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1 Introduction. Formulation of problem

According to the terminology of [1], an inverse problem is called one-dimensional if the
sought function depends on one variable, and multidimensional if it depends on two and
more variables. For multidimensional inverse problems there are only special cases for
which solvability is established. One of such classes of functions in which local solvability
takes place is the class of analytic functions. The technique used here is based on the
scale method of Banach spaces of analytic functions, developed in the works of L.V.
Ovsyannikov [2,3] and L. Nirenberg [4]. This method was �rst applied to the problem of
solvability of multidimensional inverse problems by V.G. Romanov [1,5,6]. The approach
used in this works can be successfully applied to the study of solvability of the problem
of determining the non-stationary coe�cient for the �rst time derivative of the equation
with string vibration operator in a principle part.

In this paper we study the inverse problem of determining the coe�cient a(t, x, y),
t ∈ R, (x, y) = (x, y1, · · · , ym) ∈ R1+m, for the second order hyperbolic equation. The
problem is investigated in the class of coe�cients that are continuous with respect to the
variables t, x and analytic in the variable y.

In [7�13] this method was used to study of the multidimensional inverse problems
of determining the convolutional kernel in parabolic and hyperbolic integro-di�erential
equations of the second order; theorems of local unique solvability of inverse problems in
the class of functions with �nite smoothness with respect to the time variable and analytic
with respect to spatial variables. This article generalizes the results of work [1] (sec. 3)
for the case of non-stationary potential.
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Consider the problem of determining a pair of functions u and a satisfying the
equations:

utt − uxx −△u− a(t, x, y)ut = g(y)δ(x)δ(t− t0), (t, x, y) ∈ R2+m, t0 > 0, (1)

u
∣∣
t<0

≡ 0, (2)

in which △ is the Laplace operator on variables (y1, . . . , ym) = y, δ(·) is the Dirac delta
function, δ′(·) is the derivative of the Dirac delta function, t0 is a problem parameter,
therefore u = u(t, x, y, t0), g(y) is a given smooth function so that g(y) ̸= 0 for y ∈ Rm.

In inverse problem it is required to �nd the potential a(x, t, y) in (1), if the solution
of the problem (1)�(3) is known for x = 0, i.e. the condition

u(t, 0, y, t0) = f(t, y, t0), t > 0, t0 > 0 (3)

is given.
Following the monograph [4, sec. 3], we introduce into consideration the Banach space

As(r), s > 0, of functions φ(y), y ∈ Rm, which are analytic in the neighborhood of the
origin and satisfy the relation

∥φ∥s(r) := sup
|y|<r

∞∑
|α|=0

s|α|

α!
|Dαφ(y)| < ∞.

Here r > 0, s > 0 and

Dα :=
∂|α|

∂yα1
1 ...∂yαm

m

, α := (α1, ..., αm),

|α| := α1 + ...+ αm, α! := (α1)! . . . (αm)!.

In the following, the parameter r will be considered �xed, while a parameter s is variable.
Then, it is formed a scale of Banach spaces As(r), s > 0 of analytic functions. The
following property is obvious: if φ(y) ∈ As(r), then φ(y) ∈ As′(r) for all s′ ∈ (0, s),
consequently, As(r) ⊂ As′(r), if s

′ ∈ (0, s) and the following inequality is valid:

∥Dαφ∥s′ ≤ cα
∥φ∥s(r)
(s− s′)|α|

for any α with constant cα, which depends only on α.
We present the solution of the problem (1), (2) in the form

u(t, x, y, t0) =
1

2
g(y)θ(t− t0 − |x|) + v(t, x, y, t0),

where v(t, x, y, t0) � regular function. n Substituting this expression into (1), we obtain
the following problem for determining function v:

vtt − vxx = △v +
1

2
△g(y)θ(t− t0 − |x|)

+a(t, x, y)

[
1

2
g(y)δ(t− t0 − |x|) + vt(t, x, y, t0)

]
, (t, x, y) ∈ R2+m, t0 > 0, (4)

v |t<0≡ 0. (5)

In the next section we will replace the inverse problem (4), (5) and (2) by the equivalent
integro-di�erential equations. In what follows, we assume that the function a is even in x.
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2 Reducing the problem to the integrodi�erential

equations

According to the d'Alembert formula the solution of problem (4)�(5) satis�es the integral
equation

v(t, x, y, t0) =

=
1

2

∫ ∫
∆(t,x)

{
△v(τ, ξ, y, t0) +

1

2
△g(y)θ(τ − t0 − |ξ|)

+a(τ, ξ, y)

[
1

2
g(y)δ(τ − t0 − |ξ|) + vt(τ, ξ, y, t0)

]}
dξdτ, (t, x, y) ∈ R2+m, t0 > 0, (6)

in which
∆(t, x) = {(τ, ξ)| 0 ≤ τ ≤ t− |x− ξ|, x− t ≤ ξ ≤ x+ t} .

