula holds in the free group F(aq,...,a,):

(a1...an)P al = ¢5* .. .q;jTj.
Assume that w(q;) > 2. Then the parenthesis-free notation of q; contains a letter
different from as. Therefore, M = {1,...,p*}, |[M| = p®, and e; is divisible by p®
if w(g;) <p.
Example 7. Let My, Ms, M3 be as in Example 5. Then we get the word Wy =
(a1aza3)3(azaz)?a3. If we, (q;) = 1 and 3 > w(q;) > 1, then e; is divisible by 3. If
Wa, (¢;) =0, wa,(g;) =1, and 5 > w(q;) > 1, then e; is divisible by 5.


Reviewer
As I understand, s is fixed, so the variable a_s appears in the first r products. Shouldn't W_0 then be

(a_1 ... a_n)^{p^a} a_s^{r-p^a},

i.e. the exponent of a_s is r - p^a.

Reviewer
Example 7 should go after Definition 10, since w_{a_j} are not yet defined.

Reviewer
It should be explained how M. Hall's result from the introduction follows from this theorem (maybe in another Example). I.e. similarly to Example 6, write something like "Let N = 1, rho(i, j) = 1 ... "
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Definition 10. For the elements of '(ax, . .., an) we define the weights w,,, i € 1,n
by induction:

(1) Wa, (a’k:) =0 fO’f‘ k 7é i w(ai) =1
(2) If [c1,¢2] € T(a1,-..,an), then and wqy,([c1,c2]) = wq, (c1) + wa, (c2).

Theorem 5. Suppose {Wj =qf! ...q;jTj }j>0 is an arbitrary variant of the col-

lection process in the free group F(aq,...,a,), n € N, with the initial word
Wo=ai™...a, my,...,m, €N.
If wa, (q;) 2 1,...,wa, (g;) = 1, then the exponent e; is expressed as
Wa gy (g5) Wasg,. (a5) m m
=3 e 3 () ()
t1=1 tp=1 1 r
where integers c(ty,...,t.) do not depend on mg, - ms, .

Proof. Consider the positive word W with the following labeling:

WO_Hal coeai(myg); D(a;) ={1,...,m;}, i€ln.

We see that for any A1 € D(a;), A2 € D(a;), i,j € 1,n, the following equalities
hold:

[)‘1 < )‘2]7 i:j;

A A1 .

EG) =1, PRi =41, i <ji

0, j<i.
Suppose (a;,, .. - ,aiw(qj)) is the parenthesis-free notation of the commutator g;.
From Lemma 1 it follows that the existence condition E{I\j, A= (A1, Aug))s 18

expressed by an L-condition on the set D(q;) = D(a;, ) % --- X D(aiw(qj)).

Let wq,, (g;) = 1. We arbitrarily fix those variables A1, ..., Ay(g;) in E{}j that
correspond to labels of the letters ax, k # s1. The obtained predicate we denote
by Eé‘]/[ where M is the set of the remaining w,,, (g;) variables.

Note that the predicate Egj on the Cartesian power D(as,)"*1(%) is still an
L-condition. Indeed, from the equalities for F,, and P,; ., above it follows that for
any predicate [\, < A,] in the L-condition Eé\j the variables A\, and \, correspond
to labels of the same letter. This is also true for predicates [\, = A,], which follows
from the recurrence relations in Theorem 3. Therefore, E‘é\f contains at most the
logical constants 0, 1 and predicates of the form [\, < A], [Au = Ay, where Ay, Ay
are variables.

Thus, from Lemma 2 it follows that

w ; I~ mg
01 € D™= @ 1B = vl = Y w ("),

where non-negative integers b, do not depend on mg, .


Reviewer
So the weight of a_i in R is the number of occurrences of a_i in the parenthesis-free notation of R?

Reviewer
What are s_1, ..., s_r? It seems that the commutator q_j consists of the letters a_{s_1}, ..., a_{s_j} but it's not written anywhere.

