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1 Introduction. Formulation of problem

According to the terminology of [1], an inverse problem is called one-dimensional if the
sought function depends on one variable, and multidimensional if it depends on two and
more variables. For multidimensional inverse problems there are only special cases for
which solvability is established. One of such classes of functions in which local solvability
takes place is the class of analytic functions. The technique used here is based on the
scale method of Banach spaces of analytic functions, developed in the works of L.V.
Ovsyannikov [2,3] and L. Nirenberg [4]. This method was first applied to the problem of
solvability of multidimensional inverse problems by V.G. Romanov [1,5,6]. The approach
used in this works can be successfully applied to the study of solvability of the problem
of determining the non-stationary coeflicient for the first time derivative of the equation
with string vibration operator in a principle part.

In this paper we study the inverse problem of determining the coefficient a(t, z,y),
t € R, (z,y) = (z,91, - ,ym) € R™ for the second order hyperbolic equation. The
problem is investigated in the class of coefficients that are continuous with respect to the
variables ¢, x and analytic in the variable y.

In |[7-13] this method was used to study of the multidimensional inverse problems
of determining the convolutional kernel in parabolic and hyperbolic integro-differential
equations of the second order; theorems of local unique solvability of inverse problems in
the class of functions with finite smoothness with respect to the time variable and analytic
with respect to spatial variables. This article generalizes the results of work [1] (sec. 3)
for the case of non-stationary potential.



Consider the problem of determining a pair of functions u and a satisfying the
equations:

Ug — Uy — AU — alt, x,y)u; = g(y)6(x)S(t —to), (t,2,9) € R*T™, 5> 0, (1)
=0, (2)

u|t<O:
in which A is the Laplace operator on variables (y1,...,¥m) = ¥, 6(:) is the Dirac delta
function, ¢’(+) is the derivative of the Dirac delta function, t is a problem parameter,
therefore u = u(t, z,y,to), g(y) is a given smooth function so that g(y) # 0 for y € R™.
In inverse problem it is required to find the potential a(z,t,y) in (1), if the solution
of the problem (1)—(3) is known for z = 0, i.e. the condition

U(t, 07 Y, tU) = f(ta y7t0>7 t> 07 tO >0 (3)

is given.

Following the monograph [4, sec. 3|, we introduce into consideration the Banach space
Aq(r), s > 0, of functions p(y), y € R™, which are analytic in the neighborhood of the
origin and satisfy the relation

el = sup 3 22 Dl < .
‘y|<7"a| 0 '
Here r > 0, s > 0 and
olel
DY = —— a:= ceey Q)
Oyt...0yom’ ai= (a1, s m)
la] == a1 4+ ...+, al = (o)) ()

In the following, the parameter r will be considered fixed, while a parameter s is variable.
Then, it is formed a scale of Banach spaces A (r), s > 0 of analytic functions. The
following property is obvious: if p(y) € As(r), then ¢(y) € Ag(r) for all s € (0, s),
consequently, As(r) C Ay (r), if s € (0, s) and the following inequality is valid:

olls(r)
(8 B S/>|al

for any « with constant c,, which depends only on «.
We present the solution of the problem (1), (2) in the form

< cq4

D%l

1
u(taxyyat0> = Eg(y)e(t - tO - |l‘|) +U(t,l’,y,t0),

where v(t,x,y,ty) — regular function. n Substituting this expression into (1), we obtain
the following problem for determining function v:

1
Vg — Vgy = DNV + EAg(y)Q(t —tg — |z)

1
_g(y)d(t —to— ‘i[}’) + Ut<t7x7y7t0) s (t,x,y) € R2+m7 to > 07 (4)

2
v |1<0= 0. (5)
In the next section we will replace the inverse problem (4), (5) and (2) by the equivalent
integro-differential equations. In what follows, we assume that the function a is even in z.