Let
QT := {(t, t0)| 0 ≤ t0 ≤ t ≤ T}, T > 0,

ΩT := {(t, x)| 0 ≤ |x| ≤ t ≤ T − |x|},

ΥT :=

{
(t, x, t0)

∣∣∣ |x|+ t0 ≤ t ≤ T − |x|, 0 ≤ t0 ≤ t ≤ T

}
.

The domain ΥT in the space of the variables x, t, t0 is the pyramid with the base ΩT

and vertex (0, T, T ).
It follows from (6) that the function v(t, x, y, t0) satis�es the integral equation

v(t, x, y, t0) =
△g(y)

4
S̃(t, x, t0) +

g(y)

4

∫ x+(t−t0)
2

x−(t−t0)
2

a(t0 + |ξ|, ξ, y)dξ+

+
1

2

∫ ∫
□(t,x,t0)

[△v(τ, ξ, y, t0) + a(τ, ξ, y)vt(τ, ξ, y, t0)] dτdξ, (t, x, t0) ∈ ΥT , y ∈ Rm, (7)

where θ(t) = 1, t ≥ 0, θ(t) = 0, t < 0, S̃(t, x, t0) is area of a rectangle □(x, t, t0) in the
plane of the variables (τ, ξ) for each �xed t0, formed by characteristics passing through
the points (0, t0) and (x, t) of the di�erential operator ∂2/∂t2 − ∂2/∂x2 :

□(x, t, t0) :=

{
(ξ, τ)

∣∣∣∣ |ξ|+ t0 < τ < t− |x− ξ|,

x− (t− t0)

2
< ξ <

x+ t− t0
2

, 0 < t0 < t

}
.

Obviously, the equalities f(t, y, t0) = u(t, 0, y, t0) = v(t, 0, y, t0), t > t0 are true.
Besides, f(t0 + 0, y, t0) = v(t, 0, y, t0)

∣∣
t=t0+0

= 0.

First note that if a(t,−x, y) = a(t, x, y), then v(t,−x, y, t0) = v(t, x, y, t0). Calculating
the derivative of the both sides of equation (7) with respect to t, we obtain
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vt(t, x, y, t0) =
△g(y)

2
S̃ ′
t(t, x, t0)

+
g(y)

8

[
a

(
x+ t+ t0

2
,
x+ t− t0

2
, y

)
+ a

(
−x+ t+ t0

2
,
x− t+ t0

2
, y

)]

+
1

2

∫ x+(t−t0)
2

x−(t−t0)
2

[△v (t− |x− ξ|, ξ, y, t0) + a (t− |x− ξ|, ξ, y) vt (t− |x− ξ|, ξ, y, t0)] dξ,

(t, x, t0) ∈ ΥT , y ∈ Rm.

Setting in this relation x = 0 and using evenness of the functions a(t, x, y), v(t, x, y, t0)
in x, we get the equality:

ft(t, y, t0) =
△g(y)

2
S̃ ′
t(t, 0, t0) +

g(y)

4
a

(
t− t0
2

,
t+ t0
2

, y

)

+

∫ t−t0
2

0

[△v (t− ξ, ξ, y, t0) + a (t− ξ, ξ, y) v (t− ξ, ξ, y, t0)] dξ, (t, t0) ∈ QT , y ∈ Rm.

Rewrite this equation substituting (t − t0)/2 by |x|, (t + t0)/2 - by t and solving with
respect a(t, x, y). Then we have

a(t, x, y) =
2△g(y)

g(y)
S̃ ′
t(t, 0, t− 2|x|) + 4

g(y)
ft (t+ |x|, y, t− |x|)

− 4

g(y)

∫ |x|

0

[
△v (t+ |x| − ξ, ξ, y, t− |x|)

+a (t+ |x| − ξ, ξ, y) vt (t+ |x| − ξ, ξ, y, t− |x|)

]
dξ, (t, x) ∈ ΩT , y ∈ Rm. (8)

Thus, in order to �nd the value of the function a in the point (t, x, y), it is necessary to
integrate function a(t, x, y) itself by segment with ends (t+ |x|, 0, y, 0), (t, |x|, y, 0), and
v(t, x, y, t0) � by segment with ends (t+ |x|, 0, y, t−|x|), ( t, |x|, y, t−|x|), which belong
to the domain ΥT × Rm.