Reviewer
Does c(t_1, ..., t_r) depend only on the structure of the word q_j? If yes, it should be mentioned somewhere (maybe after the proof).
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Considering all possible values of the variables in Eé\j that correspond to labels
of the letters ax, k # s1, and summing obtained expressions we finally get

Wa g (‘Ij)
G=lheD) By =1= 3 o) act,
t=1

where the coeflicients ¢; do not depend on mg; .
Let wa, (qj) 2 1,...,wa,  (g;) =1 for r > 2. Assume that

Wag (@) Was,_, (45)
m m
e; = Z Z c(t17"'7t7"1)<t81>“'<t8r1>7
t1=1 tr—1=1 1 r—1
where integers c(t1,...,t,—1) do not depend on my,,---m, . If wa, (q;) = 1,
then
Wag, (45) Way, (¢5)  Was,_, (45)
— er _ msl . msr_l
b= at( t ) S c(tl,...,trl)< " ) (tr_l )
t=1 t1=1 tr_1=1
where a; do not depend on mg, . Therefore, a; depend on mg,,...,ms,_,, and
c(tyy...,tr—1) depend on mg . If ms;, =1 then we get
Wagy, (45)  Was,_, (45)
m, meg,
a; = Z Z c(tl,...,tr_l;l)( Sl)...( s 1),
t1=1 tr_1=1 t1 tr—1
1= r—1=
Further, if ms, = 2, then
Wa g, (qj) was,,.,l (qj)
m m
2a1 +az = Z Z c(tl,...,tr_1;2)< Sl)...( Sr1>’
t1=1 tr_1=1 t1 tr_1
1= r—1=
Wag, (¢5)  Was,_, (45)
m m
az = Z Z (c(tl,...7tr1;2)—20(t1,...,tr1;1))(t51)...<t5r—1).
t1=1 tr_1=1 1 r—1

Continuing this line of reasoning, we see that for any ¢ € 1,w,, (q;) there are exist
integers hy(ty,...,t.—1) such that

way (47)  Was,_; (45)
m m
w=3 ¥ htul,...,tﬂ)( fl) ( t)
t1=1 tr_1=1 1 r—1
Therefore,
Way, (@) [Wasy (45)  Was,_, (4) . .
M, Sr—1 Sr
=3 Y ht(tl,...,tT1)< )( ) ( )
t=1 t1=1 tr_1=1 131 tr_1 t
Wasy (a5) Wag,. (g;) m m
= C(tl’ 7t,_)< t‘91> e ( t‘lr)7
t1=1 tr=1 1 T
where integers c(t1,...,t,) do not depend on mg,,- - ,mg, O E


Reviewer
I suggest to add "... but may depend on m_{s_2}, ..., m_{s_r}".
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Reviewer
It seems that we start a proof by induction, so mention it explicitly.

Reviewer
Again, explain how Struik's result follows from your theorem


160 V.M. LEONTIEV

Example 8. Suppose we collect commutators in order of increasing weights, and
the commutators of weight 1 are collected in the following order: asi1, asya, ..,
Qn, A1, 32, ..., as for some s € 2,n — 1. Then our variant of the collection process
{Wj =q;! qj] Tj}j>0 leads to the following collection formula in the free group
F = F(al,...,an).‘

[al™ . ..ale,aly o apt] =g qjég;) (mod T'y(F)), k=2,
where qny1,-- ., k) are commutators of weights less than k, and e; is divisible by

m; if m; s a prime power number p® and 1 < wq,(g;) < p.

Theorem 6. Suppose {W; = q;i* ... q;j T;}i>0 is an arbitrary variant of the collec-
tion process in the free group F(ai,...,a,), n € N, with the initial word

N
Wo=]] (aggw..aggw)) . NyseN, p(i,j): {1,..., Ny x {1,...,s} — {0,1}.

i=1
Suppose
My ={(i,j) | kj = k,p(i,j) =1}, My(p)={i|(i,p) € My}, keln,
and (@iyy .- -, aiw(qj)) is the parenthesis-free notation of q;. If for any pi, ..., (g,

the set M = M(p1, -, fuw(q;)) = Miy (p1) NN Miw(qj>(ﬂw(qj)) satisfies the fol-
lowing conditions:
M € (M, (ui)}p%)s  [min M, max M| N (M;, (m)\M) = 2, k€L w(g);

then
w(g;