+a(t, z,y)
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2  Reducing the problem to the integrodifferential
equations

According to the d’Alembert formula the solution of problem (4)—(5) satisfies the integral
equation
U(tv T, Y, tO) =

1 1
- 5 / /A(t,g;){Av(T7€7y7tO) + §Ag(y)9(r —ty — ’5‘)

+a(7-7 57 y) |:%g(y)5(7- - tO - |€|) + Ut(7-7 5) Y, tO) }d5d7'> (ta z, y) € R2+m7 tO > 07 (6)

in which
Alt,z) ={(r,|0<7<t—|z =&, r—t <<z +t}.

Let
Qr = {(t,to))| 0 < to <t < T}, T >0,

Qp = {{t, )] 0 <o <t <T — ]},

Ty o= {(t,x,to)

The domain Y7 in the space of the variables x, t, ¢y is the pyramid with the base Qp
and vertex (0,7,7).
It follows from (6) that the function v(¢, x,y,ty) satisfies the integral equation

|x\—|—t0§t§T—|xl,Ogtogth}.

z+(t—tg)

oltspto) = S48, 0,00 + L0 [t + el € e+

1
3 [ [ el et +alngpuln €yt drde, (tot0) € Yr, y € R, (1)
D(t,m,to)

where 6(t) =1, t >0, 0(t) = 0, t < 0, S(t,z,t) is area of a rectangle [)(z,t,t) in the
plane of the variables (7,&) for each fixed ¢y, formed by characteristics passing through
the points (0,%y) and (z,t) of the differential operator 9?/0t* — 9% /0x? :

e, 1, 10) :={<s,r> ety <7 <t—|o—¢l

—(t—t t—t
%@<5<$,O<to<t}.

Obviously, the equalities f(t,y,t0) = u(t,0,y,t0) = v(t,0,y,t0), t > to are true.
Besides, f(to+ 0,y,ty) = v(t,O,y,t0)|t:t0+0: 0.

First note that if a(t, —z,y) = a(t, x,y), then v(t, —x,y,ty) = v(t, z,y, o). Calculating
the derivative of the both sides of equation (7) with respect to ¢, we obtain



Ag(y)

"Ut(t,QT,y,to) = Tgt/(t7$vt0)
9(y) x+t+ty v+t—1g —x+t+ty x—1t+1g
+ 8 |:a( 2 ? 2 7y +a 2 ) 2 7y
1 I+(752—t0)

5 o—(t—tg) [AU (t - |ZL‘ - §|7£ay7t0) —I—CL(t - |I - §|7§7y) Uy (t - |ZL’ - §|7§7y7t0)] d£7

(t,z,t0) € Tp, y € R™.

Setting in this relation = 0 and using evenness of the functions a(t,z,y), v(t,z,y,to)
in x, we get the equality:

felt,y:to) = Ag(y)@(t&%) + o), (t T to’y>

2 4 2 72

t—tg
2

+/0‘ [Av(t_gafayatO)+a(t_€7£7y)v(t_€7£ay7t0>]d€7 (tatO) EQT; yERm

Rewrite this equation substituting (¢ — t9)/2 by |z|, (¢t + to)/2 - by ¢ and solving with
respect a(t, z,y). Then we have

alt, z,y) = ?é()wég(t,o,t —2lz) + gfy) fo (t + |zl y, t = |2])
4 ||
. A _ _
o / [ ot Je] — €6yt — |a])
+CL(t+ |.CE’ - f)gay) Uy (t+ ’.Z" _fagayat_ |£IZ’D] df, (t,l‘) € QTv Yy e R™. (8)

Thus, in order to find the value of the function @ in the point (¢, z,y), it is necessary to
integrate function a(t, x,y) itself by segment with ends (¢ + |z|,0, y, 0), (¢,|z|, y, 0), and
v(t,x,y,to) — by segment with ends (t+|z|,0,y, t—|z|), (t,|x|,y, t—]|z|), which belong
to the domain Y1 x R™.