Note that the function v, even with respect to x = 0, satis�es the condition ∂v/∂x|x=0.
Taking into account this fact and considering the equations (4), (5), (3) for v in the domain
x > 0 we obtain

∂2v

∂t2
− ∂2v

∂x2
−△v − a(t, x, y)vt = 0, 0 < x < t− t0, y ∈ Rm,

v
∣∣
x=0

= f(t, y, t0),
∂v

∂x

∣∣∣∣
x=0

= 0, 0 < t− t0 ≤ T, y ∈ Rm,

then in accordance with the d'Alembert formula, which gives the Cauchy problem solution
with an initial data on x = 0, we �nd:

v(t, x, y, t0) = v0(t, x, y, t0) +
1

2

∫∫
△′ (t,x)

[
△v (τ, ξ, y, t0) + a (τ, ξ, y) vt (τ, ξ, y, t0)

]
dξdτ, (9)
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where

v0(t, x, y, t0) =
1

2
[f(t+ x, y, t0) + f(t− x, y, t0)] ,

△′(t, x) := {(τ, ξ) | 0 < ξ < x, |τ − t| < x− ξ} , 0 < x < t− t0 < T − x, y ∈ Rm.

Considering (8) for x ≥ 0, we have:

a(t, x, y) = a0(t, x, y)

− 4

g(y)

∫ x

0

[
△v (t+ x− ξ, ξ, y, t− x) + a(t+ x− ξ, ξ, y)vt(t+ x− ξ, ξ, y, t− x)

]
dξ, (10)

where

a0(t, x, y) =
4

g(y)
ft(t+ x, y, t− x) +

2△g(y)

g(y)
S̃ ′
t(t, 0, t− 2x), 0 ≤ x ≤ t ≤ T − x, y ∈ Rm.

To close the system of equations (9), (10), we use

vt(t, x, y, t0) = v0t(t, x, y, t0)+

1

2

x∫
0

[
△v (t− x+ ξ, ξ, y, t0)−△v (t+ x− ξ, ξ, y, t0)

+a (t− x+ ξ, ξ, y) vt (t− x+ ξ, ξ, y, t0)− a (t+ x− ξ, ξ, y) vt (t+ x− ξ, ξ, y, t0)

]
dξdτ,

(11)
The system of equations (9), (10) is a closed integro-di�erential equations for the

functions a, v, vt. Note that the operator △ in the function v appears in the system only
under the integral signs.

Let w := vt and w0 := v0t. We will henceforth consider system (9)�(11) in the domain

DT = Υ′
T × Rm, Υ′

T = {(t, x, t0)| 0 ≤ x+ t0 ≤ t ≤ T − x} .

3 The Main Results and Its Proof

Let C(t,x,t0) (Υ
′
T ; As0) denote the class of functions with values in As0 (s0 > 0) which are

continuous in the variables (t, x, t0) in the domain Υ′
T . For �xed (t, x, t0), the norm of a

function v(t, x, y, t0) in As0 will be denoted by ∥v∥s0(t, x, t0). The norm of a function v in
C(t,x,t0) (Υ

′
T ; As0) is de�ned by the equality

∥v∥C(t,x,t0)(Υ
′
T ;As0)

= sup
(t,x,t0)∈Υ′

T

∥v∥s0(t, x, t0).

Let C(t,x) (GT ; As0) be the class of functions with values in As0 which are continuous
in the variables (t, x) in the domain GT = {(t, x)| 0 ≤ x ≤ t ≤ T − x} . For �xed (t, x) the
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norm of a function a(t, x, y) in As0 will be denoted by ∥a∥s0(t, x). The norm of a function
a in C(t,x) (GT ; As0) is de�ned as

∥a∥C(t,x)(GT ;As0)
= sup

(t,x)∈GT

∥a∥s0(t, x).

Denote also by C (QT ;As0) the class of functions with values in As0 which are
continuous with respect to t, t0 in domain QT .

Theorem 1. Let f (+t0, y, t0) = 0, |g(x)| ≥ g0 > 0, g0 is a known number, and{
1

g(y)
,
△g(y)

g(y)

}
∈ As0 ; {f(t, y, t0), ft(t, y, t0)} ∈ C (QT ;As0) ,

in addition, the relations

max

{
2

∥∥∥∥△g(y)

g(y)

∥∥∥∥
s0

, max
(t,t0)∈QT

∥f(t, y, t0)∥s0 , max
(t,t0)∈QT

∥∥∥∥4ft(t, y, t0)g(y)