)
|M(,LL1,,,,’N )|
e; = Z Z Ct(ﬂ17~-,l~bw(qj))< , w(g;) ’

t=1 p115es (g )
where c¢(p11, -+ -, flw(q;)) € No-
Proof. Consider the positive word W = (ay, ... ax, )" with the following labeling:

N
W= H(akl (i,1)...ax,(i,5));

We see that for any (A1, \2) € D(a;), (A3, \1) € D(aj), i,j € 1,n, the following
equalities hold:

EQ1A) =1, P22 = [y < Ag]V [Ar = As][Ae < Adl.

a
Now for each k = 1, n we delete all occurrences of the letter a; in the word W
whose labels belong to the set D(aj)\My. Thus, we get the labeled word W, for
which D(ay) = My, k € 1,n. Using the same argument as in the proof of Theorem

4 we claim that the equalities for E((lz\l”\Z) and Pé?,gfﬁ?’*“‘*) stay the same as we go

from W to Wj.
Suppose (@i, , - - -, a4, (q;)) is the parenthesis-free notation of the commutator g;.

From Lemma 1 it follows that the existence condition Eé\j is expressed by an L-
condition on the set D(g;) = D(ai,) x --+ x D(aj,, ) = Mi, x - x M;
Consider the tuple of variables A = (A1, ..., Aay(q;)), Where

(A1 A2) € Miy, (A2, Ag) € Miy, -y (Aaw(g))—15 A2w(ay)) € Mi -

w(qj) "


Reviewer
Say something about k1, ..., ks, for example, are they pairwise distinct?

Reviewer

Reviewer
Lambda is already used in this paragraph, so I suggest to put a comma and continue

", where the tuple Lambda = (lambda_1, ..., lambda_{2w(q_j)}) is such that (lambda_1, lambda_2) \in M_{i_1} ...."
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Introduce the following notation:
Ay = (>\13 A3y >\2w((Ij)—1)’ Ay = ()\2; Ag.s >\2w(qj))~
Let us arbitrarily fix A2, Aq, ..., Agy(q;) In E{IE. Denote the obtained predicate by
PII\\;, where Ay € Mi1 (/\2) X oo X Mii,w(qj)_l()\Qw(qj))'

From the equalities for F,, and Py, a; it follows that Pf\\; contains at most logical
constants 0, 1 and predicates of the form [A, < Ay], [Au = Ay, where Ay, A, are
variables. In other words, for any fixed Ay the predicate Pf\\; is expressed by an
L-condition on the set M;, (Ag) X - -+ X Mizw(q].>_1()\2w(qj))-

Thus, using Proposition 3 and Lemma 2, we obtain

¢j = [{A € D(g;) | By, = 1}]

= Z ’{Al € Mi1 ()\2) X oo X MiZw(qj)—l()\Q’w(qj)) | P;\X; — 1}‘
Az

_ wa) o A2)<|M<tA2>|) _ wff)zct< A2><M(tA2)>-

t=1 A,
O

Example 9. Let Wy = a (ag, ...aks)pa, where | € 1,n, r € N, p® is a prime
power number. Then we put

M={r+1,....p°+r}yx{j|kj =k}, k#I
Ml: ({1""’pa+r}x{j/})u({7’+1,---,pa+7“}><{j\k:j:l,j;éj’});

where j' is such that kj = 1. Therefore, for any p the set My(pn), k # 1, is equal
to{r+1,...,p* +r} or (. Assume that w(q;) > 2, hence wq,(q;) = 1 for some
k # 1. Then for any ji1, . .., phw(q;) the intersection M = M(pi1, . .., fw(q;)) 5 equal
to{r+1,...,p*+r+1} or®, so|M| is equal to p* or 0. Thus, we get the following
collection formula:

Id pa __ e €
aj (ag, --.ag,)" =4qi"...q; T},

where e; is divisible by p® if 1 < w(g;) < p.
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