Note that the function v, even with respect to = 0, satisfies the condition 0v/0x|,—.
Taking into account this fact and considering the equations (4), (5), (3) for v in the domain
x > 0 we obtain

v v

ﬁ—w—ﬁv—a(t,x,y)vt:O,O<x<t—t0,yE]Rm,
ov m

o o= ftyto), ==| =0,0<t—t<T, ycR™,
or|,_,

then in accordance with the d’Alembert formula, which gives the Cauchy problem solution
with an initial data on x = 0, we find:

U(t7 z,Y, tO) = UO(t7 z,y, tO) + % // [AU (7-7 57 Y, tO) +a (7—7 57 y) Ut (7—7 g? Y, 230) dngv (9)

AN (t,x)



where

U()(t,l‘,y,tg) = % [f(t + x,y,to) + f(t - x7y7t0)] ’

N(tz)={(rd|0<é<a,|r—tl<x—¢(},0<ax<t—tog<T—x,yeR™

Considering (8) for x > 0, we have:
Cl(t, T, y) = aO(ta T, y)

4

_@/j[Av(tva—§7§,y,t—x)+a(t+m—§,§,y)vt(t+x_§,§7y,t_$) ds, (10)

where

o(v) Si(t,0,t —2x),0< o <t<T—uz yeR™

4
Q t7x7y = ft—i_xay’t_x +
ol = Gy )
To close the system of equations (9), (10), we use

Ut(t7 x,Y, tO) = UOt(ta x,y, t0)+

1

5/[Av(t—x+f,fay,to)—Av(t+$—5,fvy7to)

0

_I_a“(t_$+€a§7y)vt(t_$+€a§7yat0)_a(t+:v_gvfay)vt(t_Fz_§7€>y7t0)]d€d77

(11)

The system of equations (9), (10) is a closed integro-differential equations for the

functions a, v, v;. Note that the operator A in the function v appears in the system only
under the integral signs.

Let w := v; and wy := vg;. We will henceforth consider system (9)—(11) in the domain

Dy =Y xR™, T ={(t,x,t0)| 0 < x4+t <t <T—zx}.

3 The Main Results and Its Proof

Let Ctat0) (Y3 As,) denote the class of functions with values in Ay, (so > 0) which are
continuous in the variables (¢, x,ty) in the domain Y’.. For fixed (¢, z,1), the norm of a
function v(t, z,y,tp) in A, will be denoted by ||v||s, (¢, z, o). The norm of a function v in
Clrate) (Y7 Agy) is defined by the equality

0lley, o (T dng) = (t,:r,Stg)IéT,T [0]| s (£, , to).

Let Cu 0 (Gr; Asy) be the class of functions with values in A, which are continuous
in the variables (¢,z) in the domain Gr = {(t,z)| 0 <2 <t <T — x}. For fixed (¢, z) the



norm of a function a(t, x,y) in Ay, will be denoted by ||al|s, (¢, ). The norm of a function
ain Cugy (Gr; As,) is defined as

||a||C(t,x)(GT;ASO) - (t,i;lepGT HaHSo (t’ 33)

Denote also by C(Qr;As,) the class of functions with values in A, which are

continuous with respect to ¢, ¢y in domain Q7.
Theorem 1. Let f (+to,y,t0) =0, |g(x)| > g0 > 0, go is a known number, and

{ 1 Agly)

9) gly)

in addition, the relations

max{2HAg(y)

4ft(ta Y, tO)
9(y)

, max t,y,t ,  max
(t,to)GQTHf( Y 0)”50 (tto)EQr

} € A {f(ty, 1), filt.yoto)} € C(Qri Auy).,
9(y)

} R
<
-2
s0
are valid for some fized sy > 0, R.

Then there there is such a number b € (0,7/(2s)), b = b(so, R, T) that for each
s € (0,s0) in the domain Dy N {(t,x,y,t0) : 0 < x4ty < b(sg— s)} there exists the
unique solution to the equations (9)-(111) and v,w € Cyay) (Psry Asy), a(t,z,y) €
Cuz) (Ksr; Asy), where Pap = Y N {(t, 2, t0) : 0 < a4+t <b(so—9)}, Kap = Gr N
{(t,x,t0) : 0 <z +ty < b(so— s)}, moreover

S0

||U - UOHS (t,l‘,to) S R7 (twrat(]) S PsT7

R
o= wl, (t.2) < ——, fla=aoll, (t,2) £ ——, (t,2) € Kar.
—

Proof. Under the conditions of Theorem 1 we have
v, Wo € Clrate) (Y73 Asy) s a0 € Ciawy (Gri Asy)
HUOHs(tax7tO> S R7 H'll)oHs(t,iU,to) S R7 (t,l’,to) € TIT?

laolls(t,z) < R, (t,z) € Gy, 0 < s < $p.