∥∥∥∥
s0

}
≤ R

2

are valid for some �xed s0 > 0, R.
Then there there is such a number b ∈ (0, T/(2s0)) , b = b (s0, R, T ) that for each

s ∈ (0, s0) in the domain DT ∩ {(t, x, y, t0) : 0 ≤ x+ t0 ≤ b(s0 − s)} there exists the
unique solution to the equations (9)�(111) and v, w ∈ C(t,x,t0) (PsT ; As0) , a(t, x, y) ∈
C(t,x) (KsT ; As0) , where PsT = Υ′

T ∩ {(t, x, t0) : 0 ≤ x+ t0 < b(s0 − s)} , KsT = GT ∩
{(t, x, t0) : 0 ≤ x+ t0 < b(s0 − s)} , moreover

∥v − v0∥s (t, x, t0) ≤ R, (t, x, t0) ∈ PsT ,

∥w − w0∥s (t, x) ≤
R

s0 − s
, ∥a− a0∥s (t, x) ≤

R

s0 − s
, (t, x) ∈ KsT .

Proof. Under the conditions of Theorem 1 we have

v0, w0 ∈ C(t,x,t0) (Υ
′
T ; As0) , a0 ∈ C(t,x) (GT ; As0) ,

∥v0∥s(t, x, t0) ≤ R, ∥w0∥s(t, x, t0) ≤ R, (t, x, t0) ∈ Υ′
T ,

∥a0∥s(t, x) ≤ R, (t, x) ∈ GT , 0 < s < s0.

Let bn denote the members of the monotone decreasing sequence that is de�ned by the
equalities

bn+1 =
bn

1 + 1/(n+ 1)2
, n = 0, 1, 2, . . . .

Denote

b = lim
n→∞

bn = b0

∞∏
n=0

(
1 + 1/(n+ 1)2

)−1
.

The number b0 ∈ (0, T/(2s0)) will be chosen in an appropriate way. For the system
of equations (9)�(11) we construct the process of successive approximations according to
the following scheme:
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vn+1(t, x, y, t0) = v0(t, x, y, t0)+

+
1

2

∫∫
△′ (t,x)

[
△vn (τ, ξ, y, t0) + an (τ, ξ, y) vn (τ, ξ, y, t0)

]
dτdξ, 0 ≤ x ≤ t− t0 ≤ T − x,

wn+1(t, x, y, t0) = w0(t, x, y, t0)+

1

2

x∫
0

[
△vn (t− x+ ξ, ξ, y, t0)−△vn (t+ x− ξ, ξ, y, t0)

+an (t− x+ ξ, ξ, y)wn (t− x+ ξ, ξ, y, t0)−an (t+ x− ξ, ξ, y)wn (t+ x− ξ, ξ, y, t0)

]
dξdτ,

an+1(t, x, y) = a0(t, x, y)

− 4

g(y)

∫ x

0

[
△vn (t+ x− ξ, ξ, y, t− x) + an(t+ x− ξ, ξ, y)wn(t+ x− ξ, ξ, y, t− x)

]
dξ,

0 ≤ x ≤ t ≤ T − x.

De�ne the function s̃n(x) by the formula

s̃n(x) =
s+ νn(x)

2
, νn(x) = s0 −

x

bn
. (12)

Introduce the notations pn = vn+1 − vn, rn = wn+1 −wn, qn = an+1 − an, n = 0, 1, 2, . . . .
Then pn, rn, qn satisfy the relations

p0(t, x, y, t0) =
1

2

∫∫
△′ (t,x)

[
△v0 (τ, ξ, y, t0) + a0 (τ, ξ, y) v0 (τ, ξ, y, t0)

]
dτdξ,

r0(t, x, y, t0) =
1

2

x∫
0

[
△v0 (t− x+ ξ, ξ, y, t0)−△v0 (t+ x− ξ, ξ, y, t0)

+a0 (t− x+ ξ, ξ, y)w0 (t− x+ ξ, ξ, y, t0)− a0 (t+ x− ξ, ξ, y)w0 (t+ x− ξ, ξ, y, t0)

]
dξdτ,

(t, x, y, t0) ∈ DT ,

q0(t, x, y) = − 4

g(y)

∫ x

0

{
△v0 (t+ x− ξ, ξ, y, t− x)

+a0(t+ x− ξ, ξ, y)w0(t+ x− ξ, ξ, y, t− x)

}
dξ,
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pn+1(t, x, y, t0) =
1

2

∫∫
△′ (t,x)

{
△pn(τ, ξ, y, t0)

+qn (τ, ξ, y)wn+1(τ, ξ, y, t0) + an (τ, ξ, y) rn (τ, ξ, y, t0)

}
dτdξ, (t, x, y, t0) ∈ DT ,

rn+1(t, x, y, t0) =
1

2

x∫
0

[
△pn (t− x+ ξ, ξ, y, t0)−△pn (t+ x− ξ, ξ, y, t0)

+qn (t− x+ ξ, ξ, y)wn+1 (t− x+ ξ, ξ, y, t0) + an (t− x+ ξ, ξ, y) rn (t− x+ ξ, ξ, y, t0)

−qn (t+ x− ξ, ξ, y)wn+1 (t+ x− ξ, ξ, y, t0)−an (t+ x− ξ, ξ, y) rn (t+ x− ξ, ξ, y, t0)

]
dξdτ,

(t, x, y, t0) ∈ DT ,

qn+1(t, x, y) = − 4

g(y)

∫ x

0

{
△pn(t+ x− ξ, ξ, y, t− x)

+qn(t+x− ξ, ξ, y)wn+1(t+x− ξ, ξ, y, t−x)+an(t+x− ξ, ξ, y)rn(t+x− ξ, ξ, y, t−x)

}
dξ,

(t, x, y) ∈ GT × Rm.

Show that b0 ∈
(
0, T

2s0

)
can be chosen so that the following inequalities be valid for

all n = 0, 1, 2, · · · :

λn = max

{
sup

(t,x,s)∈F̂n

[
∥pn∥s(t, x, t0)

νn(x)− s

x

]
, sup
(t,x,s)∈Fn

[
∥rn∥s(t, x, t0)

(νn(x)− s)2

x

]
,

sup
(t,x,s)∈Fn

[
∥qn∥s(t, x)

(νn(x)− s)2

x

]}
< ∞, (13)

∥vn+1−v0∥s(t, x, t0) ≤ R, ∥wn+1−w0∥s(t, x) ≤
R

s0 − s
, ∥an+1−a0∥s(t, x) ≤

R

s0 − s
, (14)

where

F̂n = {(t, x, t0, s)| (t, x, t0) ∈ Υ′
T , 0 ≤ x+ t0 < bn(s0 − s), 0 < s < s0} ,

Fn = {(t, x, s)| (t, x) ∈ GT , 0 ≤ x < bn(s0 − s), 0 < s < s0} .
Indeed, using the relations for pn, qn, we �nd

∥p0∥s(t, x, t0) ≤
1

2

∫∫
△′ (t,x)

[
∥△v0∥s (τ, ξ, t0) + ∥a0∥s (τ, ξ) ∥w0∥s (τ, ξ, t0)

]
dτdξ
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≤ 1

2

∫∫
△′ (t,x)

[
Rc0

(s̃0(ξ)− s)2
+R2

]
dτdξ.

Here c0 is a positive constant, such that

∥△v0∥s ≤ c0
∥v0∥s̃n

(s̃n − s)2
, s̃n > s > 0, n = 0, 1, 2, . . . .

It is easy to check c0 = 4m.
Taking the function s̃n(ξ) from (12), for n = 0 we have

∥p0∥s(t, x, t0) ≤
1

2

∫ x

0

(x− ξ)

[
4Rc0

(ν0(ξ)− s)2
+R2

]
dξ

≤ 1

2
R
[
4c0 + s20R

] ∫ x

0

(x− ξ)dξ

(ν0(ξ)− s)2

≤ 1

2
b0R

[
4c0 + s20R

] x

ν0(x)− s
, (t, x, s) ∈ F̂0.

Proceeding analogously, we obtain

∥r0∥s(t, x, t0) ≤
1

2

∫ x

0

[
4Rc0

(ν0(ξ)− s)2
+R2

]
dξ ≤

≤ 1

2
R
(
4c0 + s20R

) x

(ν0(x)− s)2
, (t, x, s) ∈ F̂0,

∥q0∥s(t, x) ≤ 4g0

∫ x

0

[
4Rc0

(ν0(ξ)− s)2
+R2

]
dξ ≤

≤ 4g0R
(
4c0 + s20R

) x

(ν0(x)− s)2
, (t, x, s) ∈ F0.

These estimates imply validity of inequality (12) for n = 0. Moreover,we �nd

∥v1 − v0∥s(t, x, t0) = ∥p0∥s(t, x, t0) ≤
λ0x

ν0(x)− s
≤ λ0b1

1− b1/b0
= b0λ0, (t, x, t0, s) ∈ F̂1,

∥w1 − w0∥s(t, x, t0) = ∥w0∥s(t, x) ≤
λ0x

(ν0(x)− s)2
≤ 4b0λ0

s0 − s
, (t, x, s) ∈ F̂1,

∥a1 − a0∥s(t, x) = ∥a0∥s(t, x) ≤
λ0x

(ν0(x)− s)2
≤ 4b0λ0

s0 − s
, (t, x, s) ∈ F1.