Let b, denote the members of the monotone decreasing sequence that is defined by the
equalities

bn,
byt =  n=0,1,2,....
T 2 "

Denote

b= lim b, =by [T (1 +1/(n+ 127",
n=0

The number by € (0,7/(2s¢)) will be chosen in an appropriate way. For the system

of equations (9)—(11) we construct the process of successive approximations according to
the following scheme:



Unt1(t, @, y, t0) = vo(t, x,y, o)+

1
+§ // [A/UTZ (Taé.’yatO) +an (T’guy)vn (7'757%150) de§7 0 S x S t— tO S T — T,
N (t,x)

Wn1 (ta z,Yy, tO) = wO(t> z,y, t0)+

/[Avn(t—x‘l’f,g,y,to)_Avn(t+x_§7f7yvt0)
0

N —

+an(t_x+§7£ay)wn(t_x+€7§ay7t0)_an(t+x_§a§7y)wn(t+m_§7gayat0)]d£d7—7

Ap41 (t; €, ?/) - aO(ta z, y)

g(4y) /Ovm [Avn(t+x_£7§7yut_x)+an(t+l’_€7£>y>wn<t+$_gagay,t—l')]dé,

0<x<t<T —u.

Define the function 5,(z) by the formula

_ Cos+uv(T) L, x
Sp(x) = — v (x) = so — = (12)

Introduce the notations p, = vp11 — Uy, Ty = Wpit1 — Wny G = Gy — ap, n =0, 1,2, .. ..
Then p,, 7y, g, satisfy the relations

pO(t’ z,Y, tO) = % // [AUO (Ta 57 Y, tO) +aop (7_7 57 y) Vo (7-7 57 Y, Z50)] d7d57

A (t,x)

T

1
TO(t7w7y7t0) = 5/

0

AUO(t_x+£7€7yat0)_Avo<t+x_§7€7yvt0)

+ao(t—$+faf>y)w0(t—17‘1‘575»?4,?50)—ao(t+fl7—faf7y)w0(t+$—faf>y7t0)]dfd7>

(t7$7y7t0) € DT7

QO(taxay) :_i)\/o {AUO(t_‘_x_éafayat_x)

9(y

+a0(t +T— g,f,y)UJo(t +T— £7£7y7t - l‘)}d{,

7



Poti1(t, ,y,t0) = //{Apn 7.£,9, o)

A ()

+QTL (7—7 f? y) wn+1<7—7 57 Y, tO) + ay (7—7 fa y) T'n (7—7 67 Y, tO)} deéa (ta z,y, tO) € DT7

T

1
Tn+1(t,l',y,t0) = 5/[Apn (t - +£755y7t0) - Apn (t +x— gagayatO)
0

+q”,(t_'r+§7€7y)wn+1 (t_x+§7§7yut0)+an<t_x+€7§7y)rn(t_'r+§7§7y7t0)
—dqn (t+x—§,§,y) Wn 41 (t—f—l‘—f,é,y,to)—an <t+x_£7§’y) Tn <t+$—§,£,y,t0)] d£d7—7

(t7$7y7t0> € DT:

4 x
QnJrl(t?may):_@/o {Apn<t+$—§,£,y,t—l')

+Qn(t+l'_€7fay)wn-i-l(t—{_x_fagayat_$)+an(t+x_€>€ay)rn(t+x_§7€>yvt_$)}dfa

(t,x,y) € Gpr x R™.

Show that by € <O, %) can be chosen so that the following inequalities be valid for
alln=0,1,2,---:
v (x) — s v (x) — 5)?
w=maxd s e sl 2=
(

t,l‘,s)eﬁn (t,z,8)EF

sup [l D= <o (13

(t,x,s)EFy

[on41 = volls(t, 2, t0) < R, [[wnsr —wolls(t, x) <  Mlansr —aolls(t, ) < , (14)

Sop— S
where
Ey={(t,x,t,s)| (t,x,t0) € Yy, 0< z 419 < bp(so—5), 0 <5< s},
F,={(t,z,9)| (t,z) e Gr, 0 <2 <by(so—5), 0 <s<sp}.

Indeed, using the relations for p,,, ¢,, we find

polls(t 2, t0) < //bAersmww%nvswmnvgm>M%

A (t,x)



_2//{ +R2 drde.

Here c¢q is a positive constant, such that

29

| Avol| s <c% 5, >s>0, n=0,1,2,....

Sn

It is easy to check ¢y = 4m.
Taking the function §,(§) from (12), for n = 0 we have

1 v 4RCO 2
lpolls(t, z,t0) < 5/0 (x—¢) {m +R

1 s [F (@ = €)dg
< 3R [dey + 3R] /0 TACEE

dg

A

1
< —boR [4co + SOR] (t,z,s) € Fp.

— 2 W(x) —s’

Proceeding analogously, we obtain

L[ 4Rc
[rolls(t, z, o) < 5/0 {W_OSP —i—RZ} d¢ <

1 T .
—-R(4 —, (¢t E
2R(CO+SOR)( ) o (t,z,s) € Fy,
v 4RCO 2:|
s(t,r) <4 ——— + R d§ <
ol .2) < a5 [ | g+ 2
< 4goR (4co + syR) ’ (t,x,s) € Fy.

(W0(z) — 5)*

These estimates imply validity of inequality (12) for n = 0. Moreover,we find

)\033' )\le
<
VO({E)—S_l—bl/bo

Hvl - UOHs(ta l’,to) = ||p0Hs(ta .T,to) S = bO)\Oa (t,.T, tO? S) € Fl?
)\0$ < 460)\0
(19(x) —s)2 =~ 59— s
)\056 < 4b0)\0
(10(z) —s)2 = sp—s
Choosing by so as to have 4bp\g < R, we conclude that inequalities (14) are satisfied
for n = 0.
By way of induction, we show that inequalities (13) and (14) are also valid for the

other values of n if by is chosen suitably. Assume that inequalities (13) and (14) hold for
n=0,1,2,...,i. Then, (¢, z,to,s) € F;;1 we have

||w1 - w0||5(t,x,t0) - Hw0||s(t,x) S ) (t,l’,S) € Fl»

lar = aolls(t, ) = flaolls(t, 2) <

, (t,z,s) € F.

9



Iprsalst, . o) // {HAM (r,6.10)

A (t,x)

Hlaills (7, ) Nlwiialls(7. €, t0) + llaslls () 17l (T,&to)} drdg

=3 // [ C(M GGEDN <w‘<2>i§— e ]?(1 = j)))

Y " (2 )éds
]dmg < 5 (oo +2R(1+ SO))/O (CEIGEDE

NGEDCED

; x
< ZUhg (4ep + 2R(1 —_
=35 o (4co +2R(1 + s0)) vitl(z) — s
Here in the intermediate calculations, the function s, is defined by equality (11) with n =i
and the inequalities

>

1—|—So

1
50 gt 2) < R
So

ot 2, 00) < R —

are used, the latter valid by the induction hypothesis, together with the obvious
inequalities b; < by and v*(x) < vi(x). Similar arguments for 7,1, ¢ lead to
inequalities

| . 1 Qo\ié o0E  R(1+ 50)
Irivallt, . fo) < 2/0 {@i(@—s)?(w(f)—s)*(w’(&)—sw (50— 5)
206 R(1+ s0) e . ‘ £d¢
O 92 (s0—9) }‘“9@ eo + 2001 +50)] [ i

T

‘ T ' coAi§ Aig R+ s0)
lgisals(t,2) < 490/0 {(gi(g) SR —9) (€)= 9 (s0—9)

NE R(1+ s) e . ’ £d¢
NGRSO }d5 < Ao e + 2801+ 50)] 1(E) — 5

< 4/\Zgob0 [40@ + 2R(1 + So)] t, T, 8) € E+1.