Choosing b0 so as to have 4b0λ0 ≤ R, we conclude that inequalities (14) are satis�ed
for n = 0.

By way of induction, we show that inequalities (13) and (14) are also valid for the
other values of n if b0 is chosen suitably. Assume that inequalities (13) and (14) hold for
n = 0, 1, 2, . . . , i. Then, (t, x, t0, s) ∈ F̂i+1 we have
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∥pi+1∥s(t, x, t0) ≤
1

2

∫∫
△′ (t,x)

{
∥△pi∥s (τ, ξ, t0)

+∥qi∥s (τ, ξ) ∥wi+1∥s(τ, ξ, t0) + ∥ai∥s (τ, ξ) ∥ri∥s (τ, ξ, t0)

}
dτdξ

≤ 1

2

∫∫
∆(t,x)

[
c0λiξ

(s′i(ξ)− s)2(νi(ξ)− s)
+

λiξ

(νi(ξ)− s)2
R(1 + s0)

(s0 − s)

+
λiξ

(νi(ξ)− s)2
R(1 + s0)

(s0 − s)

]
dτdξ ≤ λi

2
(4c0 + 2R(1 + s0))

∫ x

0

(x− ξ)ξdξ

(νi+1(ξ)− s)3

≤ λi

2
b20 (4c0 + 2R(1 + s0))

x

νi+1(x)− s
.

Here in the intermediate calculations, the function s′i is de�ned by equality (11) with n = i
and the inequalities

∥wi∥s(t, x, t0) ≤ R
1 + s0
s0 − s

, ∥ai∥s(t, x) ≤ R
1 + s0
s0 − s

are used, the latter valid by the induction hypothesis, together with the obvious
inequalities bi ≤ b0 and νi+1(x) ≤ νi(x). Similar arguments for ri+1, qi+1 lead to
inequalities

∥ri+1∥s(t, x, t0) ≤
1

2

∫ x

0

{
2c0λiξ

(s̃i(ξ)− s)2(νi(ξ)− s)
+

2λiξ

(νi(ξ)− s)2
R(1 + s0)

(s0 − s)

+
2λiξ

(νi(ξ)− s)2
R(1 + s0)

(s0 − s)

}
dξ ≤ λi [4c0 + 2R(1 + s0)]

∫ x

0

ξdξ

(νi+1(ξ)− s)3

≤ λib0 [4c0 + 2R(1 + s0)]
x

(νi+1(x)− s)2
, (t, x, s) ∈ F̂i+1,

∥qi+1∥s(t, x) ≤ 4g0

∫ x

0

{
c0λiξ

(s̃i(ξ)− s)2(νi(ξ)− s)
+

λiξ

(νi(ξ)− s)2
R(1 + s0)

(s0 − s)

+
λiξ

(νi(ξ)− s)2
R(1 + s0)

(s0 − s)

}
dξ ≤ 4λig0 [4c0 + 2R(1 + s0)]

∫ x

0

ξdξ

(νi+1(ξ)− s)3

≤ 4λig0b0 [4c0 + 2R(1 + s0)]
x

(νi+1(x)− s)2
, (t, x, s) ∈ Fi+1.

The obtained estimates yield

λi+1 ≤ λiρ, λi+1 < ∞,

ρ = b0 [4c0 + 2R(1 + s0)]max

[
b0
2
, 4g0, 1

]
.
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Moreover, we have

∥vi+2 − v0∥s(t, x, t0) ≤
i+1∑
n=0

∥pn∥s(t, x, t0) ≤
i+1∑
n=0

λnx

νn(x)− s
≤

i+1∑
n=0

λnbi+2

1− bi+2/bn

≤
i+1∑
n=0

λnbn(n+ 1)2 ≤ λ0b0

i+1∑
n=0

ρn(n+ 1)2, (t, x, t0, s) ∈ F̂i+2,

∥wi+2−w0∥s(t, x, t0) ≤
i+1∑
n=0

∥rn∥s(t, x, t0) ≤
i+1∑
n=0

λnx

(νn(x)− s)2
≤ 1

s0 − s

i+1∑
n=0

λnbi+2

(1− bi+2/bn)2
≤

≤ λ0b0
s0 − s

i+1∑
n=0

ρn(n+ 1)4, (t, x, t0, s) ∈ F̂i+2,

∥ai+2 − a0∥s(t, x) ≤
i+1∑
n=0

∥qn∥s(t, x) ≤
i+1∑
n=0

λnx

(νn(x)− s)2
≤ 1

s0 − s

i+1∑
n=0

λnbi+2

(1− bi+2/bn)2
≤

≤ λ0b0
s0 − s

i+1∑
n=0

ρn(n+ 1)4, (t, x, s) ∈ Fi+2.

Now we choose b0 ∈
(
0, T

2s0

)
so as to obtain

ρ < 1, λ0b0

∞∑
n=0

ρn(n+ 1)4 ≤ R.

Then

∥vi+2 − v0∥s(t, x, t0) ≤ R, ∥wi+2 − w0∥s(t, x, t0) ≤
R

s0 − s
, (t, x, t0, s) ∈ F̂i+2,

∥ai+2 − a0∥s(t, x) ≤
R

s0 − s
, (t, x, s) ∈ Fi+2.

Since the choice of b0 is independent of the number of the approximation, all the successive
approximations vn, wn, an belong to

C(t,x,t0)

(
F̂ ; As

)
, F̂ =

∞⋂
n=0

F̂n,

and

C(t,x) (F ; As) , F =
∞⋂
n=0

Fn,

respectively. Moreover,

∥vn − v0∥s(t, x, t0) ≤ R, ∥wn − w0∥s(t, x, t0) ≤
R

s0 − s
, (t, x, t0, s) ∈ F̂ ,
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∥an − a0∥s(t, x) ≤
R

s0 − s
, (t, x, s) ∈ F.

For s ∈ (0, s0) the series

∞∑
n=0

(vn − vn−1),
∞∑
n=0

(wn − wn−1),
∞∑
n=0

(an − an−1)

converge uniformly in the norm of the spaces

C(t,x,t0) (PsT ; As) , PsT = Υ′
T ∩ {(t, x, t0) : 0 ≤ x+ t0 < b(s0 − s)} ,

C(t,x) (KsT ; As) , KsT = GT ∩ {(t, x, t0) : 0 ≤ x+ t0 < b(s0 − s)} ,

therefore vn → v, wn → w, an → a, and the limit functions v, w, a are elements of
C(t,x,t0) (PsT ; As), C(t,x) (KsT ; As) respectively and satisfy equations (9)�(11).

Now we prove that this solution is unique. Let (v, w, a) and (v̂, ŵ, â) be any two
solutions satisfying the inequalities

∥v − v0∥s(t, x, t0) ≤ R, ∥w − w0∥s(t, x, t0) ≤
R

s0 − s
, (t, x, t0, s) ∈ F̂ ,

∥a− a0∥s(t, x) ≤
R

s0 − s
, (t, x, s) ∈ F.

Denote p̃ = v − v̂, r̃ = r − r̂, q̃ = a− â,

λ := max

{
sup

(t,x,t0,s)∈F̂

[
∥p̃∥s(t, x, t0)

ν(x)− s

x

]
, sup

(t,x,t0,s)∈F̂

[
∥r̃∥s(t, x, t0)

(ν(x)− s)2

x

]
,

sup
(t,x,s)∈F

[
∥q̃∥s(t, x)

(ν(x)− s)2

x

]}
< ∞,

where ν(x) = s0 − x/b, b = b0
∞∏
n=0

(1 + 1/(n+ 1)2)
−1

. Then, for the functions p̃, q̃ can be

obtained the relations

p̃(t, x, y, t0) =
1

2

∫∫
△′ (t,x)

{
△p̃ (τ, ξ, y, t0)

+q̃ (τ, ξ, y) ŵ(τ, ξ, y, t0) + a (τ, ξ, y) r̃ (τ, ξ, y, t0)

}
dτdξ, (t, x, y, t0) ∈ DT ,

r̃(t, x, y, t0) =
1

2

x∫
0

[
△p̃ (t− x+ ξ, ξ, y, t0)−△p̃ (t+ x− ξ, ξ, y, t0)

+q̃ (t− x+ ξ, ξ, y) ŵ (t− x+ ξ, ξ, y, t0) + a (t− x+ ξ, ξ, y) r̃ (t− x+ ξ, ξ, y, t0)
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−q̃ (t+ x− ξ, ξ, y) ŵ (t+ x− ξ, ξ, y, t0)− a (t+ x− ξ, ξ, y) r̃ (t+ x− ξ, ξ, y, t0)

]
dξdτ,

(t, x, y, t0) ∈ DT ,

q̃(t, x, y) = − 4

g(y)

∫ x

0

{
△p̃ (t+ x− ξ, ξ, y, t− x)

+q̃(t+ x− ξ, ξ, y)ŵ(t+ x− ξ, ξ, y, t− x) + a(t+ x− ξ, ξ, y)r̃(t+ x− ξ, ξ, y, t− x)

}
dξ,

(t, x, y) ∈ GT × Rm.