< A\;bo [400 + 2R(1 + So)] t,x, S) € Fi—i—la

(Vi-i-l(l») _ 8)2’ (

The obtained estimates yield

Aiv1 S Aip, A1 < 00,

b
p = bo[4co + 2R(1 + sp)] max {50, 4qo, 1] :

10



Moreover, we have

i+1 oy G2
vipa = volls(t 2, t0) <D [Ipalls(t ,te) <Y —— <Y
e =l (t.0vt0) < 3 lpall() < 3 o8t < 30 =
i+1 i+1
S Z)‘nbn(n + 1)2 S )\Obﬂzpn<n + 1)27 (t,[L’,to,S) € Fi+27
n=0 n=0
i1 i+l i+1
AnT 1 Anbiyo
[wiva—wolls(t, 2, t0) < D [Iralls(t, 2, t0) < =< =
* nZ:O ; (v(z) —s)2 = sp—s HZ:O (1 —biyo/by)?
< 200 SN 1 (s tons) €
= So—Snzop ) s Ly L0y i+29
i+1 i+1 i+1
AnT 1 Anbiyo
laive = aolls(t,x) < ) llanlls(t, 2) < < <
* nzg ; (v(z) —s)? = sp—s nz% (1 —biyo/by)?
< 2obo i "(n4+1)%, (t,z,5) € F,
=~ S()—Sn:Op ) 3 Ly 42
Now we choose by € <0, %) so as to obtain
p<1, XboY p'(n+1)'<R
n=0
Then
R .
Hvi+2 - U0||S<t7$7t0) S R; ||wi+2 - U}()Hs<t,$,t0) S s 87 (t,.ﬁl],to,S) € E+27
0 —

R
s (t,x,s) € Fi+2-
So— S

Since the choice of by is independent of the number of the approximation, all the successive
approximations v, w,, a, belong to

|laite — aol|s(t, ) <

and

respectively. Moreover,

||Un - ’U()HS(t,l’,to) S R7 ||wn - U}()Hs(t,l‘,to) S S —

11



|lan — aol|s(t,z) < " (t,x,s) € F.
0 —
For s € (0, s9) the series
o oo [o@)
Z n — Up— 1 y Z — Wp— 1 ) Z n — Ap— 1
n=0 n=0 n=0

converge uniformly in the norm of the spaces
C(tmto ( T As) 3 PsT = T/T N {(thatO) : 0 S $+t0 < b<30 - S)}?

C(t@) (KST; AS) , KST = GT N {(t,$7t0) 0<x+t) < b(So — 8)},

therefore v, — v, w, — w, a, — a, and the limit functions v, w, a are elements of
Citate) (Por; As), Cwy (Kor; As) respectively and satisfy equations (9)—(11).

Now we prove that this solution is unique. Let (v,w,a) and (0,w,a) be any two
solutions satisfying the inequalities

A

R
) (t,l',to,S) EF?
Sop— S

HU - UOHs(ta xatO) S Rv Hw - wOHs<t7 l’,to) S

la = aol|s(t, x) < , (tx,s) € F.

Sop— S

Denote p = v — 0, -7, ¢=a—a,

It

. v(z)—s B vz —
A max{ sup [Hpus(t,x,to)L], sup [Hrusu,x,to)— ,

(t,2,t0,8)EE t,x,t0,5)
. (v(z) — 5)°
sup | ||glls(t, @) < o0,
(t,x,s)EF X
where v(z) = so — x/b, b=1by [[ (1+1/(n+1)2)"". Then, for the functions p, § can be
n=0

obtained the relations

p(t, z,y,to) = //{Ap 7,§, 9, to)

AN (t,x)

(T 5 y) (T 5 y7t0) +G(T 5 y) (T 5 y7t0)} de£7 (tv'r?yatO) € DT7

xT

7:(t?‘xv?J)tO) = %/[Aﬁ(t—$+§,€,y,to)—Aﬁ(t+$—§,§,y,t0)

0
+qt—z+&§Ey)wt—a+E8y to) ralt—o+&Ey)T({t—x+E8 Yy to)
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_Q(t_‘_x_€7§>y)@(t+x_£7€>yat0)_a<t+$_§7€7y)f(t+$_éagayﬂfO)]dnga

(t7$7y7t0) € DT:

4 €T
7 - AP — _
q(t,z,y) 9@%4{ pt+a—¢& &y t—u1)

(t,z,y) € Gp x R™.