Show that b0 ∈
(
0, T

2s0

)
can be chosen so that the following inequalities be valid for

all n = 0, 1, 2, . . . . Applying to these equations the estimates given above, we �nd the
inequality in the form

λ ≤ λρ′,

ρ′ := b [4c0 + 2R(1 + s0)]max

[
b

2
, 4g0, 1

]
< ρ < 1.

Consequently λ = 0. Therefore v = v̂, w = ŵ,a = â. Theorem 1 is proved.

Consider the set Γ of functions f(t, y, t0) representing the elements of C(QT ; As0), s0 >
0, for which the conditions of Theorem 1 are valid with R, T , s0. Then we have the stability
theorem

Theorem 2. Let f, f̄ ∈ Γ. For the corresponding solutions (v, w, a) and (v̄, w̄, ā) to
(9)�(11), we have

∥v − v̄∥s ≤ cM, ∥w − w̄∥s ≤
cM

s0 − s
, (t, x, t0) ∈ PsT ,

∥a− ā∥s ≤
cM

s0 − s
, (t, x) ∈ KsT , 0 < s < s0,

(15)

where

M = max
[
max ∥f − f̄∥s0(t, t0), max ∥ft − f̄t∥s0(t, t0)

]
, (t, t0) ∈ QT ,

and the constant c depends on R, T , s0.
Proof. For the di�erences v − v̄ = ṽ, a − ā = ã and f − f̄ = f̃ the equalities follow

from (9)�(10):

ṽ(t, x, y, t0) = ṽ0(t, x, y, t0) +
1

2

∫∫
△′ (t,x)

{
△ṽ (τ, ξ, y, t0)

+ã (τ, ξ, y)w(τ, ξ, y, t0) + ā (τ, ξ, y) w̃ (τ, ξ, y, t0)

}
dτdξ, (t, x, y, t0) ∈ DT , (16)
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w̃(t, x, y, t0) = w̃0(t, x, y, t0) +
1

2

x∫
0

[
△ṽ (t− x+ ξ, ξ, y, t0)−△ṽ (t+ x− ξ, ξ, y, t0)

+ã (t− x+ ξ, ξ, y)w (t− x+ ξ, ξ, y, t0) + ā (t− x+ ξ, ξ, y) w̃ (t− x+ ξ, ξ, y, t0)

−ã (t+ x− ξ, ξ, y)w (t+ x− ξ, ξ, y, t0)− ā (t+ x− ξ, ξ, y) w̃ (t+ x− ξ, ξ, y, t0)

]
dξdτ,

(17)

ã(t, x, y) = ã0(t, x, y)−
4

g(y)

∫ x

0

{
△ṽ (t+ x− ξ, ξ, y, t− x)

+ã(t+x−ξ, ξ, y)w(t+x−ξ, ξ, y, t−x)+ ā(t+x−ξ, ξ, y)w̃(t+x−ξ, ξ, y, t−x)

}
dξ, (18)

(t, x, y) ∈ GT × Rm,

where

ṽ0(t, x, y, t0) =
1

2
[f̃(t+ x, y, t0) + f̃(t− x, y, t0)],

w̃0(t, x, y, t0) =
1

2
[f̃ ′

t(t+ x, y, t0) + f̃ ′
t(t− x, y, t0)],

ã0(t, x, y) =
4

g(y)
f̃t(t+ x, y, t− x).

It is obvious that

∥ṽ0∥s0(t, x, t0) ≤ M, ∥w̃0∥s0(t, x, t0) ≤ M, (t, x, t0) ∈ PsT ,

∥ã0∥s0(t, x) ≤
4

∥g(y)∥s0
M, (t, x) ∈ KsT , (19)

From Theorem 1 the estimates follow:

∥v∥s ≤ 2R, ∥w∥s ≤
R(1 + s0)

s0 − s
, ∥a∥s ≤

R(1 + s0)

s0 − s
.

Applying the method of successive approximations used for the proof of Theorem 1 to
the system of equations (16)�(18), which is linear with respect to ṽ and ã, we �nd that,
the following inequalities are valid for solution to (16)�(18):

∥ṽ − ṽ0∥s(t, x, t0) ≤ c1M, ∥w̃ − w̃0∥s(t, x, t0) ≤
c1M

s0 − s
, (t, x, t0) ∈ PsT ,

∥ã− ã0∥s(t, x) ≤
c1M

s0 − s
, (t, x) ∈ KsT , 0 < s < s0.

where c1 depends on R, T , s0. Hence, by (19) inequalities (15) follow. Theorem 2 is proven.
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