Show that by, € <O, %) can be chosen so that the following inequalities be valid for

allm =0, 1, 2,.... Applying to these equations the estimates given above, we find the
inequality in the form
A<M,

b
p' = bldco + 2R(1 + sp)] max [5,490, 1

<p<lLl

Consequently A = 0. Therefore v = v, w = w,a = a. Theorem 1 is proved.

Consider the set I" of functions f(t,y, to) representing the elements of C(Qr; As,), So >
0, for which the conditions of Theorem 1 are valid with R, T', so. Then we have the stability
theorem

Theorem 2. Let f, f € T. For the corresponding solutions (v,w,a) and (v,w,a) to
(9)-(11), we have

M
lv = 3ls < M, lw— ||, < —

—S’ (t7x7t0> € PsT7
’ (15)

M
¢ o (t,x) € Ker, 0 < s < S,

la —alls <

So —

where
M = max [max [ = Flly(t, o), max | fe = fillt:t0)], (t,t0) € Qr,

and the constant c depends on R, T, sq. o
Proof. For the differences v — v =0, a —a = a and f — f = f the equalities follow
from (9)—(10):

N . 1 -
U(tax7yat0> = UO(ta‘T:yvtO) + 5 //{AU (Tafvyat())
A (t,x)

+d (7_7 5) y) w(Ta 57 Y, tO) +a (Ta 67 y) w (7_7 57 Y, tO)} de€> (tv z,Y, tO) € DT7 (16)
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T

1
’lE(t,fL’,y,to) = 7IJO(‘[;V/I@y7tO> + E/IA{) (t—l'—Ff,f,y,to) - Av (t+x_€7£7y7t0)
0

+&(t_x+£7£7y)w(t_x+£7fvyat0)+a(t_w+£7£>y)u~)(t_$+£7€7yat0)

—&(t+x—§,§,y)w(t+x—f,{,y,to)—a(t—{—x—{,{,y)ﬁ;(t+x—{,f,y,to)]dfdr,
(17)

d(t7$7y> :&O(t7x7y) - ﬁ/ox{Aﬁ(t+x_€7£7y7t_x)
+d(t—|—x—§,5,y)w(t+m—f,§,y,t—a:)+a(t+m—§,f,y)w(t—l—m—f,ﬁ,y,t—x)}df, (18)

(tw,y) S GT X ij
where .
@O(twruyvtO) = §[f(t + xuy)t()) + f(t - x7y7t0)]a

] 1 .
wO(tvxayatO) = §[f£(t —f-l',y,to) + ft/(t - l’,y,to)],

4 -
dOtaxay = ft+$7y7t_w
It is obvious that

||7}0||50(t7x7t0) S M7 ||'lb0||50(t,$,t0) S Ma (t7$7t0) € P5T7

4
H&OHS (t,]f) S M7 (tw%') € K5T7 (19)
’ 1950
From Theorem 1 the estimates follow:
R(1+ s) R(1+ s0)
lolls < 2R, Jlwlls < —=——=, llalls = ——~.
0 S So S

Applying the method of successive approximations used for the proof of Theorem 1 to
the system of equations (16)—(18), which is linear with respect to © and a, we find that,
the following inequalities are valid for solution to (16)—(18):

ClM

||ij - ?70”5(757{[',750) S ClMa ||1D - wo”s(t,.f,to) S s s
0—

) (ta CE7t0) € PST7

ClM

So— S

la — aglls(t,z) < , (t,x) € Kgpy, 0 <5< 5.

where ¢; depends on R, T', so. Hence, by (19) inequalities (15) follow. Theorem 2 is proven.
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